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Abstract: The electrical activity of biological neuron stems from the time-varying 
coupling of electromagnetic fields inside and outside the cell membrane, and the 
directional migration of ions across the membrane. Therefore, a physically 
motivated circuit-level emulation of nonlinear ion-channel currents can facilitate 
the analysis of selected electrical activity features of neurons. This work presents a 
Josephson Junctions (JJ) based ion channel neuron model at the circuit level, where 
a JJ branch is employed to emulate the nonlinear conductance of an effective ion-
channel branch in the neuronal equivalent circuit. The capacitance characteristics 
of the cell membrane are simulated using capacitors. The nonlinear dynamic model 
of the neuron is developed by applying Kirchhoff’s laws. Through dynamic analysis 
and numerical simulation of the model, the firing patterns of this neuron under 
different external stimuli and external magnetic fields are studied. The results show 
that this model could reproduce selected periodic and chaotic firing-like dynamical 
patterns. Moreover, the model is further examined using analog circuit emulation 
and DSP implementation. Therefore, the ion channel neuron model based on JJ can 
emulate selected nonlinear ion-channel-current effects and firing dynamics at a 
phenomenological circuit level, providing a new circuit-level modeling approach 
for neuromorphic hardware design.  

 Keywords: neuron model; Josephson Junctions ion channel; firing behaviors; 
hardware implementation 

1. Introduction 

The biological neuron model is essentially a mathematical description of the properties of neurons, aiming 
to accurately describe and predict biological processes. Accurate neuron models play a crucial role in revealing 
the functions, communication, and disease mechanisms of neurons, helping to deepen our understanding of the 
complexity of the brain, cognition, and consciousness. Neuron models are also widely applied in the research of 
neurological diseases. At first, some biological neuron models have been obtained through both biological 
experiments and mathematical theories, for instance Hodgkin–Huxley (HH) neuron [1], FitzHugh–Nagumo (FHN) 
neuron [2,3], Morris–Lecar (ML) neuron [4], Hindmarsh–Rose (HR) neuron [5], Chay neuron [6], Izhikevich 
spiking neuron [7] and Chialvo map neuron [8]. These models differ in state dimension and biological detail (HH: 
four variables; FHN, ML, and Izhikevich: two variables; HR: three variables). The present two-variable circuit 
model uses the JJ branch to emulate effective nonlinear ion-channel conductance rather than detailed ionic gating. 

Based on these existing models of biological neurons, some improved neuron models have been proposed, 
for example, the memristive FHN neuron [9,10], memristive HR neuron [11–13] and memristive Chialvo map 
neuron [14], memristive ML neuron [15], memristive Rulkov neuron map [16]. These neuron models are obtained 
by introducing a memristor into the existing neuron models. Recently, some biological neuron models have been 
established through physical circuits, such as memristive membrane neuron [17–19], memristive ion channel 
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neuron [20–22], Josephson Junction neuron [23–25], map neuron [26–28]. In particular, Ref. [23] employs two 
capacitors linked by a linear resistor and a JJ for magnetic-field effects, whereas the present circuit contains one 
capacitor, a nonlinear resistor, and a JJ branch. The former emphasizes double-capacitive energy dynamics, while 
the present model focuses on firing patterns in a single-capacitor circuit. These neuron models are implemented 
via distinct nonlinear circuits assembled from a range of electronic components. A detailed description of the 
modeling method for neuron model that are based on physical circuit can be found in the Refs [29,30]. 

Furthermore, some coupled neural systems have also been studied, for example, coupled FHN neuron system [31], 
coupled neuron network [32]. In coupled neuron system, various characteristics have been analyzed, such as the 
synchronization characteristics [33–35], energy balance [36,37], heterogeneity [38], defects [39], pattern formation 
[40–42], associative memory characteristic [43], synchronization control feature [44] and stability of 
synchronization [45–47]. Further details on the feature of neuron and the memristive neuron network can be found 
in Refs. [48,49] and [50], respectively. Furthermore, Recent work has shown that chaotic background spike trains 
can modulate weak-signal processing in a Hodgkin–Huxley neuron [51], highlighting the relevance of 
characterizing chaotic firing in physical neuron models. 

In recent years, JJ have been widely regarded as potential candidate devices for constructing novel 
neuromorphic computing units due to their inherent nonlinear current-voltage characteristics, natural relaxation 
oscillation behavior. This paper presents a JJ-based ion channel neuron model at the circuit level. The Josephson 
junction is used to emulate the nonlinear conductance of an effective ion-channel branch, rather than to reproduce 
a particular biological ion channel, and capacitors are employed to represent the charging and discharging behavior 
of the cell membrane’s capacitance. The mathematical description of this equivalent circuit is established using 
Kirchhoff’s laws, and nonlinear dynamic equations are derived. On this basis, this paper systematically studies the 
discharge patterns of the model under different external excitation currents and external magnetic fields. Through 
numerical simulation and dynamic analysis, periodic discharges and chaotic behaviors within the parameter space 
are revealed. Further, to verify the practical feasibility of the model, the analog circuit emulation and DSP 
implementation is carried out separately. 

2. Physical Modeling of Neuron 

The physical neurons modeled based on the equivalent circuits of capacitors, resistors, voltage sources, and 
nonlinear electronic components have multiple theoretical and engineering values. Therefore, this paper designs a 
neuron equivalent circuit of capacitor (C), resistor (Rs), voltage source (Vs), JJ and nonlinear resistor (RN). Here, 
Figure 1 provides a circuit structure diagram. 

 

Figure 1. A circuit structure diagram. 

The current characteristics of the JJ can be approached by 

2sin( );JJ c JJ
d ei I V
dt
ϕϕ= =


， (1)

where Ic is the critical current, φ denotes phase difference, e means the elementary charge and ℏ is the reduced 
Planck constant. The current in the RN branch can be approached by 
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where ρ and V0 are the characteristic resistance and cutoff voltage of RN, respectively. The current can be obtained 
as follows 

,S
s

S

V Vi
R
−=  (3)

where Vs is the external input voltage and Rs is the resistor connected to the voltage source. 
According to Kirchhoff’s circuit laws, the equations of the neural circuit in Figure 1 can be presented by 
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To obtain a dimensionless dynamic model, the variables and parameters in Equation (4) are redefined as 
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where x is the normalized circuit voltage, z is the Josephson phase difference, and us is the normalized external voltage. 
The parameters a, β, μ, and η represent the resistance ratio, normalized JJ critical-current strength, time-scale 

factor, and normalized effective phase-driving voltage, respectively. In Equation (4), V, Vs, V0, and E are in V; C, 
Rs, ρ, Ic, and t are in F, Ω, Ω, A, and s, respectively. Therefore, x, z, τ, us, a, β, μ, and η are dimensionless. 
Substitution of Equation (5) into Equation (4) gives Equation (6). A dimensionless dynamic model can be 
presented by 
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The JJ branch emulates effective ion-channel conductance through βsin(z), while z is not a biological gating 
variable. Thus, the model does not represent ionic selectivity or detailed sodium/potassium activation–inactivation 
kinetics. In the following analysis, the periodic voltage signal is selected as us = Acos(ft), A and f represent the 
amplitude and frequency of the external stimulus, respectively. Sinusoidal stimulation is selected because its 
amplitude and frequency can be independently varied, allowing the effects of periodic driving on the model 
dynamics to be examined systematically. Pulse-driven firing will be considered in future work. 

Since Josephson junctions are sensitive to magnetic fields through field-induced changes in phase and critical 
current. Accordingly, the dynamic model in Equation (6) is represented by 
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where Sext is an effective normalized signal representing magnetic-field-induced modulation; its constant and 
periodic forms represent constant and periodic magnetic excitation, respectively. 

3. Firing Patterns Analysis 

Firing patterns of neuron are analyzed in this section. At first, parameters in Equation (6) are fixed as a = 
0.25, β = 0.8, μ = 0.2, η = 0.9. In addition, initial value in Equation (6) are given as (0.1, 0.1). In the MATLAB 
software, bifurcation diagrams were computed using ode23 (RelTol = 10−8, AbsTol = 10−10, and MaxStep = 0.05). 
LLEs were obtained using ode45 with the variational equations and the Gram–Schmidt method (RelTol = 10−9, 
AbsTol = 10−11, and interval 0.01); the first 600 time units were discarded from a 1200-unit integration. Convergence 
was accepted when the latest 101 estimates varied by less than 10−3 after 1000 post-transient intervals. 

For the case of us = Acos(0.34τ), the bifurcation diagram obtained from the local extrema of x and the 
corresponding largest Lyapunov exponent (LLE) are shown in Figure 2 as A varies. Chaos was identified by a 
positive converged LLE, supported by the bifurcation structure and representative firing sequences; near-zero LLE 
values were treated as indeterminate rather than chaotic. Under periodic driving, firing depends on A, f, and system 



Zhu and Yang  Phys. Models Appl. 2026, 1(1), 2 

  4 of 15  

parameters; thus, no unique parameter-independent threshold is defined. The transitions are characterized by the 
bifurcation diagrams and LLE curves. 

 

Figure 2. Firing behavior of neuron for varying values of A. For (a) Evolution of bifurcation diagram;  
(b) LLE curve. 

From Figure 2, the various of periodic firing behaviors and chaotic firing patterns can be triggered by 
applying different amplitudes of periodic external stimulation. Furthermore, the typical firing sequences 
corresponding to the different amplitudes of periodic external stimuli are plotted in Figure 3. 

 

Figure 3. The firing sequences corresponding to different amplitudes A. For (a) A = 0.055; (b) A = 0.07. 

Figure 3 shows that the chaotic firing behavior exhibits disorder and non-periodicity, while the periodic firing 
behavior has a high degree of orderliness. Similarly, for the case of us = 0.055cos(fτ), bifurcation diagram by 
changing the values of f and its corresponding the LLE are Figure 4. 

 

Figure 4. Firing behavior of neuron for varying values of f. For (a) Evolution of bifurcation diagram;  
(b) LLE curve. 

Figure 4 reveals that chaotic and periodic firing patterns are obtainable under varying frequency intensities. 
As the frequency intensity continuously increases, the chaotic firing behavior is suppressed, thereby triggering a 
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periodic firing mode. Furthermore, the firing sequences under different periodic external stimulation frequencies 
are plotted in Figure 5. 

 

Figure 5. The firing sequences corresponding to different frequencies f. For (a) f = 0.32; (b) f = 0.341. 

It can be clearly observed from Figure 5 that the periodic and chaotic firing behaviors induced by external 
periodic stimuli at different frequency intensities. In fact, the amplitude and frequency of periodic external stimuli 
can simultaneously change and affect the electrical activity characteristics of neurons. Therefore, by using the SE 
complexity, this paper further explores the characteristics of neuronal electrical activity when the amplitude and 
frequency of the external periodic simultaneously changed. The result is shown in Figure 6. Here, SE complexity 
is calculated from the power spectrum and used to characterize the spectral complexity of the firing sequence. 

 

Figure 6. SE complexity. Parameters are a = 0.25, β = 0.8, μ = 0.2, η = 0.9. Initial value is (0.1, 0.1). 

From Figure 6, higher SE complexity values indicate a broader spectral distribution and more complex firing 
activity. The color scale is used only to display relative SE complexity and does not distinguish chaos from periodic 
activity. Chaos is identified from positive converged LLE values together with representative firing sequences. 

The biological neuron expressed by Equation (6), is considered a nonlinear system, its dynamic 
characteristics can be influenced by the system parameters. Therefore, investigating the regulatory characteristics 
of the system parameters on the electrical activity of neurons is an interesting research topic. At first, parameters 
in Equation (6) are fixed as β = 0.8, μ = 0.2, η = 0.9. In addition, initial value in Equation (6) is given as (0.1, 0.1), 
the external periodic stimuli is us = 0.055cos(0.34τ). Bifurcation diagram by changing the values of a and its 
corresponding the LLE are displayed in Figure 7. 

Figure 7 shows that as the parameter a increases, the periodic firing behavior can be induced to exhibit chaotic 
electrical activity characteristics. With the continuous increase of parameter a, the chaotic electrical activity 
characteristics eventually evolve into periodic discharge behavior. Furthermore, the firing sequences under values 
of parameter a are Figure 8. 
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Figure 7. Firing behavior of neuron for varying values of a. For (a) Evolution of bifurcation diagram;  
(b) LLE curve. 

 

Figure 8. The firing sequences corresponding to value of a. For (a) a = 0.2; (b) a = 0.23. 

It can be clearly observed from Figure 8 that the periodic and chaotic firing behaviors induced by parameter 
a at different values. When parameters in Equation (6) are fixed as a = 0.25, μ = 0.2, η = 0.9, initial value in 
Equation (6) and the external periodic stimuli are kept as above, bifurcation diagram by changing the values of β 
and its corresponding the LLE are displayed in Figure 9. 

 

Figure 9. Firing behavior of neuron for varying β. For (a) Evolution of bifurcation diagram; (b) LLE curve. 

Similarly, as the parameter β increases, the periodic firing behavior can be induced to exhibit chaotic 
electrical activity characteristics. With the continuous increase of parameter β, the chaotic electrical activity 
characteristics eventually evolve into periodic discharge behavior. Furthermore, the firing sequences under values 
of parameter β are Figure 10. 
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Figure 10. The firing sequences corresponding to value of β. For (a) β = 0.71; (b) β = 0.81. 

Figure 10 shows that the chaotic firing behavior exhibits disorder and non-periodicity, while the periodic firing 
behavior has a high degree of orderliness. Similarly, parameters in Equation (6) are a = 0.25, β = 0.8, η = 0.9, initial 
values and the external periodic stimuli is kept as above, bifurcation diagram by changing the values of μ and it’s 
corresponding the LLE are displayed in Figure 11. 

 

Figure 11. Firing behavior of neuron for varying μ. For (a) Evolution of bifurcation diagram; (b) LLE curve. 

From Figure 11, as the parameter μ increases, the periodic firing behavior can be induced to exhibit chaotic 
electrical activity characteristics. When the parameter μ is further increased, the chaotic characteristics transform 
into periodic characteristics, and then return to chaotic characteristics again. Under the the continuous increase of 
parameter μ, the chaotic electrical activity characteristics eventually evolve into periodic discharge behavior. 
Furthermore, the firing sequences under values of μ are Figure 12. 

 

Figure 12. The firing sequences corresponding to value of μ. For (a) μ = 0.16; (b) μ = 0.19. 

It can be clearly observed from Figure 12 that the periodic and chaotic firing behaviors induced by parameter 
a at different values. When parameters in Equation (6) are a = 0.25, β = 0.8, μ = 0.2, initial value and the external 
periodic stimuli is kept as defined above, bifurcation diagram by changing the values of η and its corresponding 
the LLE are displayed in Figure 13. 
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Figure 13. Firing behavior of neuron for varying η. For (a) Evolution of bifurcation diagram; (b) LLE curve. 

Similarly, as the parameter η increases, the periodic firing behavior can be induced to exhibit chaotic 
electrical activity characteristics. With the continuous increase of parameter η, the chaotic electrical activity 
characteristics eventually evolve into periodic discharge behavior. Furthermore, the firing sequences under values 
of η are Figure 14. 

 

Figure 14. The firing sequences corresponding to value of η. For (a) η = 0.8; (b) η = 0.89. 

Figure 14 shows that the chaotic firing behavior exhibits disorder and non-periodicity, while the periodic 
firing behavior has a high degree of orderliness. Furthermore, by using the SE complexity, this paper further 
explores the characteristics of neuronal electrical activity when two parameters simultaneously changed. The result 
is shown in Figure 15. 

 

Figure 15. SE complexity. Initial value is (0.1, 0.1). 

From Figure 15, the color scale represents relative SE complexity levels; red regions correspond to higher 
SE complexity values and do not by themselves indicate chaos. 

Neurons are regarded as charged entities and are vulnerable to external magnetic fields. Therefore, 
investigating the impact of external magnetic fields on the electrical activities of neurons is an interesting research 
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topic. At first, parameters in Equation (7) are a = 0.25, β = 0.8, μ = 0.2, η = 0.9, initial value is (0.1, 0.1), and the 
external periodic stimuli is us = 0.055cos(0.34τ). for case of Sext = E, bifurcation diagram by changing the values 
of E and its corresponding the LLE are displayed in Figure 16. 

 

Figure 16. Firing behavior of neuron for varying E. For (a) Evolution of bifurcation diagram; (b) LLE curve. 

From Figure 16, as the external magnetic field intensity E increases, the periodic electrical activity behavior 
evolves into chaotic electrical activity characteristics. As the intensity of E continues to increase, the chaotic 
behaviors can be suppressed, and periodic firing behavior occurs. Under the continuous increase of E, the periodic 
firing behavior evolves into chaotic behavior, and finally re-evolves into a periodic pattern. For case of Sext = Bcos 
(0.34τ), when parameters and initial value are kept as above, the result is given in Figure 17. 

 

Figure 17. Firing behavior of neuron for varying B. For (a) Evolution of bifurcation diagram; (b) LLE curve. 

Figure 17 shows that as the amplitude of the external periodic magnetic field increases, the chaotic electrical 
activity behavior evolves into a periodic electrical activity characteristic. In fact, a nonlinear model can occur the 
phenomenon of stochastic resonance when subjected to both periodic external stimulation and noise stimulation 
simultaneously. To investigate the phenomenon of stochastic resonance exhibited by the neurons described by the 
nonlinear equation proposed in this paper, a Gaussian white noise signal from the outside is selected. When Eext 
is considered as a Guassian white noise, and it is defined by 

( ) 0, ( ) ( ) 2 ( )Dξ τ ξ τ ξ τ δ τ τ′ ′  =   = − , (8)

where * is the average, D denotes the noise intensity and δ(*) is Dirac-δ function. Parameters in Equation (7) are 
a = 0.25, β = 0.8, μ = 0.2, η = 0.9, initial value is (0.1, 0.1), and the external periodic stimuli is us = 0.055cos(0.34τ). 
Figure 18 shows the variation of SNR with external noise intensity D. 
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Figure 18. SNR for varying values of D. 

From Figure 18, when D = 0.2, the SNR reaches a peak value of 0.389. This indicates that at this noise 
intensity, the neurons exhibited a phenomenon of stochastic resonance, and the membrane potential of the neurons 
became highly ordered. For verification of the analog circuit emulation, Equation (6) can be expressed equivalently 
as follows 

3 35 5 5 20 20 51
1 1 1 2 2 1

8 1 8 2 8 3 22 21 8 4

13 132
2 1 2
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S
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  
= − + + − −  

  
 = − −

 
(9)

The equivalent circuit for Equation (9) is depicted in Figure 19. 

 

Figure 19. The equivalent circuit for Equation (9). 

In Figure 19, the values of the electronic components are as follows 

1 2 3 11 22

1 ( 4,5,8,12,13,16,19,20,21), 100 ( 6,7,9,10,14,15,17,18)
1333.33 , 3 , 1176.47 , 5 , 6 ,

i jR M i R k j
R k R M R k R M R M

= Ω = = Ω =

= Ω = Ω = Ω = Ω = Ω
 (10)

As a result, the LTspice simulation result is shown in Figure 20a. When parameters in Equation (6) are a = 
0.25, β = 0.8, μ = 0.2, η = 0.9. Initial values in Equation (6) are given as (0.1, 0.1) and us = 0.055cos(0.34τ). A 
phase diagram is Figure 20b. 
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Figure 20. Phase diagrams. For (a) LTspice simulation result; (b) Numerical simulation result. 

As shown in Figure 20, the results corroborate earlier numerical simulations, implying that the neuronal 
model is amenable to physical circuit implementation. Furthermore, neuron model is DSP (digital signal processor) 
realized. The hardware architecture block diagram of the neural system based on DSP is presented in Figure 21. 

 

Figure 21. Hardware architecture block diagram based on DSP. 

In Figure 21, the D/A converter uses the 16-bit channel DAC8552 chip, and the interface chip is MAX3232. 
In addition, a software flowchart for implementing neural systems based on DSP is displayed in Figure 22. 

 

Figure 22. Software flowchart for implementing neural systems based on DSP. 
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Figure 23 is the experimental platform for implementing the neural system based on DSP. 

 

Figure 23. Experimental platform for implementing the neural system based on DSP. 

The phase diagram displayed by the oscilloscope of the experimental platform is in agreement with the 
numerical simulation. This step indicates that the model can be realized in real time on the DSP platform. This 
will provide a theoretical basis for the practical application of the proposed neuron model. 

To further compare the numerical and circuit-simulation results, the LTspice firing sequences under the same 
parameter conditions as those in Figure 3 are presented in Figure 24. For A = 0.055, the circuit simulation exhibits 
irregular firing, whereas a periodic firing sequence is obtained for A = 0.07. These results are consistent with the 
numerical firing sequences in Figure 3, supporting the circuit-level emulation of the modeled dynamics. 

 

Figure 24. Comparison of LTspice circuit-simulation firing sequences under the parameter conditions of Figure 3. 
(a) A = 0.055; (b) A = 0.07. 

4. Conclusions 

This study constructed a circuit model of a JJ ion channel neuron and conducted a detailed analysis of the 
discharge patterns as well as the analog circuit emulation and DSP implementation. At first, a neural circuit is 
designed by a JJ, a capacitor, a nonlinear resistor and signal source. Kirchhoff’s current laws are applied to obtain 
the circuit equations, which are then rescaled to yield a dimensionless multifunctional neuron model. The results 
showed that this model could reproduce selected periodic and chaotic firing-like dynamical patterns. Moreover, 
the model is verified through the analog circuit emulation and DSP implementation. The JJ ion channel neuron 
model established in this research has laid a solid theoretical and simulation foundation for the subsequent circuit 
realization of neuromorphic computing, brain-like perception, and adaptive control systems. In future work, we 
will consider constructing a physical JJ hardware platform to investigate the effects of junction geometry and 
magnetic flux on firing dynamics. 
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