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Abstract: A representation change can leave an optimization problem’s feasible deci-
sions and costs intact while altering how a stochastic decision layer uses it. We develop
separate tests for the decoded probability law and the complete-policy relative-entropy
objective of finite log-linear policies with deterministic decoding and compatible
positive reference laws. Equality of the weighted residual-feature spectra across de-
coder fibres characterizes preservation of the decoded law for every natural parameter.
Given that equality, a common spectrum concentrated at one point also preserves
the relative-entropy objective; a spectrum with several atoms adds a nonnegative
conditional-divergence penalty. The penalties add across compatible reformulation
stages, and an exact correction recovers the physical objective. For compact convex
policy classes, preserving optimal values for every cost is stronger than preserving
optimal physical policies. An exact rational checker and a bounded-integer compiler
implement the certificates. In a designed six-period scheduling study with 20 cost
vectors, four tied auxiliary bits per period give a median physical-policy total variation
of 0.245 at unit regularization (95% percentile bootstrap interval, 0.224–0.254). The
corrected and untied controls recover the physical implementation to floating-point
accuracy. Checks with two optimizers and three initializations expose four unresolved
gradient-tolerance failures. Analytically solved controls separate distortion caused by
the representation from numerical optimization error.

Keywords: AI decision systems; optimization reformulation; probabilistic compilation;
relative entropy; certificate checking; constrained learning

1. Introduction

In AI-enabled engineering, an optimization model often forms an interface within a larger decision system.
Before its decisions are used, a dispatch, routing, allocation, or control model may undergo solver-specific
transformation, become part of a learned decision layer, or be generated automatically. Feasibility and the best
objective value remain necessary checks, but they need not exhaust the requirements imposed by that system. We
ask whether a change in representation leaves the consumer with the same physical decision problem.

A two-choice example makes the distinction explicit. Let the physical decisions be x = 0, 1, with costs 0
and 1, respectively. The original representation lists each decision once. An equivalent reformulation lists x = 0

once and x = 1 twice; both copies retain cost 1 and decode to x = 1. Both deterministic problems have the unique
optimum x = 0. With unit-temperature Gibbs sampling and a uniform reference over the listed states, however, the
original physical probability is p(1) = 1/(1 + e), whereas the reformulation gives Dq(1) = 2/(2 + e). Feasibility,
physical costs, and the deterministic optimum are unchanged, but the output laws differ. Giving each copy of x = 1

weight 1/2, relative to weight 1 for x = 0, restores the original law after normalization. A second example keeps
the decoded law unchanged at every parameter. With one auxiliary bit scored by the same parameter as x, and
physical cost coefficient a = τ = 1, the complete-policy objective has optimum p(1) = sigmoid(−1/2) ≃ 0.378,
while the physical objective has optimum sigmoid(−1) ≃ 0.269 (Example 1).
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Consider integer production decisions xt. If each xt is replaced by nonnegative integer variables yt, zt with
xt = yt+ zt, both the physical schedule and any cost depending only on x are preserved. Yet each physical decision
xt has xt + 1 complete descriptions under the replacement. This multiplicity is immaterial to a deterministic
optimizer. When a stochastic consumer assigns weight to complete descriptions, it can alter preferences without
any change to the physical objective. Projected counting and sampling already separate retained decisions from
auxiliary descriptions [1–3]; certified projected compilation can also verify the logical projection [4]. What remains
to be specified is the certification obligation when the downstream AI consumer imposes its own parameterization
and regularizer.

Inference and learning place different demands on a representation. If two implementations give the same
physical policy pθ at every θ, any loss that depends only on that policy is the same for both. A difference appears
when the encoded implementation optimizes another quantity, such as relative entropy of the complete policy
including auxiliary variables. With shared parameters, the auxiliary term varies with the parameters that determine
the physical policy even though decoding discards the auxiliaries.

This paper makes four contributions. First, it gives an exact residual-spectrum characterization of all-parameter
preservation of the physical law for finite log-linear consumers. Second, conditional on a passing distribution
certificate, it identifies when a complete-policy relative-entropy objective is also preserved, proves composition
without cancellation, and provides an exact corrective objective. Third, it separates this parameterized result from a
complementary compact-convex policy-class result, where a constant auxiliary penalty can shift values without
changing any optimal physical policy. Fourth, it implements these contracts in a rational-arithmetic checker and a
bounded-integer compiler, supported by exhaustive and structured tests and a controlled learning study with analytic
global controls.

Section 4 tests these mechanisms on designed scheduling instances. Small cases are checked exhaustively,
larger ones by dynamic programming, and matched learning runs test whether corrected and untied implementations
recover the intended policy. A representation must be certified for the consumer that will use it and checked again
whenever its support, reference, score features or encoded restrictions change.

Engineering requirement: certify the representation for its consumer.

1. Specify the interface: record the supports X,Z, decoder d, physical cost c, positive references µ, ν, score features
S, T , and parameter domain. Check Dν = µ.

2. Establish inference preservation: compare the full weighted residual spectra; selected moments and sampled
parameters do not suffice (Theorem 1).

3. Establish or restore learning equivalence: for complete-policy KL, require a point-mass common spectrum or apply
the correction Jcorr = JX (Theorem 2; Corollary 1). Losses determined solely by physical outputs require no further
joint-KL certificate.

4. Revalidate after restrictions: check the surviving support, refresh the reference when valid, and test both contracts
again. The restricted case requires its own certificate (Section 3.4.1).

2. Related Work

2.1. Optimization Reformulation and Learned Optimization

Mathematical-programming reformulation provides the first layer of the problem. Liberti distinguishes exact
reformulations, narrowings, relaxations, and approximations, and allows multiple reformulated optima to represent
one original optimum [5]. Verified reductions add constructive proof obligations for feasibility and objective
relations [6], while FLARE develops machine-checkable MILP reformulation proofs with forward and backward
mappings [7]. Rewriting systems and model interfaces operationalize these ideas in optimization software [8,9].
These contracts define the transformed optimization problem. They do not, by themselves, specify a reference
probability measure over the transformed representation.

A second literature embeds optimization inside learning. OptNet differentiates through quadratic-programming
layers; differentiable convex layers organize canonicalization and solution differentiation; black-box combinatorial
differentiation and DiffOpt provide alternative interfaces between optimization and learned parameters [10–13].
Decision-focused learning trains predictions according to the quality of the decisions obtained from an optimization
problem, as reviewed by Mandi et al. [14]. This learning-augmented optimization setting connects a learned
component to a downstream solver. Our certificates concern another interface within such a pipeline: whether
changing the optimization representation preserves a declared stochastic output law and, when the learner uses
complete-policy KL, its regularized objective. They complement decision-focused training criteria by checking
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representation semantics. Automated model generation creates the same need to separate a proposed representation
from the guarantees subsequently checked on it [15].

2.2. Projection, Counting, and Probability-Preserving Compilation

Counting and probabilistic inference already account explicitly for auxiliary descriptions. Knowledge compila-
tion identifies the operations that remain tractable under a change of representation [16]. Algebraic model counting
extends weighted evaluation [17], and compiled structures also support gradient calculations [18]. ProCount sepa-
rates additive and existential projection; WAPS samples weighted projected assignments; distribution-aware SAT
sampling specifies the target distribution directly [1–3]. Bryant et al. go further by certifying projected knowledge
compilation, including the elimination of quantified variables and the properties needed for counting [4]. These
works already treat multiplicity and projection explicitly.

Probabilistic compilers address an even stronger semantic target. Dice compiles discrete probabilistic programs
to weighted formulas with source-semantics guarantees [19]; verified density compilers and probabilistic-program
semantics extend such reasoning to richer settings [20–22]. The distinction studied here arises after that probability
layer: A representation can induce the correct decoded physical law at every parameter while a complete-policy
learning objective remains different. The relevant correctness target therefore depends on the consumer, not only on
the projected measure.

Exact construction of projected masses can itself be difficult: counting complexity and treewidth-based analyses
place structural limits on what any general finite implementation can promise [23,24]. We therefore separate the
cost of checking an explicit certificate from the potentially much larger cost of constructing the represented support.

2.3. AI Engineering Assurance and Model Interfaces

In Ying et al., model transformation and learned warm starts coexist with feasibility and dispatch constraints
enforced by the optimization procedure [25]. Rabbanian et al. couple multi-agent reinforcement learning to an
operational charging model. Their comparison with an exact small-scale formulation retains explicit engineering
objectives and constraints [26]. Zhang treats syntactic synthesis, executable behavior, and formal verification
separately because their guarantees can fail independently [27]. Kumar and Bist assemble drift detection, adversarial
testing, governance auditing, and experiment tracking into a combined assurance procedure [28]. Yuan et al.
make target-sample admissibility an explicit requirement of open-set adaptation through a three-criterion gate [29].
Pandey’s enterprise architecture assigns data quality, provenance, access control, and downstream AI augmentation
to distinct interfaces [30].

Our question is when an optimization representation preserves the stochastic semantics required by an AI
decision layer. For the systems considered here, feasibility, the decoded law and the complete-policy learning
objective each require an appropriate check. The definitions below separate these obligations. Table 1 summarizes
the correctness targets.

Table 1. Correctness targets and their relation to the present consumer-specific contract. The table compares
guarantees, not runtime performance.

Target Primary Object Preserved Additional Question Addressed Here

Optimization reduction [6,7]
Feasibility and a declared
objective relation

Does the transformed representation
preserve the physical stochastic law?

Weighted projection [1,2,4]
Weighted mass on
retained assignments

Does the learner’s complete-policy
objective remain the same after projection?

Probabilistic compilation [19–21] Source probability semantics
Does a downstream consumer impose
an additional representation-
dependent regularizer?

AI engineering assurance [25–30]
Application-specific constraints,
verification, monitoring,
or admissibility

Which semantic obligation belongs
specifically to the representation–
consumer interface?

Present implementation
Finite declared semantics and a
bounded rewrite fragment

Separate distribution, joint-KL, and
policy-class decisions with explicit
failure outcomes.
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2.4. Regularization, Multiple Descriptions, and Auxiliary Variables

Regularized MDPs and relative-entropy policy search make the reference policy explicit in stochastic opti-
mization [31,32]. Work on action redundancy demonstrates how nominally distinct actions with the same effect can
distort entropy-based exploration [33]. GFlowNets make the distinction between probabilities assigned to construction
paths and those assigned to terminal objects [34]. Perturb-and-MAP and stochastic-softmax methods further require the
randomization mechanism to be specified when characterizing an optimization-based sampler [35–37].

Conditional divergence gaps occur in auxiliary-variable variational models [38]. SurVAE Flows uses stochastic
right inverses supported on fibres and permits composition of surjective transformations [39]. Exponential-family
log-partition identities and missing-information decompositions are also standard tools [40, 41]. We use these
identities to obtain finite, checkable tests for a declared optimization representation and the policy class that
consumes it.

3. Materials and Methods

3.1. Physical Decisions, Encoded Policies, and Consumer Contracts

3.1.1. Finite Supports and Declared Semantics

Let X be a nonempty finite set of physical decisions and Z a nonempty finite set of complete encoded
assignments. A deterministic decoder d : Z → X identifies the physical decision implemented by each assignment.
Write Zx = d−1(x) and let D be the linear pushforward operator,

(Dq)x =
∑
z∈Zx

qz. (1)

The physical meaning of d must be specified independently of equality of objective values. Two allocations to
different machines are not automatically the same physical decision merely because their costs coincide.

The physical optimization objective is c : X → R. Its encoded counterpart is c ◦ d. Surjectivity then
preserves physical feasibility and the minimum physical cost. This objective is distinct from the score functions that
parameterize a learned policy. Let µ and ν be strictly positive probability distributions on X and Z, respectively.
Every theorem involving the reference conditional kernel assumes

Dν = µ, Kx(z) = νz/µx (z ∈ Zx). (2)

Zero reference mass is handled by support restriction, not by division by zero. Let X+ = {x : µx > 0} and
Z+ = {z : νz > 0}. When Dν = µ, the restricted decoder maps Z+ onto X+, and the theorem applies there. A
target state with positive physical reference mass but no positive-mass encoding makes preservation impossible.
This restriction concerns the stochastic model: removing a physically feasible zero-reference decision still requires
a separate check of the original deterministic feasible set.

A reference measure is part of the model. Uniformity over encoded assignments is not interchangeable with
uniformity over physical decisions. A certificate must therefore carry X,Z, d, µ, ν in addition to feasibility and
objective information.

Table 2 summarizes the core notation.
Standing assumptions:

(A1) X and Z are nonempty finite supports.
(A2) The reference laws µ and ν are normalized and strictly positive on these supports. References with zeros are

first restricted as described above; all stochastic conclusions then concern X+ and Z+.
(A3) The decoder d is deterministic and Dν = µ. With µ > 0, this forces d to be onto X . If x has positive

physical reference mass but its decoder fibre is empty, every encoded policy assigns decoded probability
zero to x, whereas the physical log-linear policy assigns positive probability at each finite parameter; the
distribution contract therefore fails.

(A4) Repeated feature and residual vectors are allowed; conditional reference weights at identical residual vectors
are summed.

(A5) The parameterization may be nonminimal or non-identifiable. The certificate uses the induced residual spectra.
(A6) The universal characterization uses Rk or a nonempty open subset. Under a linear restriction θ = Bω,

it uses the projected features on an open domain of ω; arbitrary nonlinear parameter manifolds require a
separate analysis.
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Table 2. Core notation. The physical cost and policy score are different objects.

Symbol Meaning Symbol Meaning

X,Z Physical and encoded supports d,D Decoder and linear pushforward
µ, ν Positive reference laws Kx Reference conditional law on fibre x
c Physical operational cost S, T Physical and encoded score features
θ Shared natural parameter τ Relative-entropy coefficient
R, σx Residual feature and its fibre law ψ, g Residual log partition and conditional KL
L Reference conditional lifting operator ρQ Best feasible conditional KL on a policy fibre

3.1.2. The Baseline Gibbs Contract

For inverse temperature β > 0, the intended policy is

pc(x) =
µxe

−βc(x)∑
y µye

−βc(y) . (3)

Equivalently, it uniquely minimizes Epc+ β−1 KL(p∥µ) over the physical simplex. We use the convention
0 log 0 = 0.

Proposition 1 (Reference mass test). Let wz > 0 be arbitrary encoded weights and let qc(z) ∝ wze
−βc(dz). Define

Wx =
∑
z∈Zx

wz . Then Dqc = pc if and only if Wx/µx is constant over X .

Proof. Summing qc on a fibre gives a mass proportional to Wxe
−βc(x). Since every physical mass is positive,

equality of the normalized probabilities is equivalent to equality of all ratios Wx/µx. This argument applies even to
a single fixed finite cost vector.

This proposition is a standard aggregation identity. A normalized conditional kernel Kx gives one exact
correction, wz = µd(z)Kd(z)(z). Choosing a uniform kernel yields inverse-multiplicity weights. Nonuniform
kernels provide equally valid corrections.

Scaling the objective requires a separate check. If an encoded consumer uses c′ = ac + b with a > 0,
preservation of the physical exponential weights requires the inverse-temperature relation β′a = β. A general
monotone transformation retains the minimizers without necessarily retaining the finite-temperature law.

3.1.3. Two Contracts for Parameterized Consumers

Write S : X → Rk and T : Z → Rk for the physical and encoded score features, respectively, and define

pθ(x) = µx exp{θ⊤S(x)−AX(θ)}, (4)

qθ(z) = νz exp{θ⊤T (z)−AZ(θ)}, (5)

Here the A terms denote log partition functions and θ ∈ Rk. The features specify the policy architecture. They
do not replace the physical engineering objective c.

The distribution contract requires Dqθ = pθ at every point of the declared parameter domain. The parameter-
wise joint-KL contract additionally requires

KL(qθ∥ν) = KL(pθ∥µ). (6)

When both contracts hold, the same physical cost and coefficient τ > 0 produce identical objectives at each
parameter. The second contract is deliberately stronger than equality of the optimal physical policy for a particular cost.

For clarity, the objectives compared throughout the learning analysis are

JX(θ) = Epθc+ τ KL(pθ∥µ),
JZ(θ) = Eqθ [c ◦ d] + τ KL(qθ∥ν),

τ > 0.

The coefficient τ is fixed in each comparison. Relative entropy is directed from the policy to its declared
reference: KL(r∥s) =

∑
i ri log(ri/si), with natural logarithms and the convention 0 log(0/si) = 0 for si > 0.

Both references are normalized probability distributions, fixing the normalization convention. For unrestricted
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Gibbs minimization this convention corresponds to inverse temperature β = 1/τ ; a restricted parameterized policy
family need not attain that unrestricted optimum.

3.2. Exact Residual-Spectrum Certificates

3.2.1. A Complete Finite Test for Output Distributions

Define the residual feature

R(z) = T (z)− S(dz), σx =
∑
z∈Zx

Kx(z) δR(z). (7)

The finite probability measure σx is the weighted residual spectrum of fibre x. It aggregates equal residual
vectors, not merely distinct encoded states.

Definition 1 (Meaning of the declared objects). A declared decoder is the fixed map d : Z → X supplied with
the model; its physical interpretation is an input to certification, not a conclusion inferred from equal costs. The
decoder fibre Zx contains every encoded assignment implementing x. In this finite setting, a reference measure
is a normalized baseline probability law, µ on X or ν on Z; these are the corresponding policies at θ = 0. The
residual feature R(z) records the encoded score feature in excess of the decoded physical feature. The weighted
residual-feature spectrum σx is its probability distribution under the conditional reference Kx, with weights summed
whenever residual vectors coincide. A common spectrum is one probability measure σ satisfying σx = σ for every
physical decision. By physical implementation we mean direct evaluation of pθ on X using the declared µ and S,
without auxiliary assignments.

Theorem 1 (Residual-spectrum characterization). Under (A1)–(A6), with d onto the positive physical support, for
the families (4)–(5), the following are equivalent: (i) Dqθ = pθ for all θ in a nonempty open subset of Rk; (ii)
Dqθ = pθ for every θ ∈ Rk; (iii) σx is the same finite measure for every x ∈ X .

Under a linear parameterization θ = Bω, apply the characterization to B⊤S,B⊤T on an open domain of ω.
No ambient-spectrum characterization is asserted for an arbitrary nonlinear parameter manifold.

Proof. Put Hx(θ) =
∫
eθ

⊤r σx(dr). Fibrewise summation in (5) gives

(Dqθ)x =
µxe

θ⊤S(x)Hx(θ)∑
y µye

θ⊤S(y)Hy(θ)
. (8)

All factors are positive. Equality with (4) is therefore equivalent to Hx(θ) = Hy(θ) for every pair of fibres.
If (iii) holds, their transforms agree everywhere, proving (ii), which implies (i). Conversely, suppose (i). For a

pair x, y, combine their distinct residual vectors as r1, . . . , rm and their weight differences as a1, . . . , am. Then∑
j aje

θ⊤rj = 0 on an open set. Choose an interior point θ0 of that open set.
Choose a direction v outside the finite union of hyperplanes v⊤(ri − rj) = 0. The numbers λj = v⊤rj are

distinct. For sufficiently small t, the point θ0 + tv remains in the open set. Differentiating
∑
j aje

θ⊤0 rjetλj = 0

at t = 0 for orders 0, . . . ,m− 1 gives a Vandermonde system with nonzero determinant. Thus every coefficient
aje

θ⊤0 rj vanishes, and therefore every aj = 0. The two finite measures are equal, and the pair was arbitrary.

Remark 1 (Parameter domains). Agreement at finitely many parameters is insufficient for a universal certificate. A
linear restriction may eliminate residual directions; its certificate must therefore use the projected features. Failure
in the larger ambient space does not settle the restricted problem. Agreement along a nonlinear curve likewise need
not imply equality of the ambient spectra.

A bounded parameter region with nonempty interior provides the same certificate because it contains an open
subset. A finite grid or a set confined to a lower-dimensional surface does not supply that implication. For a linear
family θ = Bω, the relevant certificate compares projected residual vectors B⊤R, as stated in the theorem.

For rational weights and features, the theorem gives an exact rational certificate. Construct one dictionary per
fibre, using T (z)− S(dz) as the key and accumulating νz/µx at each key. Dictionary equality is exactly condition
(iii). If the dictionaries differ, the checker returns two physical decisions, a residual vector, and the unequal rational
weights. This witness disproves the universal contract. It need not show a discrepancy at a numerical parameter
selected in advance.
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The certificate requires the full weighted spectrum; low-order moments can agree when those spectra differ.
For instance,

σ0 = 1
2δ−1 +

1
2δ1, σ1 = 1

8δ−2 +
3
4δ0 +

1
8δ2 (9)

agree in mean and variance while their exponential transforms differ. A regression test in the separate archive rejects
this pair, as required.

3.2.2. The Learning Penalty behind a Passing Distribution Certificate

Suppose the conditions of Theorem 1 hold, with common spectrum σ. Define

ψ(θ) = log

∫
eθ

⊤rσ(dr), g(θ) = θ⊤∇ψ(θ)− ψ(θ). (10)

Since σ is a probability measure, ψ(0) = 0.

Theorem 2 (Distribution and joint-KL contracts separate). Under (A1)–(A6) and a passing distribution contract,
for every finite physical cost c,

Eqθ [c ◦ d] + τ KL(qθ∥ν) = Epθc+ τ KL(pθ∥µ) + τg(θ), (11)

∇g(θ) = Covσθ
(R) θ, (12)

where σθ(dr) = eθ
⊤r−ψ(θ)σ(dr). On an open neighborhood of zero, the parameterwise joint-KL contract holds

precisely when σ is a point mass. This condition also gives the contract throughout Rk. Under θ = Bω, use the
common law of B⊤R: the joint-KL contract holds on an open neighborhood of ω = 0 if and only if this projected
law is a point mass. The same condition then gives the identity throughout the linear family.

Equation (11) identifies the objective at each parameter. A nonzero penalty does not imply that every optimal
physical policy changes; see Remark 2 and Theorem 4.

Proof. The conditional encoded law on Zx is

qθ(z | x) = Kx(z) exp{θ⊤R(z)− ψ(θ)}. (13)

Taking relative entropy against Kx gives θ⊤∇ψ − ψ. Because the common spectrum does not depend on
x, neither does this conditional divergence. Apply the finite KL chain rule with Dqθ = pθ to obtain (11). The
derivative of the penalty is ∇g = (∇2ψ)θ. For the finite exponential sum defining ψ, the Hessian ∇2ψ is the
covariance matrix in (12).

A spectrum σ = δr0 gives the linear log partition function ψ(θ) = θ⊤r0, hence g = 0. For the reverse implication,
assume g = 0 near the origin and expand along an arbitrary direction v: g(tv) = 1

2t
2Varσ(v

⊤R) + O(t3). The
quadratic coefficient is therefore zero in every direction. Choosing the coordinate directions shows that each coordinate
of the residual is constant on the positive-weight support. Thus the spectrum has only one atom.

A nonzero residual contributes only a common score shift if it is the same vector on every encoded assignment.
Such a residual is harmless. When the common spectrum has several atoms, cancellation of a common partition
factor still preserves the output law, but a parameter-dependent conditional KL term remains.

Under a passing distribution certificate, the nonnegative term has an explicit conditional-divergence interpretation:

g(θ) =
∑
x

pθ(x)KL
(
qθ( · | x)∥Kx

)
= KL(σθ∥σ) ≥ 0.

The common-spectrum assumption makes the conditional divergence identical across fibres. Normalization
of the common spectrum gives g(0) = 0 at the reference parameter. A point-mass common spectrum need not be
located at the zero residual vector: any single common residual produces only a common score shift. With several
atoms, the penalty may still vanish at parameters for which θ⊤R is constant on the spectrum. Thus failure of the
universal joint-KL certificate does not imply a strictly positive penalty at every parameter.

Example 1 (Exact temperature inflation). Take X = {0, 1} and Z = {0, 1}k+1, with the first bit as the decoded
decision. Use uniform references on both supports and features S(x) = x and T (z) =

∑k
j=0 zj . The encoded law
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then factors into k + 1 Bernoulli distributions, each with success probability p = sigmoid(θ). Decoding recovers
the original Bernoulli policy at every θ.

For physical cost c(x) = ax, minimizing the physical regularized objective gives p∗ = sigmoid(−a/τ).
Minimizing the complete-policy objective gives

p̃∗ = sigmoid

(
− a

(k + 1)τ

)
. (14)

The physical feasible set and cost are unchanged; the extra regularizer alone moves the optimum.

Figure 1 evaluates the two global optima in Example 1 over physical cost coefficient a and regularization
temperature τ . The surfaces show probabilities indexed by those parameters. They separate the optima of the
physical and complete-policy objectives, with inference agreeing at each natural parameter.
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Figure 1. Closed-form policy surfaces from (14) for k = 3 tied auxiliary bits. (a) The physical optimum
p∗ = 1/(1 + exp(a/τ)) and decoded complete-policy optimum p̃∗ = 1/(1 + exp(a/(4τ))). (b) Their signed
difference ∆ = p̃∗ − p∗. The domain is a ∈ [−4, 4], τ ∈ [0.35, 3]; τ is a regularization coefficient in the same units
as a, not a physical temperature measurement. Both probabilities equal 1/2 at a = 0. The plotted coordinates are
evaluated from the formulas; rendering code and coordinates are retained in the separate archive. This is an analytic
architectural example, not field evidence.

Proposition 2 (Constrained replicas have an analytic global optimum). Let X be any nonempty finite constrained
decision set and µ > 0. On Z = Xk+1, decode the first component, take ν = µ⊗(k+1), and define qθ = p

⊗(k+1)
θ .

Physical inference is preserved for every θ. If the feature family represents the Gibbs policies for the cost c, the
global optimum of the joint-regularized objective has physical law

p̃∗k(x) =
µx exp{−c(x)/[(k + 1)τ ]}∑
y µy exp{−c(y)/[(k + 1)τ ]}

. (15)

This statement also holds when optimization is over the entire physical simplex before applying the product lift.

Proof. Product additivity gives KL(qθ∥ν) = (k+1)KL(pθ∥µ), whereas the expected physical cost is Epθc. For arbitrary
p, subtracting the objective at (15) leaves (k+1)τ KL(p∥p̃∗k) ≥ 0. Equality holds only at the stated law. Representability
transfers this global minimizer to the parameterized family. No unconstrained factorization ofX is assumed.

This construction supplies an exactly solvable multivariate control with nonuniform physical references and
scheduling constraints. The standard Gibbs calculation gives an exact multivariate optimum, allowing the learning
distortion in Section 4 to be checked independently of optimizer convergence.

Remark 2 (What a failed learning certificate does not imply). Failure of (6) does not mean every physical optimum
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changes. Let S(x) = (x, 0) and R(u) = (0, u) with independent uniform bits. Parameters (a, b) govern the
physical and auxiliary bits separately. The additional penalty depends only on b and can be minimized at b = 0

without changing the physical policy. Theorem 2 certifies a parameterwise identity, not an if-and-only-if statement
about all optimal physical policies of arbitrary nonconvex parameterized classes.

3.2.3. Compositions and the Impossibility of Penalty Cancellation

Consider finite supports X0, . . . , XL, decoders di : Xi → Xi−1, and positive references satisfying Diµi =

µi−1. All levels use the same natural parameter θ and feature maps Si. Suppose each stage passes the distribution
contract, with a common stage spectrum σi for Si(z)− Si−1(diz).

Theorem 3 (Compositional spectrum and no cancellation). Assume (A1)–(A6) at every stage. At each intermediate
interface, the support, reference µi and feature map Si coincide with those used by the next stage; every decoder
is deterministic and every stage identity is exact. If parameters are tied through one linear map, apply that
map to all feature declarations before checking the stages. In the resulting common effective parameter space,
suppose every stage passes its distribution contract. Define the conditional reference kernel by Ki(xi | xi−1) =

1{di(xi)=xi−1}µi(xi)/µi−1(xi−1) and the final reference law on XL by νL = µ0K1 · · ·KL = µL. Then the
composite decoder passes the distribution contract with respect to µ0 and νL. Its residual spectrum is the
convolution σ1 ∗ · · · ∗ σL. Writing ψi and gi as in (10),

ψ1:L =
∑
i

ψi, g1:L =
∑
i

gi. (16)

The composite parameterwise joint-KL contract holds on an open neighborhood of zero if and only if every
stage spectrum is a point mass.

Proof. Generate the reference chain from X0 ∼ µ0 using the kernels Ki; the terminal law is νL. At stage
i, conditioning on the preceding history fixes Xi−1. The stage certificate then assigns the residual the law σi,
regardless of that history. Successive conditioning factors the exponential transform into

∏
i expψi. Meanwhile,

the sum of the stage residuals telescopes to SL(XL)− S0(X0). Its law is therefore the stated convolution, which
satisfies the distribution criterion in Theorem 1. Taking logarithms and differentiating gives (16).

No stage can offset another’s penalty: gi is a nonnegative KL divergence. A zero total throughout a neighbor-
hood forces every gi to be zero there. Theorem 2 then requires a point mass at each stage. The reverse implication
follows by applying the same theorem to those point masses. In covariance terms, the matrices at zero sum to zero
only when each is zero, since every summand is positive semidefinite.

Parameter sharing is included in the theorem when the effective features agree at each interface. Restricting
a valid identity to a nonlinear parameter map preserves it on that image, but completeness for a new nonlinear
family requires a separate argument. Global normalization is absorbed by the partition functions; state-dependent
reweighting changes the declared reference or features. Approximate equalities, stochastic decoders and encoded
restrictions require additional checks, with the last case treated in Section 3.4.1.

Corollary 1 (Certified objective correction). Consider the compatible passing layers in Theorem 3, and write JZ
for physical expected cost plus final joint KL. Then

Jcorr(θ) = JZ(θ)− τ

L∑
i=1

gi(θ) = JX(θ), ∇Jcorr = ∇JZ − τ
∑
i

Covσi,θ
(Ri)θ. (17)

Exact deterministic optimization therefore follows the physical objective’s trajectory when parameters, initial-
ization, and update rule are identical.

Proof. Insert the additive penalty from (16) into (11) and remove its contribution to the objective. Differentiating
the resulting identity is valid because the sums are finite. Starting at the same parameter, a deterministic update
receives the same objective information in both implementations and therefore produces the same next parameter.
Induction gives equality at every iteration.

Numerical evaluation should follow algebraic simplification of this identity, avoiding subtraction of large, nearly
equal floating-point values. Equality of the mathematical gradients alone does not guarantee agreement between
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independent stochastic gradient samples, differently preconditioned updates, or calls to an opaque optimizer. The
reference consumer implements the reduced physical objective and separately reports the encoded objective and penalty.

The correction requires the declared physical decoder, target reference and physical score features as well as
the encoded model. Once a spectrum’s M distinct atoms are stored, log-sum-exp and tilted moments give ψ, g
and its gradient using O(Mk) scalar arithmetic, M exponentials and one logarithm if the reference normalizer is
cached (two otherwise). Layer costs add. The covariance-vector product is E[R(R⊤θ)]−E[R](E[R]⊤θ), so a dense
covariance matrix is unnecessary. Building a spectrum from an implicit formulation can dominate these evaluation
costs. Since Jcorr = JX identically, their Hessians agree in the same parameterization: the corrected problem has
the physical problem’s conditioning. Evaluating the difference JZ − τ

∑
i gi separately can introduce cancellation;

algebraic reduction to JX avoids that subtraction. Independent stochastic gradient samples and different update
rules remain separate numerical considerations.

3.2.4. A Parameter-Bounded Learning Budget

The additive penalty can be bounded without solving the encoded learning problem. Let Bi be the Euclidean
diameter of suppσi.

Proposition 3 (Penalty and physical-policy bounds). For a certified chain,

0 ≤ g1:L(θ) ≤
∥θ∥2

8

∑
i

B2
i , ∥∇g1:L(θ)∥ ≤ ∥θ∥

4

∑
i

B2
i . (18)

Suppose the unconstrained physical Gibbs optimum for c and τ is attainable as pθ∗ . If θ̃ has encoded objective
at most ϵ above the global infimum, then

KL(pθ̃∥pθ∗) ≤ g1:L(θ
∗) + ϵ/τ. (19)

Proof. Every scalar projection of a random vector supported on a set of diameter Bi has range at most Bi in a unit
direction. For a scalar Y ∈ [a, b], the inequality E[(Y − a)(b− Y )] ≥ 0 gives Var(Y ) ≤ (EY − a)(b− EY ) ≤
(b − a)2/4. Consequently ∥∇2ψi∥op ≤ B2

i /4. Differentiating gi(tθ) and integrating from zero to one gives
gi(θ) =

∫ 1

0
t θ⊤∇2ψi(tθ)θ dt. This proves both bounds after summing over stages.

Let JX(θ) = Epθc+ τ KL(pθ∥µ). Approximate global optimality and Theorem 3 imply JX(θ̃) + τg(θ̃) ≤
JX(θ∗) + τg(θ∗) + ϵ. Discard the nonnegative left-hand penalty. The Gibbs identity JX(θ̃) − JX(θ∗) =

τ KL(pθ̃∥pθ∗) then yields (19).

A numerical optimizer terminating is not evidence that its global gap is ϵ. The bound is conditional on
that assumption. The scalar and constrained-replica constructions have analytic global optima; the separate
multidimensional tied-bit study reports numerical solutions without claiming global certification.

3.3. Policy-Class Compatibility beyond a Fixed Parameterization

3.3.1. The Induced Regularizer

The preceding section concerns a specified log-linear parameterization. We now consider optimization directly
over a compact convex encoded class Q ⊆ ∆(Z), with nonempty compact convex image P = DQ. Define the
reference lift Lp by (Lp)z = pd(z)Kd(z)(z). For p ∈ P , define

ρQ(p) = min
q∈Q:Dq=p

∑
x

pxKL(q(· | x)∥Kx). (20)

Conditionals on a zero-probability fibre are arbitrary, with zero contribution. Since the conditional term equals
the difference of two continuous finite KL expressions, the minimum is attained on the compact fibre.

Proposition 4 (Induced objective). Optimizing the complete-policy objective over Q is equivalent to

min
p∈P

{⟨c, p⟩+ τ KL(p∥µ) + τρQ(p)}. (21)

Moreover, ρQ(p) = 0 if and only if Lp ∈ Q.
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Proof. Disintegrating qz = pxq(z | x) gives

KL(q∥ν) = KL(p∥µ) +
∑
x

pxKL(q(· | x)∥Kx). (22)

Minimize first over the feasible fibre, then over p. The conditional divergence is zero exactly when q(z | x) =
Kx(z) on positive-p fibres. That fixes q = Lp, proving the second statement by attainment.

3.3.2. Preserving Values Is Stronger than Preserving Policies

Let VX(c) minimize ⟨c, p⟩+ τ KL(p∥µ) on P , and let VZ(c) minimize the complete-policy objective on Q.

Theorem 4 (Universal value and policy compatibility). Let X,Z, d, µ, ν satisfy the finite-support and positive-
reference conditions in (2), let τ > 0, let Q ⊆ ∆(Z) be nonempty, compact and convex, and set P = DQ. Both
value functions compare on the same physical class P = DQ. If DQ ̸= ∆(X), they refer to this narrowed class;
comparison with optimization over the full physical simplex additionally requires DQ = ∆(X) (Corollary 2
provides a vertex test). With the two value functions defined above:

(1) VZ(c) = VX(c) for every c ∈ R|X| if and only if ρQ ≡ 0, equivalently L(P) ⊆ Q.
(2) The optimal physical policy is the same in the two problems for every c if and only if ρQ is constant on P . If

that constant is a, then VZ(c) = VX(c) + τa for every c.

Proof. Extend F (p) = KL(p∥µ) by +∞ outside P , and put G(p) = minq∈Q:Dq=pKL(q∥ν) with the same
convention. Both are proper closed convex functions. Closedness of G follows from compactness of Q and
continuity of KL with positive ν. For different feasible p1, p2, their unique minimizing lifts differ. Strict convexity
of KL and feasibility of their mixture show that G is strictly convex on its domain; F is also strictly convex.
Equation (22) gives G = F + ρQ on P .

The value functions are −τF ∗(−c/τ) and −τG∗(−c/τ). Equality for every c implies equality of the
conjugates and, by biconjugation of closed convex functions, G = F . The converse and the equivalence to the lift
condition follow from the preceding proposition.

For the second claim, uniqueness of the physical minimizer and compactness allow the finite-dimensional
envelope theorem to be applied to each problem. Differentiation with respect to c returns that problem’s optimal
physical policy. Agreement of the policies for every c thus makes the gradient of VZ − VX zero everywhere. Since
R|X| is connected, this value difference is a constant, written τa. The conjugate representations above then imply
G = F + a, or ρQ = a. Conversely, a constant penalty in (21) shifts the objective by the same amount at every
feasible policy and leaves its minimizer unchanged.

Remark 3 (Ties and fixed-cost equality). The comparison is on P = DQ. Under the standing assumptions,
τ > 0 and positive references make the physical and induced encoded objectives strictly convex on their common
physical domain, so each has a unique optimal physical policy even when the operational cost c has ties. Moreover,
VZ(c) = VX(c) for a single fixed cost already implies equality of these physical optimizers: if q∗ is encoded-optimal
and p∗ = Dq∗, then

VX(c) ≤ ⟨c, p∗⟩+ τ KL(p∗∥µ) ≤ VZ(c) = VX(c).

Thus both inequalities are equalities and uniqueness identifies p∗. Equal optimal values with different decoded
optimum sets cannot occur under this theorem’s assumptions. Such examples require changing the feasible physical
class, dropping strict regularization, or otherwise leaving the stated comparison. The converse fails: a constant
positive conditional penalty preserves every optimal physical policy while shifting all optimal values, as the
harmless-penalty example below shows.

At τ = 0, the regularizer vanishes and the theorem’s strict-convexity argument no longer applies. With
c(0) = c(1) = 0, every policy in ∆({0, 1}) has value zero. Narrowing the decoded class to {δ0} retains that value
but leaves only δ0 optimal. This example changes the feasible physical class and illustrates the need to specify the
comparison domain.

Example 2 (A harmless nonzero penalty). Let each fibre contain two states with uniform Kx, and restrict Q
to policies supported on one fixed representative per fibre. Every distribution in the physical simplex remains
attainable, although ρQ(p) = log 2 for each p. The resulting value shift is τ log 2; the optimal physical policies are
unchanged. A positive conditional penalty consequently does not, by itself, certify a change of optimum.
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Corollary 2 (A finite vertex test). Let Q = {q ∈ ∆(Z) : Aq ≤ b, Bq = e}. The lift of every physical distribution
belongs to Q if and only if Lδx satisfies those constraints for every x ∈ X .

Proof. Necessity follows by choosing a simplex vertex. Sufficiency follows because Lp =
∑
x pxLδx, and Q is

convex. In particular the condition also gives DQ = ∆(X), since DL is the identity.

For a proper polytope P , the same argument uses its vertices. For a nonconvex neural policy class, vertex
feasibility alone is not sufficient. The tied-parameter example is not a convex class of joint distributions, so it is not
being passed through this corollary.

Example 3 (Unequal fibres change the optimal policy). Let X = {1, 2}, µ = (1/2, 1/2), and let the decoder fibres
have sizes m = (1, 2), with uniform conditional references in each fibre. Thus Z = {z11, z21, z22}, d(zij) = i,
and ν = (1/2, 1/4, 1/4) satisfies Dν = µ. Restrict Q to policies supported on the fixed representatives z11, z21,
retaining this original reference rather than conditioning it on the restriction. Every physical policy remains
attainable, so DQ = ∆(X), but

ρQ(p) = p2 log 2.

With c = 0 and τ = 1, the physical objective KL(p∥µ) is minimized at p∗X = (1/2, 1/2). The encoded objective
induces KL(p∥µ) + p2 log 2, whose minimizer is

p∗Z =
µ/m∑
i µi/mi

= (2/3, 1/3), TV(p∗Z , p
∗
X) = 1

2

(
|2/3− 1/2|+ |1/3− 1/2|

)
= 1/6.

The optimal values are VX(0) = 0 and VZ(0) = log(4/3). The reference lift Lδ2 splits its mass between z21
and z22, so it is excluded from Q. This is a failure of Corollary 2’s lift condition, with a nonconstant penalty and
different optimal values; it is not an equal-value counterexample to Theorem 4.

If a fixed alternative conditional Hx is enforced, then ρ(p) =
∑
x pxKL(Hx∥Kx). This is an explicit physical

cost shift. A canonical representative in a fibre with m(x) uniform alternatives has penalty logm(x), which is
constant only when the relevant multiplicities are equal.

3.4. Certificate Maintenance and Implementation

3.4.1. Later Constraints Require a New Check

Let A ⊆ Z be an encoded restriction and sx =
∑
z∈Zx∩AKx(z) > 0. Global conditioning of the reference

gives physical marginal proportional to µxsx. It preserves the reference physical law if and only if sx is constant.
Feasibility can therefore remain unchanged while probabilities change.

A fibrewise reference refresh is

ν′z = µd(z)
Kd(z)(z)1A(z)

sd(z)
. (23)

It restores Dν′ = µ on the retained support. It does not automatically restore the residual-spectrum contract
for a nontrivial T − S ◦ d. Those spectra must be checked again, as must policy-class compatibility. If sx = 0 for
any physical decision, the physical support has changed. The previous certificate then no longer applies.

3.4.2. Exact Finite Checking

The checker performs exact rational arithmetic in Python. Input validation excludes floating-point certificate
data, reference weights that are unnormalized or nonpositive, out-of-range decoder values, and incompatible feature
dimensions. The checker then verifies reference transport, compares residual spectra, and tests whether the common
spectrum is a point mass. For a linear policy class, each reference lift is tested against the given rational constraints.
Composition is rejected when intermediate references or score features do not match.

For N = |Z| explicit assignments and feature dimension k, residual-key construction uses O(Nk) rational
arithmetic operations. The Python reference validation checks reference transport by scanning the assignments
for each physical state, adding O(N |X|) work; the full current implementation therefore uses O(N |X| + Nk)

rational arithmetic operations, with expected linear dictionary access under ordinary hashing. Sorting an output
spectrum or failure witness needs at most O(N logN) lexicographic key comparisons, each examining up to k
rational components. Rational bit lengths affect all these costs.
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Proposition 5 (Correctness of the explicit checker and product verifier). For exact rational input satisfying (A1)–
(A6), the explicit checker’s distribution flag is true if and only if the spectra in Theorem 1 agree. When they agree,
its joint-KL flag is true if and only if the common spectrum is a point mass. If spectra differ, the returned physical
pair, residual and unequal conditional weights witness failure of the universal distribution contract. If the common
spectrum has several atoms, the returned spectrum itself witnesses failure of the universal joint-KL contract; two
distinct positive-weight atoms suffice.

For the bounded source-bound product verifier, valid structure and passing local spectra imply the global
distribution contract under the decoded-only feasibility hypotheses of Theorem 5, with nonemptiness established
separately. Its joint-KL pass additionally requires each common local spectrum to be a point mass. A local-spectrum
mismatch is inconclusive for arbitrary globally restricted supports. Invalid structure or incompatible declarations
reject the certificate and make no assertion about an unspecified consumer’s behaviour.

Proof. The explicit algorithm visits each declared assignment and accumulates νz/µd(z) under the exact key
T (z)− S(d(z)). Positive weights prevent cancellation of atoms. Its dictionary is therefore exactly σx; dictionary
equality is condition (iii) of Theorem 1. A differing entry proves the returned mismatch. Equal dictionaries with
one key give a point mass. If two keys r ̸= s occur with positive mass, the projection in direction v = r − s has
positive variance; Theorem 2 then rules out the universal joint-KL identity, including its Taylor criterion at zero.
Projected features give the same argument for a declared linear restriction.

The product verifier reconstructs the permitted local supports and checks their rational weights, residuals and
source-derived linear declarations. Under decoded-only feasibility, its passing tables satisfy Theorem 5, which
proves soundness. An offending local coordinate value can be excluded by global physical constraints, so a failed
sufficient local test is not a necessary global failure. Structural rejection certifies only that the supplied object has
failed verification. These are algorithmic correctness arguments; they do not assert proof-assistant verification of the
Python implementation.

Support completeness is an input to the explicit checker. A separately written enumerator checks this interface
on small cases. The decoder-substitution routine is shared by compiler and verifier and remains within the trusted
software boundary. Companion Table 2 identifies the validation groups.

3.4.3. A Bounded-Integer Compiler with Product Certificates

The supported source comprises a bounded integer vector x ∈
∏n
i=1{0, . . . , Ui}, rational linear constraints,

and a rational linear physical objective. A coordinate may be represented natively, as a split sum, by standard binary
bits, by a unary bit vector, or by a slack pair. Optional auxiliary bits contribute to the encoded policy score while
leaving the physical objective unchanged. The precise local rules appear in Table 3, exposing both the optimization
rewrite and the policy architecture to inspection.

Table 3. Implemented coordinate rules before optional auxiliary bits. Every encoding has the stated bounds.

Rule Local Encoded Variables Decoder and Local Guard Fibre Size

Native z ∈ {0, . . . , U} x = z 1

Split y, z ∈ {0, . . . , U} x = y + z ≤ U x+ 1

Binary bj ∈ {0, 1} x =
∑w−1
j=0 2jbj ≤ U 1

Unary b1, . . . , bU ∈ {0, 1} x =
∑
j bj

(
U
x

)
Slack z, s ∈ {0, . . . , U} x = z, z + s = U 1

Binary width is w = max(1, ⌈log2(U + 1)⌉). At U = 0, the unary representation has one empty encoding. All original linear
constraints and costs are pulled back through the emitted decoder matrix.

Compiler output includes bounded integer variables, decoder and score matrices, transformed linear constraints,
the pulled-back objective, and rational local conditional tables. With ki optional bits, the default table gives each
local representation mass 1/[mi(xi)2

ki ]. The score declarations are Ti = xi +
∑
j uij and Si = xi. The physical

reference µ can be any positive law on the constrained support; coordinatewise factorization is not required.

Theorem 5 (Product-certificate soundness). Let X be a nonempty finite subset of the physical Cartesian bounds.
Assume decoded-only feasibility: for each x ∈ X , the encoded support contains the complete Cartesian product
of its declared local representations, with no additional encoded-only restrictions. Nonemptiness of X must be
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established separately. The following local test is sufficient, not a complete test for arbitrary global encodings. Let

ν(z) = µ(dz)
∏
i

Ki,xi(zi), T (z)− S(dz) =
∑
i

Ri(zi), (24)

where each Ki,xi
is normalized. If the law of Ri under Ki,xi

is a common finite measure σi independent of xi, then
the global residual spectrum is σ1 ∗ · · · ∗ σn on every physical fibre. The global distribution contract holds, and the
parameterwise joint-KL contract holds if and only if all σi are point masses.

Proof. Fix a feasible physical vector x. By decoded-only feasibility, its complete representations range over the
declared Cartesian product. The normalized conditional factors in (24) sum to one, so their total reference mass is
precisely µ(x). Under this conditional product, the residual components are independent and have the fixed laws
σi. Their sum consequently has the same convolution law on every physical fibre. Apply Theorems 1 and 2 to
obtain the two contract tests. For independent finite vectors, covariance matrices add; their positive semidefiniteness
means the sum is zero exactly when each component has zero covariance. This proves the point-mass equivalence.
Constraints coupling the physical coordinates select feasible values of x but do not change the conditional product
for a fixed feasible value.

Without scored auxiliaries, all five default rules have local spectrum δ0. Adding ki scored bits gives a binomial
distribution on residual coordinate i. Consequently, encodings of the same source can pass both distribution and KL
checks or pass the distribution check alone. The verifier records which contract passes.

The source-bound verifier checks the certificate against an expected source specification. It reconstructs every
permitted local encoding set, verifies weights and residuals exactly, and derives the emitted linear model again. Structural
equality includes type equality: numerical equality in Python does not permit a Boolean or floating-point value to replace
an integer model field. Changes to an objective or matrix, an omitted encoding, or a stale source hash invalidate the
certificate. A varying local spectrum instead produces an inconclusive result. Global coupling may exclude the offending
coordinate value, so failure of this sufficient local test is not necessarily a universal counterexample. Nonemptiness of
the physical support requires separate verification. The checker explicitly reports that global feasibility has not been
solved; for the benchmark instances, a constant feasible schedule can be checked directly.

The implementation imposes explicit bounds on the source fragment: 0 ≤ Ui ≤ 16 and 0 ≤ ki ≤ 4. The table
size before auxiliary bits is Ui + 1 for native, binary, and slack rules, (Ui + 1)(Ui + 2)/2 for split, and 2Ui for
unary. It is multiplied by 2ki afterwards. Verification does not enumerate the Cartesian product over coordinates.
Nevertheless, unary tables grow exponentially with local capacity, and dense emitted matrices may require quadratic
storage in the number of coordinates and constraints. These bounds do not imply polynomial complexity in the size
of an unrestricted binary-encoded input.

The reference runtime enumerates physical decisions only. It evaluates the physical log-linear law, computes
the certified auxiliary penalty and gradient, and samples local encoded conditionals. Scheduling instances also
have a separate dynamic-programming backend. The emitted linear constraints do not compel a solver to sample
with certified weights; a stochastic consumer must use the reference tables explicitly. Integration with CVXPY,
MathOptInterface, a commercial solver, or a general-purpose LLM frontend is not claimed.

3.4.4. Approximate Physical-Law Errors

For an approximate normalization with log distortion hx, the decoded law has the form qx ∝ pxe
hx . The

following bound isolates this representation error from optimizer or sampler error.

Proposition 6 (Sharp oscillation bound). If p has positive finite support and qx ∝ pxe
hx , then

TV(p, q) ≤ tanh

(
osch

4

)
. (25)

The bound is attained by suitable two-point distributions. If an implemented sampler differs by at most η in TV
from its intended encoded law, add η to the bound, capped at one.

Proof. Let Lx = qx/px, a = minx Lx, and b = maxx Lx. Then EpL = 1 and b/a ≤ r = eosch. For a < 1 < b,
convexity of (L − 1)+ and the chord between a and b give TV(p, q) = Ep(L − 1)+ ≤ (1 − a)(b − 1)/(b − a).
Maximizing this expression under b/a ≤ r gives b = ra and a = r−1/2, with value (

√
r − 1)/(

√
r + 1). At a

degenerate endpoint the likelihood ratio is constant and the TV is zero. To attain the nondegenerate bound, put the
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likelihood ratios r−1/2, r1/2 on two points and choose their probabilities to make the mean ratio one. Finally, decoding
cannot increase TV. The triangle inequality therefore combines the representation bound with the sampler error.

This supporting change-of-measure calculation requires a uniform guarantee. A log-normalizer error bounded
everywhere by ε gives osch ≤ 2ε; an average error bound is insufficient. Similarly, a uniform oscillation bound
osc ρ ≤ ε in the full-simplex class setting gives KL(pQ∥p∗) ≤ ε by comparing the induced objective at pQ and
p∗. Measured runtime and justified global optimization gaps remain separate requirements; these bounds cannot
substitute for either.

3.5. Independent Finite-Support Comparison of Certificates and Direct Checks

A separately written JavaScript reference implementation compares exact residual-spectrum checking with
direct numerical evaluation of the physical and encoded distributions. It does not import or time the project’s Python
rational checker. In twelve passing instances, n = |X| ∈ {16, 64, 256, 1024} and each fibre has M ∈ {2, 8, 32}
distinct residuals, giving |Z| = nM . For x = 0, . . . , n− 1, the physical reference weights are bx = 1 + (x mod 7)

and S(x) = (x mod 17)−8. Residual rj = j−⌊M/2⌋ has positive weightwj = 1+(j mod 5), j = 0, . . . ,M−1,
independently of the fibre. The encoded reference weights are bxwj and T (x, j) = S(x) + rj . Both references
are normalized. The exact path uses integer-key dictionaries, BigInt weight accumulation and cross-products
to check reference transport and equality of conditional residual masses. It rejects empty supports, nonpositive
weights, missing fibres, and unsafe integer features or computed residuals. The generator additionally rejects unsafe
encoded-feature sums and numeric weight products; sixteen named rejection regressions check these boundaries. It
scans every fibre without early rejection. The numerical path separately normalizes the two exponential families
and aggregates the encoded law through the decoder.

The direct checks use either θ = 0 alone or G ∈ {9, 33} equally spaced parameters in [−0.5, 0.5]. A grid passes
numerically when its maximum TV is at most 10−10. The revised timings were measured on 8 October 2026 in Node.js
24.16.0 (V8 13.6.233.17-node.49), Windows x64 build 10.0.26200, on an Intel Xeon Gold 6430 host reporting 64 logical
processors. The monotonic performance.now() clock records milliseconds at sub-millisecond resolution. Three
warm-up calls precede doubling of batch repetitions until a batch reaches 25 ms or 65,536 repetitions, followed by seven
measured batches. The reported value is median batch duration divided by repetitions, rounded to two significant figures.
Input generation and row projection are excluded; per-call dictionaries, typed arrays, result objects and arithmetic are
included. Objective timing consumes both value and gradient. Execution order is fixed. The separate archive retains the
unchanged check algorithms, timer adaptation, runtime record and all raw batches; S1 describes their use. The earlier
millisecond-clock measurements remain archived.

Five additional controls examine detectability: a common point mass at residual 3; a common five-atom
spectrum; and three unequal pairs of positive rational spectra. Two unequal pairs agree in raw moments through
degree 3 and 7, respectively. The third agrees through degree 3 and is constructed to evade the selected grid
{0, log 2, log 3}. All controls have compatible references and integer features. Separately, nine of the passing
models, with n ∈ {16, 64, 256} and M ∈ {2, 8, 32}, evaluate corrected objective values and scalar gradients at five
parameters {−0.3,−0.1, 0, 0.1, 0.3}, using τ = 1.7 and c(x) = 0.15S(x)2 + 0.3S(x). These 45 evaluations test
the correction identity without running an optimizer.

3.6. Independent Optimizer and Initialization Checks

A separate JavaScript reference implementation evaluates the tied-bit scheduling objective using explicit
physical-support sums and an analytic covariance gradient. It neither imports the Python implementation nor
reproduces its random-number stream. The principal design fixes T = 6, U = 4, D = 12, R = 2, x0 = 2

and compares full-memory BFGS with Polak–Ribière+ nonlinear conjugate gradient. Five seeded cost vectors,
five coefficients τ ∈ {0.25, 0.5, 1, 2, 4}, three auxiliary counts k ∈ {0, 1, 4}, and three starts give 450 optimizer
executions. The starts are zero and two seeded Gaussian parameter vectors with standard deviation 0.35. Both
algorithms use the same analytic gradient and an Armijo line search, with initial step one, sufficient-decrease
coefficient 10−4, and at most 45 step halvings. Conjugate gradient restarts its direction every T iterations. The
target gradient infinity norm is 10−7; the initial budget is 1200 iterations. Every primary run missing that target
receives a recorded restart from its endpoint with a further budget of 10,000 iterations, resetting the optimizer’s
internal state. No initial miss or final endpoint is discarded.

Costs use Mulberry32 pseudorandom uniforms and a Box–Muller transform, followed by centering of
Gaussian coefficients with standard deviation 0.65. The cost seed is 272900 + 100T + s; the nonzero-start seed is
273100 + 1000T + 100s+ i, where s is the cost index and i = 1, 2 is the start index. A further cross-scale check
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uses T = 4, 6, 8, three cost vectors per horizon, τ = 1, k = 0, 1, 2, 4, 8, zero starts, and BFGS with the original
1,200-iteration budget. Nine of its 45 cells reuse primary endpoints; the other 36 require new executions. Costs
change with the horizon. The archived optimizer outputs use IEEE-754 double precision and were generated on
8 October 2026 by standalone JavaScript execution whose engine build and processor were not recorded. The
source, parameter vectors, statuses and outputs are retained. Subsequent endpoint audits in the documented Node
environment above validate stored calculations but do not identify the original execution environment.

4. Results

4.1. Protocol and Independence of Checks

The evaluation uses constructed integer production schedules, with every row traceable to the specified finite
design. No observations are missing. There is no multiple null-hypothesis-testing procedure. Exact certificate
checks use Python integer and rational arithmetic. Numerical error maxima are rounded upward to the displayed
precision and are therefore upper bounds. Over a horizon of T periods, the physical decisions satisfy

xt ∈ {0, . . . , U},
T∑
t=1

xt = D, |xt − xt−1| ≤ R, (26)

where x0 is fixed. The cost is c(x) =
∑
t atxt +0.08x2t . All quantities use dimensionless design units and have not

been calibrated to factory costs.
For the bookkeeping rewrite xt = yt + zt, the components are nonnegative integers and the multiplicity is

m(x) =
∏
t(xt + 1). Decoding preserves both (26) and c(x). The comparison uses the following three consumers:

p(x) ∝ e−βc(x), (27)

q+(x) ∝ m(x)e−βc(x), (28)

q−(x) ∝ m(x)−1e−βc(x). (29)

The normalized lift implements the first law, and uniform weighting of encoded assignments gives the second.
For the third, the learner is confined to a canonical representative while the original inverse-multiplicity reference is
retained. Rebasing that reference correctly would recover p in a unique-representation implementation. This case
supplies an analytic negative control; we do not treat it as an inferior competitor.

For small instances, we enumerate physical schedules to check the results. Independently implemented
forward–backward dynamic programming supplies partitions and one-period marginals. For two still smaller
support designs, complete (y, z) assignments are also enumerated independently; this checks the multiplicity
aggregation rather than only comparing two uses of the same formula. Complete joint TV is reported only where
the physical joint is enumerated. Large-horizon KL and expected costs are computed from exact factor identities
and dynamic-programming marginals.

The archived Python calculations use Python 3.13.5, NumPy 2.3.5, SciPy 1.17.0, PyTorch 2.10.0+cpu and
Matplotlib 3.10.8 on Linux x86 64. The shared host reported an AMD EPYC 9V74 processor; float64 and one
PyTorch thread were used. The separate archive retains seeds and raw rows. The median-interval calculation added
during revision uses the archived CSV with NumPy 2.4.0; its resampling method and seed are specified below.

4.2. Representation-Induced Physical-Policy Distortion

The small study uses T ∈ {4, 6, 8}, U = 4, D = 2T , R = 2, and x0 = 2. Five price vectors per horizon are gen-
erated uniformly on [0.3, 2.0]T with specified seeds. Each is evaluated at five inverse temperatures 0.25, 0.5, 1, 2, 4.
Thus there are 15 underlying scheduling/cost instances and 75 instance–temperature cases, with 225 method
evaluations. The cases are matched; they are not 225 independent experiments.

Table 4 and Figure 2 show errors caused by representation alone. The representation-distortion TV in Table 4
is not interchangeable with the learning-distortion TV in Section 4.6: the former compares weighting conventions at
fixed costs, whereas the latter compares policies after optimizing different regularized objectives. The normalized
formula has zero discrepancy by algebraic identity. Independent enumeration of complete assignments gives a
maximum probability discrepancy of 5.00× 10−16 across 18 checks. The independently implemented dynamic
program differs from joint enumeration by at most 1.42× 10−14 in partitions or marginals.
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Table 4. Joint physical-distribution discrepancy in 75 matched instance–temperature cases. KL is KL(q∥p); TV is
dimensionless.

Consumer Median TV Maximum TV Maximum KL

Uniform encoded weighting 0.10848 0.13059 0.05280
Normalized lift 0 0 0

Canonical, reference not rebased 0.11193 0.13710 0.06169

Naive split Normalized lift Canonical,
unrebased

75 matched instance–temperature cases per method
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Figure 2. Physical-policy TV for the three consumers. Each box displays the median and interquartile range.
Whiskers reach the most extreme observation within 1.5 interquartile ranges; observations beyond them are shown
individually. The 75 observations are matched designed cases rather than a field sample.

4.3. Structured Scaling without Enumerating All Schedules

For T ∈ {8, 16, 32, 64}, set U = 8, D = 4T , R = 2, x0 = 4, and β = 1. Each horizon receives a separately
generated seeded price vector. Dynamic-programming states (t, s, u) record time, accumulated output, and previous
production. The recurrence combines admissible ramp transitions with local weights. Normalization requires only
the local correction log(xt + 1). This implementation uses O(TDU(2R + 1)) arithmetic operations and stores
O(TDU) forward/backward states.

Table 5 reports the structured-inference counts and timings. The dynamic program uses additive costs and
ramp constraints. Both the support and prices vary across the four horizons. Figure 3 shows KL for both distorted
consumers under those joint changes.
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Figure 3. KL divergence on four structured horizon cases. No full-joint TV is inferred from one-period marginals on
these large supports.
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Table 5. Scaling of structured inference subject to an initial ramp constraint. Counts are rounded here; exact integers
are archived. Runtime is the median of three normalized-lift DP calls.

T Physical Schedules Encodings KL, Naive DP Seconds

8 7383 2.11× 109 0.02851 0.01402
16 9.14× 108 5.65× 1019 0.07134 0.03116
32 2.30× 1019 6.29× 1040 0.21899 0.06815
64 2.11× 1040 1.13× 1083 0.30259 0.17758

4.4. Compiling and Checking Multiple Representations

The bounded frontend is evaluated on all five rules in 15 small cases, including scored auxiliary bits. The full finite
checker independently expands each small encoding and agrees with the local certificate. Across 120 sampled natural
parameters, explicit encoded probabilities decode to the physical law within 3.34× 10−16. A second test exhaustively
traverses 2523 raw integer assignments across 50 heterogeneous-rule cases; all emitted constraints and physical costs
agree with the original specification, with 252 feasible encodings covering the expected physical support.

For the larger certificate study, U = 8, demand is 4T , and adjacent ramp limits are two, with T = 8, 16, 32, 64.
Unlike the preceding DP study, this source has no initial-ramp constraint. Its counts must therefore not be equated
with Table 5. The constant schedule xt = 4 proves nonemptiness. Table 6 reports the 64-period results for four
transformed representations. An independent integer-state dynamic program counts approximately 3.018× 1040

physical schedules; the certificate examines local tables rather than enumerating that global support.

Table 6. Certificates for the 64-period bounded-source design, comprising approximately 3.018× 1040 physical
schedules without an initial ramp constraint. Every case passes both contracts without global schedule enumeration.

Rule Local Entries JSON kB Compile s Check s

Split 2880 344.2 0.01494 0.04843
Binary 576 327.4 0.01630 0.02891
Unary 16384 1746.9 0.06071 0.17870
Slack 576 220.2 0.01278 0.03073

A kilobyte is 1000 bytes. Reported JSON sizes include the transformed linear matrices. Times are medians from three local
executions, excluding solving and sampling.

Figure 4 shows how verification time varies with the number of coordinates. The timings cover compilation
and checking; each median summarizes three local repeats. Certificate sizes use compact JSON. Readable
archived examples occupy more space. Expanded validation rejects 11 malformed-table/source cases and six
further matrix/source-binding mutations. When a valid example fails only the local sufficient condition, the result
is inconclusive. Runtime validation also covers 80 complete-encoding probability/KL cases and 800 sampled
decodings. The largest joint-KL discrepancy is 8.89× 10−16.
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Figure 4. Certificate-verification times from local execution, including re-derivation of the linear matrices. Capacity
is fixed at eight. Points report medians of three repeats, with each rule distinguished by its marker and line style.
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4.5. Contextual Learning through a Physical Decision Layer

Use the six-period support U = 4, D = 12, R = 2, x0 = 2. The experiment uses five seeds. Each seed
determines a centered 3×6 coefficient matrix and a set of 192 Gaussian context vectors, each with three components.
Target-policy scores are

−a⊤Wx− 0.08
∑
t

x2t , (30)

with context a. Construction makes the full target distribution available, so the task is distribution matching without
industrial labels. Of the contexts, 128 are used for training and the remaining 64 for testing. The optimizer receives
no teacher coefficient matrix.

The four implementations use physical scores, physical scores plus logm(x), normalized-lift scores, and
physical scores minus logm(x). All are fitted by full-distribution cross entropy with deterministic L-BFGS,
sharing the same initialization within each seed. The two invariant implementations have the same mathematical
objective and consequently the same parameter path under these deterministic calls. Their agreement is the expected
negative-control result and supplies no improvement over the physical implementation.

Table 7 summarizes the held-out results. The declared linear contextual scores cannot generally absorb the
nonlinear, schedule-dependent term logm(x). The observed errors therefore concern this hypothesis class.

Table 7. Mean results over five contextual-learning seeds, each evaluated on 64 held-out contexts. KL denotes
KL(ptarget∥q).

Implementation Mean Held-Out KL Mean Held-Out TV

Physical implementation 4.25× 10−14 9.56× 10−8

Uniform encoded weighting 0.02258 0.08441
Normalized lift 4.25× 10−14 9.56× 10−8

Canonical, reference not rebased 0.02521 0.09108

4.6. Inference-Preserving Encodings that Change Joint-KL Learning

Table 8 and Figure 5 distinguish inference preservation from learning preservation. At each fixed parameter,
the encoding preserves the physical law. Its uncorrected complete-policy regularizer nevertheless changes the
physical policy obtained by numerical optimization. Corrected and untied controls distinguish this effect from
optimization error.

Table 8. Post-training TV relative to the intended physical optimum at τ = 1. At a fixed physical parameter, each of
the five encoded output laws preserves physical inference.

Implementation Median TV Mean TV 95% Interval Mean 95% Interval Median

Physical objective 2.23× 10−8 2.42× 10−8 [1.90, 2.97]× 10−8 [1.59, 3.08]× 10−8

Joint KL, 1 tied bit 0.10982 0.10518 [0.09363, 0.11583] [0.09704, 0.11361]
Joint KL, 4 tied bits 0.24468 0.24145 [0.21831, 0.26367] [0.22350, 0.25406]

Corrected joint KL, 4 bits 2.23× 10−8 2.42× 10−8 [1.89, 2.97]× 10−8 [1.59, 3.08]× 10−8

Joint KL, 4 untied bits 2.23× 10−8 2.42× 10−8 [1.89, 2.98]× 10−8 [1.59, 3.08]× 10−8

Approximate nominal 95% percentile bootstrap intervals use 10,000 resamples of the 20 cost vectors at τ = 1, with seed 272221
and linear percentile interpolation. Mean and median use the same draws within each method. Exact limits are retained in JSON.

To examine Theorem 2, we retain the six-period support and use pθ(x) ∝ eθ
⊤x. Each period receives k

independent auxiliary bits with Bernoulli success probability sigmoid(θt). At every θ, summing over the bits
recovers pθ exactly. The common residual spectrum therefore passes the distribution test.

The learning objective combines physical expected cost with joint KL. In this experiment the physical cost is
purely linear, c(x) =

∑
t atxt, with the centered Gaussian coefficients specified below. The quadratic term used in

the representation-distortion and contextual designs is not included here. For τ = 1, the auxiliary contribution is

k
∑
t

KL(Bern(sigmoid θt)∥Bern(1/2)). (31)

Twenty Gaussian price vectors with standard deviation 0.65 are generated using seeds 272700 + s, s =

0, . . . , 19, and centered to define the matched cost instances. For each τ ∈ {0.5, 1, 2}, we compare five imple-
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mentations: the physical objective, joint-KL with one tied bit, joint-KL with four tied bits, the certified corrected
objective with four bits, and an untied four-bit architecture. The design yields 300 numerical optimization runs in
60 matched cost–temperature cases. Every run initializes the physical parameters at zero. The untied architecture
additionally initializes its six auxiliary parameters at their reference value of zero; these impose no constraint on
the physical parameters. Optimization uses PyTorch L-BFGS with strong-Wolfe line search, a maximum of 250
iterations, gradient tolerance 10−10, and change tolerance 10−14. This matched design varies costs, temperatures,
and implementations, not random initializations or optimization algorithms. For the corrected objective, we apply
the exact symbolic reduction of Corollary 1. The physical Gibbs optimum is available analytically. We make no
global-optimality claim for the numerical tied-bit solutions and archive the stationarity residual from every run.

Physical 1 tied bit 4 tied bits Corrected Untied
20 matched designed cost vectors; regularization coefficient = 1
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Figure 5. Joint-KL distortion with and without the certified correction at τ = 1. All five implementations use the
same 20 designed cost instances. Boxes and whiskers follow the conventions of Figure 2. The physical, corrected,
and untied boxes lie close to zero and overlap the axis at the displayed scale.

At τ = 1, four tied bits give mean TV 0.24145 (95% percentile bootstrap interval [0.21831, 0.26367]) and
median TV 0.24468 (interval [0.22350, 0.25406]). The intervals use 10,000 resamples of the 20 cost vectors, seed
272221. Within each implementation, the same resamples give its mean and median intervals; percentiles use
linear interpolation. The median interval is an approximate nominal 95% nonparametric bootstrap interval for the
cost-generator design, with the cost vector as the resampling unit. Over all 60 cost–temperature pairs, the corrected
and untied implementations’ TV-to-optimum errors differ from the physical run’s error by less than 1.71× 10−16.

Table 9 summarizes the archived 300 runs across all three regularization coefficients. At each coefficient, every
one of the 20 cost vectors has larger TV with four tied bits than with one. The smallest paired increases are 0.11639,
0.06798 and 0.03563 at τ = 0.5, 1, 2, respectively.

Table 9. Descriptive reanalysis of saved tied-bit learning runs. Each row contains 20 matched cost vectors; TV is
measured against the analytic physical Gibbs optimum. No additional optimizer execution is included.

τ Bits/Period Mean TV Median TV Interquartile Range Full Range

0.5 1 0.18300 0.18778 [0.16836, 0.19166] [0.08257, 0.27613]
0.5 4 0.38705 0.39286 [0.38001, 0.41329] [0.19896, 0.53368]
1 1 0.10518 0.10982 [0.09246, 0.11447] [0.04129, 0.15483]
1 4 0.24145 0.24468 [0.22262, 0.25738] [0.10928, 0.35297]
2 1 0.05436 0.05515 [0.04670, 0.06108] [0.02056, 0.08382]
2 4 0.13200 0.13394 [0.11604, 0.14345] [0.05619, 0.20206]

Quartiles use linear interpolation at index (n− 1)p in the sorted observations. Temperatures reuse the same cost vectors and
are not independent samples. Original bootstrap intervals at τ = 1 are retained in Table 8; the ranges here are descriptive, not
confidence intervals.

The largest archived gradient infinity norm over the 300 runs is 2.3238 × 10−7, exceeding the configured
10−10 tolerance. Across the 60 cost–temperature pairs, the largest TV between the trained physical policy and its
analytic Gibbs optimum is 8.7997× 10−8. The corrected and untied controls agree with the matched physical run’s
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TV-to-optimum error to less than 1.71 × 10−16. Objective equality follows from the symbolic correction; these
scalar-error comparisons describe its numerical implementation.

When joint-KL preservation is not certified, apply Corollary 1’s correction in Section 3.2.3 if the distribution
certificate passes and the required decoder and reference data are available; an inconclusive check alone does not
prove inequivalence.

4.7. Optimizer, Regularization, and Cross-Scale Sensitivity

The independent reference study checks the tied-bit effect across the declared algorithms and starts. All 225
primary BFGS executions attain the requested 10−7 gradient threshold within 35 iterations. Of the 225 primary
conjugate-gradient executions, 210 attain it within the first 1,200 iterations. Fifteen receive the specified restart
continuation, after which twelve attain it and three remain above threshold at a total of 11,200 iterations. Their final
gradient infinity norms are 1.0327× 10−7, 1.3996× 10−7, and 2.0063× 10−7. Thus 447 of 450 primary endpoints
meet the target; the three misses are retained.

Across the six algorithm–start endpoints in each of the 75 cost–temperature–auxiliary cells, the largest pairwise
physical-policy TV is 1.0916× 10−6 and the largest objective-value range is 1.9603× 10−12. These comparisons
include the three tolerance misses. For the physical-only controls, the largest TV to the analytic Gibbs optimum is
1.0058×10−6. A central-difference check of the implemented gradient gives maximum absolute error 2.10×10−10

on the recorded validation points. The cross-start endpoints are numerically consistent in this finite design; their
unequal iteration requirements and stopping failures remain part of the result.

Table 10 extends the coefficient range beyond the archived Python design, using five independently generated
cost vectors. Four tied bits give greater TV than one in every cost-vector comparison.

Table 10. Independent reference study across five regularization coefficients. Each row summarizes the same
five cost vectors, using zero-start BFGS endpoints. Ranges are descriptive; repeated algorithms and starts are not
additional cost observations. TV is relative to the analytic physical optimum.

τ Mean TV, k = 1 Range, k = 1 Mean TV, k = 4 Range, k = 4

0.25 0.24700 [0.22255, 0.27517] 0.49611 [0.45331, 0.55638]
0.5 0.18300 [0.14468, 0.23407] 0.38229 [0.30956, 0.48129]
1 0.10380 [0.07337, 0.14627] 0.23634 [0.17089, 0.32495]
2 0.05406 [0.03765, 0.07864] 0.12797 [0.08728, 0.18451]
4 0.02715 [0.01846, 0.03988] 0.06541 [0.04359, 0.09566]

The cross-scale supports contain 31, 387, and 5,231 schedules. For each of the nine cost–horizon instances, TV
increases over the tested counts k = 0, 1, 2, 4, 8. Forty-four of the 45 cells attain the gradient target. The remaining
eight-period, eight-bit cell stops at the 1,200-iteration budget with gradient infinity norm 1.2889× 10−7 and TV
0.41983; its value is included in Table 11.

Table 11. Mean TV across three seeded cost vectors at each horizon in the reference cross-scale check, with τ = 1

and zero-start BFGS. Costs change with the horizon, precluding an isolated size-effect interpretation.

T |X| k = 1 k = 2 k = 4 k = 8

4 31 0.06374 0.10044 0.14503 0.19532
6 387 0.12178 0.19094 0.27299 0.35621
8 5,231 0.11998 0.19064 0.27728 0.36911

4.8. An Analytic Global Control with a Nonuniform Reference

We evaluate Proposition 2 on the same constrained six-period support using µx ∝ exp{−0.03
∑
t x

2
t}. The

combination of twenty cost vectors, three temperatures, and k ∈ {0, 1, 4} produces 180 cases with analytic solutions.
At τ = 1, the median TV relative to the intended physical optimum is 0, 0.26429, and 0.42594 for zero, one, and
four replicas, respectively. Independently implemented simplex-logit optimization over 60 cases differs from the
analytic global law by at most 5.91× 10−6 TV. Global optimality follows from Proposition 2.

Table 12 summarizes the analytic results at τ = 1. The replica experiment changes the auxiliary architecture
and reference together. It supplies a constrained multivariate global solution that independently separates inference
preservation from joint-objective preservation.
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Table 12. Analytic global optima for constrained-replica policies at τ = 1 under a nonuniform reference. Each row
uses the same twenty cost vectors.

Replicas k Median TV Maximum TV Effective KL Multiplier

0 0 0 1
1 0.26429 0.34111 2
4 0.42594 0.58058 5

4.9. What Direct Finite-Parameter Checks Detect and Cost

Every compatible-reference control agrees at θ = 0, which is automatic from Dν = µ and supplies no further
evidence for the universal distribution contract. The point-mass control passes both certificates. The common
five-atom control, with weights (1, 2, 3, 4, 5)/15 on residuals (−2,−1, 0, 1, 2), passes the distribution certificate
but fails the universal joint-KL certificate. Its maximum numerical TV on {−1,−0.5, 0, 0.5, 1} is 2.31× 10−16,
while its complete-minus-physical KL at θ = 0.5 is 0.14108888.

Exact spectrum comparison rejects all three unequal-spectrum controls. All nevertheless pass the near-zero
numerical grid {−10−3,−5×10−4, 0, 5×10−4, 10−3} at tolerance 10−10. The stronger, exact grid-miss control uses

σ0 =
6δ0 + 57δ2 + 32δ4 + δ6

96
, σ1 =

29δ1 + 58δ3 + 9δ5
96

.

With X = {0, 1}, uniform physical reference, and S(x) = x, its transform difference is

H0(θ)−H1(θ) =
(t− 1)4(t− 2)(t− 3)

96
, t = eθ.

Thus agreement at θ = 0, log 2, log 3 and moment agreement through degree 3 are exact, despite a failed universal cer-
tificate. The measured maximum TV on that three-point grid is 2.78×10−17, versus 0.00955185 on {−1,−0.5,0,0.5,1}.
Numerical agreement on a selected grid therefore cannot replace the declared exact spectral comparison.

Table 13 reports the M = 32 timing cells. Across the twelve timing cells, the reference-point check costs
0.068–0.25 times the exact certificate’s median time; the nine- and 33-parameter grids cost 1.1–2.4 and 4.1–8.5
times that median. These ratios describe the complete check paths. Support construction, compilation, sampling and
training are excluded. The exact path scans the encoded support once, while the direct path evaluates G(|X|+ |Z|)
exponential weights.

Across the 45 correction evaluations, the largest absolute residuals in JZ − τg − JX and its scalar derivative
are 7.11× 10−14 and 1.35× 10−12. Separate timing at θ = 0.15 measures physical evaluation, encoded evaluation,
common-spectrum penalty evaluation and explicit encoded-minus-penalty evaluation. The penalty costs 7.8–9.0%,
2.1–3.5% and 0.51–0.90% of the encoded value-and-gradient median for n = 16, 64, 256, respectively. Two
combined-path medians are below their uncorrected counterparts, consistent with noise at small increments. The
penalty evaluates M exponentials and two logarithms, or one logarithm with a cached reference normalizer.
Symbolic reduction calls the physical evaluator directly.

Table 13. Remeasured JavaScript reference timings for M = 32 residual atoms per fibre, using Node.js 24.16.0 and
performance.now() on the documented Xeon host. Median milliseconds per complete call over seven batches
in one session, rounded to two significant figures. G = 1 checks θ = 0. Every row passes the exact distribution
certificate and numerical grids.

|X| |Z| Exact Spectrum Direct G = 1 Direct G = 9 Direct G = 33

16 512 0.05 0.0041 0.064 0.24
64 2048 0.21 0.016 0.29 1.1

256 8192 0.98 0.071 1.2 4.2
1024 32768 4.5 0.32 5.1 19

4.10. Verification Coverage

The primary suite passes 8532 assertions covering exact reference transport, spectrum separation, mask refresh,
linear lifts, randomized compositions, numerical KL identities, and scalar optimizer comparisons. Further tests
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independently enumerate 819 distinct complete assignments over two support designs and 18 cost/temperature
checks. The additional checks comprise 200 calculations of the covariance gradient and 200 feature-aware layer
compositions. All eight malformed-input cases are rejected.

The maximum numerical KL-chain residual is 1.11 × 10−15. Central finite-difference calculations check
the covariance-gradient formula to 2.22× 10−10. Relative to (14), the scalar optimizer’s probability discrepancy
is 7.17 × 10−9. Failures abort the scripts rather than silently writing a passing status. The release also tests the
parameter-domain and consumer boundaries explicitly: linear-projection passes, a nonlinear-curve non-certificate,
harmless constant penalties, product-test inconclusiveness, and strict rejection of numeric-type substitutions in
emitted model fields. The separate archive retains exact counts and outputs.

5. Discussion and Limitations

A formulation can be equivalent for deterministic optimization while changing the semantics required by a
stochastic consumer. The residual-spectrum test identifies the distribution obligation, and the joint-KL test identifies
the additional obligation when complete encoded policies enter learning. A failed universal certificate calls for
correction, rejection or further analysis of the declared consumer before use.

The negative controls explain when the extra checks matter. A correctly projected sampler removes naive
multiplicity; losses depending only on the physical law are identical when that law is preserved. Within a compact
convex class, a constant conditional penalty shifts values while preserving every optimal physical policy. Parameterized
architectures require their own analysis, because their attainable policies and parameter coupling can differ.

The interpretation is subject to the following limits.

(1) The experiments test specified mechanisms on designed scheduling costs and supports. Their bootstrap
intervals summarize the cost-generator design; repeated temperatures, starts and algorithms reuse cases. They
provide no estimate of prevalence in deployed systems and no general monotonicity theorem.

(2) The tied-bit optimizer endpoints are numerical solutions. Configured tolerances are reported alongside actual
stationarity residuals; four final threshold misses remain in the separate reference study. Global-optimality
conclusions are confined to the proved scalar and replica controls.

(3) The explicit-support characterization is complete for the declared finite log-linear family. A linear restriction
uses projected features; arbitrary nonlinear parameter families, approximate stages and stochastic decoders
need separate arguments. The stronger joint-KL contract is relevant when encoded variables enter the objective
or restrict the policy class.

(4) The product certificate is sufficient for the bounded rewrite fragment under decoded-only feasibility. It neither
solves physical nonemptiness nor supplies a complete test for arbitrary global encoded restrictions. Physical
interpretation, intended references and support completeness remain declared inputs. Unary local tables grow
exponentially in capacity; construction can cost more than checking.

(5) Correctness proofs accompany the algorithmic statements. The Python implementation is tested, but has no
proof-assistant verification. Compiler and verifier share decoder-substitution code within the trusted boundary.
The finite guarantees do not extend automatically to arbitrary neural losses, independently sampled gradients,
stateful reinforcement learning or opaque samplers.

(6) Timings are single-session measurements of the specified paths. Original Python timings use the recorded
shared Linux host. Revised JavaScript timings use the documented Windows Node process; the earlier
millisecond-clock timings and optimizer outputs came from an execution environment whose engine build
and processor were not recorded. Endpoint checks do not recover that environment, and batch repeats are not
independent operational samples.

(7) WAPS, ProCount, Dice and FLARE supply different contracts and have not been compared as executables. A
systems benchmark would require matched encodings and separate costs for compilation, checking, sampling
and training. The isolated penalty timings provide no end-to-end training-speedup or negative-overhead
measurement.

A practical representation review records the downstream consumer, verifies the relevant declarations and
renews the certificate after changes. Extending these finite tests to richer continuous or stateful consumers remains
an open problem.

6. Conclusions

Correctness of an optimization reformulation depends on its intended use. For finite log-linear decision
systems, equality of feasible physical decisions and costs does not ensure equality of stochastic output laws. Nor
does equality of those laws ensure equality of complete-policy learning objectives. Identical weighted residual
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spectra characterize the distribution requirement; a point-mass common spectrum is the stronger joint-KL criterion.
The composition and policy-class results specify how the obligations accumulate, when exact correction is available,
and when a nonzero auxiliary penalty leaves the physical optimum unchanged.

Implementation begins with a declared physical decoder, reference measure and downstream consumer. The
bounded frontend and reproduction software provide the corresponding checks for the stated finite fragment. The
designed experiments show that the distinction can be numerically material; analytic and negative controls explain
when correction is required. These checks sit between construction of an optimization model and its stochastic use,
with the guarantees specified by the finite theorems and bounded compiler.
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