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1. Introduction

Large-scale optimization problems now arise frequently in engineering and scientific applications, especially
with the growing use of big data and artificial intelligence [1]. In conventional centralized architecture, data
are usually gathered at a central node for processing. This design, however, becomes difficult to maintain when
the amount of data and the size of the network increase. As a single node may not have sufficient storage or
computational resources to handle large datasets efficiently, and collecting data from all nodes can generate
considerable communication traffic. Centralized systems are also sensitive to single-point failures and often scale
poorly as the network grows. More importantly, in many applications, privacy and security concerns often prevent
raw data from being directly shared across nodes. These limitations have encouraged the development of alternative
optimization paradigms that can better support large-scale and networked applications.

Distributed optimization offers a way to overcome the limitations of centralized computing. In this setting,
multiple nodes are connected through a communication network and work together without relying on a global
central coordinator. Each node is only permitted to access its local data and cost function. The network can
therefore optimize the global objective function by performing local computations and exchanging information with
neighboring nodes [2]. As opposed to traditional centralized strategies, distributed optimization is able to improve
scalability and resilience by distributing computation and storage loads across nodes.

Leveraging their superior characteristics, distributed algorithms have attracted growing attention from both
academia and industry in recent years. Prominent application areas for these algorithms include, but are not limited to,
cooperative control [3], sensor networks [4], and constrained optimization [5]. Many foundational works have been
proposed during the early stages of this field, including the classical distributed gradient descent (DGD) [6] method and
its enhanced version EXTRA [7]. By combining local gradient updates with consensus averaging among neighboring
nodes, these methods provide an important theoretical basis for the subsequent development of distributed optimization.
However, the convergence performance of these algorithms often relies on idealized assumptions, such as synchronous
settings, strongly convex objective functions, and undirected communication graphs.
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To relax the aforementioned conditions and broaden the applicability of distributed algorithms, subsequent
studies have made considerable progress in several directions. For network topology, communication networks
are no longer restricted to undirected graphs, but have gradually been extended to directed graphs [8] and highly
dynamic time-varying graphs [9]. The range of objective functions has expanded to composite optimization with
non-differentiable terms [10], non-convex problems [ 1], and time-varying optimization in which local objectives and
optimizers may change over time [12]. More general dynamical models of the participating nodes have also been
considered in [13]. Furthermore, by integrating momentum mechanisms [14] and proximal bundle methods [15],
related algorithms can achieve faster convergence under suitable assumptions. Practical implementations must also
account for limited information and system resources. Stochastic algorithms [16] can work with noisy gradients,
while communication-efficient methods reduce the communication burden between nodes [17]. In addition, for
networks where updates cannot be perfectly synchronized, asynchronous algorithms [ 18] provide greater flexibility
in handling delays.

The literature already contains several surveys on distributed optimization [19-22], each emphasizing a
different aspect of the topic. Some studies concentrate on the evolution of network topology in discrete- or
continuous-time settings [19], while others emphasize particular convex optimization [20] or specific problem
classes [21,22]. Our survey takes a broader view by discussing theoretical progress together with the practical
challenges that affect the design and implementation of distributed algorithms.

The rest part of this survey is structured as: Section 2 first introduces the background required for the
subsequent analysis, including graph theory, network models, and several useful inequalities. Paved by these
knowledge, Section 3 reviews the theoretical development of distributed optimization in terms of network topology,
objective functions, and acceleration strategies. Section 4 shifts the focus to practical settings and discusses
stochastic optimization, communication efficiency, and asynchronous computation. The main conclusions and
several open research directions are presented in Section 5.

2. Preliminaries

We first present the network model and formulate the distributed optimization problem. Several useful
inequalities for the subsequent convergence analysis are also summarized.

2.1. Graph Theory and Network Models

Communication and information exchange between nodes are often modeled with graph theory in distributed
optimization. Generally, it can be represented by G = (V, £), where V = {1,2,...,n} denotes a set of n nodes
and £ C V x V is the edge set. A pair (j,i) € £ indicates that information can be transmitted from node j to
node ¢. The graph then may take different forms depending on the direction of information exchange and whether
communication links vary over time.

The undirected graph is commonly used to model networks with bidirectional, symmetric communication
links. Within this topology, a communication link between nodes ¢ and j dictates that both (¢, j) € € and (j,14) € &,
enabling two-way information exchange. Additionally, such a graph is considered connected if a path exists between
any two distinct nodes in the network. And the neighbor set of node i is N* = {jj|(j, i) € £,j # i}. To facilitate
information fusion, a non-negative mixing weight matrix W = [w;;] € R™*" is assigned to the system, where
w;; > 0if node j € N, otherwise w;; = 0. For a connected undirected graph, its weight matrix W is commonly
assumed to satisfy the following properties:

w=wT wi, =1, 1Iw=17T, )

where 1,, represents an n-dimensional column vector of all ones. Therefore, an undirected graph is inherently
balanced because its bidirectional links guarantee that every node’s in-degree equals its out-degree. These properties
allow information to be exchanged symmetrically among neighboring nodes and are widely used in consensus-based
distributed optimization.

However, the communication among nodes is typically unidirectional since there are many differences in
broadcasting power and asymmetries in channel bandwidth. In this case, the network needs to be modeled as a
directed graph G = (V, £). The in-neighbor and out-neighbor sets of node ¢ can therefore be defined as follows
according to the flow of information:

N =115,0) € €}, Niy = {il(,4) € €} 2)

Furthermore, for any two distinct nodes in G, if there exists a directed path between them, then G is said to be
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strongly connected. Naturally, the inherent structure of G makes it impossible to construct a doubly stochastic
matrix like the undirected graph G does. Consequently, for the algorithm over directed networks, its associated
weight matrix typically turns into either a row-stochastic matrix A = [a;;] or a column-stochastic matrix B = [b;;]:

Al,=1,, 1'B=1T. 3)

In dynamic communication environments, network topologies often change over time, which calls for the
introduction of time-varying graphs G, = (V, &) (G = (V, &)). Accordingly, the neighbor set /&% (V-5 AEE)
of node i and the weight matrix Wy, (A, By) are replaced by their time-varying variables.

2.2. Mathematical Formulation of Distributed Optimization

The primary objective of multi-node collaborative optimization in distributed networks is to minimize a global
cost function. And this objective is conventionally taken as the sum or average of the local cost functions across all
nodes, which can be expressed as:

min f(x) = %Z “4)

TERP

where 2 € RP is decision variable, n denotes the number of nodes, and f* : RP — R signifies the local cost function
exclusively known to node i. To compute in a distributed way, we let each node maintain a local copy z* € R? of
the decision variable. Hence, the primal problem can be restructured as:

xlmir;nz fi(ah), st.oat = a7, V(i,j) € E. 5)
T =1

The above equality constraint ensures that, as the algorithm iterates, the local variable copies of all nodes will
ultimately reach consensus, i.e., 2l = 22 = ... = 2™. This ensures that the solution obtained through distributed
computation is consistent with the global optimum.

Machine learning tasks involving constraints often feature more complex objective functions, which means the

problem (5) can be further extended into the following composite optimization model:

mln Z )+ hi(x?), s.t.xt =27, V(i,j) €E. (6)

LT

where f¢(z?) is generally a smooth and differentiable function used to characterize the data fidelity term, whereas
h'(x%) represents a non-smooth and non-differentiable function acting as a regularization penalty term. Common
examples for h*(z) include the ¢1-norm designed to induce sparsity, or an indicator function defining a feasible
constraint set.

2.3. Core Inequalities for Analysis

To establish strict convergence guarantees and derive convergence rates within the theoretical analysis of
distributed optimization, it is generally required to impose certain assumptions on the local cost functions. A
prevalent assumption in the analysis of most first-order distributed algorithms is that the local objective f*(x) is
smooth, that is, its gradient exhibits Lipschitz continuity. Specifically, it is assumed that there exists a constant
L > 0 such that for any =,y € RP, the following inequality holds:

IVFi(z) = V)l < Lz — yll. @)

Based on this assumption, we can derive a key property of smooth functions, which will be essential for proving the
descent of the algorithm in each iteration:

Fi(9) < Fi) + V£ @)y )+ 5y — ol ®)

Convexity of the objective function serves as a theoretical basis that ensures the convergence of distributed
algorithms to a global optimal solution. If there exists a convex function f¢(x), then it always lies above its tangent
at any point, that is

fiy) = fi=@) + Vi) (y — =), )

https://doi.org/10.53941/jmlis.2026.100021 3 of 11


https://doi.org/10.xxxx/xxx

Luo J. Mach. Learn. Inf. Secur. 2026, 2(4), 21

To obtain a faster convergence rate, such as linear convergence, the objective function is often further assumed to
be p-strongly convex (x> 0). This demands that the function is more than simply convex, but is strictly bounded
below by a quadratic function:

i) 2 (@) + V@) (g — o) + Slly - al (10)

Owing to strong convexity, we are assured of both the existence and uniqueness of the global optimal solution [23].

As for non-convex settings, distributed algorithms can usually only converge to first-order stationary points (i.e.,
V f(z) = 0) since there is no global lower-bound structure provided by convexity. To achieve global convergence
in nonconvex environments, we introduce the Polyak—t.ojasiewicz (PL) condition into the analysis. Specifically,
when the global objective function f(z) satisfies the P-£. condition, there exists a constant ;2 > 0 such that:

1 *
SIVF@IP = p(f(z) = f7), Vo € RY, (11)
where f* is the global minimum function value.

3. Algorithm Evolution from Theoretical Perspectives

This section systematically reviews the evolution of distributed algorithms from network topology, objective
functions, and convergence efficiency.

3.1. Algorithm Design over Complex Graph Topologies

The communication network among nodes is important in shaping how information is exchanged in distributed
optimization. As application scenarios become more complex, the design of communication topology for distributed
algorithms has evolved from undirected to directed graphs and further to time-varying graphs.

Early distributed optimization algorithms are typically developed under undirected network topologies, where
doubly stochastic weight matrices can be constructed. For example, the local update rule of the DGD [6] algorithm
is as follows:

Thor = > wijah — axVfi(x}), (12)
JEN;
where i is the local estimate of node 7 at the k-th iteration, w;; is the doubly stochastic mixing weight, and «y is
the step size. To eliminate the steady-state error caused by a fixed step size, DGD generally employs a diminishing
step size, resulting in a sublinear convergence rate of O(In k/v/k) or O(In k/k). Building upon the DGD algorithm,
EXTRA [7] incorporates a historical gradient correction term to achieve exact convergence under a fixed step size.
Its iteration rule is formulated as:

n n
o ; o o ,
Thyog = Tpyq + Zwijxk—&-l — Zwijxk —a[Vf' (rhe — )], (13)
Jj=1 Jj=1

and W = [W;;] is another symmetric mixing matrix (typically chosen as W = #). Under strongly convex
conditions, EXTRA can achieve a specific convergence rate O(1/k) or even linear convergence. However, it strictly
relies on the symmetry of the weight matrix, which means the underlying communication topology is always an
undirected graph.

Communication between nodes may be asymmetric in practical networks, with information flowing only in
one direction along some links. Such networks are therefore described by directed graphs, where a doubly stochastic
mixing matrix is generally unavailable. One common approach for this structure is to use a column-stochastic matrix
together with push-sum protocol [24]. Algorithms such as DEXTRA [25], ADD-OPT [26], and Push-DIGing [27]
follow this idea. These algorithms introduce an auxiliary variable to asymptotically track the right eigenvector of the
column-stochastic matrix. A practical limitation of column-stochastic mixing is that each node generally needs to
know its out-degree, which is not always available in broadcast-based communication. Row-stochastic alternatives
were therefore developed, with FROST [28] being a representative example. A key benefit of row-stochastic matrices is
their ease of implementation, as each node can simply assign weights locally based on the information it receives, without
requiring any knowledge of the out-degree information. Unfortunately, both classes of algorithms require the learning of
eigenvectors, increasing computational and communication costs. In response to this, the Push-Pull [29] and .AB [30]
algorithms were developed. These two techniques use a row-stochastic matrix A = {a;; } and a column-stochastic
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matrix B = {b;;} simultaneously to pull decision variables and push gradient information:

Tioyr = Zaijxi - ayi, 19
j=1

y}iﬂ = Z bijyi + Vfi(xfcﬂ) - Vf"(xZ), (15)
j=1

where y! serves as an auxiliary variable for tracking the global average gradient. Notably, extensions of the above
methods to dynamic environments with time-varying graphs have been proposed in [31,32].

3.2. Evolution and Extension of Objective Functions

The assumptions for objective functions in distributed optimization have experienced two critical advancements.
Their applicability was first generalized from smooth differentiable functions to composite optimization with non-
differentiable terms, and later, motivated by practical machine learning needs, was further extended from convex to
non-convex settings.

Most conventional DGD algorithms [6,7] were developed for smooth and differentiable objective functions.
Yet in modern machine learning tasks, composite optimization problems of the form (6) are commonly encountered.
For such problems, DDA [33] usually updates its dual variables by combining the weighted average with the local
subgradient and then drives the new primal iterates via a proximal projection. While effective in suppressing
consensus error, the use of diminishing step sizes in DDA inevitably sacrifices convergence speed. Driven by the
need to achieve exact convergence with a constant step size, the DADMM [34] algorithm was introduced. Building
on this idea, subsequent studies have led to the PG-ADMM [35] algorithm. We note, however, that such exact
methods become computationally expensive when applied to complex cost functions or high-dimensional data.
IC-ADMM and IDC-ADMM [36] replace the exact ADMM step with an inexact one, reducing the per-iteration
computational burden while maintaining convergence. In PG-EXTRA [37], the smooth part is updated through a
local gradient step, while the non-smooth part is resolved through a proximal operator. Utilizing a fixed step size, it
attains an O(1/k) ergodic convergence rate over the averaged iterate sequence.

Recent work has extended distributed optimization to nonconvex problems motivated by nonlinear models.
In particular, NEXT [38] avoids directly optimizing the local non-convex objective by introducing a strongly
convex surrogate at each node. A dynamic consensus scheme is then used to track the global gradient, leading to
convergence toward a stationary solution. For composite non-convex problems, Prox-DGD [39] with a fixed step
size generally converges only to a neighborhood of the stationary point. Furthermore, PG-ExtraPush [40] extends
PG-EXTRA to directed networks by incorporating the push-sum protocol, retaining comparable convergence
guarantees for convex objectives. Another extension is SONATA [41], which uses successive convex approximation
(SCA) to address non-smooth composite non-convex optimization over time-varying directed graphs. More recently,
ProxGT [42] provided a unified framework for several problem classes and established sample complexity bounds
that do not depend on the network topology.

3.3. Acceleration Mechanisms for Enhanced Convergence

Slow convergence is a common limitation of first-order methods, which has led to extensive work on accelera-
tion techniques. Among them, Heavy-Ball (HB) [43] and Nesterov’s Accelerated Gradient (NAG) [44] are two widely
used momentum-based acceleration methods. Both make use of information from previous iterations to modify the
current update direction. Specifically, HB introduces a momentum term derived from the preceding two iterations:

Uiy = vp — aV f(vp) + B(vf, — vi_y), (16)

where « is the step size, and [ is the momentum parameter. By contrast, NAG evaluates the gradient at a lookahead
point, which yields an accelerated rate of O(1/k?) (compared with the O(1/k) rate of standard gradient descent) in
certain convex settings. This operation involves two steps:

Yiypr = ), — aV f(a}), (17)
Ty =Yy + B(Yri1 — Yi)- (18)

Several distributed algorithms have been developed by incorporating these two momentum-based mechanisms
into the update process. With the Nesterov momentum term, Acc-DNGD [45] can achieve linear for smooth and
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strongly convex functions. Under similar conditions, the work in [46] also established linear convergence by
introducing the HB method into a proportional-integral consensus framework. ABm [47] and ABN [48] fuse
HB and NAG to improve convergence rate, respectively. The combination of HB and NAG can lead to promising
results in recent studies. For instance, NHDA [49] extended FROST [28] by incorporating both HB and NAG, while
DSUA-TV [50] combined distributed stochastic gradient tracking (DSGT) [51], DSGT-HB [52], and DSGT-NAG [52]
through the use of a flexible interpolation factor. Similar acceleration methods can be found in [53,54]. However,
most momentum-based methods are limited by their reliance on fixed parameters. Adaptive schemes address
this issue by allowing the acceleration parameters to vary during the optimization process. By introducing the
exponential moving average (EMA) for adaptive estimation, DADAM [55] provided an improved acceleration
performance. Following this, GTAdam [56] successfully mitigated the challenges of data heterogeneity through
the integration of gradient tracking. Another acceleration strategy is to exploit historical objective and gradient
information. More specifically, DBM [57] significantly enhanced the convergence speed by constructing a piecewise
linear approximation of the local cost function. Additionally, DPBM [58] extended Prox-DGD [39] by introducing
a proximal bundle mechanism, with convergence established under a fixed step size.

Acceleration techniques have also been applied to practical energy-management problems. Leveraging second-
order information, the research in [59] designed a distributed accelerated algorithm for integrated energy systems
to improve convergence efficiency. Another strategy focuses on directly controlling the time required to reach
the optimizer. focuses on directly controlling the time required to reach the optimizer. Fixed-time distributed
optimization guarantees convergence within a finite upper bound that is independent of the initial states. For example,
the study in [60] developed a distributed fixed-time algorithm for multi-agent systems with strongly convex local cost
functions, and it was later extended by introducing coupled objective functions [61]. Prescribed-time optimization
further strengthens this property by allowing the convergence time to be specified in advance. To this end, a
two-stage prescribed-time distributed scheme was proposed in [62]. In addition, by considering both constrained
and unconstrained problems, the work in [63] guaranteed convergence within an arbitrarily prescribed time. These
approaches provide a different perspective on acceleration from gradient-based methods, since their main objective
is to offer explicit control over the settling time rather than only improving the asymptotic convergence rate. This
feature can be particularly useful for distributed systems with strict time requirements.

4. Frontier Challenges under Practical Constraints

When practical system constraints are taken into account, distributed optimization often faces additional
challenges. This section discusses three representative aspects of these challenges, covering stochastic optimization,
communication strategies, and asynchronous updates.

4.1. Stochastic Distributed Optimization

Evaluating the full gradient at each iteration is rarely feasible for large-scale machine learning tasks. As
an alternative, most distributed stochastic algorithms rely on the stochastic first-order oracle (SFO) to obtain a
stochastic gradient g* (%, £} ), which is commonly assumed to satisfy

@ Elg' (x4, &) Fe] = V. (2}), (19)
) E[llg'(z}, &) — V()P Fr] < 02, (20)

where the first equality ensures that the stochastic gradient is unbiased, and the second bounds its variance by a
non-negative constant. Under these assumptions, DSGD [64] avoids repeated full-gradient evaluations and provides
a practical approach to large-scale distributed stochastic optimization. However, it may converge slowly when
the data are highly heterogeneous. Gradient-tracking variants of DSGD, such as DSGT [51] and GT-DSGD [65],
were later developed to address this problem. These two methods can mitigate the impact of data heterogeneity
by continuously tracking the global average stochastic gradient. DSGT-HB [52] and DSGT-NAG [52] further
extend DSGT by introducing the Heavy-Ball method and Nesterov momentum term, respectively. For time-varying
directed networks, Push-ASGD [66] incorporates Heavy-Ball into the gradient-push framework to tackle distributed
non-convex stochastic problems.

The aforementioned algorithms have successfully reduced the overall computational costs. Yet, a fundamental
issue persists: the inherent variance of stochastic gradients hinders their exact convergence to the global optimal solution.
This has motivated researchers to propose variance reduction techniques, such as SAGA [67] and SVRG [68], to
achieve a trade-off between computational cost and convergence accuracy. Through gradient tracking, GT-VR [69]
effectively unifies these two techniques. In addition, a special case of GT-VR, GT-SAGA [70] has been proven to
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converge to a first-order stationary solution for non-convex problems. For composite optimization problems, the
work in [71] combines SAGA with stochastic gradient projection, resulting in a computationally efficient distributed
algorithm. Compared with SAGA, distributed algorithms built on SVRG have received relatively less attention. It is
therefore worthwhile to develop more distributed SVRG variants and to seek faster convergence while preserving
the reduced computational cost of stochastic optimization.

4.2. Communication Efficient Strategies

Frequent information exchange among nodes incurs substantial communication overhead as network and
data scales grow. Communication-efficient methods are therefore important for reducing this burden in practical
distributed systems. Time-triggered communication was used in early distributed algorithms [72, 73], where
information was sampled and exchanged periodically according to a predefined schedule. Nevertheless, this periodic
communication may lead to unnecessary computational overhead. Event-triggered communication [74] offers a
more flexible way to periodic updates. Rather than transmitting information at fixed intervals, a node communicates
only when its measurement error exceeds a predefined threshold. This can substantially reduce redundant exchanges
without affecting convergence. Specifically, by combining the event-triggered mechanism and Heavy-ball method,
the work in [75] achieved a balance between communication efficiency and accelerated convergence. Under the PL
condition, the method in [76] established global optimality while substantially reducing communication frequency.
Recent advances have also explored event-triggered mechanisms for prescribed-time distributed optimization. For
instance, an event-triggered control was introduced to conserve system resources in [62]. This idea was further
extended to practical applications in [77], where a dynamic event-triggered scheme was applied to multienergy
economic dispatch.

Another promising approach to reducing communication overhead is communication compression. Nodes may
compress the exchanged information through quantization [78] or sparsification [79], avoiding the need to transmit
full high-dimensional vectors. This can be observed in QSGD [80], which utilizes unbiased quantizers to encode
and transmit gradient information efficiently. However, directly applying compression in distributed optimization
may cause algorithm divergence due to the accumulation of errors over iterations. To mitigate this effect, the error
compensation technique has been proposed. Among them, CHOCO-SGD [81] provided a representative example of
integrating error compensation into distributed stochastic optimization. As an extension of DADAM [34], QPS-
DADAM [82] integrated a random quantization scheme to mitigate communication overhead over directed networks.
Breakthroughs have also been made in communication compression for distributed non-convex optimization. By
integrating a compression mechanism, the work in [83] achieved sublinear convergence to a first-order stationary
point. Moreover, DaSHCo [84] further combined communication compression with momentum acceleration,
delivering significant improvements in communication efficiency while maintaining fast convergence. Despite these
advances, communication efficiency still needs to be balanced against convergence speed and accuracy. Future
research may explore communication compression together with mechanisms that provide stronger convergence
performance, such as prescribed-time convergence guarantees.

4.3. Asynchronous and Delayed Updates

While the previously discussed methods have achieved significant performance from multiple aspects, the
requirement of synchronization among nodes continues to limit the efficiency of distributed systems [85]. Syn-
chronous algorithms, such as EXTRA [7], ADD-OPT [26], and Push-DIGing [27], are inevitably affected by the
straggler effect. Instead of waiting for synchronized updates, asynchronous algorithms allow nodes to update
independently based on the most recently available neighbor information. Such behavior avoids the need for a
global clock and reduces the waiting time caused by slow nodes or communication links.

Many classical distributed methods have been extended to operate asynchronously. In asynchronous ADMM
[86], nodes updated independently without global coordination. However, its performance is sensitive to stale
information and may degrade under unbounded communication delays. By adopting fixed step sizes that do
not depend on the communication delays, asynchronous DGD and DGD-ATC [87] avoided this problem and
achieved exact convergence. Under asynchronous updates, ASY-SONATA [88] also established an exact linear
convergence guarantee for strongly convex problems over directed networks. Furthermore, the study in [89]
integrated projection operations with adaptive updates to tackle constrained optimization in asynchronous settings.
Asynchronous methods have also been developed for composite problems with nonsmooth terms. For instance,
AD-PDFBS [90] removed the need for global synchronization when solving composite convex problems subject to
equality constraints and provided a strict convergence guarantee simultaneously. R-TriPD-Dist [91] further extended
asynchronous updates to nonsmooth composite problems through a distributed primal-dual proximal scheme. For
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composite nonconvex optimization, the work in [92] developed an asynchronous gradient tracking mechanism and
derived a sublinear convergence rate under more general assumptions. Note that many existing analyses still rely on
bounded-delay assumptions or specific activation models, while larger delays may require conservative step sizes
and slow down convergence. It is worth exploring asynchronous algorithms that can handle more delay patterns
without losing large step sizes or fast convergence.

5. Conclusions and Future Work

This survey provides an overview of the main developments in distributed optimization. Overall, research in
this field has gradually shifted from idealized theoretical models to more practical applications. Early work mainly
focused on relaxing network assumptions, extending the range of objective functions, and introducing acceleration
techniques. The move toward practical deployment has brought greater attention to constraints that are often absent
from idealized models. While existing methods based on stochastic optimization, communication compression,
and asynchronous updates have improved the practicality of distributed algprithms, several challenges still remain.
Future research may explore the following three directions:

(1) Coupling and trade-offs of multiple constraints. Existing work commonly treats different challenges in
isolation, while practical distributed systems are often affected by multiple interacting factors, including data noise,
unreliable communication, and limited resources. It would be useful to examine the interactions among different
constraints and develop more efficient distributed algorithms that remain effective when resources are limited.

(2) Privacy and security in distributed computing. Frequent information exchange among nodes inherently
increases the risk of exposing sensitive raw data. Although differential privacy techniques have been extensively
utilized to provide privacy guarantees, their injected noise may limit the convergence accuracy of algorithms.
Accordingly, designing highly secure and reliable distributed algorithms will be a core prerequisite for driving
distributed optimization toward secure and trustworthy application scenarios.

(3) Distributed optimization for Large Language Models (LLMs). As artificial intelligence officially enters
the era of LLMs, the volume of model parameters frequently scales into the billions or even trillions. In such
high-dimensional settings, traditional methods face significant challenges arising from the curse of dimensionality.
Future research can consider the deep integration of distributed optimization with low-rank subspace optimization
techniques, such as parameter-efficient fine-tuning (PEFT). This will facilitate the design of novel algorithms that
are memory-friendly and highly aligned with the network characteristics of large models.
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