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1. Introduction

In classical Laplace theory, the exponential kernel is compatible with ordinary addition and convolution,
while inversion and uniqueness depend on the support of the underlying measure or function class [1]. A discrete
integration geometry combined with a deformed kernel changes both aspects, so the corresponding properties must
be established for the resulting transform.

For A > 0, the kernel

KMN(@) = (14 xt)~%/*

converges to e %! as A — 0T, and the same algebraic kernel appears in degenerate gamma and Laplace-type integral
transforms based on ordinary integration [2-5]. Related degenerate-transform developments include modified
Laplace-type, Sadik, and Sumudu constructions, as well as applications to fractional kinetic equations, degenerate
special functions, and viscoelastic models [6—1 1]. Further related developments include a modified-kernel degenerate
g-Sumudu transform with a Laplace-like operational calculus [12] and a multidimensional degenerate Sumudu
transform [13]. Jackson integration, by contrast, samples the geometric grid

T, ={¢": k €7}, 0<g<l,
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through the improper bilateral sum

| a0di == atab)

kEZ

whenever the series converges absolutely [14—16]. A related Jackson-integral degenerate g-Sumudu model likewise
uses geometric-grid integration, but with a Sumudu-type transform rather than the present g-Laplace construction [17].
The two tails require different estimates: k — oo corresponds to ¢ — 0, whereas k — —oo corresponds to
t — o0.

Existing g-Laplace transforms use g-exponential or related kernels [18-21]; related constructions include
Laplace transforms on time scales with arbitrary graininess [22] and g-Borel-Laplace methods [23]. Jackson-,
quantum-, modified-, and (p, ¢)-integral variants appear in [24-30]. Earlier constructions also include a g-Laplace
transform for products of general classes of g-polynomials and g-analogues of special functions [31]. The g-Laplace-
type integral operators of Ucar and Albayrak provide another directly relevant antecedent [24]. A recent construction
combines g-operational calculus with degenerate Laplace and Sumudu transforms [32]. Ernst’s transform uses a
one-sided Jackson integral over a finite transform-parameter-dependent interval and a g-exponential kernel [33]. In
contrast, the transform considered here uses an improper bilateral Jackson integral and the degenerate algebraic
kernel above. General references for g-calculus and basic hypergeometric series include [34,35].

We study

LO{f}(s) = /OOO FO@ M)A dgt = (1—q) Y " F(g*) (1 + Ad¥) ™/, 0]

k€EZ

The grid and the kernel play different roles. Because the grid is bilateral, the two tails must be estimated separately,
and uniqueness must be formulated at the level of Jackson data. The kernel determines the nonlinear coordinate

oA(t) = %log(l + At)

and the semigroup law
t®yu:=1t+u+ Mu, L+ At dxu) =1+ A)(1 + ). ?2)

Thus K. S(/\)(t Oru) =K ®) (K 1% (u). This algebraic semigroup in the time variable is distinct from the
operator and heat-kernel semigroup setting familiar from spectral geometry and heat-kernel asymptotics [36,37].

Separate tail estimates define weighted Jackson data spaces on which the transform is bounded and holomorphic.
On a vertical line s = ¢ + i7, the coordinate = = ¢ (¢) gives a pure-point Fourier-Stieltjes series. Mean coefficient
extraction [38] recovers each sample f(¢*) on the Jackson grid, not values between its nodes, identifies the null space
on ordinary functions, and yields a finite-window recovery estimate. The law & induces a convolution on finite
measures for which the transform satisfies a product formula. Jackson data embed as atomic measures, although
their convolution generally has support outside T,. Under a small-total-variation condition on the memory measure,
the Banach-algebra equation has a unique Neumann-series solution with norm and perturbation bounds. For the
quadratic convolution equation, a small-data contraction argument gives local well-posedness and uniqueness within
the specified closed total-variation ball, without claiming global uniqueness. The numerical section compares the
corresponding analytical estimates with computed Neumann remainders, the ¢ — 1~ and A — 0% limits, bilateral
truncation errors, and transform-domain Picard iterates.

Section 2 states the Jackson-grid analytical setting and the computational protocol. The transform theory,
Fourier—-mean recovery, operational identities, deformed-semigroup measure algebra, hereditary equations, and
computational experiments are developed in Section 3. Section 4 records the limitations of the present analysis and
related questions not treated here, followed by the conclusions in Section 5.

2. Materials and Methods

2.1. Analytical Setting and Jackson-Grid Preliminaries

Throughout, ¢ € (0, 1) and A > 0 are fixed, and

T, :={¢" : k € Z}.
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For functions g for which the bilateral series converges absolutely, we use the Jackson improper integral [14—16]:

/OOO gt dgt = (1—q) > ¢*g(d"). 3)

keZ

We split bilateral sums into k > 0 (the t — 07 tail) and k < O (the ¢ — oo tail). For nonnegative quantities A
and B, we write A < B when A < CB for a constant independent of the relevant summation or truncation index.
The notation A < B means that both A < B and B < A hold.

Since ¢ — 0 as k — 400 and ¢¥ — oo as k — —o0,

(1+X") 77 =1 (k—+4o0), (1+A") 7 ~A"7¢F (k- —o0).
These asymptotics imply the following two-tail criterion.

Lemma 1. Let y,0 € C. Then

> (1 +ad5) 7

kEZ

converges absolutely if and only if R(p) > 0 and R(o) > R(u). If R(o) > R(u) + € for some € > 0, then

—K-1
Z |qk“(l+)\qk)_”‘ < g+ De, K — oo.

k=—o0

Proof. Seta = (o) and b = R(u). For k > 0,
’qku(l +)\qk)—a| — qkb’

so the positive tail converges exactly when b > 0. For k = —m, m > 1,
—m —m\—o —a mia— qm - mla—
[T ™ (1 + A7) 7 =A% ( b)<1+)\> =g,

so the negative tail converges exactly when a > b. If a — b > ¢, summing the resulting geometric majorant gives the
stated tail estimate. O

3. Results

3.1. Transform, Recovery, and Operational Calculus of the Degenerate q-Laplace Transform

We first establish absolute convergence, boundedness, holomorphy, Jackson-grid recovery, and the exact
off-grid null space. The operational identities and the limits A — 0" and ¢ — 1~ are derived afterward.

Definition 1. Let g € (0,1) and A > 0. For a function f such that the Jackson integral exists absolutely, define

LY{fH(s) = / f&) A+ M) de,  seC. )
0
By Equation (3), Definition 1 is equivalent to the bilateral series

LYY = (1 =) > q" F(d¥) (1 +Ag") /2, ©)

kEZ

whenever the series converges absolutely.

Theorem 1. Letq € (0,1), A > 0, and s € C. Assume there exist constants Cy, C, > 0 and exponents py, poo € R
such that
lf@®)] < Cotfe for0O <t <l, lf(&)] < CxotP>  fort > 1.

Then E((I)‘) {f}(s) converges absolutely provided

po>—1,  R(s) > Aps +1). (6)
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Proof. Split the bilateral sum (5) into £ > O and k£ < —1.
For k > 0, the bases 1 + A¢” lie in [1, 1 + \]. Hence, for fixed s, the kernel is uniformly bounded by

Cy = max{1, (1 + X)"RE/AY,

Together with | f(¢*)| < Cog"*, this bounds the positive tail by a constant multiple of 3°, -, ¢***1), which
converges if and only if pg > —1.
For k = —m < —1, factor the kernel as

m\ —R(s)/A
(1+ )\qu)fﬂ%(s)/)\ _ /\79?(5)/)\(]7119?(5)/)\ (1 4 q)\)

The last factor is uniformly bounded for m > 1 when s and ) are fixed. Combining this with |f(¢~™)| <
Cooq™™P> bounds the negative tail by a constant multiple of >~ -, g R()/A=(p=+1)) " This geometric series
converges if and only if R(s) > A(poo + 1). O

Corollary 1. Let j1,a € C and set f(t) = t*~'(1 + \t)~%/*. Then /J((IA){f}(s) converges absolutely if
R(p) >0, R(s) > AR(p) — R(a),

and in this ROC
E((;/\){f}(rS) =(1—-gq) qu“ (1 4+ AgF)~(sFal/A, (7

keZ

Proof. Substituting f(t) = t*~1(1 4+ \t)~%/* into (5) gives (7). Applying Lemma | with o = (s + a)/\ gives
R(p) > 0and R(s + a) > AR(p), which are the stated convergence conditions. O

Definition 2. We use the following notation for the transform of the constant function 1:

Aga(s) = LO{1}Hs) = (1= q) Y q"(1 + Ag") /.

keZ

By Corollary 1 with u = 1 and a = 0, this bilateral series converges absolutely for R(s) > \.

The Jackson-series representation (5) gives the following mapping properties of the degenerate g-Laplace
transform on the ¢-grid.

Definition 3. Fix o € R. Let /\~’q7>\(0) denote the class of functions f : (0,00) — C for which

o) = 1= @) D" 7@ (1 4+ A" < . ®
kEZ

Since the Jackson integral samples only T, the quantity in (8) is generally only a seminorm on functions on
(0, 00). We therefore set

frag = f(d")=g(d") foreveryk € Z,

and take the weighted Jackson data space to be

Xq,A(U) = 'fq,/\(U)/Nq-

Equivalently, if
N, :={h:(0,00) = C: h(¢F) =0 forevery k € Z},

then X, \(0) is the quotient by the null space Ny. It is equipped with the norm

1Al n o) == (1= a) D d" [F(@)] (1 + Ag¥) 7/ ©)

keZ

The norm is well defined because equivalent representatives have the same Jackson-grid samples. In what
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follows, we write f € X, (o) for an equivalence class and use f (q*) for the corresponding grid values.

Proposition 1. If f € X, \(0), then E,(;‘){f}(s) exists absolutely for every s with R(s) > o and satisfies the
uniform bound

LIS < Ul o) (R(s) = 0). (10)

The mapping s — E((I)‘){f}(s) is holomorphic on the open half-plane {s € C : R(s) > o}.
Proof. Fix s € C with R(s) > 0. For each k € Z we have (1 + Ag*) > 0 and hence
’(1 + )\qk)fs//\| =1+ )\qk)fﬁ(s)//\ <(l1+ /\qk)*””‘.
Substituting this bound into (5) gives

S =g [F@A+ AP < (=) D> 1) (1 +26") ™ = [ £l 1 (0)-

kEZL kEZ

Thus (5) converges absolutely for R(s) > o, and the triangle inequality yields (10).
For holomorphy, let K € {s : R(s) > o} be compact. Choose o > o so that R(s) > ok forall s € K. For
each fixed k, the function s — (1 + \g*)~%/* is entire, and for all s € K we have

|(1 +/\qk)7s/>‘| < (1 _‘_/\qk)faK/)\ < (1 +/\qk)7g/>\.
Hence the summands in (5) are uniformly dominated on K by the summable sequence
(1= a)g" |£(d")] (1 + Ag") =/,

The Weierstrass M -test now gives uniform convergence of (5) on K. Since K was arbitrary, the series
converges locally uniformly on {s : R(s) > o}; its sum is therefore holomorphic on this half-plane. O

Classical Laplace inversion depends on the geometry of the underlying domain [1]. For discrete and time-scale
transforms, the inversion procedure must therefore reflect the support [39]. In the present setting, the logarithmic
kernel converts a vertical line in the s-plane into a Fourier family on the nonuniform nodes

1
Tk =y log(1 + A\¢¥), keZ.
The resulting Fourier representation yields an inversion formula for the Jackson-grid data.

Theorem 2. Let f € X, x(0), let

F(s) = LM {F}(s),

and choose any real ¢ > o. Then for every k € Z,

1 Y kye/A

In particular, the transform determines the restriction f|r, uniquely on Xq (o).

Proof. For j € Z, set

= (1= )@ f(@)(1+ A7)~ = (1 = q)¢ f(¢)e ™.

Since ¢ > o and 1 + \¢7 > 1,

D ajl < (1 =9) Y PIA@)A+ A7) = (|l x, (o) < oo

JEZ JEZL

Thus, on the vertical line f(s) = ¢, the Jackson series is the uniformly and absolutely convergent Fourier-
type series
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Fle+ir) =) aje ™, 1€R (12)
jez
Uniform absolute convergence permits termwise integration on finite intervals. For fixed k, this gives

T

1 .
My = T F(c+ir)e ™  dr
-7

1t
~Yai{ ) e gr
JEZL
= a; ®r(x; — ),

JEZ
where
) y=0,
Pr(y) = sin(T'
Y
T
Yy

The nodes x; are pairwise distinct because the values ¢’ are pairwise distinct and ¢ — A~'log(1 + At) is
strictly increasing. Thus, for fixed &,

L ]:ka
0, j#k,

Or(z; —xp) — { T — .

Because |®7(y)| < 1 forally € Rand }; |a;| < oo, dominated convergence for the absolutely summable
series [40] yields
Jim My = a, = (1= q)q" f(¢")(1+ ")~

Solving for f(q*) yields (11). O

Corollary 2. Under the hypotheses of Theorem 2, define
O 1= min{xk,l — Xk, T — (Ek+1} >0
and let M, denote the finite-T' mean in (11). Then

(1 + AgF)e/>
(1—q)g* ~"F

Proof. With the notation of the proof of Theorem 2,

(L4 A | fllx, 0 0)

<
— (I—q)¢* 16y,

fd") - (13)

sin(T(xz; — zk))
]\4]*7]€ —ap = a; ———9 T8
j; T T(xj - w)

The monotonicity of x; implies |x; — x| > 0, for j # k, while | siny| < 1. Hence

1 £l x, 5 (o)

M — < — o< LA
| M = ax| < o, Z,#lajl = Ts,
J

and multiplication by the recovery prefactor gives (13). O

Remark 1. Theorem 2 uses Fourier coefficient extraction on the discrete support rather than Bromwich inversion.
On R(s) = ¢, the transform is the Fourier=Stieltjes transform of the finite pure-point measure

We 1= Zajémj, Z laj] < oo,
J

JEZL
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and the standard orthogonality average for distinct frequencies [38] shows that the mean in (11) extracts the atom
we({x}). Thus the frequencies xj, = A\~ "log(1 + A\¢*) and the masses ay, = (1 — q)¢* f(q*)e="* determine the
recovered Jackson data.

Corollary 3. Let f, g € X, (o). If for some ¢ > o,
Eg)‘){f}(chiT) = ESI)‘){Q}(CJriT) (t €R),

then f(q*) = g(q*) for every k € Z, hence f = g in the quotient space X, \(c). In particular, equality of
the transforms on any right half-plane contained in their common region of convergence implies equality of the
corresponding Jackson-grid data.

Proof. Apply Theorem 2 to f — g. Since the transform of f — g vanishes on (s) = ¢, formula (11) gives
(f — 9)(¢*) = 0 for every k € Z. Definition 3 then gives equality in X, \ (o). O

Proposition 2. Fix o € R and ¢ > o. On the raw function class ')?q, A(0), define
T f(T):= Eg)‘){f}(c—i—ir), T eR.

Then
ker(T2) = Ny = {h: h(q") = 0 forevery k € Z}. (14)

Hence ['t(z ) is not injective on ordinary functions on (0, 00), even if one restricts to smooth compactly supported
functions, whereas the induced transform on the quotient space X, x(0) is injective.

Proof. Let h € NV,. By definition, every summand in the bilateral representation (5) vanishes. Hence
Teh(t) =0 (r € R).

Thus NV, C ker(7¢).
Conversely, let h € X, »(0) satisfy T.h(7) = 0 for all 7 € R. The equivalence class [h], lies in X, »(0), so
applying Theorem 2 to [h], gives

1+ /\qk)c/)\ ) 1 T )
h k _ ( 1 - h ITTE o —
@) == gF TféozT/,TTc (r)e™™ dr =0
for every k € Z. Hence h € N, proving (14).
Strong classical regularity does not remove this null space. Fix m € Z and consider the standard bump function

1
exp|—
o () = (t =gt (g™ -

0, otherwise.

t)] , ¢t <t < g™,

Because ¢ 1! and ¢™ are consecutive points of T,, the interval (¢™*! ¢™) contains no Jackson-grid
node. Consequently, h,, is a nonzero element of C2°(0, 0o) satisfying h,,,(q*) = 0 for every k. It follows that
hpm € Ny \ {0} and that its transform vanishes identically. Thus off-grid injectivity fails; Corollary 3 gives injectivity
only after quotienting by this null space. O

Corollary 4. Let f,g € /’Fq, A(0), and suppose that both admit holomorphic extensions to a connected open set
U C C containing [0, 00). If for some ¢ > o,
A . _ A .
LI e+ir) = LI {g}e+ir) (T ER),
then f(t) = g(t) for every t > 0.

Proof. By Proposition 2, f(q*) = g(¢*) forevery k € Z. Let H denote the difference of the holomorphic extensions
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of f and g. Then H(q*) = 0 for every k, and ¢* — 0 as k — +o0. Since 0 € U, the zeros of H accumulate inside
the domain of holomorphy. The identity theorem [40] gives H = 0 on the connected set U, and restriction to (0, 00)
yields f = g. O

Remark 2. The preceding result distinguishes grid uniqueness from off-grid uniqueness. Classical Laplace unique-
ness is formulated on the underlying continuous function class, up to the usual almost-everywhere qualification [1].
On noncontinuous time scales, by contrast, the support geometry enters the uniqueness statement [39]. Since
Proposition 2 identifies the null space as Ny, no additional Jackson-grid information is lost.

A transform-domain equation determines the unknown in X, (o), and therefore fixes every value f (q"),
but it does not specify an extension between consecutive nodes. Values at arbitrary t > 0, whether imposed as
point conditions or interpreted as a continuous trajectory, require an additional interpolation or regularity model.
Smoothness alone does not suffice: Proposition 2 provides compactly supported functions h,, in the null space.
Even real-analyticity on the open half-line is insufficient. For example, the nonzero function

logt
h(t) = sin(n’ 8 ) , t>0,
log ¢

satisfies h(q®) = 0 for every k € 7. Corollary 4 establishes full uniqueness under the sufficient condition of
holomorphic continuation through t = 0, which couples the grid to an interior accumulation point.

The deformed-semigroup convolution is measure-valued because combining q-grid atoms through t ®y u =
t + u + Atu generally produces support outside the Jackson grid. Thus the transform cannot select a unique
ordinary off-grid representative. The obstruction concerns reconstruction on (0, 00) rather than injectivity on the
Jackson-data quotient: formula (11) recovers exactly the data sampled by the Jackson integral.

Linearity follows from absolute convergence of the Jackson series. For the following shift identities, each
transform on the right-hand side is understood as an absolutely convergent Jackson series at its displayed argument;
holomorphy claims apply only on domains where the corresponding weighted convergence hypotheses hold.

Theorem 3. Leta € C. If Eé’\){ (s + a) exists, then

LI+ X)X ()} (s) = LV} + a). (15)
Proof. We use the kernel identity

(14+ M) 7214 M) ™A = (14 M)~ (T2,

Multiplication by f(¢) followed by Jackson integration gives (15). O

Theorem 4. Let n € Ny. Assume that E((Z)‘){f}(s — jA) exists forall j = 0,1,...,n. Then

LV FH)(s) = A S (1) (?) LY (s — ). (16)

=0

Proof. Use the binomial identity
n - N :
=1+ X)) 1) =A"" -1 ”]<,>1+)\t3.
(¢ )= 1) z:;)( )G ) )
Multiplying by (1 + At) =%/ yields

(14 )~ = A En:(—l)”_j (“) (14 Aty —*/A
=0

<

n n )
=% (_1)M< ,>(1 + ) ~TIN/A,
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By hypothesis, each term is Jackson-integrable against f(¢). Integrating the displayed identity term by term

and using linearity gives (16). O

Corollary 5. Ifﬁé’\){f}(s) and Eé’\) {f}(s — A) exist, then

LD} ) = 1 (L1~ 0 — L)), an

Proof. Apply Theorem 4 withn = 1. O

Definition 4. Let 0 € Rand n € Ny. For f € X, \(0), we write f € X;ff’"(o) if

(=) Y d"[F(@") 1+ A" =7 (1 + [log(1 + Ag¥)|)" < oo. (18)
keEZ

Theorem 5. Letn € Ny and assume f € X, ;o§n (o) for some o € R. Then E,(JA) {f} is n times complex differentiable
on{s:R(s) > o} and

CLOs) = ()LD (los(140) S}, R(s) >0 (19)

Proof. Write (5) as

L) = (1= 0) Y ar exp( = Tlog(1 +Ad")),  an = ¢"F(d"):

keZ

For each fixed k, the summand is entire in s and satisfies

dr n
@(1 + M) = (=1)" A" (log(1 + )\qk)) (1 4+ A\gF)=s/*.
Fix a compact set K € {s : R(s) > o} and choose o > o with R(s) > o on K.
For s € K,
|(1 +)\qk)7s/)‘| < (1 +>\qk)faK/)\ < (1 _i_)\qk)fa/)\.
For j =0, 1,...,n, the absolute value of the jth derivative summand is bounded by

(1 — ) ar| max{1,A\7"}(1 + [log(1 + Ag¥)|)" (1 + Ag") =7/,

and the sum of these bounds is finite by (18). The Weierstrass M -test gives uniform convergence of the derivative
series through order n on K. Hence termwise differentiation is valid through order n and yields (19). O

Table 1 summarizes linearity together with Theorems 3-5 and Corollary 5.

Table 1. Operational identities for Eg)‘) under the stated absolute-convergence assumptions.

Time-Domain Operation Transform-Domain Identity
af +bg LM {af +bg}(s) = aL{f}(s) + L {g}(s)
(14 M)~ f(t) LA+ M)A fH(s) = LV {fH(s + a)
£ f(t) L FH(s) = AT 0o (=)™ ()L {FH(s — 5N)
(log(1 + At))" £(¢) LM {(log(1+ A1) f}(s) = <—A>”%£9){f}<s>

Each row is understood on the common domain where the corresponding Jackson series are absolutely convergent.

The kernel (1 + \t)~*/* tends to the exponential kernel as A — 07 [2,3]. Under suitable hypotheses, Jackson
integration on the g-grid T, converges to ordinary integration as ¢ — 1~ [14-16]. We now state the assumptions
used for these two limits.
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Lemma 2. The function x — log(1 + x)/x is strictly decreasing on (0, 00). Hence, for every t > 0 and every s
with R(s) > 0, the map X — (1 + \t)~ %)/ X s increasing on (0, 00) and satisfies

e ROt < (14 A)ROA <1 (A >0).

Proof. For xz > 0,

d (log(1+x)> _ x/(1+z) —log(l + ) <0

dx x x?
because log(1 + z) > z/(1 + z). Fort > 0,

; log(1 + At)

(14 Xt) "R/ = exp [?R(s) v ,

and the first assertion gives the required monotonicity. The bound 0 < log(1 + z)/z < 1 gives the displayed
two-sided estimate. The case ¢ = 0 is immediate. O

Proposition 3. Fix q € (0, 1) and define the exponential-kernel Jackson transform
o0 . enk
LN = [ et = (1= ) S (e
0 keZ

This ordinary-exponential kernel differs from the q-exponential and related kernels used in established
g-Laplace theories [18-20,23,33]. Assume that for some \g > 0 and some s with R(s) > 0 the series defining
£S,AU){ f}(s) converges absolutely. Then ,CE{\){ f1}(s) converges absolutely for every A € (0, A\o] and

i (N — r0)
)\lirg_'_ ‘Cq {f}(S) - £q {f}(8>
Proof. By Lemma 2, for each k € Z and each A € (0, \o] one has
|(1+ )\qk)_s/’\| < (14 AogF) RO/ o,

This estimate dominates the summand of ﬁf{\) {f1}(s) by the corresponding absolutely summable term at X,
so dominated convergence applies to the bilateral series. The required pointwise limit

li 1+ ky—s/X _ —sq®
i (1 25) % e

follows from log(1 + Ag*) ~ A¢g¥ as A | 0. O

Remark 3. Proposition 3 can be combined with the finite-difference identity in Theorem 4 to obtain the s-differentiation
limit under an additional derivative-convergence hypothesis. Set F)\(s) = £(({\){ fH(s). Assume, in addition to the
hypotheses ensuring the transform limit, that F{_converges locally uniformly to F{| in a neighborhood of the point s. Then

F)\(S — )\) — F,\(S)
A

1
:—/ F{(s—0)\)do — —Fj(s),
0

so the identity Ego){tf(t)}(s) = —%Ego){f}(s) is recovered under this derivative-convergence hypothesis.

Lemma 3. Let 0 < a < b < 0o and let h € C([a,b]). For each q € (0, 1) sufficiently close to 1, choose integers
mg < ng so that
¢"<b<g™Tl, ¢ <a<qm

Then .
Sqlhia,b] = (1—q) > ¢"h(d")

k=mg

is well defined, and
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b
lim Sy[h;a,b] = / h(t) dt.
q—1- a

The final Jackson cell extends below the left endpoint, but its weighted contribution vanishes as the mesh tends
to zero. No values of the function outside the stated interval are required.

Proof. To avoid evaluating the function below its domain, separate the last cell from the cells entirely contained in

the interval. Write
ng—1

Solhsa, 8] = > (" = ¢ h(d") + (1 = g)g" h(g™).

k=mgy
The first sum is a right-endpoint Riemann sum on the interior interval [¢"7, ¢™4] C [a, b]. Its mesh satisfies

k_ghtly < (1 —g)b 0.
mj?%i(nq(q )< (1 -qb—

Since h is uniformly continuous on [a, ], this sum differs from qu;:q h(t) dt by a quantity tending to zero.
The contributions from both mismatched endpoints can be estimated explicitly using only values inside the
interval. Set M = ||h|¢([q,5))- The grid inequalities imply

0<qg™—a<(l—q)g"™, 0<b—g™ <(¢ ' —1)g™,

and hence

q"? b
(1= Qg™ h(g™) — / wtyde— [ hetyde

q mg

<M((1-q)g" +q" —a+b—q™)

<MQ2(1—qb+ (¢ " —1)b) — 0.

Combining the interior Riemann-sum limit with these endpoint bounds gives the assertion. In particular, the
proof does not invoke continuity or an extension of the function below the left endpoint. O

Proposition 4. Fix A > 0 and s € C with R(s) > 0, and set
g(t) == f()(1+ Nt)=/>,

Assume that g € C([0,00)) and that there exist A > 0 and a nonincreasing function H : [A, 00) — [0, 00)
such that |g(t)| < H(t) forallt > A and

/AOOH(t)dt< 00.

Then the Jackson integrals fooo g(t) dqt exist absolutely for all q sufficiently close to 1, and

qlir{lﬁ ﬁgk){f}(s) = lim ; g(t)dqst = /OOO g(t)dt = /OOO FE(1+ M)~/ dt.

qg—1-

Proof. Split both the improper integral and the Jackson sum into three regions: a neighborhood of 0, a compact
middle interval, and the tail at co.

Fix € > 0. Continuity of g at 0 gives § € (0, 1) and My > 0 such that |g(¢)| < My on [0, §]. After decreasing
d if necessary, assume

)
/ g dt <, Mos <.
0

For every q € (0, 1),

(1-q) > dla(d™)| < Mo(1 —q) > ¢ < Myd <e.

qk <o qk <o

Hence the ordinary and Jackson contributions from the near-zero region are both uniformly small.
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Next choose B > max{A4, 2} so that

o0
H(t)dt < e.
B/2

If ¢ € (1/2,1) and k satisfies ¢* > B, monotonicity of H gives

k
q

(¢" —¢""H(¢") < H(t)dt.

qk+l

Hence

N

(1—q) Y d"lg(d") < (1—q) Y ¢"H(d")
q*>B q*>B
=Y ("= ¢"H(Y)
q*>B
< [T Hwa
Bq

< H(t)dt < e.
B/2

The same majorant gives

[ wtas [ awa<e

B

Hence both tail contributions beyond B are uniformly small for ¢ near 1.

On the middle interval, the boundary cells are controlled by the endpoint estimates in the preceding compact-
interval lemma; the function is evaluated only at nodes in the interval. It remains to consider [d, B]. Applying
Lemma 3 to the continuous function g gives

fm (1=0) 3 dale) = [ a0

—1-
¢ 5<q"<B

Combining the estimates from the three regions gives, for ¢ sufficiently close to 1,

00 0o B
/0 g(t)dqt—/o g(t)dt‘ﬁ (1-q) > qu(qk)—/g g(t) dt| + 4e.

0<q¢*<B

Letting ¢ — 17, the limit superior is at most 4¢. Since € > 0 was arbitrary, the stated limit follows.

The same estimates give absolute convergence of the Jackson integral for all ¢ sufficiently close to 1: the
near-zero and large-t contributions are finite, and the middle sum has finitely many terms. O
Corollary 6. Fix s € CwithR(s) > 0and Ao > 0. For each X € (0, \¢], set

g () == fF(E)(1+ At) =/

Assume that each gy, satisfies the hypotheses of Proposition 4 and that

/‘U@W+MWWWMﬁ<w
0

Then the successive limits give the classical Laplace transform:

lim lim £V{f}(s) = /oo f(t)e st dt.
0

A—0t g—1—

Proof. Fix A € (0, \o]. Proposition 4 gives
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lim £} (s) = / FEO + M)~ dt.
q—1- 0
By Lemma 2, for 0 < A < )\,

SO +X) A < [F@)I(1+ Aot) =R,
and the majorant on the right is integrable by hypothesis. Since (1 + )\t)’s/ A — e~ pointwise as A — 07,
dominated convergence yields the outer limit. O

3.2. Deformed-Semigroup Measure Algebra and Product Theorem

In the original ¢-variable, define the composition law

tdyu:=1t+u+ Mu, t,u > 0. (20)

Then
1+ At @y u) = (14 )1+ Au), 1)

and hence
KEM(toyu) = KNOKMw),  KN(E) =1+ )~ (22)

The coordinate map turns deformed addition into ordinary addition, so pushforward by this map converts the
associated measure convolution into classical additive convolution. Accordingly, the product rule is formulated on
the commutative semigroup ([0, 00), @), without requiring the Jackson grid to be closed under this operation.

Lemma 4. The map
1
N X log(1 + At), t >0,
is a continuous strictly increasing semigroup isomorphism from ([0, 00), @) onto (|0, 00), +). Its inverse is

)\x_l

() = —

Hence @y is associative and commutative with identity 0, and t ®y v — t + u for each t,u > 0as A — 0T,
Proof. Taking logarithms in (21) gives
ox(t@xau) =A""log (1+A)(1+ M) = oa(t) + da(u).

The explicit inverse proves bijectivity and continuity; associativity, commutativity, the identity, and the
pointwise limit follow from ¢ @) u =t + u + Atu. O

Let M([0, 00)) be the Banach space of finite complex Borel measures with total-variation norm [40]. For
Jackson data define the atomic measure in the original variable by

npi=(1—q) Y " f(d") 0. (23)

kEZ

The condition iy € M([0, 00)) is equivalent to absolute summability of the unweighted Jackson masses.

Proposition 5. Let f € X, z(0). If o <0, then (23) defines a finite measure and

Ingllev = (1 =) > d"1f (@) < 1f ]2, 000)-

keZ

At 0 = 0 the two norms are equal. If o > 0, membership in X, x(c) alone does not imply ny € M([0, 0)).

Proof. If o < 0, the inequality (1 4+ A\g¥)~/* > 1 gives the claimed norm bound immediately. For o > 0, set
a=c/(2\) > 0 and take f(t) = t*~!. Applying Lemma 1 gives
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(1=q) Y d"(1+ ") < oo,
kEZ

whereas (1 — q) >, o, ¢" = oo because the negative tail diverges. O

For 1, ( € M([0, 00)), define their A-deformed convolution by
menQB) = [ [ tp(tonu) i dc 24
0,00) /[0,00)
for Borel sets B C [0, o). Equivalently, for every bounded Borel function ¢,

[e@dnen o) = [[ et ou e acw. es)
Proposition 6. The space M([0, 00)), equipped with ®, is a commutative unital Banach algebra with identity &y and

m @x Cllrv < [nllov ¢y (26)

If pr4m denotes the pushforward of n by ¢y, then

Oag(n ®x C) = (dagn) * (PaxC), (27)

where x is ordinary additive convolution.

Proof. Associativity, commutativity, and the identity follow from Lemma 4. Total variation together with
Fubini—Tonelli gives (26). To verify the pushforward identity, let g be a bounded Borel test function. Then

/()d%#n@w / (62 (t @2 ) dn(t)dC (u),

and Lemma 4 changes the integrand to g(¢x(t) + ¢a(u)), which is precisely the test-function representation of the
right-hand side of (27). L]

For a finite measure 7, define its degenerate Laplace character by

L= [ P, R o @8)
[0,00)
Lemma 5. Ifn; in (23) is finite, then

alngl(s) = LI{fH(s),  R(s) > 0. (29)

For any finite measure,

xlil(s) = /[0 ) 2)

Proof. Substituting (23) into (28) gives the bilateral Jackson series. For the second identity, use (1 + /\t)_s/ A=
e—*2(t) and the definition of pushforward. O
Theorem 6. Forn,¢ € M([0,00)) and R(s) > 0,
Exln @i C](s) = Lxlnl(s) LaA[C](s)- (30)
In particular, if ny and 4 are finite Jackson measures, then
—r» N
Lalng ®xngl(s) = L {FH(s) Ly {g}(s). 3D

Proof. Using (25), (22), and Fubini’s theorem,

https://doi.org/10.53941/nacs.2026.100017 14 of 25


https://doi.org/10.53941/nacs.2026.100017

Yagct Nonlinear Anal. Comput. Simul. 2026, 1(4), 17

Sx[n@x C(s) = / KO (t @y u) dn(t)dc (u)

_ ( / KO @) dn(t)> ( / KX (u) dC(U)) :

Since the integrands have modulus at most one for $(s) > 0, finite total variation justifies the use of
Fubini’s theorem. O

Remark 4. The semigroup change of coordinates already implies the abstract convolution product identity for finite
measures. The additional content here is its precise interpretation for Jackson-grid data: the weighted samples
define an atomic measure, the hypotheses identify when that measure has finite total variation, and the product
identity applies even though convolution usually leaves the original sampling grid. In particular, the grid-specific
statement (31) is obtained from (27), (29) and (30); it is not a claim that convolution closes on T . Thus the product
formula supplies a rigorous operational bridge from bilateral Jackson transforms to an ambient measure algebra,
rather than a new convolution law independent of ordinary additive convolution.

Remark 5. For Jackson-supported measures,
supp(ny ®xng) C{d' ®a ¢’ :4,j € L} ={¢' + ¢’ + A"V 14,j € Z},

which is generally not contained in T,. We therefore formulate the convolution on finite measures rather than require
closure on the Jackson grid. By Proposition 6 and Lemma 5, the map ¢, transports the product formula to the
classical additive convolution formula for finite measures. In the original variable, ® is the semigroup law induced
by the kernel, and convolution of Jackson-supported measures may produce off-grid support.

3.3. A Hereditary Measure Equation on Deformed Time

We now apply the measure algebra of Section 3.2 to a causal memory equation. Since z = ¢, (¢) converts @
into ordinary addition, consider

Nu + N A\ Ny = nfs (32)

where 7y, is a finite memory measure, 7 is a forcing measure, and 7,, is the response. Passing to the additive
coordinate x, Proposition 6 converts (32) into an ordinary convolution Volterra equation for finite measures [41].

Theorem 7. Let ny,ny € M([0,00)) and assume

Ty <r < 1. (33)

Then (32) has a unique solution n,, € M([0,0)), given by the norm-convergent resolvent series

o0
=Y (=) @xnp,  pr0 = . (34)
n=0
It satisfies
TV
ey < 12T (35)

If (Mhis 77f,i)y i = 1,2, satisfy ||nnillrv < r < 1, and 0, ; are the corresponding solutions, then

v |, lIngalrv

Ings = nr2 I =2l (36)

l—r (1—

1Mu,1 = NuzllTv <
ForR(s) >0, if

Uls) = Exlmul(s),  H(s) = Lxlml(s),  F(s) = La[nyl(s),

then F(s)
s
U(S)ZTH(S)’ [L+H(s)|>1—r. (37
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Proof. By Proposition 6, the convolution operator
Thn :=nn ®A 7

is bounded on M ([0, o)) with || T3] < ||nn]lTv < r < 1. The strict norm bound above allows the Neumann series
to invert I 4 T}, giving (34). Applying (26) term by term yields

_ lngliry

o0
Ialley <> r™Ingllry T
n=0

For the perturbation estimate, subtract the two equations and write

(I + ) (Mt = Mu2) = (1 = 0r2) = (Mag — Mn2) ®X Nu 2

The bound ||(1 + Th.1)~"|| < (1 —r)~!, together with Proposition 6 and (35) for 7,5, gives (36). Applying
Theorem 6 to (32) gives (1 + H(s))U(s) = F(s). Since |H(s)| < ||na|lTv < r for R(s) > 0, the denominator is
uniformly separated from zero, and (37) follows. O

Remark 6. Sincet @y u — t+uas A\ — 07, the deformed hereditary equation formally approaches the usual
additive measure-convolution equation, while the transform character tends to e~*t. When the source measures
arise from Jackson data, the parameter q enters through their atomic sampling. The response is allowed to have
off-grid support because ®), is defined on finite measures rather than on Jackson-supported measures alone.

Example 1. Fixm,n € Z and «, 3 € C, and set
Nh = adgm, nf = Bogn.

If || < 1, Theorem 7 gives

S (a) (A + Ag™) 1
nu—ﬁg( )0ty = 3 : (38)

By associativity, t, » = q" ©x q™ ®x - - D ¢, with r copies of ¢™. The transform is

B(1+Ag") s/

U(s) = , 39
) = T e T a7 (39)
and the truncation after order N obeys the exact total-variation tail formula
N
. ﬁ alVH!
m—BY (=), || = |1|_|a| (40)
r=0 TV

Forq=1/2,A2=1,m=0,n=2, a =0.6, and 8 = 1, the first support points are 0.25,1.5,4,9,19,39, ..,
which are not Jackson nodes after the first term. Figure 1 compares the uniform total-variation tail bound with the
actual transform remainder at s = 0.5.

3.3.1. A Quadratic Nonlinear Hereditary Volterra Equation

The same convolution algebra gives the nonlinear memory equation

Nu N &N Ny + Y Ny X Ny = N, ~ € C. 41)

The quadratic term is nonlinear in the unknown measure. Causality is nevertheless preserved because ®) is
transported by ¢, to ordinary Volterra convolution on [0, c0).
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100 —&— total-variation tail bound
transform remainder at s=0.5
10—2 p
S
5 1074 4
g
=
[}
8
© 10-6 4
1078 -

T
0 5 10 15 20 25
Neumann truncation order N

Figure 1. Convergence of the Neumann approximation in Example 1. The total-variation tail is given exactly by
(40) and is therefore a uniform bound; the transform-domain remainder at s = 0.5 decays faster because the kernel
supplies an additional damping factor for each omitted atom.

Theorem 8. Let ny,, 5 € M([0,00)), assume ||ny||rv < r < 1, and let v # 0. If

4yl g lley

G- < 1, (42)

then (41) has a unique solution in the closed ball {n : ||n||Tv < R}, where

~1—+/1—4ac _Anglley bl
R=———- a=-——- = —. (43)
2c 1—r 1—r
Starting from any point in this ball, the Picard iteration
nd ™ = (I + T~ (nf—vnff) ®x nff’) (44)

converges in total variation to the solution. Uniqueness here is restricted to the indicated closed ball; no uniqueness
statement outside that ball is asserted. A valid contraction factor is

p=2cR=1-+1-4ac<1. (45)
For R(s) > 0, the transformed solution satisfies
YU (5)* + (1 + H(s))U(s) — F(s) = 0. (46)
Proof. By Theorem 7, Ry, := (I + T},) ! exists and ||Rp|| < (1 —r)~!. Define
(1) = Rung —yRu(n ®x 7).
If ||n|lTv < R, Proposition 6 gives
|e(n)llrv < a+cR* =R,
where the last equality follows from the definition of R. For two measures in the same ball,

[®(n) — 2()|ltv < clln®an— ¢ ®xllrv
< c(lnllrv + I<ov)lln = Cllrv
< 2cR||n —([[Tv.
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Condition (42) gives 2cR = p < 1. The Banach fixed-point theorem then yields existence, uniqueness in the
ball, and convergence of (44). Applying Theorem 6 to (41) gives (46). O

Proposition 7. Continuous dependence on the forcing and memory measures within a common contraction regime.
Fixy+#0,0<r <1, and F > 0 such that

4ly|F < (1—7r)%

Set

< 1.

o  L-VIZARFI=1F  _ 2hIR
= s p =

2[y]/(1 =) l—r

Fori = 1,2, let ny,,ny, € M([0,00)) satisfy ||nn, ||rv < rand ||ny,|ltv < F. Denote by n,, the unique

solution of (41) in the common closed ball of radius R, with the corresponding forcing and memory measures. Then

anl — nlelTV + R||77h1 - 77thTV
l—r—=2|y|R '

||77u1 - ﬂuz”TV < 47

Consequently, the solution depends Lipschitz continuously on both data measures while the common smallness
margin remains positive. This statement concerns the solutions selected within the prescribed ball and does not
assert global uniqueness.

Proof. Subtract the two nonlinear measure equations, writing Au = 10y, —u,, Ah =y, =0, and A f = np —1y,.
Bilinearity and commutativity give

Au+np, ®) Au+ Ah @) Ny, + 7 AU @) (N, + Nu,) = AS.
By the total-variation convolution inequality and |7, ||Tv < R,
(1 —r=2Q|R)[|Aullrv < [|AfllTv + R[[AR|Tv.

The coeflicient on the left is strictly positive by the assumed smallness condition, yielding (47). [

Remark 7. Equation (41) is a nonlinear Volterra-type equation in the deformed time variable. For v = 0 it
reduces to the linear hereditary equation, and as \ — 0% its convolution terms approach ordinary additive measure
convolutions. Section 3.4 considers transform-domain Picard iteration under (42).

3.4. Computational Experiments, Limit Validation, and Bilateral Truncation

The computations use the formulas established above. Reference values are obtained either from exact transform
formulas or from independently converged high-precision sums and integrals; no convergence rate is fitted. We
cross-checked the numerical references at 70-digit precision. In the Jackson-to-Riemann test, the production sum
used grid points with 10714 < qk < 60, whereas the verification run used 10~2 < q’c < 100; both runs produced
the displayed digits. The nonlinear experiment is evaluated on a uniform 401-point transform grid over 0 < s < 4.

3.4.1. Neumann Resolvent across g and \

For the atomic model of Example 1, the exact transform remainder after order N is

|5|As ‘QBS|N+1
Ry(s) = P12 10Ds0
~(s) N+aB,

Ay = (14+Xg")"RE/A 0 Bo= (14 Ag™) RE/A (48)
for positive real parameters. Table 2 lists the corresponding geometric factors and threshold orders, while Figure 2
displays the remainder curves at s = 0.5, m = 1, n = 2, « = 0.6, and 8 = 1 for four parameter pairs. The
total-variation bound from (40) is shown simultaneously and remains valid uniformly in ¢, A, and s.
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Table 2. Parameter sensitivity of the atomic Neumann approximation at s = 0.5. The quantity |aBs| is the exact
geometric factor in (48); N;o—s is the first order for which Rx(0.5) < 1075,

q A |(XBO.5 | NlO—S
0.35 0.50 0.510638 26
0.50 1.00 0.489898 25
0.70 0.50 0.444444 21
0.70 1.50 0.472317 23

=0.5

transform-domain remainder at s

100 4

1072 4

1074 4

10—5 4

10—3 4

10710 4

==+ uniform TV bound
q=0.35 A=0.5

- g=05,1=10

—— q=07,A=05

—4-q=07,A=15

10 15

20 25 30

Neumann truncation order N

Figure 2. Transform-domain Neumann remainder for four (g, \) configurations in the atomic hereditary model with

m=1,n=2,a=0.6,58 =1,and s = 0.5. The dashed curve is the uniform total-variation bound (40). Parameter

dependence enters the actual geometric factor through the deformed kernel.

3.4.2. Numerical Jackson-to-Riemann Limitas ¢ — 1~

Proposition 4 is tested with f(t) = e~ %, A = 1, and s = 2. The continuous limiting integral is

oo
I= / e~'(1+t)~2 dt = 0.4036526376768059257 . . ..
0

(49)

Direct bilateral Jackson summation gives the values in Table 3. Over the sampled values, the error decreases
monotonically as ¢ approaches one, as shown in Figure 3.

le®(e)(2) -]

10—1 4

.
o
b

102

107!
1-gq

Figure 3. Absolute error in the Jackson-to-Riemann experiment of Table 3, plotted against 1 — ¢ on logarithmic axes.

For the displayed parameter values, the computed error decreases toward zero; Proposition 4 gives the corresponding

limiting result.
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Table 3. Numerical verification of the ¢ — 1~ limit for f(¢) = e~ %, A = 1, and s = 2.

q LP{e '} Absolute Error to T
0.80 0.361787410211476 4.187 x 1072
0.90 0.383115662595766 2.054 x 1072
0.95 0.393475056044332 1.018 x 1072
0.98 0.399602519932321 4.050 x 1073
0.99 0.401630993790290 2.022 x 1073

3.4.3. Deformed-to-Additive Convolution Limit as A — 0T

For the parameters of Example 1, the transform tends to the additive-convolution value

Up(0.5) =

e—O.Sq

1 4+ ae—0-5¢™

= 0.6470305740316126504 . . .. (50)

The deformed support points ¢, ,. in (38) also tend to g™ + rq™. Table 4 records both limits; Figure 4 shows

the transform error.

Table 4. The A — 07 limit for g=1/2,m=0,n=2,a=0.6,8 =1, and s = 0.5. The last three columns are
the first nontrivial support points of the Neumann response.

A |[Ux(0.5) — Uy(0.5)| tn,1 tn tn3
1 1.904 x 1072 1.500000 4.000000 9.000000
0.25 6.992 x 107° 1.312500 2.640625 4.300781
0.0625 1.976 x 1073 1.265625 2.344727 3.491272
0 0 1.250000 2.250000 3.250000
1072 4
°
S
L
2
s
1073 4
10! 100
A

Figure 4. Numerical convergence of the atomic hereditary transform to its additive-convolution limit as A — 0.

The plot quantifies the limit in Remark 6 at s = 0.5.

3.4.4. Asymmetric Bilateral Truncation and Computational Cost

The small-¢ and large-t tails of the bilateral Jackson representation generally decay at different rates, so we

truncate them independently.

Proposition 8. Let a > 0, let s € C satisfy

and suppose

_ R(s)

—a >0,
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[f@) <M=t (t>0) (51)
for some M > 0. For integers K, K_ > 0, define

K
Sk_ k. ():=(1—q) Y ¢"f(d") 1+ ")~/ (52)
k=—K_
Then
1—qM
Erry (K1) < Cyqfethe, Cp = (1_qq)a7 &3
1 — q)MARE)/A
Err_(K_) < C_q¥-+1?, C_ = ( q)l - . (54)
—q
Therefore,
LI Hs) = Sk k. («9)’ < Chgfetha 4 o_gHK-+0b, (55)
Given € > 0, it is sufficient to choose
lo 20 /e
K+gmax{o,g1/“(a+/)—1}, (56)
lo 2C_ /e
K. zmax{O,gl/q(b/)—l}, (57)
and take ceilings.
Proof. For k > K| + 1, combine (1 + \g*)~®(*)/* < 1 with (51) to obtain
(1= )d"|f(d")|(1+ Ag")TF* < (1 - g)Mg"e.
Summing this geometric majorant gives (53). For the negative tail, write k = —m with m > K_ + 1. The

inequality 1 + Ag™™ > Ag™™ gives

(1 _i_)\qu)fﬂ?(s)/k < Afﬁ(s)/kqm%(s)/kl
Combining this estimate with | f(¢~™)| < Mq~"(~1, we obtain
(1 _ q)M)\fﬁ(s)/)\qmb

Summing the resulting geometric series yields (54). The triangle inequality gives the total bound, and the
stated choices of cutoffs make each tail at most £/2. O

The symmetric truncation Sx = Sk, x corresponds to Ky = K_ = K. Proposition 8 permits the two cutoffs to
be chosen independently. In the example below, where a and b differ, this choice reduces the number of retained terms.

For comparison, take ¢ = 1/2, A = 1,a = 1/2, s = 2, and f(t) = t~'/?. Here M = 1 in (51) and b = 3/2.
An independently converged high-precision bilateral summation gives

LI {t712}(2) = 1.13309003545874217553561724698 ... (58)

At the symmetric cutoff K, = K_ = 80, Proposition 8 gives an error bound of 1.098 x 10~!2, and direct
comparison with (58) gives the same value to the displayed precision. For these parameters the positive-grid tail
dominates, so the a priori estimate is nearly attained.

The cutoff formulas (56) and (57) also permit a direct cost comparison. For a prescribed ¢, the asymmetric
method selects (K4, K_) independently, while the symmetric method must take X' = max{K, K_}. Since each
retained node contributes one kernel evaluation and one summand accumulation, we use the number of retained
terms as an operation-count proxy for the arithmetic cost. The resulting counts appear in Table 5 and Figure 5.
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Table 5. Symmetric versus asymmetric bilateral truncation for the test problem (58). “Actual error” refers to the

asymmetric sum.

€ K K_ Asymmetric Terms  Symmetric Terms Actual Error
10~° 43 13 57 87 7.758 x 1077
10~° 63 20 84 127 6.521 x 1071°
10712 83 26 110 167 8.856 x 1071

—8— asymmetric retained terms
160 symmetric retained terms

140 A
120 A
100 A

80 A

number of retained Jackson terms

60 -

40 -

4 5 6 7 8 9 10 11 12
target accuracy —logio €

Figure 5. Number of retained Jackson terms required by the sufficient error bounds for symmetric and asymmetric
truncation. For the unequal tail exponents @ = 1/2 and b = 3/2, independent cutoffs reduce the count from 167 to
110 terms at a target of 1072,

3.4.5. Nonlinear Hereditary Picard Experiment

For the nonlinear equation (41), choose
g=z, A=1, m=0, n=2, n,=02504m, ny=024m, =05
Here » = 0.25 and

4ylIngllrv
(1—r)

so Theorem 8 applies. Its ball radius and guaranteed contraction factor are

=0.711111... < 1,

R = 0.3468871125850725 . . ., p =0.4625161501134300. ...

For real s € [0, 4], all parameters are positive and the solution branch of (46) that is continuous at v = 0 is

0.5y - LOETCP T OG- 0+ 7)) 59)

Starting from the zero iterate, we use the transformed Picard map

F(s) —Uj(s)®

UjJrl(S) = W, U()(S) = 07 (60)

and compare it with (59) on a uniform 401-point grid over [0, 4]. Figure 6 reports both the maximum solution error
and the maximum quadratic-equation residual. The latter decreases from 2.0 x 10~! at j = 0 to 4.97 x 10~ at
j=8andto7.35 x 10~ at j = 10.
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10°
—8— max error to quadratic branch
102 4 \ max equation residual
N
1074 4 N
< N
Vi
0 . \
é’)‘ 107° + IS
o 10—8 i '\
§ TN
£ 1010, N
£ ™N
10712 N
TN
TN
10714 4
‘\‘
(') é 4'1 é é 1'0 1'2 1'4

Picard iteration j

Figure 6. Transform-domain Picard convergence for the quadratic nonlinear hereditary equation. Both the maximum
error to the explicit positive quadratic branch and the equation residual are measured over 0 < s < 4. Both quantities
decrease geometrically over the displayed iterations.

4. Discussion

For the kernel (1 4+ At)~*/*, the two tails of the bilateral Jackson series lead to distinct convergence conditions.
On the resulting weighted data spaces, the transform is bounded and holomorphic. Fourier—mean extraction recovers
every grid value; on ordinary functions, its null space consists exactly of functions vanishing on T,. For a fixed grid
node, Equation (13) gives a finite-window error estimate, with a constant that grows as neighboring logarithmic
frequencies approach one another.

The kernel induces the semigroup law ¢ &) u = t + u + Atu, and the associated convolution turns the finite
measures into a commutative unital Banach algebra on which the transform is multiplicative. Jackson data embed
as atomic measures, although convolution generally produces off-grid support. Under the condition ||n||Tv < 1,
Section 3.3 obtains a Neumann-series solution and perturbation bounds for the linear hereditary equation. For the
quadratic extension (41), assumption (42) yields a unique solution in the stated ball and convergence of the Picard
iteration. Proposition 7 also quantifies continuous dependence on the forcing and memory measures under a shared
strict smallness margin.

For the parameter sets tested, the computed quantities satisfy the analytical bounds and exhibit the limiting
behavior proved above. In particular, the Neumann-remainder curves are bounded by the geometric total-variation
tail estimate, while the observed Picard decay is consistent with the contraction factor from the closed-ball fixed-point
theorem; the plots illustrate these bounds rather than establish new uniform rates. The Neumann remainders remain
below the uniform total-variation bound. The Jackson sums approach the continuous integral as ¢ — 17, and the
atomic deformed resolvent approaches its additive-convolution limit as A — 0F. In the truncation example with
unequal tail exponents, separate cutoffs retain fewer grid points than the symmetric cutoff. In the nonlinear example,
the chosen parameters satisfy the contraction criterion, and both the solution error and the equation residual decrease
geometrically over the computed iterates.

Propositions 3 and 4 establish the separate one-parameter limits under their stated hypotheses. With the
additional domination assumption in Corollary 6, these limits recover the classical Laplace transform successively.
The present analysis does not provide a range characterization for Eg/\), grid-uniform or noise-stable recovery
estimates, off-grid reconstruction under weaker assumptions, nonlinear well-posedness beyond the small-data ball,
or resolvent criteria without the small-total-variation condition.

5. Conclusions

For the bilateral Jackson-grid transform, we establish explicit convergence conditions, recovery of all Jackson-
grid data, and a deformed convolution compatible with the transform. The Fourier-mean formula reconstructs the
sampled grid values only; it is not an inversion formula for arbitrary off-grid function values, and uniqueness on the
Jackson-data quotient does not imply injectivity on ordinary functions. On finite measures, the induced convolution
yields a Neumann-series solution for the linear hereditary equation under a small-total-variation condition and
a contraction result for the quadratic equation under the stated small-data hypothesis with uniqueness confined
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to the prescribed closed ball. A Lipschitz estimate further establishes continuous dependence on both forcing and
memory measures for data in a common contraction regime. In the computed examples, the observed errors satisfy the
derived convergence bounds, the ¢ — 1~ and A — 0 limits approach the corresponding analytically established values,
asymmetric cutoffs retain fewer terms in the unequal-tail test, and the nonlinear Picard iterates converge geometrically.
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