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1. Introduction

A finite timing record may be compatible with more than one propagation latency. Recorded observations
combine propagation delay with clock offsets, receiver and transmitter delays, cable or fibre delays, modem delays,
calibration constants, environmental corrections, and synchronisation conventions. Several joint parameter vectors
can therefore produce the same record and assign different values to the intended delay. The record has then failed
to specify a unique latency measurand, so an ordinary uncertainty calculation has no unique record-based target.

Write a finite or linearised record as

y = At + Bk,

where 7 contains propagation-latency components and « contains clock, hardware, calibration, and convention
parameters. A perturbation (07, d«) belongs to the record-preserving null space when it leaves the observations
fixed. Its latency projection can remain nonzero. The projected null space IL, (ker J) is the object that decides
whether the finite record identifies the intended latency functional.

The analysis computes the record-preserving null space, projects it onto the latency coordinates, and tests
the intended latency functional on that projection. A nonzero value along any projected direction proves non-
identifiability from the record. Calibration, loop, gauge, or synchronisation closure succeeds when it removes every
direction that changes the target. In some architectures, closure supplies the information that gives the latency a
unique inverse-problem meaning.
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Structural uniqueness is assessed before conditioning and uncertainty propagation. Once a latency functional
is invariant across the record-equivalence class, a GUM-style budget can quantify uncertainty for that specified
measurand [1,2]. When the functional varies across the class, a regularisation penalty, prior, convention, or
calibration equation selects a value. Stability of that selected value does not establish record-based identification.

Structural identifiability asks whether parameters are uniquely determined by an input—output map before
numerical estimation [3—8]. For a finite linear model, the kernel criterion for a target functional is the classical
estimable-function condition [9, 10]. Applied to the latency block, it gives the identifiable subspace II, (ker .J )+
and its codimension. The contribution of this paper is the closure analysis on the quotient of record-null directions
by zero-latency directions. Proposition 2 and Theorem 2 give the necessary and sufficient effective-rank condition.
Proposition 3 gives the condition for a specified ambiguity class, and Corollary 2 bounds sensitivity to closure error
through the projected Moore—Penrose inverse [11,12].

Classical inverse-problem theory supplies the treatment of nonuniqueness, rank deficiency, ill-posedness, and
regularised solution selection [13—18]. The present question concerns a specified component: the full parameter
vector may remain nonunique even when one latency functional is identifiable. The projected null space isolates
that component-level question and exposes the closure information relevant to it.

Time-transfer practice supplies the physical setting. Reviews, standards, and operational methods for GNSS
common-view, precise point positioning, two-way satellite time and frequency transfer, RINEX records, clock
products, calibrated receiver or modem delays, and traceability to UTC show that timing records are interpreted
through modelling and calibration layers [19-28]. An ideal reciprocal two-way exchange separates clock offset
from symmetric path delay. Directional equipment delays and conventions add unknowns to the same equations.
GNSS/RINEX records provide a public-data setting for receiver-clock and calibration gauge freedom. These
examples illustrate the projected-null-space mechanism; the proof rests on the operator statements.

2. Methods
2.1. Forward Operator, Record Equivalence, and Identifiability
2.1.1. Operator Model and Notation

Let y € R™ denote a finite vector of timing-transfer observations. Write the unknown parameter vector as
0= (1,k) €O, x O,

where 7 € RP denotes propagation-latency components of interest and x € R? collects clock offsets, instrumental
delays, calibration constants, and other nuisance parameters. A finite transfer architecture is represented by an
observation operator

F:0,x0, —R", y=F(1,k) +¢,

with ¢ denoting measurement noise. In the linearised case around a nominal point 6,
oy = J 0T + Jobk+e=J00+¢e,  J=][J J]e€R™*PFD,

Throughout, L(7) = ¢T1 denotes a linear latency functional with coefficient vector £ € R?, and II, : RPT¢ — RP
denotes the natural projection onto the latency block.

Definition 1 (Record equivalence). Two parameter values (7, k) and (7', k') are record-equivalent if F'(1, k) =
F(7', k). The equivalence class is

[, klp ={(7',k'): F(r' k') = F(r,K)}.

Definition 2 (Structural identifiability). A latency functional L(7) is structurally identifiable from records generated
by F if
F(r,r)=F(r',k') = L(r)=L(7")

Sfor all admissible (1, ) and (7', &').

Definition 3 (Closure constraint). A closure constraint is a linear condition G(d7,0k) = 0, equivalently G .61 +
G0k = 0, that restricts the admissible perturbation set. The constrained null space is

Ng =ker JNkerG.
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2.1.2. Physical Meaning of Nuisance Parameters and Closure

In the notation y = A7+ Bk, the nuisance vector  represents physical and conventional components that enter
the finite record together with propagation latency: local clock offsets, receiver and transmitter hardware delays,
modem delays, antenna-terminal delays, cable and fibre delays, timestamping offsets, reference-clock distribution
delays, atmospheric or environmental correction parameters, and synchronisation or gauge conventions. Which
of these terms is treated as known, estimated, calibrated, or fixed by convention determines the actual measurand
realised by the record model.

A closure constraint is therefore the mathematical representation of metrological traceability information. It
may come from an independently calibrated delay, a loop closure, a reciprocal two-way assumption, a hardware
calibration campaign, a clock product, a common-clock experiment, or a stated synchronisation convention. In
operator form, augmenting y = At + Bk by G(7, k) = g restricts the admissible record-equivalence class. Closure
is effective for a latency measurand only when it removes the latency-changing component of the record-preserving
null space.

This interpretation prevents a common category error. Calibration is often described as reducing the uncertainty
of an already-defined quantity. In the setting studied here, calibration or closure may be required before the latency
measurand is uniquely defined. If L(7) changes along a record-preserving direction, then no uncertainty budget for
L is complete until the closure information selecting a representative of that equivalence class has been stated.

2.1.3. Identifiable Latency Measurands

The target of identification is a linear functional of the latency vector. The following criterion tests its invariance
on the projected record-null space.

Theorem 1 (Kernel criterion for local latency identifiability). In the linearised model 6y = Jo0, a linear latency
functional L(67) = (T 57 is locally identifiable if and only if

{1 N, N, =11, (ker J),

that is, {Tv = 0 for every v € N;.

Proof. Let N = II,(ker J). If L is locally identifiable, then for every (v, w) € ker J the record-equivalent
perturbation (97, 6k) = (v, w) satisfies 6y = 0; identifiability requires £7v = 0. Hence ¢ 1 N .

Conversely, suppose ¢ | N;. Take any two admissible parameter pairs with .J (67, %) = 0, so (d7, 0k) €
ker J. Then 67 € N, so #1671 = 0, giving L(71) = L(72). Local identifiability follows.

O

The following proposition is the algebraic version of a metrological statement: a latency measurand is

determined by a finite record only if it has the same value for all parameter decompositions that produce that record.

Directions in IT, (ker J) are latency changes that the record cannot distinguish. Identifiable latency measurands are
precisely the linear combinations that are insensitive to those changes.

Proposition 1 (Identifiable latency subspace). The set of locally identifiable linear latency functionals is the

subspace
IT=N+={{cRP:(Ty=0 forall veN,},

with
dim(Z) = p — dim(N).

The codimension of the identifiable subspace is therefore the dimension of the latency-projection of the null space.
An explicit basis for T is obtained from any orthonormal basis of (N, )* in RP, computable via the SVD of .J
restricted to the latency block.

Proof. By Theorem 1, ¢ is identifiable iff / € N-. The dimension formula follows from the identity
dim(N:+) = p — dim(N;) in finite dimensions. For the computational claim: partition the SVD J = UX VT and
extract the right singular vectors corresponding to zero singular values; project their 7-components to obtain a basis
for NV Its orthogonal complement in R? is Z.
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Remark 1 (Special cases). Ifker JN(R? x {0}) = {0}—that is, no null vector has nonzero latency component and
zero nuisance component—then N- may still be nontrivial because nuisance directions can mix into latency through
the null space. The identifiable subspace can be strictly smaller than RP even when J. alone has full column rank.

2.1.4. Closure Rank Condition

Closure restricts the record-preserving directions. Its effect on the latency projection determines the remaining
identifiability condition.

Proposition 2 (Closure-rank condition for identifiability). Let
N = ker J, P=1 |y : N —RP, R=G|y:N =R
Under the closure constraint G(67,0k) = 0, a latency functional L(6T) = (T 67 is identifiable if and only if
¢ L P(ker R).
Full latency identifiability is achieved if and only if
P(ker R) = {0}, equivalently ker R C ker P.

To express the effective rank of the closure information, quotient out null directions that do not change latency.
Define N N
R:N/ker P — R"/R(ker P), R([n]) = [Rn].

This map is well defined because replacing n by n + k with k € ker P changes Rn only by an element of R(ker P).
Full latency identifiability is equivalent to injectivity of R. Since

dim(N/ ker P) = dim P(N) = dim(N;),
full closure requires the effective closure rank
rank R = dim (N, ).

Thus closure information that is spent only on zero-latency null directions does not remove latency ambiguity; only
the rank remaining after quotienting by R(ker P) is structurally effective for the latency measurand. A direction
k € ker P satisfies Pk = 0. Moving along k changes nuisance or calibration terms and leaves the latency vector
unchanged. A closure constraint that removes only these directions reduces nuisance-parameter ambiguity. It
supplies no information that separates record-equivalent solutions with different latency vectors.

Proof. Closure restricts admissible record-preserving perturbations from N to N’ Nker G = ker R. A functional
L(57) = €767 is identifiable under closure exactly when it vanishes on every latency component generated by such
perturbations, i.e., when ¢ L P(ker R). Full latency identifiability requires every constrained null perturbation to
have zero latency projection, which is P(ker R) = {0}, or equivalently ker R C ker P.

The quotient map R records only closure information that distinguishes latency-changing equivalence classes.
If R is injective and n € ker R, then R([n]) = 0, so [n] = 0 and hence n € ker P; therefore ker R C ker P.
Conversely, if ker R C ker P and R([n]) = 0, then Rn = Rk for some k € ker P. Hence n — k € ker R, so
n — k € ker P, and therefore [n] = 0. Thus Ris injective. The rank condition follows from rank-nullity on the
finite-dimensional quotient space. O

2.1.5. Minimum Effective Closure Rank

The relevant closure rank is measured on the latency-changing ambiguity quotient, after zero-latency null
directions are removed.

Proposition 3 (Minimum effective closure rank for ambiguity removal). Let N' = ker J, let P = 11| s, and let
d = dim P(N). A closure matrix G achieves full latency identifiability if and only if the effective quotient map

R:N/ker P — R"/R(ker P), R([n]) = [Gnl],
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has rank d. The effective quantity is the rank of the closure information that remains after closure action on
zero-latency null directions has been quotiented out. The raw number of closure rows does not determine that rank.
Rows acting only on ker P can constrain nuisance or calibration components. Their induced action on N/ ker P is
zero, so they cannot remove a latency-changing equivalence class.

A specified latency-changing equivalence class [n.] € N'/ ker P is removed by G if and only if

Gn. ¢ G(ker P).

For a single scalar closure row g™ n = 0, this reduces to the condition that the row vanishes on the zero-latency null
space and acts nontrivially on the specified latency-changing class:

g'k=0 forallk € ker P, gt n, #0.

Ifker P = {0}, the condition reduces to g"n, # 0.

Proof. The rank statement is Proposition 2. For a specified class [n.], the class survives closure precisely when
there is some k € ker P such that n, — k € ker G, equivalently Gn, = Gk. Thus the class is removed exactly
when Gn.. ¢ G(ker P). For a scalar row, g(ker P) is either {0} or all of R. A scalar row can therefore remove
the specified class only when it is zero on ker P and nonzero on n.. If ker P = {0}, there is no zero-latency null
subspace to quotient out, so the condition becomes ¢g”n,, # 0. O

Corollary 1 (Common-mode ambiguity removal by a single constraint). Suppose the latency-changing ambiguity
quotient N / ker P is one-dimensional and is represented by n, = (v, w,) with v, # 0. A scalar closure constraint
g'n = 0 suffices to make every latency functional identifiable if the row annihilates zero-latency null directions and
acts nontrivially on the latency-changing class:

¢"k=0 (k€ kerP), gTn, #0.
In architectures where ker P = {0}, this reduces to the simpler nonzero-action condition g n.. # 0.

2.1.6. Stability under Approximate Closure

An approximate closure equation can change the reconstructed latency. The next bound controls this change
on the identifiable subspace.

Corollary 2 (Stability under approximate closure). Let

(2

denote the augmented finite operator and let n = (dy, dg) be the joint observation—closure residual. Choose the
orthogonal complement
S = (ker Mg)*

and denote the restriction of M¢ to S by Mg, s. An SVD of M supplies S: its basis consists of the right singular
vectors associated with singular values above the stated numerical-rank tolerance. The restricted operator is
injective, and owin(Ma s) = o

the identifiable latency perturbation obeys

(Mg), the smallest nonzero singular value of Mq. If omin(Mg,s) > 0, then

IL ||
IL, 664 < ||TL- M gill T .
N80 < 11,2 ] < =L )
In the special case where the record residual is zero, and only closure is uncertain, ||n|| = ||0g|| < €, giving

the corresponding closure-error bound. This choice fixes the Euclidean minimum-norm identifiable component.
The bound then depends on the nonzero singular spectrum of Mg, with no arbitrary complement left to select. A
non-orthogonal complement changes the norm of the restricted inverse and can change the numerical constant in
the bound.

Proof. On the identifiable complement S the restricted augmented map Mg s is injective and has Moore—Penrose
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inverse with operator norm 1/ Umin(MQg); see, e.g., standard generalized-inverse and finite-dimensional inverse-
problem perturbation estimates in [11, 12, 15, 16]. Applying this inverse to 1 and then projecting onto latency
coordinates gives the first inequality. The singular-value bound gives the second.

O

Corollary 3 (Regularisation selects a representative, not an identified latency). If L(7) = {17 is not structurally
identifiable, then there exist admissible record-equivalent parameter values (71, k1) and (72, k) such that

J(Tl,ﬁ:l)T:J(TQ,HQ)T, L(Tl)%L(TQ).

Any deterministic estimator that depends only on the finite record must return a single value for that record
and therefore cannot equal both latency values. Regularisation can select a stable representative of the record-
equivalence class. It cannot make a non-invariant latency functional identifiable from the record alone.

Proof. Non-identifiability means there is a record-preserving perturbation with nonzero value under L, yielding
the two displayed admissible parameter values. Since the finite record is the same for both, any deterministic
map from records to estimates returns the same output for both parameter values. A Tikhonov estimator such as
05 = argming{||y — JO||2 + A||0]|2} selects a particular representative determined by the penalty and parameteri-
sation; in the usual rank-deficient linear limit this tends toward a minimum-norm generalized-inverse representative.
A different penalty or convention can select a different representative. This is regularised selection within an
equivalence class, not structural uniqueness of L on that class [14—17].

2.1.7. Admissible Null-Direction Range in the Linear Box

Admissible parameter bounds restrict how far a record-equivalent perturbation can move along a null direction.

Proposition 4 (Admissible range along a latency-changing null direction). Let n, = (vi,ws) € kerJ be a
latency-changing null direction and let the admissible parameter set be the box [Tmin, Tmax| X [Fmin, Kmax])- FOr a
particular solution (19, ko), admissible motion along n. is the interval

I(n.;0p) = {a € R: 0y + ans € [Tmin, Tmax] X [Fmin, Kmax) }-
For any scalar latency component 7;, the range of that component along this record-equivalent family is
AT = |vy 4| length I(n.; 0p),

with

. . Tj,max — Tj,min . Rji,max — Kimin
length I (n.;00) < mln( min 27 PR i 2R LI
veg 20 |k w0 |wai

Thus the reported grid-family count Si should be interpreted as a discretised diagnostic of admissible range over a
chosen grid, not as a canonical invariant volume of J.

Proof. The equivalence class through a particular solution contains the affine line 6y + an... Intersecting this line with
the admissible box gives an interval in the scalar parameter a, obtained by intersecting the componentwise admissible
intervals. The latency component 7; varies by |v,. ;| times the interval length, giving the formula and the bound.

2.2. Finite Time-Transfer Record Model
2.2.1. Mathematical Assumptions on the Operator Family

The following assumptions define the operator class studied in this paper.

Assumption 1 (Bounded linear observation operator). The observation operator F is bounded and linear:
F(r,k) = Jo7 + Jek, with J = [J, J,] € R™*®P+9_ Nonlinear forward models are admitted provided
they are Fréchet-differentiable at the nominal point, in which case all results apply to the linearisation.

Section 4.3 states what this local result establishes for a nonlinear forward model.
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Assumption 2 (Nontrivial record-equivalence structure). The nontrivial case studied in the paper is the case in
which the observation operator has record-preserving null directions, ker J # {0}, and the latency ambiguity is
governed by N, = 11 (ker J). Full latency identifiability corresponds to the special case N. = {0}. The analysis
does not require an underdetermined dimension count such as m < p+ q; rank deficiency and the latency projection
of the null space are the relevant conditions.

Assumption 3 (Admissible parameter set). The admissible set O, x ©,, C RP14 is a convex compact box. Positivity
constraints (e.g. non-negative propagation times) enter as box bounds.

Assumption 4 (Closure constraints are linear). Auxiliary closure constraints take the form G.7 + Gk = g for
known matrices G, € R"™*P, G, € R"*? and vector g € R". Nonlinear constraints are admitted after local
linearisation.

2.2.2. Discretisation of Integral Measurement-Chain Models

Physical timing chains are often modelled by integral operators. The following lemma connects those models
to the finite linear operator studied here.

Lemma 1 (Discretisation of integral timing-chain operator). Let the physical record be R;(t) = [ K;(t,s)

P, (E)(s) ds for measurement- chain kernel K;(t, s) and propagated signal P, (E). Suppose K; and P.(E) are
square-integrable over [0, T, and that sampling at epochs t1, . . ., t,, yields the finite record vector y; = R;(t;). If
P, is affine in (7, k), then the discrete map (T, k) — y is linear with Jacobian

S,

and all results of Section 2.1 apply to J.

Proof. Linearity of the map (7, k) — y follows from the assumed affine dependence of P, on parameters. The
Jacobian formula follows by differentiating under the integral sign, which is valid since K; € L*([0, T]?) and the
derivative is uniformly bounded on the admissible set.

O

Remark 2. In practice, the integral kernel K;(t, s) represents detector response, bandwidth filtering, and timestamp
extraction. Lemma 1 does not claim that finite sampling preserves every null direction of the continuous operator.
Sampling can remove, merge, or introduce null directions. The theorem therefore analyzes the finite sampled
operator J actually used to form the record; the continuous formulation supplies a modelling route to J, not an
additional identifiability claim.

2.2.3. Finite Light-Transfer Record Equation

In what follows, identifiability is used in the structural sense of [3-8, 18]. Let y € R™ denote recorded
timing observations, 7 € RP propagation intervals, and x € R? endpoint timing terms: clock bias, hardware delay,
synchronisation offsets, and calibration residuals.

A finite light-transfer protocol under Assumption 1 is modelled as

y = AT + Bk,

with A € R™*? and B € R™*4. The notation (A, B) is the specialisation of (.J, J,;) to the timing-record context.

Definition 4 (Finite light-transfer propagation identifiability). Propagation T is identifiable from y = At + Bk if
Aty + Bk1 = Ato + Bko = 11 = 7o for all admissible (71, k1), (T2, k2). Non-identifiability occurs iff there exists
(AT, Ar) # 0 with AT # 0 and AAT + BAk = 0.

Definition 5 (Reconstruction equivalence class). For record y, the admissible reconstruction set is
A(y) = {(r,r) : Ar + Br =y, (r,r) € O, x O,}.
Equivalently, for any particular solution (1o, ko) satisfying Ato + Bro =y,

A(y) = [(70, ko) + ker[A B]] N (©; x O,).
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Elements of A(y) are propagation—calibration decompositions consistent with the same record.

The grid-family size Np = |A(y)| (for a discretised admissible set) and its logarithm Sr = log Np serve
throughout as a descriptive diagnostic of equivalence class size over a fixed tested parameter grid. Sr depends
on the grid resolution and the box bounds; it is not an intrinsic measure of the operator’s null structure. The
admissible-range characterisation is given by Proposition 4.

Remark 3 (Interpretation of the grid-family diagnostic). Sg = log Ng is the logarithm of a finite count on a
specified grid. Grid spacing and box bounds determine its value. Changing either can change Sr while the operator
J, its null space, and its identifiable subspace remain fixed. The calculation contains no probability model and no
continuous measure. Reading Sr as entropy or ambiguity volume would give it physical content absent from the
calculation. Values can be compared only when the same grid construction and admissible bounds are used.

2.3. Computational Implementation

The numerical checks were run with Python 3. NumPy supplied array operations, singular-value decompo-
sitions, matrix ranks, null-space calculations, and Moore—Penrose inverses. pandas handled tabular inputs and
generated CSV outputs. Matplotlib produced the figures. The RINEX analyses used GeoRinex with xarray and
netCDF4; unlzw3 decompressed Unix-compressed files, and requests retrieved public records. Numerical-rank
tolerances and all fixed-grid bounds are recorded in the scripts and machine-readable summaries supplied in
Supplementary Material S1 and the archived reproducibility package. The reported grid counts serve solely as
deterministic bookkeeping outputs.

Scale parameter columns to comparable numerical magnitudes before computing ranks. For K € {J, M}
with dimensions a X b, use €myacn max(a, b)omax(K) as the baseline tolerance for exact double-precision matrices;
for an estimated noisy K, set the threshold above an independent operator-perturbation estimate. Repeat the
calculation across a documented tolerance range. A direction that changes null status across that range has
unresolved identifiability at the available precision.

3. Results

3.1. Finite Transfer-Record Closure Theorem

The finite-record result is stated in terms of null directions that change latency while preserving the observa-
tions.

Theorem 2 (Finite transfer-record closure theorem). Under Assumptions 14, consider the linear transfer-record
model y = AT + BE.

Part (i) — records alone. At interior points of the admissible set, or for operator-level structural identifiability on
the affine parameter space, T is identifiable from the finite record if and only if

ker[A BN {(A1,AR) : AT £ 0} = @.

For a bounded admissible box, the same condition is sufficient globally; necessity holds whenever a latency-changing
null direction admits a nonzero admissible motion from the parameter point under consideration.

Part (ii) — records plus closure. Under additional closure constraints G.7 + Gk = g, T is identifiable if and

A B
M =
¢ (GT Gn)
has no null vector (AT, Ar) with At # 0.
Part (iii) — local vs. affine-global. For the linear model F' (Assumption 1), the null-space condition is both

only if the augmented map

local and global on the affine parameter space. Box constraints can truncate admissible motion, as noted in the
admissibility remark below.

Part (iv) — necessary and sufficient condition on G. Closure constraints G achieve full latency identifiability if
and only if
IT, (ker J Nker G) = {0},

where ker J = ker[A B] (Proposition 2). Equivalently, if P = 11, |xer ; and R = G|xer 5, the quotient map

R :kerJ/ker P — R"/R(ker P),  R([n]) = [Rn],
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must be injective, or equivalently must have effective rank dim P (ker .J).

Proof. Part (i). Suppose 7 is identifiable. If there existed (A7, Ax) € ker[A B] with A7 # 0, then for any
admissible (7, k) such that (7 + A7, k + Ak) is also admissible, A(7 + A7) + B(k + Ax) = AT + Bk, so two
distinct 7-values produce the same record, contradicting identifiability.

Conversely, if ker[A B] has no vector with nonzero T-component, then Aty + Bk, = ATy + Bk implies
(11 — T2, K1 — K2) € ker[A B], so 1 = 7.

Part (ii). With closure constraints, admissible perturbations satisfy G, AT + G,Ax = 0 in addition to
AAT + BAk = 0. Admissible perturbations thus lie in ker M. The same injectivity argument as Part (i) applies
to M¢.

Part (iii). For linear F', the unconstrained solution set is A(y) = (79, ko) + ker[A B]. Identifiability on
this affine set requires projection to a single 7-value. This is a null-space property independent of a purely local
numerical assessment. When admissible box constraints are imposed, the same null-space condition remains
sufficient; if a latency-changing null direction permits nonzero admissible motion from an interior or relative-interior
point, it is also necessary at that point.

Part (iv). Follows directly from Proposition 2 with J = [A B] and G = (G, G};). The quotient-rank condi-
tion states exactly that the closure rows separate every nonzero latency-changing equivalence class in ker .J/ ker P.

O

Remark 4 (Admissibility interaction). Box constraints such as non-negativity restrict the admissible affine equiv-
alence class and leave the null-space criterion unchanged at interior points. If a latency-changing null vector
exists, and the true parameter lies in the relative interior of the admissible box, then sufficiently small motion along
at least one admissible sign of that direction produces another record-equivalent point with a different latency
component. Boundary constraints can truncate the admissible range; they do not supply closure unless they remove
every latency-changing null direction, consistent with Proposition 4.

The theorem converts identifiability into a closure problem. Raw records determine 7 only up to the equivalence
class A(y) of Definition 5; closure removes equivalence by eliminating all latency-changing null directions. When
[A BJ is non-injective on 7, calibration and protocol structure change the measurement-identifiability problem by
removing admissible equivalence directions. Figure 1 illustrates the record map and closure geometry.

Finite record equivalence

Latency
T

Record map Closure
y=AT+ Bk G:T+Gkk=g

Nuisance P
K

Closure removes record-preserving ambiguity directions

Figure 1. Schematic of the finite-record closure theorem. The observation map y = A7 + Bk sends joint parameter
pairs to records. A null direction AAT + BAk = 0 preserves the record and changes 7. Closure constraints
G.T 4+ Gk = g augment the system; latency identifiability is restored when the augmented null space ker M¢ has
no vector with A7 # 0.

3.2. Corollaries and Specialisations

3.2.1. Two-Way Time-Transfer Non-Identifiability

The symmetric two-record model exhibits the parameter decompositions that preserve both timing records.

Corollary 4 (Two-way time-transfer non-identifiability). Consider the symmetric two-record time-transfer model
Yap =T+ K+ 0aB, Ypa =T — K+ 0Ba,

where T is the reciprocal one-way propagation interval, k is the clock offset between the two local time scales, and
daB,0pa are direction- dependent hardware, modem, antenna, cable, fibre, or timestamping delays. With

z=(7,K,048,054)",
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the Jacobian is

1 1 1 0 )
J - (1 _1 O 1) ) rank(J) = 2, nulhty(J) = 2

A basis for the null space is
nr = (170771771)717 Ng = (071a7171)Ta

and direct multiplication gives Jn, = Jn, = 0. The projected latency null space is therefore
II, (ker J) = span{1},

so the one-dimensional latency component is not identifiable from the two records alone. Explicitly, for any
admissible a, b,

=71+a, K =Kk+b S4p=0ap—a—b, dgs=0pa—a+b

preserves (Yyap,ypa) and shifts T by a.

Proof. The two rows of J are linearly independent, so rank—nullity gives dim ker J = 2. The displayed vectors
satisfy Jn, = Jn, = 0 and are linearly independent, hence form a basis of ker J. Projection onto the latency
coordinate maps 7. to 1 and n,, to 0. Thus II. (ker J) = R, and no nonzero linear functional of the single latency
component is invariant on the record-equivalence class. The explicit transformation is the linear combination
an; + bn, and follows by substitution.

3.2.2. Calibration Closure
Independent calibration constrains the direction-dependent delay terms in the preceding two-way model.

Corollary 5 (Calibration as closure). In the two-way model above, exact independent knowledge of the direction-
dependent delay terms 0op and dpa imposes two closure constraints whose combined action on ker J sets
a = b = 0. The identifiable latency and clock offset are then

(yap —0aB) + (ypa — 0BAa) (yaB —9aB) — (Yypa — 6BA)

2 ’ 2

If the two delay calibrations satisfy

04 — dan| < eas, 1054 — 0pal < epa,

then
#— 7| < €AB +€BA'
2
Proof. Fixing 0 45 and g 4 imposes Adsp = 0 and Adg4 = 0. In the null-space parametrisation, these constraints
are —a —b=0and —a + b = 0, hence a = b = 0. The formulas for 7 and « follow by adding and subtracting the
calibrated equations. The error bound follows from the triangle inequality.

3.2.3. GNSS Common-Clock Gauge Freedom -

A simplified GNSS residual system illustrates common-clock gauge freedom after geometric and propagation
modelling.

Corollary 6 (GNSS common-clock gauge freedom). After subtracting a specified geometric and propagation model
from a raw GNSS pseudorange, a simplified timing residual may be written as

ei(t) = Cr(t) + qi(t),

where Cr(t) is the receiver-clock component and ¢;(t) collects satellite-clock, hardware, and satellite-specific
residual timing terms. Both C'r and q; are timing nuisance parameters in the notation of Section 2.1; they are not
propagation-latency components. The transformation

Cr(t) = Cr(t) +alt),  4(t) =a(t) —alt)
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preserves every residual e;(t). Thus the raw residual system has a common-clock gauge freedom unless an external
clock product, receiver-clock convention, zero-mean gauge, or other closure condition is supplied.

Proof. Substitution gives
Cr(t) + ¢i(t) = Cr(t) + o(t) + ¢i(t) — a(t) = Cr(t) + ¢i(t) = ei(t)

for every satellite 7. The result is a record-preserving null direction in the clock/calibration nuisance subspace. It
illustrates the same closure-rank mechanism as the latency theorem. It makes no claim that receiver clock offset is
itself a propagation latency. O

3.2.4. Single-Differencing as Parameter Elimination by Projection

Differencing two satellite residuals eliminates their shared receiver-clock term from the reduced equations.

Corollary 7 (Single-differencing as projection). Form satellite-difference residuals Ae;;(t) = e;(t) — e;(t). The
receiver clock term Cr(t) is eliminated from the reduced equations:

Aeij(t) = ai(t) = g;(t)-

Thus, in the single-differenced observable system, Cr(t) is no longer a parameter of the reduced equations. This
should be distinguished from identifying Cr(t) in the unreduced system. Differencing removes the receiver-clock
parameter by projecting the record space onto combinations that are insensitive to C(t). The operation leaves
Cr(t) unestimated and adds no calibration or clock-closure equation to the original system. A closure condition
augments the unreduced model with information such as an external clock product, a known receiver-clock constraint,
or a stated gauge convention.

Proof. The cancellation of C'r(t) follows by subtraction. Since the operation maps the record vector to a lower-
dimensional set of differences, it eliminates the receiver-clock parameter from the projected observation equations.
It imposes no new equation on C'g(t) in the original parameterisation. A gauge or clock constraint adds a row to the
augmented system and can remove the common-clock null direction when it has nonzero action on that direction.

O

Remark 5. Double-differencing similarly eliminates selected clock terms by projection. This is useful for forming
reduced observables. It does not identify the eliminated clock parameter in the original unreduced system. Parameter
elimination by projection and identifiability by closure answer different metrological questions.

3.3. Finite-Record Demonstrations

3.3.1. Setup and Purpose

The finite-record demonstrations make the abstract identifiability statements operational and reproducible.
They are not presented as empirical validation of a new propagation model. They show how the record-preserving
null space, admissible decomposition family, and effect of calibration closure appear in a physically standard
two-way time-transfer measurement equation.

3.3.2. Rank, Nullity, and Gauge Invariance
For the Jacobian J of Corollary 4,

1 1 1
/= (1 -1 0 (1)> ’
the script verifies rank(J) = 2 and nullity(J) = 2, with
n, =(1,0,—-1,-1)",  n.=(0,1,-1,1)T
satisfying Jn, = Jn, = 0. For the numerical parameters
T=125, k=047, 645 =0.18, J6pa =0.31,

the records are
yap = 1.900, ypa = 1.090.
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Sampling admissible (a,b) values in the null-space family yielded maximum record distance 4.965¢ — 16, i.e.
numerical zero to floating-point precision.

3.3.3. Admissible Decompositions and Calibration Closure

Under the stated positivity and boundedness constraints, the finite grid bookkeeping count yielded Np = 81758
admissible decompositions (S = log Ng = 11.312) and an admissible 7-range

[0.550, 1.493].

This count is reported only to document the grid used in the demonstration. It is not an intrinsic metrological
descriptor, entropy, invariant volume, or property of the measurement operator. The intrinsic structural quantities
are the rank of J, dim ker J, dim IT, (ker J), and the conditioning of the augmented operator after closure.

Independent calibration bounds on § 4 and dp 4 collapse the admissible 7-range as the delay-calibration
half-width is reduced, consistent with Corollary 5. Figure 2 shows the admissible equivalence class and the effect of
calibration closure.

3.4. Synthetic Closure-Identifiability Verification

The results above are structural. To make the closure and null-space claims reproducible, we include a self-
contained synthetic verification script that constructs finite measurement operators with known ambiguity and closure
structure. The script numerically checks the projected-nullspace, closure-rank, stability, and admissible-range
claims proved above. Empirical validation of a physical timing system lies outside this calculation.

(a) equivalence class (b) calibration closure
1.4 0.7 A
1.2 1 0.6 -
&
F1.04 & 051
[}
S 0.8 o 0.4
& )
‘€ 0.6 8 0.3
3 £
0.4 B 0.21
0.2 A 0.14
0.0 1 0.0 A
0.6 0.8 1.0 1.2 1.4 0.0 0.1 0.2 0.3 0.4 0.5
admissible T’ delay-calibration half-width

Figure 2. Standard two-way time-transfer closure demonstration. (a) Admissible decompositions in the (77, 8 5)
plane preserving both records under positivity and boundedness constraints; dotted lines mark true parameters.
(b) Independent delay calibration reduces the admissible 7-range as calibration half-width decreases, consistent with
Corollary 5.

The synthetic test uses two finite transfer architectures. The first is a common-mode timing architecture with

1 0 1
J = |:O 1 1:|7 6_(7—1’7-27’%)7

so that a common-mode perturbation can exchange latency and calibration structure and preserve the finite record.
The second is a two-link architecture with separate calibration components, used to test the effect of independent
closure constraints.

The script verifies five statements. First, it computes ker J, projects it onto latency coordinates, and constructs
the identifiable latency-functional basis as the set of latency functionals that are invariant under II, (ker .J). Figure 3
shows this projected-nullspace relation. Second, it verifies the codimension relation

dim(Z) = dim(0,) — dim IL, (ker .J).

Third, it checks the closure-rank condition by comparing a closure row that removes the common-clock null
direction with a differential constraint that does not. Fourth, it tests the approximate-closure stability bound using
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the Moore—Penrose pseudoinverse of the augmented operator. Fifth, it compares the analytic admissible range along
a null direction with a finite grid bookkeeping count.
In the common-mode case, the test gives

rank(J) = 2, dimker J =1, dim IL, (ker J) = 1.
Thus, before closure, the identifiable latency-functional dimension is
dim(Z) =1,

corresponding to differential latency. After imposing the clock-closure constraint, the identifiable latency dimension
becomes
2.

The maximum record distance along the admissible null direction is
3.563e — 15,
confirming numerical record invariance up to floating-point precision. The admissible null-direction range is
17.320508.
For the chosen finite grid, the bookkeeping log-count is
Sk = log(1793) = 7.491645.

This value only records the chosen grid resolution and admissibility box. It is not used as an intrinsic metrological
descriptor of the operator.
The stability test perturbs the closure equation with the finite record held fixed (Figure 4). The bound

[67iall < [ITL- M| ||6b]|
is satisfied for all tested perturbation levels, with
T, MT|| = 1.732051.

All checks in the synthetic verification script passed. The complete reproducibility package, including the script,
tables, figures, README file, manifest, and JSON summary, is provided as Supplementary Material.

Projected nullspace and identifiable latency subspace

— projected null direction
1.0 — = identifiable functional direction

\,
05 N

0.0

T

-1.0

71‘.0 76.5 0.0 0.‘5 l.‘O
Figure 3. Synthetic projected-nullspace verification. The solid black vector shows a latency change that the record
cannot detect because a nuisance-parameter change preserves the record. The dashed grey vector is orthogonal
to that projected null direction. Its inner product remains fixed along the record-equivalence class and defines the
identifiable latency functional.
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Approximate-closure stability test

—e— observed tau error
104 —m- pseudoinverse bound

10°° 107° 1074 1072 1072 107!
closure error epsilon
Figure 4. Synthetic approximate-closure stability check. The observed latency error remains below the Moore—

Penrose pseudoinverse bound for all tested closure perturbations.

3.5. GNSS/RINEX Time-Transfer Application

The GNSS/RINEX material serves as a public-record diagnostic for common-clock gauge freedom. Standard
GNSS processing supplies additional modelling, products, and conventions beyond the simplified residual system
considered here.

Status of GNSS material.

The GNSS analyses in this section apply the closure formalism to the clock/calibration subspace of timing residuals.
The residual equations provide a diagnostic example of common-clock gauge freedom in finite timing records.

3.5.1. Raw Pseudorange Records

The anchor analysis used the public EPN RINEX observation file BRUX0010.10D. Z [25,29,30], parsed
with GeoRinex [31]. The file contained 2880 epochs, 30 satellites, and C1/P1/P2 observables. This stage operated
directly on the raw pseudorange matrix. For the algebraic decomposition p;(t) = ¢;(t) + Cg(t), the common-clock
shift of Corollary 6 preserved every pseudorange: d(R, R’) = 0 with maximum absolute difference 0. A fixed grid
of 1586 tested decompositions all preserved the records exactly (Sg = log(1586) = 7.369). This Sg value reflects
the fixed grid size, not any intrinsic property of this station or observable; it is a grid bookkeeping count as defined
in Section 2.2.3.

3.5.2. Cross-Station and Cross-Observable Replication

The same test was applied to 15 public EPN RINEX files across 7 stations (BRUX, WTZR, POTS, ZIMM,
MATE, GOPE, BORI1), 6 receiver model strings, and 4 observables (C1, P1, P2, C2), yielding 39 successful
file-observable analyses. In all 39 cases, the common-mode transformation preserved raw pseudorange records
exactly (d(R, R’) = 0). The repeated Sr = 7.369 across all analyses reflects that the same fixed grid was applied
in each case. It confirms consistency with the null direction identified in Corollary 6. The result makes no claim of a
shared intrinsic equivalence-class volume across distinct architectures.

3.5.3. Broadcast-Ephemeris Residualisation Test

To test whether the common-clock gauge freedom survives a broadcast-ephemeris geometry and satellite-clock
layer, the observation file was paired with the broadcast navigation file brdc0010.10n. Z [32-34]. Post-geometry
residuals were formed as e;(t) = p;(t) — r;(t) + cdt;(t), where r;(t) is broadcast-ephemeris geometric range
and 6t;(t) is the broadcast satellite clock correction [24,35-38]. This test is a gauge diagnostic. Operational
GNSS processing also uses precise orbit and clock products, atmospheric models, hardware-delay calibration, and
receiver-specific corrections [23,27,35,38,39].

After residualisation, the common-clock transformation preserved residual records exactly (d(R, R') = 0);
1066 tested decompositions were invariant (S = 6.972). A zero-mean closure constraint was then imposed.
The baseline satisfies that constraint. The script applies a chosen nonzero common shift of approximately 50 m,
which produces a closure violation of the same magnitude. This test checks whether the constraint acts on the
common-clock null direction, in direct agreement with Theorem 2(ii). The chosen shift is a diagnostic input and
carries no empirical weight.

Figure 5 shows the residual records and the closure diagnostic.
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(a) residual records (b) invariance vs closure
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Figure 5. Broadcast-ephemeris residualisation diagnostic. (a) Post-geometry residuals after broadcast satellite-
geometry and clock correction. (b) The common-mode transformation gives record distance d(R, R’) = 0 and a
zero-mean closure violation of approximately 50 m. The shifted decomposition is invisible to the record. The closure
constraint detects it.

3.5.4. Interpretation

These results show a concrete RINEX instance consistent with the common-mode null direction of Corollary 6,
both before and after a broadcast-ephemeris residualisation layer. Uniqueness is recovered only upon imposing an
explicit closure constraint, consistent with Theorem 2(ii) and Proposition 3: a single linear constraint whose inner
product with the null direction is nonzero suffices. Operational GNSS processing supplies additional information
through ephemerides, receiver- clock estimation, atmospheric models, hardware-delay calibration, and gauge
conventions. Differencing changes the observable subspace. Explicit clock, calibration, and gauge constraints
augment the parameter system in the sense of M.

The common-clock direction is one of several ambiguity sources in operational GNSS time transfer. Atmo-
spheric delays, hardware code or phase biases, orbit errors, and satellite-clock errors enter as additional components
of x or through the forward operator used to construct the residuals. Treating these quantities as unknowns adds
columns to the operator and can create record-preserving directions. Supplying values through atmospheric models,
orbit and clock products, or hardware calibration adds exact or approximate closure information. Their effect on
latency identifiability is determined by the projected null space of the resulting augmented operator, IL, (ker M¢).

4. Discussion

4.1. Calibration, Traceability, and Uncertainty

The inverse-problem result has a direct measurement consequence. Calibration and closure do not always act
after a measurand has already been fixed. In finite time-transfer records, closure may be the operation that removes the
latency-changing record-equivalence directions and therefore specifies the latency functional that the record can support.

Traceability begins with whether the record identifies the latency before calibration or closure is added. If
I1, (ker J) # {0}, then at least one latency change is invisible to the finite record. A reported latency value must
then be read as a value selected by an added convention, calibration, regularisation, or closure assumption. The
uncertainty budget applies to that completed model and its selected latency component. It does not describe a
latency determined by the record alone.

The proposed diagnostic requires the forward operator, the latency-changing null-space projection, and the
closure constraints acting on it. A zero projection identifies the intended latency functional from the finite record.
A nonzero projection requires a statement of the added information that selects the latency value. The action
of calibration on the projection reveals whether it reduces uncertainty for an identified latency or specifies the
measurand by removing an admissible ambiguity.

A regularised inverse solver can produce a reproducible latency estimate even when the record admits
several latency-changing decompositions. Numerical stability of the returned estimate does not establish structural
identifiability of the latency. The closure test asks what changes without changing the record. That question has to
be answered before precision claims can be interpreted physically.

4.2. Scope

The theory concerns finite-record identifiability, not the full design of a time-transfer system. It asks whether
the record and stated closure information determine a latency functional uniquely. It does not claim that all practical
time-transfer analyses are structurally ambiguous, nor that existing calibration practice is deficient. The claim is
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conditional: when the latency projection of the record-preserving null space is nonzero, the finite record alone has
not identified that latency component.

4.3. Limits

The analysis is exact for the finite-dimensional linear or linearised models stated in the paper. Nonlinear
architectures require local linearization or a corresponding nonlinear record-equivalence analysis. Environmental
propagation models, relativistic corrections, receiver-specific effects, and laboratory calibration histories are not
replaced by the theorem. They enter through the forward operator and closure constraints. The GNSS/RINEX
analysis is a public-record gauge diagnostic, not a full operational GNSS time-transfer solution.

For a genuinely nonlinear operator F', the Jacobian result is local at the nominal parameter 6y. The kernel
ker J(6) detects infinitesimal record-preserving directions near that point. Separate admissible values 61 # 6
may still satisfy F'(61) = F(62). The Jacobian may also change rank elsewhere in the admissible domain. Global
latency identifiability requires analysis of the nonlinear level sets |7, k] over the full domain, or a proof that the
target latency functional is invariant on every such level set. The operational check is to evaluate the Jacobian across
the admissible region and search for separated record-equivalent parameter pairs.

4.4. Relation to Inverse-Problem Practice

A finite record can be compatible with multiple decompositions that differ in the latency coordinate of interest.
Regularisation, priors, conventions, and calibration constraints can select one decomposition. The proposed test
distinguishes selection from identification by checking whether the intended latency is invariant on the record-
equivalence class. Analytic examples are given in Appendix A.

5. Conclusions

A finite time-transfer record does not automatically identify the propagation latency it is intended to measure.
The decisive object is the latency-changing part of the record-preserving null space. If an admissible null direction
changes 7 and leaves the record unchanged, then the corresponding latency functional is not determined by the finite
record alone.

The paper gave a finite-record inverse-problem test for this condition. Compute the null space of the forward
operator, project it onto latency coordinates, and ask whether the intended latency functional is invariant on that
projection. Closure succeeds structurally only when calibration, loop, gauge, or synchronisation constraints remove
the latency-changing directions. Approximate closure gives controlled degradation governed by the projected
pseudoinverse of the augmented operator.

The central conclusion is metrological and inverse-theoretic. Precision has a physical interpretation after the
finite record and its closure information uniquely specify the latency to be estimated. If uniqueness fails, a stable
returned value is selected by additional assumptions and is not identified by the record alone.

Supplementary Materials

Supplementary Material 1 contains the self-contained standard two-way transfer and synthetic closure-
identifiability packages, including scripts, generated tables, machine-readable summaries, figures, and a file
manifest. The public-data RINEX packages are archived under the DOI given in the Data Availability statement.
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Appendix A. Analytic Examples of Record Equivalence

These examples state direct consequences of the kernel criterion. They require no numerical evidence and
introduce no additional empirical claims.

Appendix A.1. Additive Propagation—Latency Degeneracy

For the model R(t) = E(t — (6 + ¢)), the record depends on the sum 6 + ¢. Every perturbation (a, —a)
preserves the record. The sum is identifiable, and the individual components remain unidentifiable without a
constraint that acts on this direction.

Appendix A.2. Finite-Bandwidth Measurement-Kernel Degeneracy

Let O be a linear measurement operator and let h € ker O. Then
O(s+ h) = O(s).

A nonzero out-of-band component in the kernel therefore generates an exact record-equivalence direction. The
identifiable functionals are those that vanish on the signal-space kernel relevant to the stated target.

Appendix A.3. Finite-Window Reconstruction Degeneracy

Let Frr denote restriction of a predicted record to [0, T']. A parameter perturbation that changes the prediction
only outside this interval belongs to ker F7r. Distinct global parameter values can therefore be record-equivalent on the
finite observation window. The applicable identifiability statement is tied to the sampled operator used in the analysis.
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