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1. Introduction

This paper focuses on the GES of the following DFINN's
Za(t) = —maZa(t) —laza(t) + ﬁ; aap(t)hp(25(t)) + B; bap(t)hp(2p(t = Tap(t)))
+ ﬁ; cap(t)vs(t) + /3/—\1 Top(t)vp(t) + ﬂ/_\lpaﬁ (O)hs(zs(t = Tap(t))) €]

+ ﬁ\z Gap(t)hg(za(t — Tap(t))) + 5\21 Sap(t)vp(t) + In(t),

alt) = —matalt) ~laya(t) + 32 aus(Ohsys(0) + 3 bashs(ws(t ~ 7as )
+ 32 aplts(®) + A Tas )+ A pas(hs(ws(t = 7as (1) @

+ 5\21 Gop(t)hp(ys(t — 10p(t))) + ﬁ\i/l Sap(t)vp(t) + In(t) + ualt).

Systems (1) and (2) constitute a drive-response configuration, where the state vectors are denoted by
2(t) = (21(t), 22(t), - ., 2, (#))T € R™ and y(t) = (y1(t),12(t), ..., yn(t))T € R* witha € A = {1,2,...,n}.
The terms Z,,(t) and g, (t) represent the inertial (second-order) dynamics of the «-th neurons. Positive constants
mq and [, are damping and self-feedback coefficients, respectively. The time-varying coefficients aqg(t), bas(t)
and c,(t) correspond to the elements of the feedback, delayed feedback, and feed-forward templates, respectively.
Moreover, p,3(t) and g, 5(t) denote the entries of the fuzzy feedback MIN and MAX templates, while T, 5(t) and
Sa(t) represent those of the fuzzy feed-forward MIN and MAX templates, respectively. The symbol A and \/
stand for the fuzzy AND and fuzzy OR operations. The external input to the Sth neuron is denoted by vg(t), while
I,,(t) and u,(t) represent the bias and the control input of the «th neuron, respectively. The transmission delay
Tap 1 non-negative and satisfies 0 < 7,3 < 7, where 7 > 0 is a constant. Finally, the activation function hg(t) is
continuous and satisfies the Lipschitz condition
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(A) |hs(x) = ha(y)| < kgle —y|,V2,y R, 5 € A

with kg being a Lipschitz constant.

The DFINNs models (1) and (2) draw their primary inspiration from two seminal contributions: the fuzzy
cellular neural network first introduced by Chua, Yang, and Yang [1-4], and the inertial dynamical framework
developed by Babcock and Westervelt [5,6]. The majority of prior studies on DFINNs have predominantly employed
either reduced or non-reduced order methodologies. The former strategy [7-33] involves converting the second
order inertial system into an equivalent first order differential system through variable substitution, a transformation
that frequently results in increased computational complexity and a higher dimensional state space. To address these
limitations, the non-reduced order approach [34—44] has been subsequently proposed.

Unfortunately, both reduced and non-reduced order approaches depend on the construction of a Lyapunov
Krasovskii functional (LKF), a task widely recognized as highly intricate and technically demanding. This process
typically involves handling complex linear matrix inequalities (LMIs), which are usually solved using specialized
MATLAB toolboxes. To circumvent the difficulties associated with LKF construction and LMIs manipulation,
the authors in [45, 46] proposed a parameterized framework that characterizes neuronal states and their time
derivatives via two distinct negative real parameters. Extending this idea, the studies in [47-53] further advanced the
methodology by introducing the characteristic method, which generalizes the parameterization scheme to encompass
not only identical negative real roots but also pairs of complex conjugate roots.

Motivated by the aforementioned studies, we investigate GES for the DFINNs described by Equations (1) and
(2) using the characteristic method. Our goal is to avoid the drawbacks common to both reduced and non-reduced
order methods: the requirement to construct LKFs and solve LMIs. This work presents three main contributions.
First, we introduce a novel definition of GES that extends existing formulations by explicitly accounting for both the
system states and their time derivatives. Second, we apply the characteristic method to analyze the error dynamics
between the drive and response systems (1) and (2), thereby circumventing both reduced order transformations and
the construction of LKFs. Third, we formulate the resulting stability conditions as simple linear scalar inequalities
that can be directly verified without relying on MATLAB based toolboxes for solving LMIs.

The remainder of this paper unfolds as follows. In Section 2, we present essential definitions and preliminary
results. Section 3 establishes three sufficient conditions that ensure GES of the inertial neural networks described
by (1) and (2). In Section 4, we provide an illustrative example equipped with several distinct controllers, each
accompanied by numerical simulations to verify the theoretical findings and demonstrate their practical effectiveness.
Finally, in Section 5, we conclude the paper with a concise summary of our main contributions.

2. Preliminaries
For any bounded and continuous function f(t), define f™ = sup | f(¢)|. The initial conditions for systems (1)
teR

and (2) are given by

{ 2a(5) = @als),—7 <5 <0,00 € O([-7,0],R), 2(0) = @, € R, € A, 3)

Ya(5) = Ya(s),—7 <5 <0, € C([—7,0,R),94(0) =1, € R,a € A.

Define the synchronization error as x4 (t) = yo(t) — 24(t). By subtracting system (1) from system (2), the
corresponding error dynamics are derived as

Fo(t) + MaZa(t) + laxa(t) = Go(t) + ua(t), 4)
whete Ga(t) = 52 aus(()Halws(9) + 3 bus(DHs(slt — Tas()) + A pas®HsCas(t = ras(t)) +

5\11 Gap(t)Hg(zs(t — Tap(t))) and Hg(xs(-)) = hp(ys(-)) — hs(z(-)).
We design the control inputs for the error system (4) as
ua(t) = ﬁlaia(t) +Taxa(t)v (5)

choosing the parameters such that m, < m,, and l~a < lq.
Next, we substitute the controller (5) into the error dynamics (4) and derive the resulting error system

Fo(t) + Maia(t) + lara(t) = Galt) (6)
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where iy, = My — Mg and Iy, = 1y — L.

We express the homogeneous counterpart of system (6) as &, (t) + Mada (t) + laa(t) = 0, which leads to the
characteristic equation A2 + M\ + 1, = 0, with discriminant A, = mi —4i,. Following the approach in [50,51],
we explicitly derive solution formulas for the controlled error system (6) under the initial conditions (3) by analyzing
three cases based on the sign of A, as detailed below.

-1 t
T (t) = [(vae™ ™! — wae’)xy (0) + (e — e“")i, (0) + /0 (e”"(t_s) — e“’“(t_s))Ga(s)ds], @)

where A, > 0, v, = —m% VAa and Wo = % \/Aa;

m. o t e
za(t) = [(1+ %t)xa(m + tia(0)]e” Bt + / (t — s)e” F =Gy (s)ds, ®)
0
where A, = 0;
Ve . sinvgt | _ Ty ! sinvy(t — ) _ T ()
To(t) = > sin(vat + o )za(0) + ” To(0)]e” 2 " 4 —, ¢ 2 Guo(s)ds, (9)
« a 0 «

where A, < 0, v, = %\/—Aa, Yo = arctan %
For the sake of clarity and conciseness, we introduce the following definition and lemma.

Definition 1. We say that the drive-response systems (1) and (2) achieve GES under the designed controller (5) , if
for any pair of solutions z(t) = (21(t), 22(t), ..., 2, (t))T of system (1) and y(t) = (y1(t), y2(t), ..., yn ()T of
system (2) , there exist positive constants M, L and pu, such that fort > 0 and « € (),

|20 (t)] = lya(t) — 2a(t)] < Me™, |ia(t)] = [ga(t) — Za(t)] < Le™*".

Lemma 1 (see [3]). Let wg, 75,048, kag € R, fg : R — R be continuous functions, and o, B € €, then we have

/\ Oop fa(ws) — )\ eaﬂfﬁ(rﬂ)‘ < bapllfa(ws) — fa(rp)l,
p=1 B=1 B=1

and

n

\/ s fsluws) — \/ "»aafﬁ(ra)’ <3 Ihsll s (ws) — Fo(rs)]
B=1 B=1 B=1

Remark 1. Definition 1 broadens the concept of global asymptotic synchronization (GAS) that earlier studies investigated
in [10,30,43,44] for a class of fuzzy inertial neural networks with time-varying delays. Specifically, GAS means that

, lir_gl |Ya (t) — 2o (t)| = 0. In contrast, Definition I focuses on GES of systems (1) and (2) . It guarantees not only GAS,
—+o0

but also that the synchronization error Y, (t) — o (t) approaches zero at an exponential rate. In addition, Definition 1
explicitly requires the error derivative 1., (t) — 4 (t) to decay exponentially to zero as well. This refinement strengthens
and supplements existing results on GAS for inertial neural networks reported in [20-23,25,27-29,33,41,42].

3. Main Results

This section establishes sufficient conditions for the GES of DFINNs (1) and (2) based on the controller (5),
by exploiting the explicit solution representations given in Equations (7)—(9). Because these solution forms are
highly sensitive to the sign of A, three separate theorems are developed to characterize the GES of system (1) and
(2) under distinct parameter regimes. For notational simplicity, we denote the state vector of error system (6) by
2(t) = (21(t), 22(t), - - , 2, (t))T where each component satisfies the initial conditions specified in (3).

Theorem 1. Under assumption (A), then the drive system (1) and the response system (2) are globally exponentially
synchronised under the controllers (5) if the following conditions hold

Ao >0, > (aly+b1,+pl+als)ks <lay a€A. (10)
B=1
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Proof. We define n%t = Y- (at, + bl zer™ +plser™ + ¢l pet ™)k, Setting = Oyields n, = Y- (af, + b1, +
A=

p;rﬁ + q;rﬂ)kg. Assume that condition (7) holds, i.e., n%, < I, = vow,. Then we can choose a sufficiently large
positive constant M and a sufficiently little . € (0, —% max w,g ) such that the following inequality is satisfied for
aec

allaa € A
[va| + 1 n

_|_
ML (Vo + 1) (w0 + 12)

where x,,y = max{max{|a(0) — ¥a(0)|, max|[@o — val}-

Step 1: Given the initial conditions (3), we have |z, (t)| < Me # fort € [—7,0] and o € A. To establish
that this bound remains valid for all ¢ > 0, we proceed by contradiction, assume there exist an index «; € A and a
time o; > 0 such that

<1, an

lzo(t)] < Me # te|0,01),a €A,
_ (12)
[T, (01)] = Me Ho,
Based on assumption (A), (7), (12) and Lemma 1, we obtain
|xa](o-1)| = |\/_Ali[(v eWa; 01 _waevmm)xal(o) + (evalm _ewalm):tal(o)
[ e ) — s (1) G, ()]
S R A
aq
(| [; aa,8(s)Hp(zs(s))| + |ﬁ§1 ba,s(s)Hp(z5(s — Ta,5(5)))|
+| 5/—\ Panp(8)Hp(xs(s — 7a,5(5)))| + | BV] qonp(8)Hp(zs(s — Ta,5(5)))|)ds]
S i [l + Dt o [ 00017 - i)
X(ﬁ; |aa,5(s)|[Ha(zs(s))| + ;;1 |ba, g ()| [Hp(2p(s — Ta,5(5)))]
+ﬁZ_: Pans(8)|[Hp(xs(s — Ta,5(s)))] +BX_:1 |91 5(8)|[Ha(zs(s — Tay5(s))))ds]
< Al + D+ [} (€00 0179 = oe179))
X aashalea()l + X0 b shslzs(s = Taia(s))| (13)
n n
+B§; Py gkslzs(s — Taup(s)) + Z a4 gkpls (s — Ta,5(5))])ds]
< 1/Aa1 [(Jva, [ + 1)xp,pe " +f wal o1-¢) _eva‘(mis))
n
x(3 a;r]ﬁkﬁMefus + Z b(tlﬂkﬁMe*l‘(S*Tmﬁ(s))
B=1 B=1
+ BZ_:I p:';]ﬁk,BMe—H(S—TmB(S)) + Bz:l ql‘lBkBMe_M(s_Talﬁ(s)))dS]
< M el L (e 0 (01—8) (e )@ —9)) (3D gt
< Aol b 7 e et 953 af sk
n n n
+52_:l b; kﬁeumm(S) + Z p+16kﬁ6ma|5(5) + Z q;'lﬂkge“"“lﬂ(s))ds]
< Mefuol[);aJﬂLl X 77a1 fo'l e(w”1+”)(gl s) _e(va]+y)(01 s))ds]

o va |+l 77a
= Mern[d #xww UQIW)(%M( — g(on))]

whete g(8) = /= [(u, + e T~ (uy + e ), £ € [0, +00).
Because ¢'(t) < 0 forall ¢ € [0, +00), the function g(t) is non-increasing on this interval. Moreover, since

g(t) decreases strictly on [0, o], and given the boundary conditions , 1i+m g(t) =0and g(0) = 1, we conclude that
— 400

g(o1) € ]0,1). Combining this result with inequalities (11) and (13), we obtain

| 041‘+1X + 7751
M\/ g o vOtl + :u‘)(woél + /U‘)

|za, (01)| < Me™H] | < MeHo.
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This clearly leads to a contradiction. Therefore, we conclude that the inequality
lza(t)] < Me " a € A (14)

holds for all ¢ € [0, 400).
Step 2: We now prove that there exists a positive constant L such that

| (t)] < Le ™ a € A (15)

holds for all ¢ € [0, 400).
Because A, > 0, we differentiate both sides of Equation (7) with respect to ¢ and obtain

To(t) = \/%[Za(e“’ﬂt — €% )24 (0) + (vaest — waeWat)iy(0)

16
+f;£(vae”a(t_5) — waeWe TG, (5)ds)]. (16)

Based on assumption (A), (14), (16) and Lemma 1, we deduce that

ENG] .

B

|[ ( wat _ e““t)xa(()) + (Ua(i"“t —waew“t)i‘a(())
(0 (19) — e (t=)) G (5)ds|

L [(l + \Ual)xw,wew"‘t + fy [vaeta =) —woewa(t=9)]

| i anp(s)Hp(zs(s))| + |[3§ bap(s)Hp(zs(s — Tap(s)))l

+
ﬁ

5

X
—~~

=1

| 1Pa6(S)H/B($5(S —Tap(8)))] + |5\21 Gop(8)Hp(ws(s — Tap(s)))])ds]

[T + [val)Xppe ™ + [ [vae?=(=) —wgeva=9)]
laas(s)|[Hp(zs(s))] + 522:1 |bas(s)|[Hp(zs(s — Tap(s)))]

|pa5($)||Hﬁ(5Eﬁ(s - Taﬁ(s))” + Bél ‘QQﬁ(s)HHﬁ(;ﬂﬁ(s _ Taﬁ(s))”)ds]
(ia + ‘Ua|)ti,we_#t + fot |U(X€v”(t—5) — waewa(t—s)|

aggksles(s) + BZ_:] baghslzs(s — Tap(s))]

»

+
T>=

IN

+ X
M:?M:Q

=
Il

IN

A

X
—
B

1

™
Il

+
M:

lshalea(s — 7as()] + E G ksl (s — Tas(s)))ds]

lo+|va t Vo (t—s we (t—s
780w + 7z Jy (valet () 4 fuafet==)

(Z algkgMe™hs + z b gkgMemH(s7Tas(s)

B
—p

IA
®

+ Z p:ﬁk,gMe*”(S*Taﬁ(s + Z q:BkBMef“(sz@ﬁ(s)))ds]

e /"'t[ 0‘+‘UO¢|X@ ¥ + Mna fo |U ‘e UQ+N)("’ s) + ‘/LU |e (wa+p)(t— S))ds]
—ptila -Hval Mﬁa [val(1—eatmt)  Jw, |(1—elwatit)
A Xew + AU T T e )]

< Le ™M,

where L = max{l jﬁ’l

Xow + \/7( Iv‘:ilul + \u‘;:jj—lul )}. We have thus proved Theorem 1. O

Theorem 2. Under assumption (A), then the drive system (1) and the response system (2) are globally exponentially
synchronised under the controllers (5) if the following conditions hold

Ao =0, > (al, +bls+pls+ats)ks <lay a €A (17)
B=1
Proof. Assume condition (17) holds ie,n) <l,= mi . Then we can choose a sufficiently large positive constant

M and a sufficient little y € (0, § mlR e ) such that for every a € A, the following inequality is satisfied
€

2 + Mg, )X<1>,x11 4nk

7 LA V R - Y

<1 (18)
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Step 1: The initial condition (3) ensures that |z, ()| < Me ** holds for all ¢t € [—7, 0] and every « € A. To
prove that this bound continues to hold for all ¢ > 0, we argue by contradiction, suppose there exist an index a; € A
and a time o, > 0 such that

—ut
{ lzo(t)] < Me # te|0,0:),a €A, (19)

[T, (02)] = Me Ho2,

T 1

By applying assumption (A), (8), (18), (19) and Lemma 1, as well as max ze™® = , we have

x>0

[T ay(02)] I[( 205 (0) + 020, (0)]e™ 727 4 [P (02 = s)e™ T (279G, ()|

[6_(7“;2 )o2 + (1 72"‘2 )026_(2_“)02])@}"1}6_“”2 + fooz (0'2 — 5)@‘#(02—8)

(| ﬁg Gy (5) Ha (25(5))] + | ﬁg s () Hp(25(5 — Tans(5)))]

H A Pess ) (ws(5 = Tass O]+ V dans () ss = Tass())) s

24+ Ma, — o2 _ T (gy—s)

(I + S g )Xo we "7 4 [ (02 = s)e™
$( 3, loaap (M1Es (s ()] + 32 bz (5)1Ep (s (s = 7omp ()

+ 52 I (1w (s = Tass ()] + 3 s (5 Hs (s = Tans(4))) s

2+ _T (5
(1+e(ma7m—§u))X<b\1/6 Ho 2+f02(02f8)e 75 (025)

X(BEI ag,sksles(s) + Z b1 75(5 = Tays(5))]

IN

IN

IN

n n
+ 2 Paghalea(s - ooV + 3 b hales(s — Tass(s)) s
(I+ %)X@ ge M7+ foz(az - 3)6_@(02—8)

(Z at,gksMe™" + Z b ghaMe (s~ Tozs(5)

IN

+521 pazﬁkﬁMe*N(S*Tazﬁ ) 4 52 q;rzﬁkﬂMe*N(S*Tazﬁ(s)))ds
= =1

m

)(Uz_s)ds

IN

Mehox[(1 4 o) Xae 4 [0y — s)e™

Mo
—(TZ—M)"‘Z

— Lo 24+Mq b U 4—-224+(Ma,—2u)or)e
M (1 g Ty X%y, T

— oy 2+ b, 4ng,
< Me™¥ '[(1 + 4e(maz,iu))x;l\/[\p + 4(mw2_22#)2]
< Me #o2,

The above leads to a contradiction. Therefore, we conclude that inequality (14) is valid for all ¢ € [0, +00) and
every a € A.

Step 2: We now establish the existence of a positive constant L for which inequality (15) is satisfied. Assuming
A, = 0, we differentiate both sides of Equation (8) with respect to ¢ and obtain

do(t) = [—Zatxa(0)+(1—%t)xa(O)]e_mTat+/o (1—%(t—s))eﬁ%(t—ﬂaa(s)d& (20)

It follows from assumption (A), (14), (20), Lemma 1 and max re % = é that

lia(t)] = |[~latza(0) + (1 - Zot)ia(0)]e F0 + [ (1 — T (t — s))e™ 2 =G (s)ds]
< [ef(mTaf“)t + (I + %)te*(mT “>t]x<1> ve M4 f [1— ET(t — .s:)|e*mTa<t7S>
x(\ﬁ; aap(s)Hp(zs(s)) + | g s (8)Hp(z5(s — Tap(s)))]
+\57=\|paﬁ( s)Hp(ws(s — Tap(s)))| + | V qap(s)Hp(zp(s — Tas(s)))|)ds
< (4 Zotma e we ™ + (14 (t—s))e— -0

X Bg s (5)|| H (2(5))| + i. |ba6(8)|\Hﬁ(Iﬂ(8 — Tas(s)))]

+ 32 pas (o)l 1Hi (s~ 7as (D) + 3 laaa ()] HaCas(s — 7as(s)) s
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o +7T0 - ¢ o — T (g
< (T xewe ™ + i (14 B (- g 0T
X(;l afgksles(s)| + 521 blgksles(s — Tap(s))]
n n
+BZ:1 Pasksls(s — Tap(s))| + 521 aaskslzs(s — Tap(s)))ds
Ma — t Mo _Ma (4_g
< U*ﬁ“‘i"l’e MtJrfo L B (t—s))e” 079

(Z aaﬁkgMe B 4 Z b k:gMe_"(s_TQB(S))
n Z P ks Me - w(s)) © 3 g ks Me e mas (D) ds
B=1 p=l

< eH(1 4 HatTo )y g+ Myt [H(1 4 Ba(t — s))e” @—mu—s)ds]

e(maq—2p)
- o +TTg o =20 g t+4ma —4p ,— (T —
C e L oy Mg T~
4 A —p) )
(Mo —2p)?
< Le ¥,
_ 2o +Mig 4Mn* (a —p) .
where L = I;leal)\({(l + m)){@,q] + W} The proof of Theorem 2 is therefore complete. O

Theorem 3. Under assumption (A), then the drive system (1) and the response system (2) are globally exponentially
synchronised under the controllers (5) if the following conditions hold

Mo/~ Ba
Aq <0, Z aks + Vo + Phs + ip)ks < =,

B=1

a € A. @21)

Proof. Assume condition (21) holds, i.e., 470 < ,v/—A,. Then we can choose a sufficiently large positive
constant M and a sufficient little ¢, € (0 mlR e ) such that for every a € A, the following inequality is satisfied

Via+1 4nly

Mre ™" (e — 2075

Step 1: The initial condition guarantees that |z, (t)| < Me ** holds for all ¢t € [—7,0] and every a € A. To
show that this estimate remains valid for all ¢ > 0, we argue by contradiction, suppose there exist an index a3 € A
and a time o3 > 0 such that

<1. (22)

{ lzo(t)] < Me # te|0,03),a €A,

23
oy (03)] = Metos. @3

By combining assumption (A), (9), (22) and (23), along with Lemma 1, we deduce that

H\F

+f¢73 sin va, (03— 9) _

Moy

SN (Ve 03 + Pa )Ty (0) + T/ (0)]em 7

Va3

(03— s)G ()d5|

[as(03)] =

0‘3

< ifjlm,@;—’”? R e A

(] BZT; asp(8)Hp(wa(s))| + | /3; basp(8)Hp(wa(s — Tas8(s)))

+] K Pau (8) Hp (55 — Tays(5)))] + |ﬁ\z Qo () H (@5 (5 — Tau(s))))ds
< QSHX@ ge M 4 Om e =

x(ﬁ; () (5] + ﬁ; by ()] [ (5 (5 — T (s)))]

+ i Pau () | (@5 (5 — 7y ()))] + ; e ()| Ha (s — 7an())) ) ds
< a3+1X¢) pe Hos 4 L 0"‘ e—ﬁf" (03—5)

X(,; ag,gkslzs(s)] + BZ_II be,skslzs(s — Tap(s))l

+ ﬁ; P, gkslTa(s — Taya(s))] + 321 Qa,pka|75(5 = Tays(s))|)ds
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ot

X(Z ag, gkeMe ™+ + Z bt kg Me (= Tes ()

o3 _ Moy

Xo,we M7+ - Jo e (03=9)

+ Z pa gksMe~™ p(s— ma(s)) + Z N BkBMe n(s=Ta6()) ds

Me= 193] \/ oyt "a.z I3 —(m

< Xo,u + 52 [ e (T mmle=a)gg
a3 _
a3+1 ant (1—e= 3 mmay)
= Me™ “03[ o Xo,v + (i > =
a3 May —21)y/—Aas
la+1 4nk
Me—nos[ V1o -
< [ Mua, X0+ ) =,
< Me Hos,

This leads to a contradiction. Hence, we conclude that inequality (14) is satisfied for all ¢ € [0, +00) and every
a €A

Step 2: We now show that inequality (15) holds for some positive constant L. Since A, < 0, differentiating
Equation (9) with respect to ¢ yields

Falt) = —[Lsinvatza(0) + Y= sin(vat — g )ia(0)e” F ”
— \ﬁ: fot sin(ve (t — s) — goa)e’ﬁTa(t’S)Ga(s)ds
It follows from assumption (A), (14), (24) and Lemma 1 that
a()] = | [ sinvata(0) + Y sin(vat — po)ia(0)e =
Al [t 8) — pa)e= O Go(s)ds
< 1 “Fxéwe Tay | ff o= (t=5)
(] Z aap(s)Hg(xp(s))] + \BZ_:] bap(s)Hp(xs(s — Tap(s)))]
|B/7\1 8(s)Hp(zs(s — Tap(s)))| + |ﬁ\[1 Gap(s)Hp(s(s — Tap(s)))|)ds
(ﬁZ_:l |aa6(5)||Hﬂ(x5(s))| + ﬁ; bas(s)|[Hp(xs(s — Tap(s)))]
+ Z [Pas ()| Hp(xs(s — Tap(s)))| + 5; |gas ()| Hg(xs(s — Tap(s)))])ds
< a+\F weht & \Ff o T (t—s)
(E a ﬁk6|xﬂ( s)| + ﬁzl biskslzs(s — Tap(s))|
+ Z pasksles(s — Tap(s)) + 52—:1 4t skslrs(s — Tap(s)))ds
S l +\/7X(I> we —pt \/7‘[ _nl(x (t—s)
(Z alsksMe™hs + z b gk Me (s —Ten ()
+ Z paﬁkBMef“(s*"aﬁ ) 4 Z qaﬁkgMefﬂ(S’Tﬂﬂ(s)))ds
p=1 5=1
< e—ut[faﬂ/ixq)\p Mni\/i ft e—(@—u)(t—S)dS]
RSV Y AR T
< Le M,
where L = max{ “'Hﬁ v+ %} Hence the proof of Theorem 3 is complete. O

Remark 2. Researchers across multiple scientific fields have increasingly highlighted the synchronization between
the driven and response DFINNs (1) and (2) as a key problem. Numerous studies in [7—44] have addressed it using
reduced order and non-reduced order frameworks, both of which typically require constructing LKFs and solving
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LMIs. By contrast, we avoid both reduced order schemes and standard LKF's based designs. Instead, we employ a
characteristic based approach and derive three delay independent sufficient conditions that ensure GES of systems
(1) and (2). This strategy offers a clear benefit: it bypasses the intricacies of reduced order transformations and
conventional LKF's formulations, thereby eliminating lengthy derivations and reducing computational burden. We
compare our work with four references [22,30,37,44] in terms of time delay types, research methods, application
tools and obtained results. See the Table 1 below for details.

Table 1. Comparison of the methods and results between this paper and related references.

Comparison [22] [30] [37] [44] This Paper
Bounded Bounded time- i
Type of delay Constant delay Constant delay .Oun ¢ . Constant delay otihded time-vatying
time-varying delay delay
Whether to construct LKFs  Yes Yes Yes Yes No
Whether to solve LMIs Yes No Yes Yes No
Reduced ord Non-Reduced ord
Type of method (Reol)xce order RO (1\?_ I;zo: uced order N-RO Characteristic method
Delay-dependent (DD) or
delay-independent (DI) DD DI DD DI DI
criteria
Global Global
Type of synchronization exponential asymptotic GE GA GE
(GE) (GA)

Avoidance of the reduced order method; No requirement for LKFs construction; Independence

Improvement of this paper R . . . Lo . .
p pap from LMIs solutions; Delay-independent criteria verifiable via linear scalar inequalities.

4. A simulation Example with Three Different Controllers

To further validate our theoretical findings, we carry out a numerical experiment in which we design three
distinct controllers to achieve GES. Each controller is tailored to one of the three possible cases for the discriminant
A, positive, zero, and negative.

Example 1. For n = 2, consider the drive-response DFINNs (1) and (2) with the parameters: m; = 3, my = 3,
Il =2, 1, =3 an(t) = —0.3sin2¢, a;p(t) = 0.2cos(t — 1), ay(t) = 0.2cos2t, axn(t) = —0.4sin(t + 1),
) = —0.6sin3t, ¢;1(t) = 0.2sinv/2t,
ca(t) = —0.2cos V3t ca1(t) = 0.3sinv3t, epn(t) = —0.3cosv2t, pi11(t) = —0.3sint, pa(t) = 0.3 cost,
pai(t) = 0.3sinv2t, py(t) = —0.3cosV3t, qii(t) = 0.3cost, qia(t) = —0.3sint, g (t) = —0.3cos v/2t,
qu(t) = 0.3sin \/gt, T]l(t) = 0.2, T]z(lf) = —0.2, Tz](f) = —0.1, Tzz(t) = 0.1, Sll(t) = —0.1, S]z(t) = 0.1,
Sg](lf) = 02, Szz(t) = —0.2, ’Ul(t) = —1, Uz(t) = l, Il = —2, IQ = 2, Tll(t) = |sint\, Tlg(t) == |Sin2t|,
, T2(t) = | cos2t|, hy(x) = 0.4sinx + 0.6z, hy(x) = 0.6sinx + 0.4
Moreover, we design three controllers as follows

ul(t) = —.i'l(t) — xl(t),lQ(t) = —21.'2(15) — {EQ(t), (25)

U1 (t) = (3 - \/ﬁ)l‘] (t) - I](t), Uz(t) = 721.72(0 - l‘z(t) (26)

U (t) = —3.i‘] (t) - 8&3] (t), ’LLQ(t) = —33.3‘2(15) — 733‘2(t) (27)

We directly verify that the activation functions hy and h; fulfill the global Lipschitz condition (A) with Lipschitz
constants k| = ko = 1. Furthermore, under each of the above controllers, the corresponding conditions derived in

Theorems 1-3 hold, as shown below.
For controller (25) (A > 0,A; > 0):

NS

Ay = 4>026 = (af%+bl+ﬁ+pf%+qf“ﬁ)k5<21:3,
B=1
2 -

Ay = 9>0,29 = Y (ajz+bjs+ 0l +apks <l =4

1

™
Il

For controller (26) (A1 = 0,A, = 0):

https://doi.org/10.53941/cssc.2026.100025 9 of 14


https://doi.org/10.53941/cssc.2026.100025

Wang and Chen Complex Syst. Stab. Control 2026, 2(4), 2

2 _

A = 0,26 = Z(ai"ﬁ+bfﬁ+pi"ﬁ+q%)k5<l|:3,
B=1
2 —

Ay = 0,29 = Y (af;+bi;+pis+adyks <l =4
B=1

For controller 27) (A < 0,A; < 0):

2 —
Ay = —4<0,26 = Y (ajy+bly+ply +aly)ks < PR =3,
B=1
2 —
Ay = —4<0,29 = Y (ajs+bis+pis+ap)ks < Myl — 3,
B=1

Consequently, by Theorems 1-3, Example 1 achieves GES under each of the controllers (25)—(27). The
numerical simulations presented in Figures 1-3 further confirm this theoretical conclusion.

5
4t ]
| o1 (t) i
3 @ (t)
~ - (t)
s i (t)
-1 2 i
Il
S 1p il
< ‘
83
=
K ]
_4 Il Il Il Il Il Il Il Il Il
0 1 2 3 4 5 6 7 8 9 10

=1,2

Ta(t), Ta(t), o

Figure 2. Synchronization errors of drive-response Example 1 with controller (26).
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Ta(t), Za(t),a = 1,2

Figure 3. Synchronization errors of drive-response Example 1 with controller (27).

Remark 3. To the best of our knowledge, researchers have not yet investigated GES for the drive-response
DFINNs given by Example 1 via the characteristics method. Our approach actively avoids both the reduced order
transformation and the construction of LKFs. As a result, the methods developed in [7—44] cannot directly verify
GES in Example I under the three distinct controllers (25)—(27). Moreover, when we remove these controllers, the
synchronization errors between the drive and response systems in Example I no longer converge to the origin, which
we demonstrate this behavior in Figure 4.

To(t), To(t), a0 = 1,2

Figure 4. Synchronization errors of drive-response Example 1 without controller.

5. Conclusions

Using the characteristics method, we investigate GES for a class of DFINNs. By conducting a detailed analysis
based on the discriminants A, we derive explicit solution representations for the error system (6). Moreover, we
establish several sufficient conditions that guarantee GES in drive-response DFINNs configurations. To validate our
theoretical results, we provide a numerical example equipped with three distinct controllers. Drawing upon the
approaches presented in [54—58], future research will explore GES for DFINNs with less stringent constraints on
activation functions and fractional inertial neural network models.
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