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Abstract: Variational quantum optimization provides a useful setting for examining
how circuit structure, parameterization, and trainability interact in practice. Objectives:
Among the most promising variational quantum algorithms, the Quantum Approximate
Optimization Algorithm (QAOA) depends critically on circuit architecture, but
greater circuit complexity does not necessarily lead to easier optimization or better
solutions. Using the Maximum Cut (MaxCut) problem on graphs as a controlled
setting, we investigate how variational behavior changes as problem-specific QAOA
structure is progressively removed, with particular attention to representational capacity,
optimization geometry, and finite-budget trainability. Methods: We analytically
characterize a graph-agnostic product-state formulation of MaxCut and derive exact
equivalences, redundancies, and local-landscape properties. These results motivate
a controlled comparison among separable product ansitze, a representative graph-
agnostic entangling circuit, and graph-structured QAOA at several depths, including
a parameter-count-matched control. The numerical benchmark comprises 95 small
unweighted graph instances optimized under a common objective-evaluation budget.
Results: The product-state formulation preserves the exact discrete MaxCut optimum,
while its strict local maxima correspond to classical cuts that are stable under single-
vertex flips. Redundant phase parameters increase optimization effort without enlarging
the objective-relevant family. Under the prescribed optimization budget, the product-
state ansatz attains higher average solution quality than the tested QAOA depths while
requiring substantially fewer objective evaluations. The graph-agnostic entangling
comparator provides no consistent advantage over the separable baseline, and a simple
classical local-search method remains highly competitive. Conclusion: In the regime
considered here, objective-relevant parameterization and optimization geometry can be
as important as circuit richness.

Keywords: quantum approximate optimization algorithm; MaxCut; variational quantum
algorithms; product-state ansatz

1. Introduction

Variational quantum algorithms combine parameterized quantum circuits with classical optimization and provide
a flexible framework for constructing low-depth quantum heuristics, with applications ranging from drug discovery to
quantitative finance [1-3]. Among them, the Quantum Approximate Optimization Algorithm (QAOA) has become a
central framework for combinatorial optimization and has generated a broad family of variants and parameter-setting
strategies [4,5]. Standard QAOA is distinguished by an explicitly problem-structured ansatz: alternating evolutions
generated by a cost Hamiltonian and a mixer Hamiltonian are optimized to increase the expectation value of a
combinatorial objective. For the prototypical Maximum Cut (MaxCut) problem on graphs [4,6,7], the cost evolution
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is built directly from the graph edges, so the input instance is encoded not only in the objective evaluated by the
classical optimizer but also in the quantum dynamics itself. This architectural feature motivates a basic question that
is often obscured when QAOA is compared with generic variational circuits: what part of its behavior follows from
representational capacity, what part follows from problem-aligned circuit structure, and what part follows from the
geometry of the resulting optimization landscape?

This distinction is important because increasing circuit flexibility does not necessarily make a variational
problem easier to train. Standard QAOA uses only two global parameters per layer, whereas variants such as
multi-angle QAOA enlarge the parameter space to obtain greater local flexibility and can improve approximation
quality at reduced depth on selected MaxCut families [8]. Other approaches augment a shallow QAOA circuit with
additional problem-independent gates [9], warm-start the variational search from a classical relaxation [10], or
introduce problem-informed preprocessing into the ansatz itself [ 1 1]. These developments show that circuit depth,
number of parameters, and degree of problem specificity are independent design choices rather than interchangeable
proxies for expressivity. At the same time, numerical evidence indicates that QAOA training can become difficult
even at relatively low depth because the landscape may contain a rapidly growing number of poor local minima [12].
More broadly, recent advances in barren-plateau theory further underscore the trainability challenges that can arise
in parameterized quantum circuits [ 13, 14]. Consequently, comparing architectures only by their best attainable
objective values can conflate two different questions: whether a family can represent an optimal solution and
whether a finite-budget classical optimizer can locate it. In this context, earlier work on Enhanced QAOA (EQAOA)
investigated an intermediate point in this design space by appending a compact multiparameter ansatz to a QAOA
circuit and using blockwise optimization followed by a final joint optimization [15]. That construction retains
the problem-dependent QAOA block while adding trainable degrees of freedom that are not tied directly to the
graph topology. The present study examines the complementary limiting case suggested by this architecture: the
problem-structured QAOA block is removed, and optimization is performed using a graph-agnostic variational
circuit alone. We use this limit as a controlled setting, rather than as a replacement algorithm for QAOA, so that
problem structure and other architectural properties can be varied separately.

This perspective is especially revealing for MaxCut because its standard quantum objective is diagonal in
the computational basis. Every classical cut is therefore represented by a computational-basis product state, so
the existence of an exact optimum within the product-state family does not, by itself, constitute a new quantum
resource claim. Earlier work has shown more generally that exact MaxCut variational constructions can be obtained
at the cost of difficult circuit design or classical variational optimization [ 1]. In particular, separable ansitze have
been used successfully in quantum-imaginary-time approaches to weighted MaxCut [16]. Likewise, recent work
has found that problem-agnostic entanglement in hardware-efficient ansétze can be detrimental for MaxCut, while
QAOA behaves differently when its entanglement is generated by the problem Hamiltonian [17]. Relatedly, recent
classical work has constructed smooth Ising relaxations with an explicit correspondence between continuous local
minima and discrete one-flip optima [18]. These results make “more entanglement” or “more parameters” inadequate
explanations by themselves and motivate a more controlled analysis of which variational degrees of freedom are
actually visible to the objective and how the resulting continuous landscape relates to classical local search.

We address this issue through an analytical and numerical study centered on a tractable product-state limit and
a small set of controlled comparators. The canonical graph-agnostic limit is an R, product state with a rotation
angle per vertex along the y direction. Likewise, an R, product state is also included as an analytically equivalent
phase control, while adding an R, gate to each qubit creates nominal overparameterization without changing the
MaxCut expectation, thereby isolating parameter redundancy. A fixed chain of two-qubit rotations R, is then used
as a representative graph-agnostic entangling comparator, while standard QAOA provides the problem-structured
reference. This architectural ladder anchors the numerical comparisons to analytically identifiable changes in
objective-visible parameterization and problem alignment.

Within this framework, the product-state MaxCut objective reduces to a multilinear relaxation whose global
optimum is attained at a classical cut in the graph, providing a natural structural baseline for the subsequent
analysis. Simple changes in circuit parameterization can also be characterized exactly: matched R, and I, product
ansitze generate the same MaxCut objective landscape, whereas terminal R, rotations introduce flat directions
without enlarging the objective-relevant variational family. The landscape further admits a direct connection
with classical local search, since its strict local maxima correspond exactly to computational-basis cuts that are
strict local optima under single-vertex flips, while the uniform point §; = /2 can be characterized through the
weighted adjacency spectrum. Building on these analytical observations, we compare the product-state family with
a representative graph-agnostic entangling circuit and with graph-structured QAOA at several depths, including
a parameter-count-matched control, under a common finite optimization budget. This combined analytical and
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numerical approach is intended to clarify how objective-visible degrees of freedom, finite-budget trainability, and
problem-specific structure interact in variational MaxCut optimization, without attributing the observed behavior to
quantum advantage or to entanglement alone.

2. Methods

Following the perspective outlined in Section 1, we now formalize the analytical and numerical framework
used to disentangle representational capacity, optimization geometry, and problem-specific circuit structure in
variational MaxCut optimization. We begin from the standard MaxCut formulation and problem-structured QAOA,
which provide the common reference point for the study. We then introduce the graph-agnostic product-state limit
and the related variational ansitze used to isolate objective-relevant parameterization, redundancy, and generic
entanglement. Finally, we describe the graph ensembles, optimization protocol, performance metrics, statistical
analysis, and validation procedures adopted for the controlled numerical comparison.

2.1. MaxCut and Problem-Structured QAOA

Let G = (V, E, w) be an undirected graph with n = |V| and edge weight matrix w = (w;;) with non-negative
entries w;; > 0. A classical graph cut can be encoded by spin variables z; € {—1,+1}, with opposite signs
corresponding to vertices assigned to different sides of the partition. In this formulation the weighted cut value is

1
Cla) =5 > wi (- zz) (1)

{i,j}€E

The corresponding diagonal MaxCut Hamiltonian is obtained by promoting each spin variable z; to the Pauli-Z
operator acting on qubit . Denoting Z = diag(1, —1) and by Z; its action on qubit ¢, the Hamiltonian is
1
Ho=5 Y wiy(l-ZZ), )
{ijreE

so that (z| Ho|z) = C(z) for every computational-basis state. Throughout this work the objective is maximized,
and we denote by C* the exact MaxCut value:

C*= max C(C(z). 3
erex, C) 3)
Standard depth-p QAOA starts from the uniform superposition state |+)®" and alternates the cost evolution
with a transverse-field mixer [4, 19],

P

[Up(y,B) = [[ e P HuemmHejyen - Hy =) X, )
=1

k=1

where the overall ansatz contains 2p trainable angles and X is the X-Pauli gate acting on the i-th qubit. The
graph appears explicitly in Hc, and therefore in every cost layer e ~*7*#/¢_ We use the term problem-structured in
this architectural sense. By contrast, a circuit is called graph agnostic below when its gate pattern and entangling
connectivity are fixed independently of E. Notice that this does not mean that the optimization problem is graph
independent: the same graph-dependent objective (H¢) is evaluated for every architecture.

The formulation above provides the problem-structured reference against which the subsequent variational
models are compared. To isolate the role of this structure, we next consider the opposite limit, in which the graph
enters only through the objective function while the circuit architecture itself remains independent of the edge set.
This graph-agnostic setting leads naturally to a product-state formulation of MaxCut, whose analytical tractability
allows us to separate representational properties of the variational family from the optimization behavior induced by
its parameterization.

2.2. Product-State Reduction

Consider an arbitrary pure product state [¢)) = @', |¢;) and define the local magnetizations
mi = (Y| Zi|[¢i) € [-1,1]. Q)

The product structure gives (Z;Z;) = m;m;, and hence
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Fm) = lHolw) = 5 37wy (L—memy),  me[-1,1)". ©)
{i,j}e€E

Conversely, every value m; € [—1, 1] can be realized as the Z expectation of a pure single-qubit state. The formula
in Equation (6) therefore characterizes the complete MaxCut expectation family attainable by product states; related
product-state formulations of variational MaxCut optimization have also been considered in previous work [16,17].

Since the objective in Equation (6) is multilinear in the local magnetizations, a standard property of multilinear
optimization over a hypercube [20] applied to the present MaxCut formulation, yields the following structural result.

Proposition 1 (Product-state preservation of the MaxCut optimum). For the Hamiltonian in Equation (2),

mer[niafy(l]n F(m) = ze{lels?ﬁl}n C(z)=C". @)
Proof. For fixed values of all coordinates except my, the function F' is affine in my. Therefore, for any point
m € [—1, 1]™, the coordinate my, can be replaced by one of the endpoints —1 or +1 without decreasing the objective.
Applying this argument successively to all coordinates yields a vertex z € {—1, +1}" with F'(z) > F(m). Hence
a global maximizer exists at a hypercube vertex. At those vertices Equation (6) reduces exactly to Equation (1),
proving Equation (7). O

Notice that Proposition 1 is a statement about representation rather than computational complexity. It shows
that entanglement is unnecessary to represent a state attaining the exact MaxCut objective, but it does not provide an
efficient procedure for locating such a state. In particular, the continuous objective remains nonconvex and retains
the combinatorial structure of the original problem.

2.3. R,—R, Equivalence and Objective-Irrelevant Phases

The product-state reduction discussed in the previous subsection characterizes the MaxCut objective
independently of any specific circuit parameterization. To connect this general description with the variational
architectures used in the numerical study, we next consider explicit single-qubit rotation ansétze that realize the
local magnetizations m;. This allows us to determine which changes in circuit parameterization genuinely modify
the objective landscape and which instead introduce only equivalent or redundant degrees of freedom. We take the
R, product family as the canonical one-parameter-per-vertex realization of Equation (6),

[1(8)) = ) R, (6:)[0) - ®)
i=1
Since (Z;) = cos 0, its objective is
1
F,(0) = 5 Z w;; (1 —cos; cosb;) . )
{i,j}€E

The choices 6; € {0,7} recover the two classical assignments of vertex i, so Equation (8) contains every
computational-basis cut while providing a continuous interpolation between them.

Proposition 2 (R,—R, objective equivalence). Let |1,(0)) = Q. R, (6;)|0). For matched angles and the
MaxCut Hamiltonian in Equation (2), F,,(0) = F,(0) for every 6.

Proof. We use standard single-qubit rotation identities. In particular, the states R, (¢)|0) and R, (6)|0) differ only
in their computational-basis phases, while both satisfy (Z) = cos 6. Since the corresponding many-qubit states are
product states with identical local Z expectations, Equation (6) proves the result. O

The R, family is therefore not introduced as a competing solver with independent representational power. It
serves as a theory-driven control: any difference between matched R, and I, objective evaluations must arise from
numerical or implementation effects rather than from the exact MaxCut landscape.

Consider now the nominally larger separable family

[1y=(0, ) = Q) R=(¢:) Ry (6:)]0) . (10)
=1

Again, with standard quantum-gate computations, we get the following result.
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Proposition 3 (R, redundancy). For the ansatz in Equation (10), we have F),,(0, ¢) = F,(0) for every 6 and ¢.

Proof. The terminal R, (¢;) rotations leave the computational-basis probabilities of each qubit unchanged.
Equivalently, they leave (Z;) = cos§; unchanged. Since H¢ is diagonal in the computational basis, its expectation
depends only on those populations, and the thesis follows. O

Thus Equation (10) contains 2n nominal trainable parameters but only n objective-relevant directions. The
remaining n directions are globally flat for the MaxCut expectation. This construction provides a controlled way to
ask whether objective-irrelevant overparameterization changes the behavior of a derivative-free classical optimizer
even when the attainable objective family is unchanged.

2.4. Local Curvature and Classical Single-Vertex Flips

The product-state formulation of the previous subsections exposes a direct connection between the continuous landscape
and a standard local operation on classical cuts, as discussed here. In particular, differentiating Equation (9) gives

OF,

1
aekzisme’“ Z Wy; cos b . (a1

Jj{k.jIeE

At a computational-basis point §; € {0, 7}, define z; = cos§; € {—1,+1}. In this setting, the gradient vanishes,

all mixed second derivatives vanish, and
0?F,
a6?

1

oc{0,r}" j{k,j}eE

Let z(*) denote the assignment obtained by flipping only vertex k and define
AC = C(z™) - C(z). (13)

Only edges incident on k change their contribution, yielding

AC =2z Y wisz (14)
ji{k,j}eE
Combining Equations (12) and (14) gives
0?F, 1
v — ZALC. (15)
90;; 0c{0,m}n 2

A computational-basis cut that admits an improving one-vertex flip therefore has a positive-curvature direction
in the continuous R, landscape. Conversely, a strict one-flip local maximum has negative curvature along every
coordinate direction. The correspondence can be sharpened to an exact characterization of strict local maxima.

Proposition 4 (Strict local maxima and one-flip optimality). A point 0* is a strict local maximum of F), if and only
if, modulo the 2 periodicity of each angle, 0F € {0, 7} for every i and its associated spin assignment z; = cos 0F
is a strict one-vertex-flip local maximum of the weighted MaxCut objective, i.e. A,C < 0 for every vertex k.

Proof. Any strict local maximum is stationary. Suppose that sin ; # 0 for some coordinate k. Equation (11)
then requires ) ; Wk COS 67 = 0. With all other angles fixed, Equation (9) depends on 6, only through the term
—% cos O Y ; Whj COS 67, which is identically constant under this condition. Hence the objective is locally flat along
coordinate k, and the stationary point cannot be a strict local maximum. Every strict local maximum must therefore
satisfy sin 6} = O for all k, so each 6 is an integer multiple of 7 and is equivalent, modulo 27, to either O or 7. At
such a point the mixed second derivatives vanish and the diagonal Hessian entries are A,C/2 by Equation (15).
If ApC < 0 for every k, the Hessian is negative definite and the point is a strict local maximum. Conversely, if
A C > 0 for some k, the corresponding coordinate has positive curvature; if ApC = 0, the objective is exactly flat
along that coordinate with the remaining angles fixed. Thus strict local maximality is equivalent to A, C' < 0 for all
k, which is the thesis. O

Proposition 4 is related to recent work on local-minima-preserving continuous relaxations of Ising problems,
which constructs additional attractor terms so that continuous local minima correspond to discrete one-flip
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optima [18]. Here no auxiliary attractor is introduced: the correspondence arises directly from the trigonometric
product-state parameterization of the MaxCut expectation. The result motivates the single-vertex-flip baseline used
in the numerical study below because it probes the same local combinatorial structure that governs strict local
maxima of the variational landscape.

A second useful reference point is the uniform product state obtained by setting §; = /2 for all vertices.
Equation (9) gives F, = % > {i.j}eE Wijs equal to the expected weighted cut value of an independently random
assignment, and Equation (11) gives zero gradient. At this point the Hessian has entries

0%F, 1
= —SWi, (16)
00,00, o—21 2 Y
where W is the weighted adjacency matrix of G. Hence
V2F, (51) ~lw (17)
Y\27/) 27"

For any graph with at least one positive-weight edge, W is a nonzero real symmetric matrix with zero trace; its
spectrum therefore contains both positive and negative eigenvalues. The Hessian in Equation (17) is consequently
indefinite, so the uniform point is a saddle. This observation is relevant when importing initialization intuitions from
QAOA: the |+)®"-like population profile is natural for QAOA, but its direct product-state analogue is a stationary
saddle for the continuous MaxCut objective considered here.

2.5. Controlled Ansatz Ladder

The analytical results developed above provide a natural basis for constructing the variational models used
in the numerical study. Rather than comparing a collection of unrelated circuits, we organize the benchmark as
a controlled architectural ladder in which each ansatz is chosen to probe a specific structural feature identified
in the preceding analysis. The product-state families provide the analytically tractable reference, the redundant
parameterization tests whether additional objective-irrelevant degrees of freedom affect optimization, and the
graph-agnostic entangling circuit introduces nonseparable dynamics without encoding the input graph. Standard
QAOA then completes the comparison by restoring explicit problem structure through the cost Hamiltonian. This
organization allows the numerical experiments to be interpreted directly in light of the theoretical properties
established in the previous subsections. Table 1 summarizes the role of each model. The R, product state is
the canonical graph-agnostic baseline because it uses one objective-relevant angle per vertex and contains every
classical cut. The matched R, family tests Proposition 2. The R, R, product family tests Proposition 3 while
exposing the optimizer to exact flat directions. A fourth architecture provides a representative entangling circuit
whose connectivity is fixed independently of the input graph. QAOA then introduces graph-aligned cost evolution
and serves as the problem-structured reference.

Table 1. Architectural roles in the controlled comparison.

Ansatz Separable Extra Phases Entangled Uses E/ Scientific Role
Ry yes no no no Canonical product-state baseline.
Ry yes no no no Pointwise-equivalence control.
RyR. yes yes no no Exact redundant-parameter control.
RyR:+ Ry no yes yes no Representative graph-agnostic entangling comparator.
QAOA no - yes yes Problem-structured reference.

The column “uses E” refers to circuit construction, not to evaluation of the common graph-dependent objective.

To introduce nonseparable states into the comparison, we consider the graph-agnostic entangling ansatz

n—1 n
a) = | [T BEG D (e) | | R:(60) Ry (6:) | 10)™, (18)
=1 i=1

with 3n — 1 trainable parameters, where R, (o) := exp(—i§ X ® X) is a two-qubit rotation gate of angle « acting
on adjacent qubits via a combination of X -Pauli gates. Vertices are mapped to qubits with a fixed ordering and the
R, gates always follow the chain from 1 to n, irrespective of . The purpose of this model is not to represent a
privileged hardware architecture or to isolate entanglement as a single causal variable, but to provide a reproducible
graph-agnostic entangling comparator that is deliberately unaligned with the MaxCut graph. This fixed ordering
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also means that the ansatz is not permutation invariant; we retain a deterministic vertex ordering throughout and
treat this dependence as a limitation rather than optimizing the ordering per instance.

For QAOA we use Equation (4) with the standard mixer at fixed reference depths p € {1, 3,5}, corresponding
to 2, 6, and 10 trainable parameters, respectively. We additionally include a size-dependent parameter-count-matched
control Pmatch = 1/2, so that QAOA has 2p = n trainable parameters, equal to the R, product ansatz. For the
even sizes used here this adds p = 2,4, and 6 at n = 4, 8, and 12, while p =3 atn =6 and p = 5 at n = 10 are
already contained in the fixed-depth set. The numerical implementation applies the cost phase exactly from the
MaxCut spectrum and the mixer as independent R, (2/3;) rotations. This convention is checked against independent
dense-matrix exponentiation on small graphs before benchmark execution.

2.6. Graph Ensembles and Exact Reference Solutions

Although the analytical results above allow nonnegative edge weights, the controlled benchmark is restricted
to the unweighted case w;; = 1 so that architectural effects are not mixed with edge-weight parameterization.
Node counts are n € {4,6,8,10,12}. Three graph families are used. Complete graphs provide highly symmetric
deterministic controls. Erd6s—Rényi graphs with edge probability % probe heterogeneous random connectivity, with
ten independently generated instances for each n. Random 3-regular graphs probe fixed-degree sparse structure,
again with ten instances for each admissible node count; the n = 4 case is omitted because the unique simple
3-regular graph is the complete graph with n = 4, and would thus duplicate the complete-graph control. The
resulting benchmark contains 95 unique graph instances.

All stochastic graphs are generated reproducibly from a master seed, with graph identifiers and generation
seeds stored alongside every result. Because n < 12, the exact MaxCut value C* and the full set of optimal
computational-basis assignments are obtained by exhaustive enumeration. Exact enumeration is used only to
evaluate the small controlled benchmark and is not part of any claimed scalable solution procedure.

2.7. Optimization Protocol and Initialization

Every variational model is optimized with the derivative-free COBYLA method under a common cap of 1000
objective evaluations. Five independent restarts are performed for each graph—architecture pair. The optimizer is
deliberately held fixed across architectures so that the numerical experiment isolates changes associated with circuit
parameterization and structure rather than introducing optimizer choice as an additional experimental variable. The
aim is therefore not to identify the individually best classical optimizer for each ansatz. Optimizer dependence in
QAOA has already been investigated comparatively in the literature, with substantial variation across optimization
methods and problem settings [5,21]. In particular, introducing gradient-based methods such as Adam together with
parameter-shift gradients would require a different accounting of computational effort, since constructing a gradient
generally entails multiple shifted circuit evaluations rather than a single objective call. The comparison is therefore
budgeted by objective evaluations rather than by optimizer iterations, because an objective evaluation is the most
directly comparable unit of classical optimization effort across the parameterizations in the exact-simulation setting.
This is not an equal-computational-cost budget: one evaluation can require different statevector work, circuit depth,
or measurement resources across architectures, so wall-clock and quantum-resource equivalence are not implied.

All angles in the product and graph-agnostic circuits are initialized independently from U (0, 27) (the uniform
distribution). QAOA cost angles are initialized from U (0, 27) and mixer angles from U (0, 7). A deterministic seed
is derived from the master seed, graph identifier, and restart index. For a fixed graph and restart, the same seed is
reused across architectures; where parameterizations overlap, this yields matched initial local-angle draws for the
controlled comparisons. The optimizer’s termination status is stored separately from the scientific success criterion
defined below, so numerical termination is not conflated with attainment of a high-quality cut.

All objective values in the primary benchmark are exact and noiseless. For the separable I, Ry, and Ry R,
controls, optimization uses the closed-form product-state expectation in Equation (9); the corresponding final states
are still constructed explicitly to evaluate Py, (cf., Equation (20)). The graph-agnostic entangling circuit and
QAOA are evaluated by exact statevector simulation. Exploiting the analytical product-state formula does not
change its optimization landscape, but it makes explicit that those controls are efficiently classically evaluable.
The purpose of the benchmark is to study architectural and classical-optimization effects rather than finite-shot or
hardware effects, and no claim about noise robustness, device-level advantage, or near-term hardware efficiency is
made from these simulations.
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2.8. Metrics and Classical Contextual Baselines

For optimized parameters 9", the primary metric is the expected approximation ratio

(Y(O")Holp(97))
c* ’

ARexp = (19)
which lies in [0, 1] up to numerical precision. In paired architectural comparisons below, the subscript of AR
identifies the corresponding architecture or QAOA depth; for example, AR g, denotes the expected approximation
ratio obtained with the R, product-state ansatz, while AR,—s denotes that obtained with QAOA at depth p = 5.
Because a high expected value does not imply that an exact optimum is sampled with high probability, we
separately record

Popr= > [zlp@), (20)

z:C(z)=C"*

the total probability mass assigned to all optimal bitstrings. We also store the complete objective-evaluation history,
the number of evaluations consumed, runtime, nominal parameter count, and analytically known objective-relevant
parameter count. A variational run is classified as target-successful when ARy, > 0.99; this threshold is a reporting
convention and is not used to terminate optimization.

Two simple classical references are included for interpretation rather than as state-of-the-art benchmarks. First,
the expectation of a uniformly random cut is |E|/2, corresponding to the stationary product-state point analyzed
in Equation (17). Second, a best-improvement single-vertex-flip local search starts from deterministic random
assignments and repeatedly applies the improving flip with largest A C' until no positive-gain move remains. This
baseline is included because Equation (15) gives it a direct analytical connection to the coordinate curvature of the
R, landscape. It is not intended to replace stronger classical MaxCut methods such as the Goemans—Williamson
semidefinite-programming approximation [22].

2.9. Aggregation and Statistical Reporting

Having defined the graph ensembles, optimization protocol, and performance measures used for each individual
run, we next specify how the resulting observations are aggregated across repeated optimizations and graph instances.
This distinction is important because variability arises at two different levels: from the stochastic initialization and
optimization of a fixed graph, and from the choice of graph instance itself. The statistical procedure is therefore designed
to preserve this hierarchical structure while enabling consistent comparisons among the variational architectures.

The proposed experimental evaluation has two nested sources of variability: optimizer restarts and random
graph instances. To avoid treating repeated optimizations of the same graph as independent graph samples, restart-
level outcomes are first summarized within each graph. For Erd6s—Rényi and random 3-regular families, family-level
summaries are then computed across graph instances. Means are reported together with 95% bootstrap confidence
intervals obtained from 10,000 resamples, using the 2.5th and 97.5th percentiles of the bootstrap distribution.
Because node count is a fixed design factor and the graph distributions differ with n, graph instances are resampled
independently within each node-count stratum while preserving the original number of graphs per size in every
bootstrap replicate. Pairwise architectural comparisons on stochastic families use the same graph instances and
are therefore summarized through paired graph-level differences with the same size-stratified bootstrap procedure.
Bootstrap resampling is reproducible from a fixed random seed of 20260815 (the date of the last run). Complete
graphs are reported separately because there is only one graph at each node count; their variability therefore reflects
optimizer restarts rather than an ensemble of graph instances. No benchmark records were missing after the integrity
checks. We report effect sizes and confidence intervals rather than null-hypothesis significance tests, so no multiple-
testing correction is applied. The parameter-count-matched QAOA comparison and the convergence analysis across
evaluation checkpoints provide complementary robustness checks on the main finite-budget comparison.

Convergence is analyzed as a function of objective-evaluation budget using stored histories at common
checkpoints. This allows a circuit that terminates early to be distinguished from one that is still improving near the
evaluation cap. The principal comparisons therefore concern both final solution quality and the amount of classical
optimization required to obtain it.

2.10. Validation and Reproducibility

The numerical implementation is validated against the analytical results before benchmark outputs are accepted.
For randomly generated graphs and matched parameter values, the statevector implementation of the R, and R,
product ansitze is required to reproduce the pointwise objective equivalence established in Proposition 2. Likewise,
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the R, 7, implementation is checked against the exact phase redundancy derived above, and the simulated 12,
expectation is compared with its closed-form expression. Exact MaxCut enumeration is independently verified on
graph families with analytically known optima, including complete and bipartite graphs.

Additional tests verify the correspondence between the local curvature of the 12, landscape and single-vertex-flip
gains, the Hessian at the uniform point, and the ability of the fixed R, block to generate entanglement for nontrivial
parameter choices. The QAOA implementation is checked against independent dense-matrix exponentiation on small
graphs. Reproducibility tests additionally verify deterministic graph generation and restart initialization, matched
seeds across architectures where required by the controlled comparisons, enforcement of the common objective-
evaluation cap, and preservation of complete optimization histories. These checks are performed independently of the
benchmark analysis so that the numerical results reported below are accepted only after the corresponding analytical
and implementation-level consistency tests are satisfied.

All experiments and statistical analyses were carried out in Python 3.13.5 using NumPy 2.3.5, SciPy 1.17.0,
NetworkX 3.6.1, pandas 2.2.3, Matplotlib 3.10.8, and PyYAML 6.0.3. The complete experimental configuration,
deterministic seeds, optimization histories, and analysis scripts are retained in the project repository and can be
provided by the corresponding author upon reasonable request.

3. Results

Having established the analytical controls, architectural comparisons, and experimental protocol, we now
examine how these distinctions manifest in the numerical results. We first verify that the benchmark reproduces
the exact equivalences and redundancies derived in Section 2, thereby linking the implementation directly to the
theoretical framework. We then compare the variational architectures in terms of solution quality and optimization
effort, with particular attention to the effects of redundant parameterization, graph-agnostic entanglement, QAOA
depth, and parameter-count matching. Finally, the stored optimization histories and classical local-search reference
are used to place the observed finite-budget behavior in a broader optimization context.

3.1. Validation of the Analytical Controls

The frozen benchmark produced 3590 variational runs with complete optimization histories on 95 graph
instances, together with 475 single-vertex-flip local-search runs. All records satisfied the implementation integrity
checks described in Section 2. In particular, the matched R, and I, controls were numerically identical in all
475 graph-restart pairs: the initial objective, final objective, Py, and number of objective evaluations agreed
to machine precision. This behavior is consistent with Proposition 2 over the complete optimization trajectory;
independent statevector-level unit tests separately verify the pointwise objective equivalence for matched angles.

The R, R, control provides a complementary test of objective-irrelevant overparameterization. Since the
additional I, variables do not change the exact objective, any difference from R, is attributable to the behavior of
COBYLA in the enlarged parameter space. On Erd6s—Rényi graphs, the graph-level paired difference ARg, r. —
ARR, was —0.0003 with a 95% bootstrap confidence interval (CI) of [—0.0032,0.0024]; on random 3-regular
graphs it was 0.0010 with CI [—0.0017,0.0040]. The enlarged parameterization therefore produced no detectable
systematic gain in the attained objective. In contrast, the redundant parameterization required on average 108.8
additional objective evaluations on ErdGs—Rényi graphs (95% CI [95.4, 121.9]) and 131.4 additional evaluations on
3-regular graphs (95% CI [125.8,137.1]). Figure 1 shows how this optimization-cost penalty grows with graph size.

Objective effect Optimization-cost effect
200

0.0100 4

175 A
0.0075 4

Rz —Ry)

150 A

0.0050 4
125 A

0.0025 A 100 4

0.0000 +

AR, — ARy,

ur
o
1

—0.0025 4

N
¢
1

—0.0050 4

Extra objective evaluations (R,
~
w
)

o
!

4 5 6 7 8 9 10 11 12 4 5 6 7 8 9 10 11 12
Number of vertices n Number of vertices n

Figure 1. Effect of the exactly redundant R, parameters. Left: graph-level paired difference in final expected
approximation ratio between R, R. and R,. Right: paired difference in COBYLA objective evaluations. Points
denote means over stochastic graph instances at each size; error bars denote 95% bootstrap confidence intervals.
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3.2. Performance Across Graph Families and Sizes

With the analytical controls and implementation checks established, we next turn to the overall behavior of the
variational architectures across the full benchmark. The aim at this stage is not to isolate any single architectural
mechanism, but to provide a common quantitative overview of solution quality, optimal-solution probability, success
rate, and optimization effort under the prescribed finite evaluation budget. This aggregate comparison provides the
reference point for the more detailed graph-family- and architecture-specific analyses that follow. In particular,
Table 2 summarizes the complete benchmark after first averaging the five optimizer restarts within each graph. The
R, product ansatz achieved a mean expected approximation ratio of 0.9784 and mean optimal-solution probability
of 0.7832, with 78.3% of runs meeting the reporting threshold ARey, > 0.99. The representative graph-agnostic
entangling ansatz reached a slightly higher overall mean approximation ratio, 0.9811, with P, = 0.8021, but
required more than three times as many objective evaluations on average. The aggregate mean QAOA performance
improved monotonically across the tested depths, from a mean approximation ratio of 0.7954 at p = 1 to 0.8908 at
p=3and 0.9202 atp = 5.

The separation between the product-state and QAOA results is concentrated in the stochastic graph families
rather than the complete-graph controls. Complete graphs constitute a particularly symmetric setting for QAOA-
MaxCaut, and recent Lie-algebraic analysis has shown that, for sufficiently deep circuits in the corresponding unitary
2-design regime, the loss-function variance scales linearly rather than exponentially with system size, excluding
barren-plateau behavior in that regime [23]. Although this asymptotic result does not directly characterize the small
systems and finite QAOA depths considered here, it further emphasizes that complete graphs possess a distinctive
optimization structure and should not be interpreted interchangeably with the stochastic graph ensembles. On
complete graphs, the mean approximation ratio was essentially one for 12, and the agnostic entangling circuit, while
QAOA reached 0.9955 at p = 5. On Erd6s—Rényi graphs, the corresponding means were 0.9755 for R, 0.9817 for
the graph-agnostic entangling comparator, and 0.9057 for QAOA p = 5. On random 3-regular graphs they were
0.9793, 0.9780, and 0.9290, respectively. Figure 2 shows the size dependence for the two stochastic families.

The graph-level paired comparison between R, and QAOA p = 5 gives a mean difference
ARpR, — ARp—5 = 0.0698 on Erd6s—Rényi graphs (95% CI [0.0604, 0.0793]) and 0.0504 on 3-regular graphs
(95% CI [0.0423, 0.0588]). The corresponding paired differences in P, were 0.2743 (95% CI [0.2171, 0.3281])
and 0.2595 (95% CI [0.1988,0.3172]). The finite-budget separation becomes more pronounced at the larger graph
sizes in the main QAOA-depth comparison, even though QAOA itself improves as p increases.
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Figure 2. Expected approximation ratio versus graph size for the two stochastic graph families. Values are first
averaged over five restarts within each graph; points denote graph-instance means and error bars denote 95%
bootstrap confidence intervals across graph instances. The R, and R, R. controls are omitted for readability because
their objective families are analytically equivalent to the R, control.

Table 2. Overall benchmark summary.

Method ARcxp Py Target (%) Evaluations
R, product 0.9784 0.7832 78.3 216.3
R, product 0.9784 0.7832 78.3 216.3
Ry R, product 0.9787 0.7832 78.3 334.2
Agnostic Ry R, + Ry, 0.9811 0.8021 76.6 696.7
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Table 2. Cont.

Method ARexp Popt Target (%) Evaluations
QAOAp =1 0.7954 0.2101 2.1 424
QAOAp =3 0.8908 0.4284 9.1 730.7
QAOAp=5 0.9202 0.5278 19.4 929.2

Single-flip local search 0.9684 - 73.3 29.5

Values are arithmetic means over the 95 graph-level summaries, after averaging five independent restarts for each graph. “Target” is the fraction

of runs with ARexp > 0.99. The single-flip baseline has no quantum sampling probability Popt.

3.3. Representative Graph-Agnostic Entanglement

Turning now to the effect of entanglement, the graph-agnostic R, X, + R, comparator did not exhibit a
uniform advantage over the product-state landscape. Relative to I?,, its mean approximation-ratio change on
Erd6s-Rényi graphs was +0.0062 (equivalently AR, — AR4 = —0.0062, 95% CI [—0.0124,0.0002]), whereas
on 3-regular graphs it was —0.0013 (95% CI for ARg, — AR4: [—0.0080,0.0102]). The paired P, differences
likewise had confidence intervals containing zero for both families. Thus the small increase in the overall mean
reported in Table 2 is not a consistent graph-family-level improvement.

The optimization-cost difference is clearer. Compared with R,, the entangling comparator required on
average 449.7 additional objective evaluations on ErdGs—Rényi graphs (95% CI [420.9, 476.5]) and 517.9 additional
evaluations on 3-regular graphs (95% CI [497.1,539.1]). Moreover, the R,, target-success rate exceeded that of
the entangling comparator by 9.5 percentage points on 3-regular graphs (95% CI [1.5, 17.5]), while the difference
on Erd6s—Rényi graphs was not resolved by the present sample. These observations apply only to the fixed-chain
comparator of Equation (18); they do not establish a general ordering over problem-agnostic entangling ansétze.

3.4. Parameter-Count-Matched QAOA

Regarding parameter count, a direct parameter-count control was obtained by setting p = n/2, so that QAOA
uses the same number of trainable angles, 2p = n, as the R, product ansatz. Across the complete benchmark,
parameter-matched QAOA reached mean ARe,, = 0.9109, P,y = 0.4871, and a target-success rate of 9.5%, with a
mean of 856.5 objective evaluations. The corresponding R, values were 0.9784, 0.7832, 78.3%, and 216.3 evaluations.

On Erd8s—-Rényi graphs the graph-level paired advantage of R, was 0.0872 in approximation ratio (95% CI
[0.0760,0.0987]), and on 3-regular graphs it was 0.0509 (95% CI [0.0439, 0.0578)). Figure 3 shows the size-resolved
paired differences. At n = 12, where the matched control corresponds to QAOA p = 6, QAOA used the full
1000-evaluation budget in every run and reached a mean approximation ratio of 0.9012, compared with 0.9718 for Iz,,.
Equal parameter count therefore does not explain the finite-budget difference observed here. It should not, however, be
interpreted as equalizing circuit depth, quantum resources, or the intrinsic cost of an objective evaluation.

Parameter-count-matched comparison (2p =n)
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Figure 3. Parameter-count-matched comparison between the R, product ansatz and QAOA with p = n/2, so
that both have n trainable parameters. Positive values favor the R, ansatz. Points denote mean graph-level paired
differences; error bars denote 95% bootstrap confidence intervals.
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3.5. Finite-Budget Convergence and Classical Context

The final experimental results concern convergence. In particular, the common evaluation cap exposes
substantial differences in optimization dynamics. Figure 4 reports the mean approximation ratio after common
evaluation checkpoints, carrying forward the final value of runs that terminated before a checkpoint. The R,, product
ansatz reached a mean ratio of 0.9439 after 50 evaluations, 0.9724 after 100, and 0.9781 after 250, after which the
aggregate curve changed little. The graph-agnostic entangling comparator started lower (0.8263 at 50 evaluations)
but continued improving to 0.9811 at the 1000-evaluation endpoint. QAOA p = 3 increased from 0.8596 to 0.8908
and QAOA p = 5 from 0.8598 to 0.9202 over the same checkpoints.

Finite-budget convergence (all benchmark graphs)
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Figure 4. Mean expected approximation ratio as a function of the common objective-evaluation budget across all
95 benchmark graphs. For runs terminating before a checkpoint, the final attained value is carried forward. The
continuing rise of the deeper QAOA and graph-agnostic entangling curves near the cap is part of the finite-budget
interpretation and should not be read as an asymptotic performance ordering.

The optimizer-status records support the same interpretation. COBYLA reported successful termination in
99.2% of R, runs, compared with 67.8% for the graph-agnostic entangling comparator, 55.2% for QAOA p = 3,
and only 10.9% for QAOA p = 5; most unsuccessful deep-QAOA runs exhausted the evaluation cap. Accordingly,
the reported QAOA differences characterize performance under the predefined finite classical-optimization budget,
not the best values attainable with unlimited optimization or specialized QAOA parameter strategies.

The single-vertex-flip classical baseline provides an additional scale for interpreting the product-state results. It
obtained a mean approximation ratio of 0.9684 with 73.3% target success using an average of 29.5 explicit cut-value
evaluations, counted as one evaluation of the initial assignment and one evaluation for each candidate single-vertex
flip inspected during the search. This count provides an internal measure of effort for the classical heuristic
and should not be interpreted as computationally equivalent to the objective evaluations used by the variational
optimizations. Relative to local search, I?, improved the graph-level mean ratio by 0.0196 on Erd6s—Rényi graphs
(95% CI [0.0088,0.0319)), but the difference on 3-regular graphs was —0.0008 with CI [—0.0076,0.0055]. The
competitiveness of this elementary classical heuristic is consistent with Proposition 4: the product-state landscape
inherits the same one-flip local structure rather than providing evidence of a quantum computational advantage.

4. Discussion

Taken together, the analytical and numerical results support a clear distinction between representational
capacity and finite-budget trainability. For MaxCut, product states are sufficient to represent every classical
assignment and therefore an exact optimum. This fact alone is elementary and does not make the product-state
ansatz an efficient solver. What is useful in the present setting is that the induced continuous objective can be
characterized exactly: its strict local maxima coincide with strict one-vertex-flip local optima, R, and R, are
objective-equivalent, and terminal R, phases generate exact flat directions. The numerical study then uses these
identities as controls for understanding optimizer behavior rather than as claims of a new quantum resource.

The redundancy experiment illustrates why nominal parameter count can be a poor proxy for task-relevant
expressivity. Adding n gates of type 2, to the 12, product ansatz leaves the MaxCut expectation unchanged for
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every parameter value, yet COBYLA systematically required more evaluations as n increased. In this case the
additional parameters are not merely unnecessary at the optimum; they are globally invisible to the objective.
The result is therefore a controlled example in which overparameterization increases the dimension explored by a
derivative-free optimizer without enlarging the objective family.

The entangling comparison leads to an equally qualified conclusion. The fixed-chain R, architecture achieved
an overall mean approximation ratio close to, and slightly above, the product-state result, but the paired graph-family
comparisons did not show a consistent improvement and the optimization budget was substantially larger. This
is compatible with the broader observation that entanglement must be interpreted together with its alignment to
the problem structure [17], but the present experiment is intentionally narrower: one fixed, ordering-dependent
graph-agnostic architecture cannot establish that agnostic entanglement is beneficial or detrimental in general.
Its role is to demonstrate that introducing a generic entangling block does not automatically translate into easier
finite-budget optimization on these instances.

Problem alignment, however, does not guarantee easy classical training. Increasing QAOA depth improved
both AR.yp and P, and on complete graphs QAOA p = 5 approached the exact optimum. Nevertheless,
on the stochastic graph families the deeper QAOA models frequently consumed the full evaluation budget and
remained below the product-state baseline. The parameter-count-matched control shows that this gap cannot
be attributed solely to QAOA using fewer trainable angles. At the same time, the continuing improvement of
QAOA near 1000 evaluations prevents a stronger asymptotic conclusion. Alternative initialization, parameter
transfer, layerwise strategies, or different classical optimizers could change this finite-budget ordering. Optimizer
dependence has been studied extensively for QAOA, and comparative analyses indicate that the relative behavior of
classical optimization methods depends on the problem, parameterization, and computational budget rather than
identifying a universally preferred optimizer [5,21]. QAOA-specific structure can also be exploited independently
of optimizer choice. In particular, concentration of optimal parameters with increasing problem size has been
identified analytically and numerically at low QAOA depths [24], while parameter-transfer strategies have been
shown to reuse parameters optimized on small donor graphs for substantially larger MaxCut instances under
suitable structural-similarity conditions [25]. Moreover, recent dimensionality-reduction approaches indicate that
structure in the QAOA parameter space can be exploited to reduce the number of circuit evaluations required for
optimization, including through nonlinear low-dimensional representations at increasing circuit depth [26]. These
results emphasize that random initialization followed by a common black-box optimizer, as deliberately adopted
here, represents one controlled training regime rather than the best attainable QAOA optimization strategy. The
present result is therefore specifically that problem-structured dynamics did not yield the easiest landscape for a
common black-box optimizer under the predefined budget, rather than that QAOA is intrinsically more difficult to
optimize under specialized parameter-selection strategies.

The classical local-search comparison is essential to the interpretation. The 2, objective is efficiently evaluable
in closed form and its strict local maxima are classical one-flip optima. A simple best-improvement local search
was already highly competitive while using far fewer objective evaluations. Among the explicitly classical methods
considered in the benchmark, the single-vertex-flip heuristic therefore provides the strongest direct classical
comparator shown. Consequently, the strong performance of the product-state ansatz should not be described as
quantum advantage, nor does the present work compare against state-of-the-art classical MaxCut algorithms. The
product-state circuit instead serves primarily as an analytically transparent bridge between a variational quantum
parameterization and a classical continuous relaxation of the same discrete objective.

Several limitations define the scope of these conclusions. Most importantly for the numerical comparison, the
experiments use exact noiseless simulation and graphs with at most 12 vertices. The restriction to n < 12 prevents the
observed finite-budget performance ordering from being empirically extrapolated to graphs with tens or hundreds of
vertices. The product-state representational result itself is independent of this restriction: every computational-basis
cut, including an exact optimum, remains contained in the product-state family for arbitrary n. This representational
statement does not imply size-independent trainability, however. The R, parameterization contains n continuous
angles and its landscape retains the one-vertex-flip local-optimum structure characterized above, so its optimization
behavior under a fixed evaluation budget may change substantially as n grows. Conversely, standard QAOA
at fixed depth p retains 2p global variational parameters independently of n, and parameter-concentration and
transferability phenomena can facilitate training across problem sizes in some graph families [24,25]. Increasing
p can in turn introduce additional circuit and optimization costs. These competing effects provide no basis for
predicting a monotonic continuation of the small-instance performance gap observed here. The analytical results
allow nonnegative weights, but the numerical benchmark is unweighted. COBYLA is the only variational optimizer,
and a cap on objective evaluations equalizes classical optimizer calls rather than wall-clock cost, circuit depth,
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or measurement resources. Only one fixed-chain graph-agnostic entangling architecture is tested, and its vertex
ordering is not permutation invariant. The stochastic ensembles contain ten graph instances per size, and the classical
comparison is deliberately limited to a simple local search rather than stronger approximation algorithms. Finally,
the main QAOA sweep uses p = 1, 3, 5, with additional depths only for the 2p = n parameter-matched control.
These choices make the experiment reproducible and interpretable, but they also mean that the numerical ordering
should not be extrapolated to large-scale, noisy, hardware-constrained, or highly optimized QAOA regimes.

Future work should test whether this landscape-based interpretation persists for weighted instances, alternative
graph families, and larger systems accessible through tensor-network simulation or quantum hardware, together
with different classical optimizers and QAOA-specific initialization or parameter-transfer schemes. The analytical
controls also suggest a broader design principle for variational algorithms: before increasing ansatz size, it is
useful to identify which parameter directions are visible to the objective and which structural properties change the
optimization landscape rather than only the state-space expressivity.

5. Conclusions

We used MaxCut as a controlled setting to separate objective-visible parameterization, generic entanglement,
and problem-specific QAOA structure. The product-state limit yields an exact and transparent landscape: the
discrete optimum is preserved, I?, and R, are pointwise equivalent for the diagonal objective, terminal 1, phases
are exactly redundant, and strict local maxima correspond precisely to strict one-vertex-flip classical optima. Under
a common finite COBYLA budget on 95 small graphs, the simple R, landscape was optimized more efficiently than
the tested QAOA depths and a representative graph-agnostic entangling circuit, while parameter redundancy incurred
a measurable optimization penalty without increasing objective-relevant expressivity. QAOA performance improved
with depth and remained in active improvement near the evaluation cap, so these results characterize trainability
under the chosen budget rather than asymptotic algorithmic superiority. Together with the strong single-flip classical
baseline, the findings support a conservative conclusion: for the small exact-simulation regime considered here, the
geometry induced by task-relevant parameterization can matter at least as much as nominal circuit richness, while
no quantum computational advantage is implied.
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