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Abstract: In this research, the time-varying formation (TVF) control problem is exam-
ined for general directed networks (DNs) subject to switching communication topologies,
which widely arises in cooperative tasks of multiple mobile robots. In such practical
scenarios, time-varying communication links induced by obstacles, agent mobility and
bandwidth limitations bring nontrivial challenges for reliable formation maintenance.
To address this issue, a distributed formation control protocol is developed by utilizing
local formation error feedback, topology-dependent relative formation error coupling,
a positive coupling strength, and a formation compensation signal. By virtue of the
constructed control protocol combined with a nonsingular coordinate transformation,
the anticipated TVF control task is recast as an exponential stability verification issue of
a general switched system. Then, upon constructing an innovative topology-dependent
time-varying Lyapunov function (TDTVLF) approach together with the dwell-time
switching (DTS) strategy, the corresponding sufficient conditions are then derived to
guarantee the exponential convergence of the formation error dynamics. Finally, the
formation control of multiple mobile robots is carried out to validate the effectiveness
and practical applicability of the proposed TVF control protocol.

Keywords: time-varying formation control; directed networks; topology-dependent
time-varying Lyapunov function; switching topologies

1. Introduction

DNs represent a class of complex dynamical systems consisting of multiple coupled nodes interacting under
designated communication topologies. Such inherent characteristics enable numerous practical complex systems to
be efficiently described within the directed network framework [1–5]. Accordingly, cooperative control of DNs
has garnered substantial research interest in recent years, due to its extensive application prospects in unmanned
aerial vehicles, mobile robots, autonomous underwater vehicles, satellite formations, and intelligent transportation
systems. Among various cooperative control problems, formation control constitutes a pivotal research direction,
whose objective is to drive a group of network nodes to achieve and maintain a prescribed geometric pattern by
using local information exchange [6]. In prior literature, the adopted formation control methods mainly include the
leader-follower approach, the behavior-based approach, and the virtual-structure-based approach [7–9]. As the field
advanced, consensus and graph-theoretic techniques established a universal distributed analytical framework to
unify formation control analysis over DNs [10–13].

In practical tasks such as cooperative surveillance, target encirclement, obstacle avoidance, and environmental
monitoring, network nodes are often required to adjust their relative positions according to time-varying mission
requirements. Therefore, TVF control stands out as an indispensable research direction in the field of DNs. A
wealth of existing literature has investigated formation control issues for first-order, second-order, high-order, and
general linear multi-agents under different communication topologies [14–17]. Nevertheless, the majority of these
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established achievements are confined to static formation configurations, oversimplified node dynamics, or
fixed/undirected interaction topologies. Practical communication networks generally exhibit directed features
and may undergo frequent topology switching caused by restricted sensing coverage, data packet dropout, commu-
nication bandwidth limitations and external environmental perturbations. To date, extensive investigations have
been conducted on formation control for DNs subject to switching communication topologies [16–20]. A variety
of results with both theoretical novelty and practical engineering significance have been derived via switched
system theory. For example, utilizing dwell-time switching constraints together with multiple Lyapunov function
theory, the study [16] derived necessary and sufficient solvability conditions for TVF of linear multi-agent systems
under switching directed topologies. It was proven that the desired formation can be achieved provided that the
prescribed TVF belongs to the feasible formation set and that the dwell time for topology switching exceeds some
positive threshold. By adopting the common Lyapunov function method, the work [17] developed an adaptive
output-feedback distributed TVF control scheme that utilizes local output information for linear swarm systems
under both fixed and switching topologies. Corresponding control protocols and adaptive mechanisms were devised for
these two topology categories to attain the prescribed formation performance. For nonlinear multi-agent systems with
directed switching topologies, the fault-tolerant formation control problem was investigated in [18], where a distributed
fuzzy formation controller was synthesized to guarantee the uniform ultimate boundedness of formation errors.

Furthermore, the reference formation vector together with its time derivative jointly exerts a coupling influence
on the closed-loop dynamics within the TVF control framework. Accordingly, arbitrary predefined time-varying
formations are not always attainable for the examined DNs. Under such circumstances, it becomes imperative to
characterize the collection of feasible time-varying formations and construct a distributed control protocol capable
of ensuring formation error convergence under switching directed communication topologies. Trajectory tracking
generally requires agents to follow prescribed reference trajectories, whereas formation control specifies the desired
relative geometric relationships among agents. The overall macroscopic motion of the entire formation emerges
autonomously from the closed-loop evolution rather than being pre-specified. Therefore, it is necessary to determine
which prescribed time-varying formations are achievable and how the corresponding formation reference function is
produced. The feasibility condition derived in [16] shows that the desired formation must satisfy a constraint determined
by the agent dynamics, the input matrix, and the switching directed topology. Nevertheless, developing stabilizing
protocols with reduced conservatism for the derived reduced-order switched error dynamics still remains challenging.

Motivated by the above observations, this paper studies the TVF control problem for general DNs under
switching topologies. A distributed formation control protocol equipped with topology-dependent coupling gains
and a nonsingular coordinate transformation are jointly adopted to convert the original time-varying formation (TVF)
control problem into a stability analysis framework for the reduced-order switched error system. A compensation
signal is further designed to extend the feasible set of time-varying formations. Different from the Lyapunov function
approach as in [16] for the formation control over DNs with switching topologies, this paper develops a novel
formation control framework via the construction of a TDTVLF technique combined with the DTS mechanism, and
further derives the corresponding sufficient criteria to ensure exponential convergence of the formation error. To
conclude, the validity and practicability of the developed methodology are verified via numerical simulations of
multi-robot formation control scenarios.

Notation: In this research, Rn and Rm×n denote the n-dimensional Euclidean space and the set of all m×n real
matrices, respectively; Im and 0m×n represent the m×m identity matrix and the m× n zero matrix, respectively;
1N signifies the N-dimensional column vector [1, 1, . . . , 1]T; λmin(A), λmax(A) and λi(A) refer to the minimum,
maximum and the i-th eigenvalue of the square matrix A; N and N+ correspond to the set of natural numbers and
positive integers; S[a,b] with a ≤ b ∈ N defines the set [a, b] ∩ N; ⊗ represents the Kronecker product; Sym(A)

is defined as A + AT; col(·) and diag(·) represent the block-column vector and block-diagonal matrix, while
col(ωi)

N
i=1 is short for col(ω1, ω2, . . . , ωN) and diag(ωi)

N
i=1 is short for diag(ω1, ω2, . . . , ωN); finally, Re

(
λi(A)

)
corresponds to the real part of λi(A).

2. Preliminaries and Problem Formulation

Consider a DN consisting of N nodes with the dynamics of the i-th node described by

ẋi(t) = Axi(t) +Bui(t), i ∈ S[1,N], (1)

where xi(t) = [xT
i1(t),x

T
i2(t), · · · ,xT

ip(t)]
T ∈ Rp and ui(t) = [uT

i1(t),u
T
i2(t), · · · ,uT

iq(t)]
T ∈ Rq denote the

state and control input of the i-th node, respectively. The matrices A and B are constant system matrices with
appropriate dimensions, where B possesses full column rank, i.e., rank(B) = q.

The anticipate TVF is described by y(t) = col
(
yi(t)

)N
i=1

∈ RNp, in which yi(t) ∈ Rp for all indices
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i ∈ S[1,N]. Besides, every yi(t) is piecewise continuously differentiable, characterizing the expected relative
displacement of node i inside the predefined formation geometry. Accordingly, the investigated TVF is formalized
in the following definition.

Definition 1 ([16]). The DN (1) is regarded to realize the TVF prescribed by y(t), if there exists a vector-valued
function ℏℏℏ(t) ∈ Rp such that

lim
t→∞

(
xi(t)− yi(t)− ℏℏℏ(t)

)
= 0, i ∈ S[1,N], (2)

in which ℏℏℏ(t) is called the formation reference function.

For the DN (1) incorporating N individual nodes, the switching interaction topologies among nodes are
formulated by directed graphs Gς(t) = (υ,Eς(t),Wς(t)), where υ = S[1,N] stands for the collection of network
nodes, Eς(t) ⊆ υ × υ characterizes all directed connection pairs, and Wς(t) = [w

ς(t)
ij ]N×N ∈ RN×N corresponds

to the weighted adjacency matrix. ς(t) : [0,+∞) → ℵ := S[1,ςnum] determines the switching signal, representing the
active interaction topology at time t. For any i ̸= j, the existence of directed link (j, i) ∈ Eς(t) implies that node i is
capable of acquiring information originating from node j. Meanwhile, the corresponding adjacency weight satisfies
w

ς(t)
ij = 1, whereas wς(t)

ij = 0 otherwise. Additionally, it is stipulated that wς(t)
ii = 0 for all i ∈ υ. The neighbor

set of the node i within the directed graphs Gς(t) is defined as ℵi
ς(t) = {j ∈ υ : (j, i) ∈ Eς(t)}. The in-degree

associated with the node i is calculated by di
ς(t) =

N∑
j=1

w
ς(t)
ij . Consequently, the Laplacian matrix corresponding to

the directed graphs Gς(t) can be expressed as Lς(t) = Dς(t) −Wς(t), where Dς(t) = diag(d1
ς(t),d

2
ς(t), . . . ,d

N
ς(t)).

Within this context, all network nodes are required to track the predefined relative geometric layout, whereas
the overall formation moves according to the formation reference ℏℏℏ(t). Figure 1 presents the schematic diagram
for the proposed TVF control framework. To achieve the target TVF under switching topologies, the following
distributed formation control protocol is considered:

ui(t) = K1

(
xi(t)− yi(t)

)
+αK2,ς(t)

∑
j∈ℵi

ς(t)

w
ς(t)
ij

[(
xj(t)− yj(t)

)
−
(
xi(t)− yi(t)

)]
+ ci(t), (3)

where K1 is a constant feedback gain, α > 0 is the coupling strength, and K2,ς(t) is a topology-dependent coupling
gain. Moreover, ci(t) ∈ Rq signifies the formation compensation signal associated with the desired TVF.
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Figure 1. Schematic diagram for the proposed TVF control framework.

Remark 1. In this research, each possible directed topology Gς(t) contains a spanning tree. Then, zero constitutes
a simple eigenvalue of Lς(t), whose corresponding right eigenvector is the all-one vector 1N, while the remaining
N − 1 eigenvalues of Lς(t) possess positive real parts. Define the nonsingular matrix ℑ =

[
ν1 ℑ̃

]
∈ RN×N,

where ν1 = 1N and ℑ̃ = [ν2 ν3 · · · νN] ∈ RN×(N−1). Denote ℑ−1 =
[
ν̄T
1 ℑ̄T

]T
and

ℑ−1Lς(t)ℑ =

[
ν̄1
ℑ̄

]
Lς(t)

[
ν1 ℑ̃

]
=

[
0 ν̄1Lς(t)ℑ̃
0 ℑ̄Lς(t)ℑ̃

]
.

where ν̄1 ∈ R1×N and ℑ̄ = col(ν̄i)Ni=2 ∈ R(N−1)×N. Accordingly, all eigenvalues of L̄ς(t) = ℑ̄Lς(t)ℑ̃ also have
positive real parts, and L̄ς(t) is nonsingular [16].
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Remark 2. The formation controller outlined in protocol (3) consists of three components. K1 is mainly used
to adjust the dynamic behaviors of the formation reference, whereas K2,ς(t) and α serve to steer the formation
error toward zero over switching directed communication graphs. The relative coupling term only utilizes local
information from neighboring agents, which can drive the formation error to converge to zero under switching
directed topologies. The compensation signal ci(t) is designed to counteract the impact induced by the derivative
of the desired formation and further improve the feasibility of formation realization.

Let x(t) = col
(
xi(t)

)N
i=1

and c(t) = col
(
ci(t)

)N
i=1

. Then, with the formation control protocol (3), the
closed-loop DN (1) can be formulated by

ẋ(t) =
(
IN ⊗ (A+BK1)− (αLς(t))⊗ (BK2,ς(t))

)
x(t)

+
(
(αLς(t))⊗ (BK2,ς(t))− IN ⊗ (BK1)

)
y(t) + (IN ⊗B)c(t).

(4)

Define the formation error variable ϵi(t) = xi(t)− yi(t) and ϵ(t) = col
(
ϵi(t)

)N
i=1

. Then, system (4) can be
rewritten as

ϵ̇(t) =
(
IN ⊗ (A+BK1)− (αLς(t))⊗ (BK2,ς(t))

)
ϵ(t)

+ (IN ⊗A)y(t)− (IN ⊗ Ip)ẏ(t) + (IN ⊗B)c(t).
(5)

Define ξ(t) = (ℑ−1⊗ Ip)ϵ(t) = col
(
ξi(t)

)N
i=1

and Ac = A+BK1. Then, from system (5), it is established that

ξ̇1(t) =Acξ1(t)−α
(
(ν̄1Lς(t)ℑ̃)⊗ (BK2,ς(t))

)
ξ̄(t)

+ (ν̄1 ⊗A)y(t)− (ν̄1 ⊗ Ip)ẏ(t) + (ν̄1 ⊗B)c(t),
(6)

and

˙̄ξ(t) =
(
IN−1 ⊗Ac − (αL̄ς(t))⊗ (BK2,ς(t))

)
ξ̄(t)

+ (ℑ̄⊗A)y(t)− (ℑ̄⊗ Ip)ẏ(t) + (ℑ̄⊗B)c(t),
(7)

where ξ̄(t) = col
(
ξi(t)

)N
i=2

∈ R(N−1)p.
Before presenting the main conclusions of this research, several key definition and lemmas are introduced to

support the following theoretical derivation.

Definition 2 ([21]). Given positive constant satisfying ς1 < ∞, the switched signal ς(t) is defined to admit a dwell
time restriction, provided that the interval between every two successive switching moments obeys ts+1 − ts ≥ ς1
for all s ∈ N.

Lemma 1. The DN (4) under the formation control protocol (3) achieves the TVF associated with y(t), namely
limt→∞

(
x(t)− y(t)− 1N⊗ξ1(t)

)
= 0, if and only if the following two conditions are satisfied:

(I) for any i ∈ S[1,N], and j ∈ ℵi
ς(t), it holds that

lim
t→∞

B̄(Ayij(t)− ẏij(t)) = 0, (8)

(II) the following switched system exhibits asymptotic convergence:

˙̃
ξ(t) =

(
IN−1 ⊗Ac − (αL̄ς(t))⊗ (BK2,ς(t))

)
ξ̃(t), (9)

where yij(t) = yi(t)− yj(t), B̄ ∈ R(p−q)×p and B̄B = 0.

Remark 3. The proof of Lemma 1 follows directly from the derivations presented in [16]. The condition (8) serves
as a feasibility condition for the prescribed time-varying formation, which verifies whether the relative formation
signals can be realized via each node’s dynamics and the channels characterized by B. After this feasibility
condition is fulfilled, the remaining task is to design the formation control protocol (3) and the switching rule ς(t) to
guarantee the stability of the reduced formation error system (9). As such, condition (8) builds a bridge between the
predefined time-varying formation pattern and the subsequent control protocol design. From B̄B = 0, it can be
verified that
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lim
t→∞

(
B̄Ayij(t)− B̄ẏij(t) + B̄B(ci(t)− cj(t))

)
= 0.

Also, we can determine ci(t) and cj(t) such that

lim
t→∞

(
B̃Ayij(t)− B̃ẏij(t) + (ci(t)− cj(t))

)
= 0,

where B̃ ∈ Rq×p, B̃B = Iq and col(B̃, B̄) is nonsingular. Then, it can be calculated that limt→∞
(
Ayij(t) −

ẏij(t) +Bcij(t)
)
= 0, and thus limt→∞

(
(ℑ̄⊗A)y(t)− (ℑ̄⊗ Ip)ẏ(t) + (ℑ̄⊗B)c(t)

)
= 0. Hence, it follows

from (7) and Lemma 1 that the distributed formation control of the DN (1) is accordingly transformed into the
asymptotic stability verification of the switched system (9). Accordingly, the formation compensation signal ci(t)
can be designated as ci(t) = −B̃

(
Ayi(t)− ẏi(t)

)
for any i ∈ S[1,N].

Remark 4. Following Lemma 1 and the nonsingular coordinate transformation ξ(t) = (ℑ−1 ⊗ Ip)ϵ(t), an explicit
expression of the formation reference function ℏℏℏ(t) can be provided by ℏℏℏ(t) = (ν̄1 ⊗ Ip)

(
x(t) − y(t)

)
, which

captures macroscopic motion across the entire TVF. Particularly, the considered TVF problem degenerates into
a consensus problem when y(t) ≡ 0. In this scenario, ℏℏℏ(t) serves as the consensus function associated with the
DNs. As a consequence, it is observed from Equation (6) that the macroscopic motion of the overall formation is
simultaneously governed by node dynamics, switching communication topologies, compensation signal c(t), and
prescribed formation geometry.

Lemma 2 ([22]). For the directed graph Gς(t) containing a spanning tree and the structure of L̄ς(t) = ℑ̄Lς(t)ℑ̃,
there exists a positive scalar γς(t) < min

{
Re

(
λi(L̄ς(t)

)
, i ∈ S[1,N−1]

}
and the symmetric positive definite matrix

℘ς(t) ∈ R(N−1)×(N−1) such that

L̄T
ς(t)℘ς(t) +℘ς(t)L̄ς(t) > 2γς(t)℘ς(t). (10)

Remark 5. Lemma 2 is mainly employed to handle the asymmetric nature of directed Laplacian matrix. Even
though L̄ς(t) is typically non-symmetric and can admit complex eigenvalues, inequality (10) yields a positive definite
weighting matrix ℘ς(t), which facilitates the construction of the TDTVLF.

Lemma 3 ([23]). For any vectors y1 and y2, and the symmetric positive definite matrix H with appropriate
dimension, the following inequality holds:

±2yT
1 y2 ≤ yT1 Hy1 + yT

2 H
−1y2. (11)

Lemma 4 ([24]). Consider the symmetric matrices M1 > 0 and M2. Then, for any vector x with appropriate
dimension, we have

λmin

(
M−1

1 M2

)
xTM1x ≤ xTM2x ≤ λmax

(
M−1

1 M2

)
xTM1x. (12)

Lemma 5. For the symmetric positive-definite matrix℘ς(t) and symmetric matrix A = (Aij)Ψ×Ψ and i, j ∈ S[1,Ψ],
there exists a nonsingular matrix ΩΨ such that

A℘ς(t)
=


℘ς(t) ⊗ A11 ∗ · · · ∗
℘ς(t) ⊗ A21 ℘ς(t) ⊗ A22 · · · ∗

...
...

. . .
...

℘ς(t) ⊗ AΨ1 ℘ς(t) ⊗ AΨ2 · · · ℘ς(t) ⊗ AΨΨ

 = ΩΨ(℘ς(t) ⊗ A )ΩT
Ψ (13)

where ΩΨ is expressed as

ΩΨ =col(π1, π1+Ψ, · · · , π1+(N−2)Ψ, π2, π2+Ψ, · · · , π2+(N−2)Ψ, · · · , πΨ, π2Ψ, · · · , π(N−1)Ψ),

with πm =
[
0p×(m−1)p Ip 0p×((N−1)Ψ−m)p

]
and m ∈ S[1,(N−1)Ψ].

Remark 6. Given that the directed graph Gς(t) containing a spanning tree and with the introduction of the
nonsingular matrix ℑ̄, the reduced formation error system (9) is acquired. As a result, and all eigenvalues of
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L̄ς(t) = ℑ̄Lς(t)ℑ̃ possess positive real parts. Meanwhile, and there exists a symmetric positive-definite matrix
℘ς(t) ∈ R(N−1)×(N−1) such that inequality (10) holds. Taking all these factors into account, we propose the
property of Kronecker product decoupling in formula (13). The proof of Lemma 5 shares similar technical arguments
with the one presented in [25,26], and thus is omitted for brevity. Since ΩΨ is nonsingular, Equation (13) establishes
an equivalence between the negative-definite condition of the high-dimensional matrix A℘ς(t)

and that for its low-
dimensional counterpart A . This particular Kronecker product feature allows us to construct a synchronization
criterion independent of the network node scale N. Consequently, the resulting criterion is applicable to formation
control over large-scale DNs.

3. Main Results

In this section, a TVF control criterion is established for the DN (1) under switching topologies, by constructing
a TDTVLF approach.

Theorem 1. For the prescribed the TVF y(t) satisfying the constraint (8), suppose that there exists positive scalars
ηk, β, µ ≥ 1, and symmetric positive matrices Pk,a ∈ Rp×p, Qk ∈ Rp×p, Rk ∈ Rp×p, Zk ∈ Rq×q, k ∈ ℵ,
a ∈ S[1,2], such that  Θk

11 ∗ ∗
Θk

12 R̄k − 2ηkQ̄k ∗
ηkα

√κκκk,2BZkB
T 0 −R̄k

 < 0, (14)

 Θ̂k
11 ∗ ∗

Θ̂k
12 R̄k − 2ηkQ̄k ∗

ηkα
√κκκk,2BZkB

T 0 −R̄k

 < 0, (15)

 ψk,2 ∗ ∗
Θ̂k

12 R̄k − 2ηkQ̄k ∗
ηkα

√κκκk,2BZkB
T 0 −R̄k

 < 0, (16)

Pk,1 ≤ µPr,2, µτ > 1, k ̸= r ∈ ℵ, (17)

where Q̄k = Q−1
k and

Θk
11 =

P̄k,2 − P̄k,1

ς1
+ψk,1,Θ

k
12 = P̄k,1 + ηkAcQ̄

T
k − Q̄k,

Θ̂k
11 =

P̄k,2 − P̄k,1

ς1
+ψk,2, Θ̂

k
12 = P̄k,2 + ηkAcQ̄

T
k − Q̄k,

ψk,a = Sym(AcQ̄k)−ακκκk,1BZkB
T + βP̄k,a, P̄k,1 = Q̄kPk,1Q̄

T
k ,

κκκk,1 = λmin

(
L̄k +℘−1

k L̄T
k℘k

)
, P̄k,2 = Q̄kPk,2Q̄

T
k ,

κκκk,2 = λmax

(
℘−1

k L̄T
k℘kL̄k

)
, R̄k = Q̄kRkQ̄

T
k .

Then, under the controller gain formulated by K2,k = ZkB
TQT

k and the dwell-time constraint

ς1 >
ln(µτ )

β
, τ = max

{
λmax

(
℘−1

r ℘k

)
, k ̸= r ∈ ℵ

}
, (18)

system (9) exhibits exponential stability, while the DN (1) attains the prescribed TVF y(t).

Proof. For any switching interval [ts, ts+1), define ς(t) = k with k ∈ ℵ. Given system (9), construct the following
TDTVLF:

V(t) = Vk

(
ξ̃(t)

)
= ξ̃T(t)

(
℘k ⊗Pk(t)

)
ξ̃(t), (19)

with the time-varying matrix taking the form of

Pk(t) =


ts+ς1−t

ς1
Pk,1 +

(
1− ts+ς1−t

ς1

)
Pk,2, t ∈ [ts, ts + ς1),

Pk,2, t ∈ [ts + ς1, ts+1).
(20)

For t ∈ [ts, ts + ς1), taking the derivative of V(t) along the trajectory of (9) gives
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V̇(t) + βV(t) = 2
ts + ς1 − t

ς1
ξ̃T(t)

(
℘k ⊗Pk,1

) ˙̃
ξ(t)

+ 2
(
1− ts + ς1 − t

ς1

)
ξ̃T(t)

(
℘k ⊗Pk,2

) ˙̃
ξ(t)

+
ts + ς1 − t

ς1
ξ̃T(t)

(
℘k ⊗

(Pk,2 −Pk,1

ς1
+ βPk,1

))
ξ̃(t)

+
(
1− ts + ς1 − t

ς1

)
ξ̃T(t)

(
℘k ⊗

(Pk,2 −Pk,1

ς1
+ βPk,2

))
ξ̃(t).

(21)

By using the system Equation (9), there exists symmetric positive matrix Qk and positive scalar ηk such that

2
[
ξ̃T(t)(℘k ⊗Qk) + ηk

˙̃
ξT(t)(℘k ⊗Qk)

][
(IN−1 ⊗Ac)ξ̃(t)−α

(
L̄k ⊗ (BK2,k)

)
ξ̃(t)− ˙̃

ξ(t)
]
= 0, (22)

which implies that

2ξ̃T(t)
(
℘k ⊗ (QkAc)

)
ξ̃(t)− 2ξ̃T(t)(℘k ⊗Qk)

˙̃
ξ(t)− 2αξ̃T(t)

×
(
(℘kL̄k)⊗ (QkBK2,k)

)
ξ̃(t) + 2ηk

˙̃
ξT(t)

(
℘k ⊗ (QkAc)

)
ξ̃(t)− 2ηkα

× ˙̃
ξT(t)

(
(℘kL̄k)⊗ (QkBK2,k)

)
ξ̃(t)− 2ηk

˙̃
ξT(t)(℘k ⊗Qk)

˙̃
ξ(t) = 0.

(23)

Notice that K2,k = ZkB
TQT

k and the matrix QkBZkB
TQT

k is semi-positive definite. Then, for the
symmetric positive matrix Qk, we can conclude that

− 2αξ̃T(t)
(
(℘kL̄k)⊗ (QkBK2,k)

)
ξ̃(t)

= −2αξ̃T(t)
(
(℘kL̄k)⊗ (QkBZkB

TQT
k )

)
ξ̃(t)

= −αξ̃T(t)
(
(℘kL̄k + L̄T

k℘k)⊗ (QkBK2,k)
)
ξ̃(t)

≤ −ακκκk,1ξ̃
T(t)

(
℘k ⊗ (QkBZkB

TQT
k )

)
ξ̃(t).

(24)

Similarly, for any symmetric positive definite matrix Rk, applying Lemmas 2 and 3 yields

− 2ηkα
˙̃
ξT(t)

(
(℘kL̄k)⊗ (QkBZkB

TQT
k )

)
ξ̃(t)

≤ ˙̃
ξT(t)

(
℘k ⊗Rk

) ˙̃
ξ(t) +α2η2

kξ̃
T(t)

(
(℘kL̄k)

T

⊗ (QkBZkB
TQT

k )
)(
℘−1

k ⊗R−1
k

)(
(℘kL̄k)⊗ (QkBZkB

TQT
k )

)
ξ̃(t)

=
˙̃
ξT(t)

(
℘k ⊗Rk)

˙̃
ξ(t) +α2η2

kξ̃
T(t)

(
(L̄T

k℘kL̄k)⊗ (ΓkR
−1
k Γk)

)
ξ̃(t) (25)

≤ ˙̃
ξT(t)

(
℘k ⊗Rk)

˙̃
ξ(t) +α2η2

kλmax

(
℘−1

k (L̄T
k℘kL̄k)

)
× ξ̃T(t)

(
℘k ⊗ (ΓkR

−1
k Γk)

)
ξ̃(t),

where Γk = QkBZkB
TQT

k .
Thus, utilizing the formulas (21)–(25) gives

V̇(t) + βV(t) ≤ ts + ς1 − t

ς1

[
2ξ̃T(t)

(
℘k ⊗Pk,1

) ˙̃
ξ(t)

+ ξ̃T(t)

(
℘k ⊗

(Pk,2 −Pk,1

ς1
+ βPk,1

))
ξ̃(t)

]
+
(
1− ts + ς1 − t

ς1

)[
2ξ̃T(t)

(
℘k ⊗Pk,2

) ˙̃
ξ(t)

+ ξ̃T(t)

(
℘k ⊗

(Pk,2 −Pk,1

ς1
+ βPk,2

))
ξ̃(t)

]
(26)

+ 2ξ̃T(t)
(
℘k ⊗ (QkAc)

)
ξ̃(t)− 2ξ̃T(t)(℘k ⊗Qk)

˙̃
ξ(t)

+ 2ηk
˙̃
ξT(t)

(
℘k ⊗ (QkAc)

)
ξ̃(t)− 2ηk

˙̃
ξT(t)(℘k ⊗Qk)

˙̃
ξ(t)

−ακκκk,1ξ̃
T(t)(℘k ⊗ Γk)ξ̃(t) +

˙̃
ξT(t)

(
℘k ⊗Rk)

˙̃
ξ(t)

+α2η2
kκκκk,2ξ̃

T(t)
(
℘k ⊗ (ΓkR

−1
k Γk)

)
ξ̃(t).
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Let ∇ = diag(Qk,Qk), Υk = col
(
ξ̃(t),

˙̃
ξ(t)

)
, and

Θk,1 =

[
Θk

11 +α
2η2

kκκκk,2BZkB
TQT

kR
−1
k QkBZkB

T ∗
Θk

12 R̄k − 2ηkQ̄k

]
,

Θk,2 =

[
Θ̂k

11 +α
2η2

kκκκk,2BZkB
TQT

kR
−1
k QkBZkB

T ∗
Θ̂k

12 R̄k − 2ηkQ̄k

]
,

Θk,3 =

[
ψk,2 +α

2η2
kκκκk,2BZkB

TQT
kR

−1
k QkBZkB

T ∗
Θ̂k

12 R̄k − 2ηkQ̄k

]
.

(27)

Then, recalling inequalities (19)–(26) gives rise to

V̇(t) + βV(t) ≤ ts + ς1 − t

ς1
ΥT

k

[
Ω2

(
℘k ⊗ (∇Θk,1∇T)

)
ΩT

2

]
Υk

+
(
1− ts + ς1 − t

ς1

)
ΥT

k

[
Ω2

(
℘k ⊗ (∇Θk,2∇T)

)
ΩT

2

]
Υk

(28)

where Ω2 = col(π1,π3, · · · ,π2N−3,π2,π4, · · · ,π2N−2) with πm defined in Lemma 5 for m ∈ S[1,2(N−1)].
Similarly, for t ∈ [ts + ς1, ts+1), repeating steps (21)–(26) results in

V̇(t) + βV(t) ≤ ΥT
k

[
Ω2

(
℘k ⊗ (∇Θk,3∇T)

)
ΩT

2

]
Υk. (29)

By combining conditions (14)–(16) with (28) and (29), it is the case that

V̇(t) + βV(t) < 0 (30)

for any t ∈ [ts, ts+1) and Υk ̸= 0.
For the switching instant ts of the topology structure, suppose ς(ts) = k and ς(t−s ) = r for any k ̸= r ∈ ℵ.

Hence, it follows from Lemma 4 the construction of the TDTVLF (19) that

V(ts) = Vk

(
ξ̃(ts)

)
= ξ̃T(ts)(℘k ⊗Pk,1)ξ̃(ts)

≤ µξ̃T(ts)(℘k ⊗Pr,2)ξ̃(ts)

≤ µλmax

(
(℘r ⊗Pr,2)

−1(℘k ⊗Pr,2)
)
ξ̃T(t−s )(℘r ⊗Pr,2)ξ̃(t

−
s )

≤ µτV(t−s ).

(31)

Moreover, since ℘k > 0 and Pk(t) > 0, there exist positive scalars z and z such that

z∥ξ̃(t)∥2 ≤ V(t) ≤ z∥ξ̃(t)∥2. (32)

Then, for any t ∈ [ts, ts+1), integrating inequalities (30)–(32) gives

V(t) ≤ e−β(t−ts)V(ts)

≤ µτe−β(t−ts)V(t−s )

≤ · · ·

≤ (µτ )
t−t0
ς1 e−β(t−t0)V(t0)

≤ e(−β+
ln(µτ)

ς1
)(t−t0)V(t0).

(33)

By the dwell time constraint (18), it can be inferred that −β + ln(µτ )
ς1

< 0, and thus the exponential stability
is guaranteed for system (9). Meanwhile, the DN (1) can realize the TVF y(t). This completes the proof.

Remark 7. The nonsingular transformation matrix ℑ plays an important role in the proposed TVF analysis and
protocol design. For each directed topology containing a spanning tree, zero is a simple eigenvalue of the Laplacian
matrix Lℓ and 1N is the associated right eigenvector. Therefore, a nonsingular matrix ℑ = [1N, ℑ̃] can be selected
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to separate the macroscopic formation motion from the reduced formation error dynamics. As pointed out in [16],
the selection of ℑ is non-unique, and any nonsingular matrix whose first column is 1N is admissible, for example,

ℑ =

[
1 01×(N−1)

1N−1 IN−1

]
. Under this transformation, the reduced Laplacian matrix L̄k = ℑ̄Lkℑ̃ contains all

nonzero eigenvalue information of Lk and is used to characterize the convergence of the formation error.

Remark 8. In this research, a TDTVLF framework is constructed for the TVF control of general DNs with switching
topologies, where only low-dimensional matrix conditions are required in Theorem 1 to guarantee the desired TVF
performance. This feature renders the developed method more applicable to formation control investigations for
large-scale directed networks. In addition, by defining Pk(t) = P−1 with P > 0, it is evident that the proposed
TDTVLF (19) encompasses the existing approaches in [16,27] for the formation control and consensus exploration
of multi-agent systems with switching topologies as special cases. By simply setting y(t) ≡ 0, the TVF control
problem investigated herein degenerates into a consensus control of DNs under switching topologies. Another core
contribution of the present study lies in presenting the decoupling property of the Kronecker product in formula
(13), which provides a foundation for constructing low-dimensional TVF control criteria for formation control of
large-scale DNs.

Remark 9. In a network, the coupling strength governs the collective dynamical behavior of the whole network. A
larger coupling strength generally corresponds to stronger interactions among nodes, whereas a smaller coupling
strength yields more independent node dynamics and preserves higher autonomy for individual agents within the
network [25]. With other controller parameters fixed, it can be observed from control protocol (3) that maintaining
a larger coupling strength will lead to higher control cost. Accordingly, the selection of coupling strength requires a
trade-off between satisfactory formation performance and allowable control cost. As for the dwell time ς1, its value
is chosen to exceed the theoretical threshold derived from the dwell time constraint in condition (18), such that
exponential convergence of the switched formation error system can be guaranteed (see formula (33)). Naturally, a
larger value of the dwell time ς1 corresponds to slower topology switching.

Remark 10. From an engineering perspective, the proposed control protocol shows promising applicability for
multi-robot cooperative systems, unmanned aerial vehicle formations, as well as intelligent transportation systems.
For these application scenarios, each node only requires local information including its own formation error and
relative formation error measurements from neighboring nodes under the current directed communication topology.
The topology-dependent gain together with the dwell-time condition offers a feasible alternative for controller
updates when communication links undergo switching caused by node mobility, obstacles, bandwidth constraints,
or time-varying network quality.

4. Simulation Example

This section introduces a illustrative example to demonstrate the validity of the achieved theoretical results.

Example 1. Consider a swarm of 20 unicycle-type autonomous mobile robots [28,29], with the kinematics of the
i-th robot characterized by: 

˙̄xi(t) = cos
(
ϕi(t)

)
vi(t),

˙̄wi(t) = sin
(
ϕi(t)

)
vi(t),

ϕ̇i(t) = σi(t),

(34)

where x̄i(t) and w̄i(t) stand for the Cartesian position coordinates of the i-th robot’s center of mass; ϕi(t) defines
the heading angle in the inertial frame; vi(t) refers to the linear velocity; and σi(t) is the angular velocity.

Define symbols xi(t) = col
(
x̄i(t), v

x
i (t), w̄i(t), v

y
i (t)

)
and ui(t) = col(ux

i , u
y
i ). Specifically, vxi (t) and vyi (t)

denote the linear velocity components along the X-axis and Y-axis, while ux
i , u

y
i correspond to the control input

components aligned with the two axes correspondingly. Then, with the dynamic feedback linearization scheme
presented in reference [29], the linearized multirobot dynamics of (34) can be formulated by the DN (1) with

A =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

, B =


0 0

1 0

0 0

0 1

.
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Clearly, it is verified that rank(B) = 2, and thus the matrix B is of full column rank. The interaction topology,
which switches between two directed graphs G1 and G2, is depicted in Figure 2. It can be verified that both G1 and
G2 contain a spanning tree. The anticipated TVF vector associated with the i-th node is defined by

yi(t) =


15 cos 2t+ π(i−1)

10

−30 sin 2t+ π(i−1)
10

15 sin 2t+ π(i−1)
10

30 cos 2t+ π(i−1)
10

, i ∈ S[1,20].

1414

17171616

1010

22

1515

1212

20201313 1919

1818

66

88

99

55

7744

3311

1111

1414

17171616

1010

22

1515

1212

20201313 1919

1818

66

88

99

55

7744

3311

1111

（a） （b）

Figure 2. Interaction topologies ((a) G1; (b) G2) for the 20 unicycle-type autonomous mobile robots.

To guarantee the formation constraint (8) in Remark 3, the corresponding formation compensation signal is
selected as

ci(t) =

[
−60 cos 2t+ π(i−1)

10

−60 sin 2t+ π(i−1)
10

]
, i ∈ S[1,20].

In what follows, it is illustrated that the presented formation control strategy enables twenty unicycle robots
to cooperatively form a circular configuration over the XY plane, where their mass-center coordinates xi(t) and
yi(t) act as reference positions. In the implementation, to keep the entire TVF within the observable range, K1 is
selected as

K1 =

[
−0.1685 −1.9375 0.9883 0.2456

−0.5343 −0.7715 0.1665 −1.0625

]
to assign the eigenvalues of Ac = A+BK1 at −1, −2 and ±0.5j.

According to the directed graph G1 and G2 in Figure 2, it can be calculated that

κκκ1,1 = λmin

(
(L̄1 +℘

−1
1 L̄T

1 ℘1)
)
= 1.9635,

κκκ1,2 = λmax

(
(℘−1

1 L̄T
1 ℘1L̄1)

)
= 9.0047,

κκκ2,1 = λmin

(
(L̄2 +℘

−1
2 L̄T

2 ℘2)
)
= 1.9629,

κκκ2,2 = λmax

(
(℘−1

2 L̄T
2 ℘2L̄2)

)
= 9.0400,

τ = max
{
λmax

(
℘−1

r ℘k

)
, k ̸= r ∈ ℵ

}
= 2,

min
{
Re

(
λi(L̄1

)
, i ∈ S[1,19]

}
= 1,

min
{
Re

(
λi(L̄2

)
, i ∈ S[1,19]

}
= 1.

Choose the parametersα = 0.1, β = 0.8, η1 = η2 = 0.1 and ς1 = 1 > lnµτ
β = 0.8664. By applying Theorem 1,

we have

K2,1 =

[
3.1111 3.7688 −0.4175 −0.1832

1.4306 −0.1870 6.0377 5.2800

]
,
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K2,2 =

[
3.1162 3.7661 −0.4124 −0.1824

1.4271 −0.1873 6.0369 5.2748

]
,

Z1 =

[
329.0563 −4.9005

−4.9005 376.2395

]
,

Z2 =

[
328.5412 −4.5321

−4.5321 374.8155

]
,

Q1 =


0.0174 0.0095 0.0078 0.0039

0.0095 0.0114 −0.0010 −0.0003

0.0078 −0.0010 0.0265 0.0160

0.0039 −0.0003 0.0160 0.0140

,

Q2 =


0.0175 0.0095 0.0078 0.0039

0.0095 0.0115 −0.0010 −0.0004

0.0078 −0.0010 0.0265 0.0161

0.0039 −0.0004 0.0161 0.0141

.
Table 1 tabulates the initial states for the 20 agents. Figure 3 portrays the evolution strategy of switching signal,

where subsystem 1 corresponds to the directed graph G1, while subsystem 2 corresponds to the directed graph G2.
Then, with the formation control protocol (3), Figure 4 demonstrates the evolution strategy of the formation errors
associated with 20 nodes. Figure 6 gives three-dimensional time evolution trajectories of state components x̄i(t)

and w̄i(t). Besides, Figure 5 depicts the snapshots of formation with 20 nodes at six representative time instant, i.e.,
t = 1s, t = 3s, t = 7s, t = 15s, t = 25s and t = 30s, under the proposed controller. Each subplot records the
planar position of every node with its unique index. Together with the formation error curves in Figure 4, these
snapshots demonstrate convergence toward the prescribed time-varying formation.

Table 1. Initial states of the 20 agents.

Agent i x̄i(0) vxi(0) w̄i(0) vyi (0) Agent i x̄i(0) vxi(0) w̄i(0) vyi (0)

1 1.00 8.60 0.40 7.20 2 1.34 10.00 0.78 9.00
3 1.12 7.40 −0.40 −1.20 4 −0.76 −1.38 1.16 0.60
5 1.70 −1.92 1.50 1.32 6 2.74 −0.66 0.50 1.12
7 −1.44 −3.00 2.40 −1.66 8 1.18 0.54 −0.40 1.20
9 1.60 1.80 −1.04 0.72 10 −1.60 1.80 1.40 7.20
11 1.00 0.60 0.40 0.92 12 1.34 0.70 0.78 0.78
13 1.12 1.40 0.40 1.20 14 0.76 1.38 1.16 0.60
15 1.70 0.52 1.10 1.32 16 2.00 1.66 1.50 1.12
17 1.44 2.60 2.40 1.66 18 1.18 0.54 1.64 1.20
19 1.60 1.80 1.04 1.92 20 1.60 1.80 1.40 1.20

0 5 10 15 20 25 30

Time (sec)

1

2

Figure 3. Evolution strategy of switching signal.
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Figure 4. Formation error of 20 nodes.

-30 -20 -10 0 10 20 30 40

-20

-10

0

10

20

30

t=1 s formation

0

1

23

4

5

6
7 8

9

10

11

12

13

14

15

16
17

18

19

20

-5 0 5 10 15 20 25
5

10

15

20

25

30

t=3 s formation

0

1
2

3
4

5

6

7

8

9

10

11

12

13

14

15
16 17

18

19

20

-10 0 10 20 30
-40

-35

-30

-25

-20

-15

-10

-5

t=7 s formation

0

1
2

34

5

6

7

8

9

10

11 12
13

14

15

16

17

18

19
20

-10 -5 0 5 10 15 20 25

10

15

20

25

30

35

40

t=15 s formation

0

1
2

3

4

5

6

7

8

9
1011

12

13

14

15

16

17

18

19
20

-40 -35 -30 -25 -20 -15 -10 -5

0

5

10

15

20

25

30
t=25 s formation

0

1

2

3

4

5

67
8

9

10

11

12

13

14

15

16 17
18

19

20

10 15 20 25 30 35 40 45
-15

-10

-5

0

5

10

15

t=30 s formation

0

1

2

3

4
5

6

7

8

9

10

11

12

13

14
15

16

17

18

19

20

Figure 5. Position snapshots of the 20 agents at different time instants.
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Figure 6. Three-dimensional time evolution trajectories of state components x̄i(t) and w̄i(t).

5. Conclusions

This work studied the TVF control problem for a category of DNs with switching interaction topologies. For
this purpose, a distributed control protocol with a topology-dependent coupling gain was proposed. By introducing
a nonsingular coordinate transformation, the formation control problem has been transformed into the stability
analysis of a switched system. Then, by constructing a delicate TDTVLF framework, the corresponding formation
control criterion is derived to guarantee the exponential convergence of the formation error. The numerical example
concerning multi-robot coordinated formation further substantiates the efficacy and applicability of the elaborately
constructed control protocol. Although a novel TVF control paradigm based on the TDTVLF framework has
been established in this work, the derivation of a more general framework remains to be further explored. Note
that practical networks are subject to various unfavorable factors, including limited communication resources,
communication delays, actuator saturation, external disturbances, and malicious attacks [30–33]. Motivated by
these practical challenges, future work will be devoted to extending the proposed design approach to robust and
secure TVF control, developing its event-triggered implementation, as well as conducting experimental validations
on physical multi-robot platforms.
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