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I. INTRODUCTION

In this Supplementary Material, we study the correlation function C/mm (w) defined as

Crnmim (W) = <Z (nfv) (vin’) (m’|p) (ulm) 6 (w — By + Eu)> : (S1)

I

Here |v) represents the (quasi)energy eigenstate with (quasi)energy F,, and {|n)} denotes an arbitrary set of basis
states of interest. The angular bracket indicates ensemble averaging. The Fourier transform of the correlation function
Crn/mm(w) acquires the form

Cummm(®) = (Unns OULn(0)) (2)

where U,y (t) represents the matrix element of the time evolution operator at time ¢ (measured in units of period for
Floquet systems) in the basis {|n}}, i.e., Upn (t) = (n|U(t) |n').



In Sec. we provide a brief derivation of the connection between the correlation function Chmm(t) and the
spectral form factor (SFF) K (t) for the circular unitary ensemble (CUE). In Sec. we use a sigma-model approach
to prove that, for a large family of Floquet random quantum circuits (where independently Haar distributed random
unitary matrices are applied to pairs of neighboring qudits of local Hilbert space dimension ¢ — 00), the correlation
function Chprmrm (w) coincides with that of the CUE to the leading order in the Hilbert space dimension N. In
Sec. [[V] we investigate the higher order fluctuations of the sigma-model supermatrix field for the CUE, and compute
their contribution to the CUE correlation function Chprpmrm (w). Finally, in Sec. we use the obtained result for the
correlation function Cirpmm () to derive some of the physical properties of the Floquet random quantum circuits
under consideration, including the SFF, the partial spectral form factor (PSFF) and the dynamical correlation function
of operators.

II. CORRELATION FUNCTION OF THE QUASIENERGY EIGENSTATES FOR THE CUE

Consider now an ensemble of Floquet systems (with U(t) = U") whose Floquet operators U are N x N random
matrices drawn from the circular unitary ensemble (CUE). Diagonalizing the Floquet operator U by a unitary matrix
V.

U = Vdiag {e_iEl,e_iEz, e e_iEN} 148 (S3)

and using the fact that the quasienergy eigenvalues ({F;}) and eigenstates (columns of the diagonalizing matrix V')
of the CUE are statistically independent, one can rewrite Cprpmrm (w) as

N N
Conrmm(@) = > / dvvmvjn,vm,#vjm/ [ B, P(Er, Es, ... En)é (w — B, + Ey,) . (S4)
U(N) ~y=1

v,p=1

Here dV denotes the Haar measure on the unitary group 4 (N) and is normalized by fZ/I(N) dV =1. P(E1,E,,...,EN)

represents the joint probability distribution of the quasienergies {E, }.
The Haar integral in the equation above can be calculated with the help of the Weingarten calculus [SIHSS]:

vyt
/M(N) dVV;mV%mV}gz‘ngéié

1 1

= (§r,01 810,11 1 8z i1 671315

NT 1 j1.3102.35  Oin i3 80155 gy ) — NN D) (85154 0z i3 851 3.8 51, O3 B 1,651, 54 O gy ) -

(S5)

ig,ih i2,

Inserting Eq. into Eq. one obtains
1 1 N 1

Cnn’m’m(w) —ﬁRQ(w) <5nn’6mm/ - N(;mn(sn’m’) + ((]VQ_l)(Smn(;n’m’ - W_Dénn’amm/) (5(&1), (86)

where Ra(w) denotes the two-level correlation function defined as

N
Ro(w) = < Y d(w-E, +E#)>. (S7)

v,u=1

For the CUE, it is known that Rs(w) is given by [S9} [S10]:

2 in?(Nw
Ro(w) = % - ;w + No(w), (S8)

In the Fourier representation, Eq. [S6] becomes

1 1 N 1
K(t) <5nn’6mm’ - Némn(sn’m’> + mémn(sn’m’ - mfsnn’émm’a (89)

Crin'mim (t) = N2z _ 1



where K (t) indicates the spectral form factor (SFF):
N . .
K(t) = < > elEu”’Evt> =(TrU(t) T U (t)). (S10)
v,u=1
For the CUE ensemble, K (t) acquires the form
K(t) = min(|t|, N) + N%6;.0. (S11)

In an analogous manner, we now investigate the statistics of the matrix elements of an arbitrary Hermitian operator
O in the basis of the quasienergy eigenstates of the CUE, i.e., O,, = (v| O |u). The ensemble average of O,,, is given
by

N
1
(O,,) = Onm / AVV Vi = — Tr(0)6,,.. S12
" ;: . hE N . (S12)
Here we have used the following Haar integral
/ ViV = L5, (S13)
U(N) R A

Similarly, we find that the variance of the matrix element O, is

N
10wy =" Y OwnOmrw / AV VS, ViV Vi
n,m,n’ m’'=1 UN) (814)
= Tr(0?) — 1 T*(0)| + 6 o Tr%(0) — 1 Tr(0?)
N2 -1 N(N2—1) "HINZ -1 N(N2 —1) ’
Combining Egs. and one can express O,,, as
Ol == Tr(0)50p + 4 |~ T2(0?) = ——— Tv2(0)
EUON v N2 -1 N(N2 —1)
1 1 ) 1 NEs
1 1 1 12
%N TI“(O)(SVM + |:]\72 TI'(O2) _ m ’I‘I‘Q (O):| RV/,H

where in the last equality we kept only the leading order terms in 1/N.

From the derivations above, it is straightforward to see that Eqs. [S6} [S9) and [S15] are also applicable to an ensemble
of Hamiltonian systems whose time-evolution operators U(t) = e~*1* are generated by Hermitian Hamiltonians H
drawn from the Gaussian unitary ensemble (GUE), see also Ref. [STIHS13].

III. CORRELATION FUNCTION OF THE QUASIENERGY EIGENSTATES FOR THE FLOQUET
RANDOM QUANTUM CIRCUITS

In this section, we first construct a supersymmetric (SUSY) sigma model for the calculation of the correlation
function Chpmm(w), applicable to any ensemble of Floquet systems. We then employ this sigma model to a large
family of Floquet random quantum circuits which consist of qudits in an arbitrary dimensional cubic lattice with
either periodic or open boundary condition. Within each period, random unitary matrices drawn independent from
the CUE are applied to different pairs of neighboring qudits at various substeps. We find the correlation function
Crnmm(w) for any model in this family agrees with the RMT prediction Eq. in the limit of large single-particle
Hilbert space dimension ¢ — oo, irrespective of the ordering of the local gates. This sigma model calculation is
a generalization to that of the two-level correlation function Rz(w) in Ref. [S14], see also the review [S15] and the
references therein.



A. Preliminaries

Consider first an arbitrary ensemble of Floquet systems. To evaluate the correlation function Chpyspmrm (w), one can
make use of the generating function

21 = T d¢p det (1 — ape®U + JT) det (1 — Bpe U + J7)
1= /0 2 det (1 — age’®U) det (1 — Bge—#UT) '

(516)

Here the angular bracket represents averaging over the ensemble of the Floquet operators U. J* is a N x N source
matrix, with IV being the dimension of Hilbert space wherein the Floquet operator acts.

Taking derivatives of the generating function Z[J] with respect to the matrix elements of the source field J*, and
then setting J = 0, ag = ar and fg = Sr [S33], we have

_ 0?Z[J
Cnn’m’m (aFa 6]5‘) ﬁ

m/’

= Z Cnn’m’m(k) (aFﬁF)k ) (817)

J=0,ap=ar,BB=Ar k=0

where Chpimm (k) is defined in Eq. with k being the discrete time measgred in units of period. We can therefore
see that its Fourier transform Ciprpmrm(w) (Eq. can be obtained from C,p/pm/m(ar, Br) when the product of ap
and B is set to apfr = e™:

1

% (C’nn’m/m(aFa ﬁF) + é;’nmm’ (aFa 5F) - 5nn’5mm/) . (818)

Cnn’m’m(w) =

B. Sigma model

The starting point of the sigma model derivation is the following Gaussian superintegral representation of the
generating function:

2 d¢ _ — ’g/;j’F <6ij — Otpei(ﬁUZ‘j + J;r) w;_’F — ’LZJZ-_’F ((5” — 6F€_i¢UiTj + Jz;) ’(/Jj_’F
2] = or D(¥,v) exp 7+,B i +.B _ 7-.B —igrrt ), —B ’
0 =7 (045 — ageUsy) ;7 — by (517' — Be Uij) (G

(S19)
Here ;" carries an index s = =+ labeling the retarded(+)/advanced(-) space associated with the forward/backward
time evolution U/UT, an index a = B, F labeling the Boson(B)/Fermion(F) space, and i = 1,2, ..., N which labels the
Hilbert (H) space. The integration measure D(1), 1)) is normalized such that the generating function Z = 1 when
J=0and ap = a = fr = g = 0.

For simplicity, we introduce 2N x 2N matrices oy and [y in the direct product of Boson-Fermion and Hilbert
spaces (BF @ H):

| 1 0 B 5 1 0
4= [ BOH aF(1+J+)_1] BF7 B = [ BOH ﬁF(1+J_)_1:| BF7 (820)

and rewrite Eq. as
Z[J] =det(1+ J")det(14J7)

X /0277 % /D(qL,w) exp {_ [+ o] {1 - eigaJU o e—?%L,m} . [?f} }> (S21)

Here the subscript in [.]gr ([.]Jra) indicates that the matrix is expressed in the Boson-Fermion (retarded-advanced)
space. We use 14 (1gg) to denote the identity matrix in the Hilbert (Boson-Fermion) space. For simplicity, we also
define U =U ® 1gF .

The next step is applying the color-flavor transformation [S16HS19] to convert the integration over the center phase
¢ to an integration over 2N X 2N supermatrices Z and Z:

Z[J] =det(1+ J*)det(1+J")
X </D(Z, Z)exp [STrin(1 — ZZ)} /D(’(Z)’z/)) exp{_ [t ] [ZalJU Zﬁqu ) wq }> (522)



Here ijb carries indices a, b = B, F that label the Boson-Fermion space and indices ¢, j = 1, 2, .., N that label the Hilbert

space. The integration runs over all 2N x 2N complex supermatrices Z and Z with the constraints: ZFF = —ZFF 1,
ZBB — ZBBT and |ZBB1ZBB| < 1. STr represents the supertrace over the BF ® H space. The integration measure
D(Z,7) is also normalized by Z[J = 0] = 1 when ar = ag = fr = g = 0.

Carrying out the integration over 1 and v, we arrive at the SUSY sigma model representation of the generating
function:

Z[J]) =det(1 + J")det(1 +J7) </D(Z, Z)exp(—S[Z, Z])> :
(523)
S[Z,Z) = - STrln(1 — ZZ) + STrln [1 - ZaJUZﬁJUT} .

We emphasize that this sigma model is exact and is applicable to an arbitrary ensemble of Floquet systems.
To compare with the sigma model for disordered Hamiltonian systems [S20], one can make the transformation

Q =TAT !, T:1~Z ) A:lo , (S24)
Z 1]pa 0 —1]pa

after which the action becomes

S[Q] = STrIn [(1 - [‘I{]U 5;&]) QA + (1 + [a‘(’)U BﬁﬁD] . ($25)

Supermatrix field @) stays on the manifold with the constraints STrQ = 0 and Q% = 1.

C. Saddle points

Starting from the sigma model Eq. [S23] we now apply it to the Floquet random quantum circuits under study. We
consider the large N — oo limit, and focus on the saddle points and quadratic fluctuations around them. In Ref. [S14],
we have shown that the contribution from higher-order fluctuations for the current model is of higher order in 1/N.

Taking variation of the action S [Z , 7] (Eq. with respect to Z yields the saddle point equation for an arbitrary
configuration of Floquet operator U:

~ - —1
Z(1 - 22)"t = a,UZB,Ut (1 - ZaJUZBJUT) . (S26)

Note that, in Eq. an averaging over the ensemble of Floquet operator U is required. We only look for solutions
that solve the saddle point equation for all Floquet operators in the ensemble under consideration, and ignore all U
dependent solution assuming they are not important to the ensemble averaged field theory.

It is easy to see that

AR ACE (S27)

is a solution to the saddle point equation. The corresponding Q*) matrix which is related to Z(), A by Eq. [S24]
assumes the form

QY = ofp ® 1gr ® 13, (528)
where o}, is the Pauli matrix acting in the retarded-advanced space.

Another solution to the saddle point equation takes the form

Zm) = {8 0] 7 Z("S)={8 OJ : (S29)
“1BF —% IBF

where z is a NV x N matrix that solves the following equation

2142727 =apfr(1+ I W20+ ) UT(A + apfrzf (1 + TN 1U2(1 4+ J7) 71U~ (S30)



The solution to the equation above can be expressed as z = c¢gz’ where ¢ — oo and 2’ is an arbitrary invertible
matrix of order unity. The corresponding Q(™*) matrix for the nonstandard saddle point is given by

Q) = ofp @ o @ 1y, (S31)

where JE’F represents the Pauli matrix in the Fermion-Boson space. We note that Q(™*) is similar to the non-trivial
saddle point considered by Andreev and Altshuler [S21] in the calculation of the two-level correlation function Ry (w)
for disordered Hamiltonian systems.

In the following, we call Z(*) = 0 the standard saddle point and the non-trivial solution Z("*) the nonstandard
saddle point. Inserting Eq.[S27 and Eq. [S29]into Eq. [S23] and making use of the saddle point equation, we find the
actions at these saddle points

56 = §[2) ()] =0, (S32a)
S = (29, ")) = — Trln [apBr(1+JH) 11+ 7)Y, (S32b)

where Tr denotes the trace over the Hilbert space only. Note that the Floquet operator U disappears from the saddle
point actions.

When the source field J¥ is set to zero, the action at the nonstandard saddle point assumes the value of S (ns) |7=0 =
—Nln (apfr). If we introduce an infinitesimal imaginary part 7 to In(apfr) = iw—n with nN > 1, the real part of the
action at the nonstandard saddle point Re S(™*) = Np is larger compared with the one at the standard saddle point
Re S®) = 0. In this case, it is enough to take into account the dominant saddle point, i.e., the standard saddle point,
as well as the quadratic fluctuations around it. The correlation function Cy/im/m (w) obtained from derivatives of the
generating function Z[J] is now smoothed over. More specifically, from Egs. and one can see that introducing
an infinitesimal imaginary part n to In(arfr) = iw — n replace the 2m-periodic delta function §(w) in the definition of
Crnmm(w) (Eq. with a 27-periodic Lorentzian of width 7, i.e., d(w) = Y00 ™ /2r — 320 einw=Inln /o,
Chnm/m(w) now measures the correlation of pairs of quasienergy eigenstates with quasienergy separations E, — E,,
around w weighted by the Lorentzian. Therefore, we can see that consideration of only standard saddle point yields
the smoothed correlation function Ciprpmrm (w).

D. Quadratic fluctuations around the standard saddle point
The quadratic fluctuations around the standard saddle point (Eq. [S27) are governed by the action
58592, 7] = STr [ZZ} _STr [ZaJUZBJUT} . (S33)

Using Eq. and ignoring the higher order fluctuations whose contributions are of higher order in 1/N [S14], we
approximate the contribution from the standard saddle point to the generating function Z[J] by

z(s) [J] ~ det(1+ JT)det(1+J7) /D(Z Z)e—S(fff)[Z’Z]7

()15 ()15 Sab 7ba L \bbeg yaa (534)
S22 = (0S912.2]) = Y. Y saZil 2y (budiy — (@) BB )

,3,4',5" a,b=B,F

where sg/p = 1. We have used the fact that, for the Floquet random quantum circuits under consideration [S14],

(U0} ) = i85 ($35)

in an arbitrary orthonormal basis. Note that this equation also holds for the CUE of dimension N. Therefore, the
quadratic fluctuations around the standard saddle point for the current model is described by the same ensemble
averaged effective field theory as that of the CUE.

To proceed, we divide Z into two parts which involve, respectively, its diagonal and off-diagonal components in the
Hilbert space:
(S36)

Z=X+Y, X =06,28 Y =(1-6,;7

17



and similarly for Z. We then perform a Fourier transformation of the diagonal components X and X:

N
Xab(k‘) — z:)(J{l]befﬂwkj/N7 Xab(k) — Z)N(qubeimrkj/N. (837)
j=1 j=1

=

In terms of X (k), X(k), Y;; and Y;, the ensemble averaged effective action Si;? in Eq. can be expressed as

SYIX Y, XV =Y Zsayabybu— > Zsaxab (k) X" (k)

a,b=B,F i#j a,b=B,F k=0
1 - 1 V= o .
-~ Z SabBa Xab(O) _ 6bFN XaF(k) Ze—zQsz/NJiJZ_r — S ZYi?F‘]fi (838)
a,b=B,F k=0 i i#j
1 N-1
x | X% (0) — dar 7 S7TXUE() Y RN — s Y YT
k=0 i/ e

Here we have employed the approximation (14 J¥)~! ~ 1 — J* for small source matrix field .J.
When the source field is set to J = 0, the action Se(fsf) reduces to

SHX Y, X V][mo= Y. Zsayabybuf > Zsaxab (k) X (k)(1 — 0r,00Ba)- (S39)

a,b=B,F i#j a,b=B,F k=0

The bare propagators for X and Y arising from this action are given by
b'a’ (1.1 vab v ab b'a’ (1.0 N
(XY W)X R)) = sasn (XPR)XY (K)) = S0 Ot Baar O
0 0 1-— ab6a5k70 (840)
<Y;’,;5"57gb>0 — 8,85 <Yi§byj”,’f>0 = 500550, 0aar Oviy

Here the angular bracket with subscript 0 represents the functional average with the action Séfsf)| =0 (Eq. . We
find the contribution to the generating function from the standard saddle point and the quadratic fluctuations around
it for zero source field J = 0,

(1 —arpp)(1 — apfr)
(1 —apfr)(1 —asfp)

2O =0] = (541)

The contribution of the standard saddle point to the correlation function Ciprpmm (aF, Br) can be obtained from
derivatives of Z(*)[J] (Eq.[S34) with respect to the source field:

2z(s)[ ]
A(s) O ZWJ]
nn’mm/’ (aF BF BJJF a‘];zm’ J—o ( )
S S S S S 842
— z() [J =0 Srom O — 825z§ff) + aSéfF) 8S<Eff) — S 8S<Eff) S 8S<Eff) )
' g%, 00 . OJL oJ. O 0 ) li=0/

Using the expressions for the quadratic action Sé,fr) in Eq. and the bare propagators in Eq. we find

35(2) 1 ~ AF E 1 OZF(BF . ﬂB)
- :Snn’i a a Xa 0 X a 0 = 5nn’* , 4
<8JI’” J=0/ ¢ N za:S s < A )>0 N (1 —arfBr)(1 — arfe) (5432)
05 1 i 1 Belop —ap)
Py =0mm’ 3 XP0)XF(0)) = ’ 43h
<8Jn_m/ J=0/ ¢ N? bzzB;F sran < OX7 )>0 N (1 - arfr)(1 - appfr) (543b)



82S(§) 1= SFF FF —i2nk(n—m)/N
m o . = - 5nn/6mm’m 2 SFO‘FBF <X (k)X (k)>0 e
1
~ (1= bunr) (1 = G ) 5708 B <Yj§,y,§F >0 (S43c)
1 (arfr)?

1
- 5nm,5n/m’ N O‘FﬂFa

- 5nn/6mm’

N2 l—OzFBF

N—-1
1 Z . 1 .
> N SaSFaFﬁFabBa<<5nn/ ) X“F(k)ﬁe*m’mmﬂua )YW> XF(0)
J=0 0
% XFb ( v E XbF 127rkm/N + (1 N 5mm’)YTZEm>>

1 OéFﬁF(ﬁF — BB)(ar — aB)
N2 (1 - apfr)?(1 — apfs)(1 — apfr)

arfr 1 (arfr)? 1
5nn/5mm’ — 5 5nm5n’m/ — .
1—0{FﬂF ( N21—aFﬁF + NO[FﬂF

05 as%)
g, oJ .

. (S43d)

—5nn’ 5mm’

+

Inserting these equations into Eq. 7 and setting ag = ar and SBg = Br, we obtain the standard saddle point’s
contribution to the correlation function Chy/mm (ar, Br):

A 1 apfr \° 1 apfr
I - , — [ ——EEE by —BOF S44
Gttt (O Br) = B D+ Dt S N2 (1 - ozpﬂF) OOt 3 3 arfr (549
This leads to
(®) 5oL (1 1 - 1
Cronto () =S O 5 { e < 2 sin?(w/2) OnmOn'm: 3o (545)

where we have used Eq. and set apfp = e

As mentioned earlier, consideration of only the standard saddle point gives rise to the smoothed correlation function.
We can see that Eq. is consistent with the RMT prediction Eq. to the leading order in 1/N, after replacing
the two-level correlation function Ry(w) with its smoothed version:

RéS)(w) - ]2\]7 (1 a 1\122sin21(w/2)> ) (546)

For the comparison of higher order terms in Eq. and Eq. [S6] see the discussion at the end of this section.

E. Quadratic fluctuations around the nonstandard saddle point

To study the quadratic fluctuations around the nonstandard saddle point, we insert
Z=2") 415z, Z=20)452, (S47)
into the action S[Z, Z] in Eq. and expand it up to the quadratic order in 6Z and 6Z. This gives rise to
8$")[62,62) = STr [(1 - Z(”S)Z("S))*léZéZ} —STr [(1 — Zn9) g, Uz () 5JUT)’15204JU5ZBJUT]

1
+ §STY |:<( Z("‘S)Z("b ) (5ZZ("‘5) 4 Z(m 5Z)) :| (848)

~ - ~ 2
- %STr {((1 — 700,020 5,01 (520,020 8,01 4 2090, U25,U7)) ] ,
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Making use of the expression for the nonstandard saddle point Z (%) (Eq. S29)) and the saddle point equation (Eq. ,
we obtain

88$"62,62) = + Tr [52‘335255} Ty [5ZBBQBU(SZB%BUT]
—Tr [5ZFF (1+ 220726 2FF (1 + 272) 1} + Tr [5ZFF(ZT)71U(55F)712T(1 + 220"t ZFF Ut () (1 + ztz)fl}
+Tr [6ZBF 4zt 152FB} ~Tr [5ZBF(zT)—1U(ﬂ5F)—1zT(1 + zzT)—lézFBﬁBUT}

~ v [62FBSZBF (1 4 2t2)- 1} +Tr [5ZFBaBUazBFz—1UT(af,F)-lz(l +sz)—1} .

(S49)
Applying the transformation:
6788 — 6788 57T = (14 22" (21) 7162 P2, 6278 = (1 + 220 (2171628, §2BF — 625F2, (550)
6788 5 6788 6ZFF 5 (14 212)27102 FF, 62BF — 62BF2F, 62FB - (1 + 272)27 16278,
one finds that Eq. [S49] can be further simplified to
§558")62,62) = STx [5252} —STr '5ZU5¢J5ZUTBJ} . (S51)
Here a; and B 7 are 2N x 2N matrices defined as
~ aBlH 0 :| ~ _6317{ 0 ]
ay = _ _ , = _ S52
J 0 BF1(1+J ) . ﬂJ | 0 aF1(1+J+) BE ( )

Note that although U and &; (Ut and B s) do not always commute, one can still permute them in the action. In
particular, if one apply the transformation

6Z — UsZU, §Z — UtszUt, (S53)
the action becomes
855")[62,62) = STr [5252] ~STr [5254JU(SZBJUT} . (S54)
which is identical to that of the standard saddle point (Eq. ) after the replacement oy — &y and 5; — BJ.
The contribution of the nonstandard saddle point to the generating function can be approximated as

Z9[J] = (apfr)V / Dz 2)e 5, G = (6512, 2]), (S55)

where we have used the expression for the action at the nonstandard saddle point Eq.[S32b] Given the close similarity
between their actions (Eq. and Eq.|S54)), the contribution from the quadratic fluctuations around the nonstandard
saddle point can be deduced from that of the standard saddle point by making the replacement.

ap = Bpt, Br—apt, JTo 0+ ) -lx—d, T o (14+JN) T - 1x T (S56)

From Eq. we find that the contribution from the nonstandard saddle point and its quadratic fluctuations to
the correlation function Cjypmrm (w) can be expressed as

_ 322 ns [J] 825(”3) 63("3) 68(”3)
C(nj) ) o Z(ns) J=0 o eff + eff eff

> . (S57)
J=0/ 4

Here Z(™)[J = 0]/(arfBr)" and the derivatives of the ensemble averaged effective actlon st o ) with respect to the
source field J* can be deduced from their standard saddle point counterparts (Egs. and [S43| - ) by applying the
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replacement Eq.
(ar — ag)(Br — BB)

Z)[ ] =0] = —(apfBe)Y , S58a
= 0= ) G (1 — arfe) (8582)

925 1 1 11
— =0nn' Omm/ — ———————— — OnmOn'm’ — ———, S58b
<8J£Lfna=7mm' 7=0/ N2 (1 = apfr)arfr N arfe (S58b)

aSe(fols) 85;:;3) 5o 1 (1 — aFﬂB)(l — aBBF)aFﬁF
0J b O i/, N (1= arfr)*(ar — an)(Br — Bp) (S58¢)
1 1 1 1 1
- _6nn’5mm’ D) + 5n'rn(sn’m’ T .
1 —apfr ( N2 (1 — apfr)orfr N aFﬁF)
Inserting these equations into Eq. [S57] and setting ap = ap and g = fr, we obtain

~(ns) s s L N orPr

Cnn’mm’(aF’ BF) - 6711'7, 6mm N2 (aFﬁF) (1 — apﬂp)g . (859)

Adding this result with the contribution of the standard saddle point (Eq. , we find the correlation function

Cnn’m’m(aF7 ﬁF)

_ 1 OéFﬁF 1 OéF,BF 1 O‘FBF
Cnn’m’m ) = 5nn’§mm’ 1 — (1= N — Xt 6nm5n’m’77-
(ar fr) { + e (0 rf)) Ty N?laFﬁJ i N1- apfe
(S60)
which leads to
1 1 1 sin®*(Nw/2) 1 11 11
Conmmw)=|———F——5—-—+ =46 —— | S Omm’ — — =—OnmOnrm
©) {27r N or snt(w2) N T A2 27& N 2n N (s61)
1 1
— 700 St + -8(6) S
Here we have made use of Eq. [SI§ and the following identity:
2Re oo T 1 =2m6(w). (562)

Eq. is consistent with the RMT prediction Eq. to the leading order in 1/N. In particular, we have obtained the
additional oscillatory term 475\,2 ;33((1572)) Onn' Omme by taking into account the contribution from the nonstandard saddle
point. Note that the higher order terms in Eq. do not agree with the corresponding terms in Eq. In particular,
instead of 6, Ro(w)/N* and —6,,0/m/ Ra(w) /N3 in the CUE result Eq. we find 6nn/5mm/R2dis)(w)/N4 and
fdnmdn/m/Rédis)(w) /N3, where the disconnected part of the two-level correlation function is Rgdis) (w) = N?/2r.
However, the higher order fluctuations are needed to find the exact result for Ci/pmm(w) at these higher orders
and to compare with the RMT prediction. The calculation of the contribution from the higher order fluctuations
is rather cumbersome. We instead consider for simplicity the CUE in Sec. [[V] and investigate the higher order
fluctuations of the supermatrix field Z in its sigma model. We demonstrate that the next leading higher order term
~8mnOnm R2(w)/N3 in the CUE result can indeed be recovered within the sigma model approach by taking into
account the higher order fluctuations.

IV. HIGHER ORDER FLUCTUATIONS FOR THE CUE

In this section, we use the SUSY sigma model to rederive the correlation function Chp/pmm(w) for the CUE, i.e.,
Eq. [S6 The goal of this section is to demonstrate that the second term in Eq. [S6 which is of higher order in the
large N expansion, arises from the higher order fluctuations. Unlike the earlier derivation in Sec. [[] which only
shows the relation between Cpimm(w) and Rg(w), this sigma model calculation also gives the explicit expression
for Ra(w) (Eq. . Moreover, there is no need of the Weingarten calculus which can also be derived in the sigma
model framework [ST4]. Note that the sigma model calculation performed in Sec. also applies directly to the CUE
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whose second moment of the Floquet operator is also given by Eq. In this section, we employ a slightly different
approach which makes use of the color-flavor transformation to perform the ensemble averaging. This approach greatly
simplifies the structure of the sigma model (see details below), but can not be directly applied to the Floquet random
quantum circuits we considered.

A. Sigma model for the CUE

We start from the superintegral representation of the generating function Z[J] Eq. which is applicable to
an arbitrary ensemble of Floquet systems. Instead of converting the integration over the center phase ¢ into an
integration over supermatrix matrices, we first average over the ensemble of the CUE matrices U. This ensemble
averaging can be performed using the color-flavor transformation [SI6HS19]:

Z[J] =det(1 + J*) det(1 + J_)/Qﬂ ;l—(b /D(Z7 Z) exp [NStrln(l — ZZ)}
0 2w

x/D(zﬁ,w)exp{ [+ o] |:€_i¢1BJZ ei%luz} RA [it”

Here Str traces over the BF space only, in comparison with STr which is introduced earlier and traces over the product
space BF ® H. We emphasize that, unlike in Sec. here Z and Z are 2 x 2 matrices defined in the BF space only.
They are subject to the constraints ZFF = —ZFF* 7zBB — 7BB* and |Z7BB| < 1.

Integrating out the supervectors ¢ and v, we arrive at the zero-dimensional SUSY sigma model for the CUE [S10,
S16]:

(S63)

Z[J] =det(1 4+ J*)det(1 4+ J7) / D(Z,Z)exp(—S|Z, Z)), (564)

S[Z,Z) = — NStrin(1 — ZZ) + STrn(1 — (Z ® 1)y (Z @ 14)By).

Compared with the sigma model in Eq. for an arbitrary ensemble of Floquet systems, here we have converted
the averaging over the CUE matrices U (instead of the averaging over the center phase ¢) into an integration over
the supermatrices Z and Z which have no structure in the Hilbert space. It is therefore much easier to study the role
played by the higher order fluctuations in the case of the CUE.

B. Saddle points

From Eq. we obtain the saddle point equation:

(Z(l - ZZ)‘l) ® 1y = as(Z® 1n)By [1 —(Z@1lx)as(Z® 17{)5]} - (S65)

A trivial solution to this equation is the standard saddle point given by Eq.[S27, We emphasize again that Z(*)
and Z(®) are now 2 x 2 supermatrices acting in the BF space only. As before, the saddle point equation has another
solution - the nonstandard saddle point. It acquires the form of Eq. where z is no longer a matrix in the Hilbert
space but rather a complex number with|z| = oo. The actions at the standard and nonstandard saddle points are
given by Eq. and Eq. respectively.

For simplicity, we will focus on the fluctuations around the standard saddle point, and derive the smoothed corre-
lation function C'*) (w). We will show that the higher order term —5mn5n/m/RéS)(w)/N(N2 —1) in the smoothed

nn’m’m
correlation function Cr(fn),m,m(w) for the CUE, missing from the earlier sigma model calculation, comes from higher

order fluctuations around the standard saddle point.
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C. Quadratic fluctuations around the standard saddle point

We consider first the quadratic fluctuations around the standard saddle point Z(*) = 0 which are governed by the
action:

S)rr7 Za a 1 aa
08572, 2) = Ny sa 22" [1— ~ Tr(al?B5%) |- (S66)
ab

From this equation, we find the bare propagator for Z arising from the quadratic action at J = 0:

Sa

ZbaZa/b/> _ s, <Za/b/Zba> = Sy Oy e ——
(227 ), = sus T

(S67)

As before, we use the angular bracket with subscript 0 to denote the functional averaging with the quadratic action
685 at J = 0.

Performing the Gaussian integration governed by the action (5555) in Eq. and making use of Eq. we find
the contribution to the generating function from the quadratic fluctuations around the standard saddle point

—yafr Tr (L+J7) D] [1 - garfs Tr (L+J)71)]
(170&3,3]3) [17*0&1?51?TI‘((1+J+) (1+J7)71)} )

1
ZO)[J] =det(1+ JT)det(1+J7) [ (S68)
Taking derivatives of the generating function Z(*)[.J] in the equation above with respect to the source field J* and

setting ag = ar and Bg = Br, we find that the quadratic fluctuations’ contribution to C’m mm(OF, Br) is given by
an expression identical to the earlier result Eq. [S44] as expected. This also gives rise to the leading order smoothed

correlation function C*), (w) in Eq.

nn/m’m

D. Higher order fluctuations around the standard saddle point

We now consider the higher order fluctuations and expand the action S [Z , Z] around the standard saddle point up
to sixth order in Z and Z:

85612, 2] kzi:l {NStr {(zz)k] _ STy {((2 ® 1)y (Z @ 1@@)? } . (S69)

From this equation, it is easier to see that the Correlation function Cyypr s m given by the derivatives of the generating
function Z[.J] with respect Jf, and J.. . (Eq. contains two parts ct and C?) which are proportional

nn m m 'I’L’ﬂ m m
t0 0pn/Omams and Oppmdnrme, respectlvely In this section, we will focus on the part le) i
order term §mn5 'mr Ro(w)/N? in the CUE result Eq. [S6] .

From Eq. one can see that ' arises from

and recover the higher

nn’m’m

) 3, /O°STr [((Z®1H)O<J(Z®1H)5J)k]
B < 075700 o,

n'n

> | (S70)
J=0

Here and throughout this section we use the angular bracket without any subscript (with subscript 0) to denote the
functional averaging with the action §Ss[Z, Z] in Eq. [S69| (quadratic action §S5[Z, Z] in Eq. |S66) at J = 0.
The k =1 term in Eq. [S70]is given by

<828Tr ((Z & 1)as(z 0 12)8))]

aJrJlr’na‘];Lm’ J=0

> = SpmOnim: SFpOp B <ZFFZFF>

Y S S p—— <ZFFZFF( —SW_g® (sfn‘?) )> +O(1/NY (S71)
0

=68 1 apfr 1 apfr [1 — (arfr)’] 1 arfr [1- (O‘FﬂF)Q]Q
= OnmOn'm/ § 7y arBr N3 (1 — OéFﬂF) N3 (1 - @FBF)s

} +O(1/N*%).



13

Here Si(ri) and Si(ni) are, respectively, the quartic order (k = 2) and sixth order (k = 3) term in S [Z, 7] (Eq. ) at
J=0:

N - ~
Si(n4t) _ v Z Say Zaiby zbias Fasbs baay (1 — p, Bay b, Bal) ,

2
1,b1,a2,b2
6 N e N ~ i (S72)
SO = T DT sa, Zmbghres gaebe ghes 70sbs gh (1, By, 00, B0, 0, 0, ) -

a1,b1,a2,b2,a3,b3

In the last equality of Eq. we have used the expression for the bare Z propagator at J = 0 (Eq. [S67)) and set
ap = af and g = f.
Similarly, we find the k = 2 term in Eq. [S70]:

)

= 6nm6n’m’ Z <SaZaFaFZFF/8FZFbabea6a + SFZFFOJFZFaﬁaZababeFﬁF>
b (S73)

= 0nmOn/m’ <Z (SaZaFaFZFFﬁFZFbOébeaBa + SFZFFQFZFGBQZGbabeFﬁF) (1 - SI(I'I4t))> + 0(1/N4)
ab 0

2 (arfr)? [1 — (arfr)?]
N3 (1 —apfr)?

as well as the kK = 3 term:

2 aJ+, d8J~

n'n mm/

. <628Tr {((z ®1n)as(Z® 1@@;)1

= _6nm 6n’m’

+O(1/N%),

)

- 6nm6n’m Z [Sa <ZaFaFZFF/BFZFbOZbea/ﬂa/Za/b/ab/Zb/aﬁa>

| /OSTr [((z ® L)y (Z @ 1H)/3])3]
3 < gt T

0
aba’b’
50 (2T ap 2" B2 0 29T B 27y 27 Ba) + 55 (27 w27 Bu 2 0 2" B 2V 0y 20T Be) | + O(1/NY)
0 0
3 apfr \° 4
= 0pmOn'm— | ———— O(1/N*?).
N3 (1—OZFﬁF> + ( / )

(S74)

Combining everything, we arrive at the contribution from the first few leading order fluctuations around the standard

saddle point to C’fi),m,m (i.e., the dpmOnms proportional term in C’f;),m,m):
_ 1 apfr 1 or Br 2
c® = St | —— i [ EEE ) S75
Tmmm(aF”BF) Nl—apﬂp N3 ].—Oépﬂp ( )

Note that the leading order first term in the equation above originates from the quadratic fluctuations (equivalent
to the last term in Eq. , while the higher order second term arises from the higher order fluctuations. It is
straightforward to see that the corresponding contribution to smoothed correlation function C (s)

nn’'m’m

(s) S W S i1 .11 1f71
Cotromrm (W) nmOn’m {N o + 53 o 25in?(w/2) )]’ (S76)

We have therefore reproduced the higher order term 6mn6n/m/R§3)(w) /N 3 in the smoothed correlation function
) (w) for the CUE by inclusion of higher order fluctuations.

nn’'m’m

is given by

V. CONNECTION TO PHYSICAL PROPERTIES
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Once the correlation function Chy/imrm (w) defined in Eq. [S1is known, one can immediately obtain many important
physical properties of the system. In this section, we use our result for the correlation function Chy/mm (w) in Eq.
to evaluate the SFF, the PSFF, the dynamical correlation function of operators and the time evolution of the density
matrix for the Floquet random quantum circuits under consideration.

A. Spectral form factor

From their definitions Eqgs. |[S2| and one can see that the SFF K (t) is related to Chprm/m () by
K t) = ZCnnmm(t). (877)
nm

This is consistent with the RMT prediction Eq. [S9] In particular, if we substitute Eq. [S9] into the right-hand-side
(RHS) of the equation above, one can immediate see that it reduces to

S Con() = 3 (K(t) -1 K(t)/N+N5mn> K, (s78)

— N2 -1 N2 -1
identical to the left-hand-side (LHS) of Eq.
Using our leading order in 1/N result for Chprpm/m in Eq. we find

K(t)—1+9¢ =00+ 1
chnmm(t) ~ Z ( ( ) N2 = + t:](\)[ 57"”) = K(t) (879)

Here K(t) on the RHS is the CUE SFF in Eq. Eq. shows that the SFF for the Floquet random quantum
circuits under study agrees with the RMT result Eq. [SII] Note that the difference between the first equalities of
Eq. and Eq. arises from the higher order terms in Chpmm (t), which are not important for the leading order
SFF.

B. Partial spectral form factor

The partial spectral form factor (PSFF) is defined as [S22] [S23]
Ka(t)=(Trg [TraUt) TraUT(1)]), (S80)

where Tr 4 and Tr 7 represent the trace operators over the Hilbert spaces of the subsystem A and its complement A,
respectively. In terms of Chprpmrm (t), PSFF can be expressed as

Kalt) = Z Clit .13, (i3, (140 (1) (S81)

with N 4 being the dimension of the Hilbert space of subsystem .A. Here we have used a two-component vector (i, j4)
to label the Hilbert space of the entire system, whose first and second components label the subsystem A and its
complement A, respectively.

Inserting the expression for the CUE correlation function Chppmrm () Eq. into the equation above, we find the
RMT prediction for PSFF:

Na N/Na

—-K(t)/N+ N K(t)—1 —K(t)/N + N N?
Z Z (N2—1 ifaf N2 _ 1 51'1471'54)_ N2_1NNA+ N2_1 N4
ift iz =1jft45'=1 (882)
_ NN4—N/N4 N3/Njg— NNy
 N2-1 K@+ N2 -1

This equation is equivalent to the result presented in Ref. [S22] as expected.
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On the other hand, our leading order result for Cyp/mm Eq. leads to

N, N/N.,
S SR Sl (U EL P YR PN B (G R R YO TRA T
Jftist N iftagt ) T N2 A N Ny
(S83)

11722_1]17 1
_Na N N4
Dy (= —BA) 1 - 5,).

This is consistent with the RMT result Eq. when N4 the Hilbert space dimension of the subsystem A satisfies
N> 1.

We emphasize that, for the PSFF, the contribution from the higher order in 1/N terms in Cy 7/ is non-negligible
when N4 ~ O(1) (which is of no relevance to the current model with local Hilbert space dimension ¢ — o0). The
number of terms of the form C, s/, contributing to the summation in Eq. is

NNy, (I)n=n',m’ =m,
N={N2?/Ny—N, (2)n=m,n’ =m’ n#n’, (S84)
N? — NNy — N?/N4+ N, (3)otherwise.
When N4 >> 1, the numbers of total contributing terms N for categories (2) and (3) are, respectively, a factor of
O(N/N?%) and O(N/N 4) larger compared with that of categroy (1). From the earlier result, Cy 7 (w) with indices
lie in the categories (2) and (3) are of higher order in 1/N compared with that of category (1). This means that
we can ignore the contribution from the higher order terms in C,,,/\n/m- On the other hand, when N4 ~ O(1), the

higher order in 1/N terms in C\,,/m'm for categories (2) and (3) are required to obtain the leading order result for
the PSFF.

C. Correlation function of operators

We now consider the dynamical correlation function of operators O and O’:

1 1

Coor(t) =  (Tr (O(H)0")) = N (Tr (UT(HOU (1)), (S85)

whose Fourier transform is
Coor (w) = < > 0,0,,6w-E, + EH)> : (S86)
v,u=1
It is not difficult to see that the operator correlation function Coor(w) is related to Cpp/mm(w) by
1
Coor (w) = N Z Omn O,y Crinr i (w). (S87)
For any system whose correlation function C,y/m/m(w) follows the RMT prediction Eq. we have

Coor (w) :w < ~ T(00') — ]&2 Tr(0) Tr(O')> + §J(V";) Tr(0) Tr(O'). (S88)

For the current model, if we insert our leading order in 1/N result for the correlation function Chypmim(w) in
Eq. we arrive at

1.1 1 1
Coor(w) =(Ra(w) — 0(w) + 5 )N3 r(00) + ( (w) — 2ﬂ_> N2 Tr(O) Tr(0'), (S89)
which, for traceless operators (TrO = 0, Tr O’ = 0), reduces to
Coor (w) = Ra(w) Tr(00"). (S90)

N3
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We note that the difference between the Eq. and Eq. is due to the higher order terms in the correlation
function Chpprmrm(w). These higher order terms may be non-negligible for the leading order dynamical correlation
function of some operators, depending on the specific operators under consideration.

We now consider the case where the operators O and O’ act on the same qudit. For simplicity, we use n =
(no, n(L’l)) to label the many-body state of the entire system which consists of L qudits. Here ng labels the single-
particle state of the qudit on which O and O’ operator, and the (L — 1)-dim vector nZ~1 labels the many-body state
of the remaining L — 1 qudits. Using this notation, we can see that Opp is nonzero only when n(*=1 = m&—1,
Therefore, the number of terms of the form C,, 7,/ contributing to the summation in Eq. is of the order of

O(Ngq), (n=n',m’ =m,
N ={ O(N?), (2)n=m,n’ =m’,n#n’, (S91)
O(N?¢?), (3)otherwise.

Similarly, if O and O’ act on different qudits, we instead have

O(N), (D)n=n',m’ =m,
N={O(N?), (2n=m,n’=m’,n#n’, (592)
O(N?¢?), (3)otherwise.

We note that, to the second leading order, Cp/m/m can be expressed as
Cnn’m’m(w) = C (w)énn’amm’ + co (w)(snmdn’m“ (893)

Here c¢; 2(w) are functions of w (and N), and are independent of the specific indices n,n’,m, m’. This equation can
be proven making use of the sigma model action S[Z, Z] (Eq. and the fact that the first few moments of the
many-body Floquet operator U are nonvanishing to the leading order only if the row/column indices of all the unitary
matrices U in the moment are given by the column/row indices of all the UT matrices after a permutation [ST4].
Specifically, one can apply the Wick’s theorem to show that, up to the second leading order, <625/8J:[,n8<];m,>
and ((85/0J,5,)(0S/8J,,,..)) are nonzero only when the external Hilbert space row indices n,m’ are related to the
column indices n’,m by a permutation, and they take values independent of the specific external indices. Eq.
then allows us to ignore the contribution from Cl/m/m (w) whose indices fall into categories (2) and (3) in Eq. [S91
or Eq. for traceless local operators O and O'. Therefore, one can use the leading order result for Cpp/imrm(w) to
determine the dynamical correlation function Coor(w) for the traceless local operators O and O’ acting on the same
qudit or different qudits, and the result is given by Eq. [S90]

D. Time evolution of the density matrix

Using the correlation function of the quasienergy eigenstates Chimim (t), one can also study the time evolution of
the density matrix p(t) = U(t)p(0)UT(t):

N

n’,m’'=1

where p(0) denotes the density matrix at time ¢ = 0. For the CUE, one can insert Eq. [S9|into the equation above and
find

(P ®) = (o 7D (0B OZL (595)

where py, = 13;/N is just the thermal density matrix and we have used Tr(p) = 1. At large time ¢t — oo, the SFF
acquires the value K(t — oo) = N and the equation above becomes

1 1

(rn(t = 00)) = (putun s + P (O) 5727 = (P + P (0) -

596
N +1 N+1 (596)
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Using instead the leading order result for Cy.im/m derived earlier for the Floquet random quantum circuits under
study, we have

K(t) — 14 4.0
N2 ’

which at large time reduces to Eq. We emphasize that, the contribution from the higher order terms in Cy,p/pm (£)
t0 (Pnm (t)) could be as important as that from the leading order term. In this case, consideration of the higher order
fluctuations in the sigma model is required to study the time evolution of the density matrix. We leave this for the
future investigation.

Note that the second term in Eq. can be neglected when consider its contribution to the expectation value of
a physical observable O. Within RMT, it is straightforward to see from Eq. [S95| that the expectation value of O at
time ¢ is

(Prnm () = (pth)nm(1 — 0t.0) + pPrm(0) (S97)

N? — K(t) K(t)—1

1
(Tr (Op(1))) = N Tr(0) Ne—1 T TT(OP(O))W7 (598)
which is identical to the expression in Ref. [S24]. At large time ¢t — oo, this equation reduces to
1 1
(Tr (Op(t — 00))) =~ — Tr(0) + — Tr(p(0)0). (S99)

N N

The second term in the equation above arises from py,(0)/N in {ppm(t — 00)) (Eq.[S96)), and is of the order of 1/N
smaller than the first term above, which is just the (infinite temperature) thermal average of operator O.

The discussion above shows that, at times larger than the plateau time (i.e., the time at which the SFF reaches
the plateau K (t) = N), the expectation value of O is given approximately by its thermal equilibrium value Tr(O)/N.
The plateau time is of the order of the inverse level spacing and thus is exponentially large in system size. We
emphasize that the relaxation time - the time at which the expectation value of observable O reaches the thermal
equilibrium value - is actually much smaller than the plateau time [S13]. Let us now assume that the density matrix
evolution is indeed described by the RMT prediction Eq. [S95] and is therefore determined by the behavior of the
SFF. Note that the SFF for generic chaotic systems has a slope-ramp-plateau structure. It drops nonuniversally from
N? at t = 0, reaches the dip, and then grows linearly (for the unitary symmetry class) until it hits the plateau at
K(t = o00) = N [S9,[S10]. In this case, when the SFF takes a value K(t) < N, which happens at a time much earlier
than the plateau time in the slope regime, the density matrix becomes approximately the thermal one py, = lyy /N
in the sense that the remaining term’s contribution to the expectation value of any physical observable is negligible.
Moreover, (p(t)) remains around pyp, as K(t) < N for all remaining time. This also suggests that the relaxation towards
thermalization process is related to the early-time non-universal slope in the SFF [S24]. On the other hand, the RMT
prediction Eq. may only be valid for generic ergodic systems at late times. It would be an interesting future
direction to investigate the connection between the relaxation process and SFF, which may require consideration of
higher order fluctuations as well as massive-mode fluctuations essential for the slope regime of the SFF [S25HS27].
Moreover, one can also estimate the statistical fluctuation of the density matrix p(¢) around the ensemble averaged
result (p(t)) by evaluating the higher-order correlation functions of quasienergy eigenstates in the current sigma model
framework.

VI. DIAGONAL MATRIX ELEMENT

In this section, we investigate the ensemble average of the diagonal matrix elements of an arbitrary physical
observable O in the quasienergy eigenbasis for the Floquet random quantum circuits we studied. Specifically, we
consider the quantity (3, O,,0(w — E,)) which represents the ensemble average of O,,, for the quasienergy eigenstate
|v) with the eigenvalue E, = w. Its Fourier transform can be expressed as

<Z O,,,,e_iE”t> = ZO"’” <Z (v|n) (m|v) e_iE”t> = ZOnm ((m|U*|n)). (S100)

v nm

As before, |v) denotes the eigenstate of the Floquet operator U, while |n), |m) belong to a fixed set of basis states.
For the current model, it is obvious that

((m|U*|n)) = 8¢,06mmn- (S101)



Inserting this expression into Eq. we find

<Z OuyeiE”t> =00Tr0,

which after Fourier transform leads to

1
<§V: O b(w — El,)> = 5-TrO.
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(S102)

(S103)

This result is consistent with the eigenstate thermalization hypothesis (ETH) [S284S30]. For Floquet systems, ETH
postulates that the diagonal matrix element of the physical observable O in the quasienergy eigenbasis acquires the
form O,, = + TrO + O(N~'/2) [S31], [S32]. In particular, if we insert the ETH ansatz into the left hand side of

Eq. [S103] we arrive at

o Rl(w)
<Z Opd(w — EU)> == To.

Here Ry (w) is the mean level density defined as

Rl(w) = <26(w - EV>> .

By setting O to an identical matrix in Eq.[S103] one can prove that it takes the value of
N

R1 (w)

Inserting Eq. [S100] into Eq. [S104] gives rise to Eq. [SI03|
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