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Abstract: Static black holes in conformal Weyl gravity differ from their Einstein
counterparts in a simple but important way: the Mannheim–Kazanas geometry
is encoded in a Bach-flat lapse function whose radial dependence is richer than
that of Schwarzschild–de Sitter. We study the de Sitter branch of this solution in
the Schwarzschild gauge, keeping the characteristic linear term together with the
quadratic de Sitter term. In the branch continuously connected to the positive-mass
Schwarzschild–de Sitter spacetime, a regular static region between a black-hole
horizon and a cosmological horizon exists precisely when − 1

3 < βγ < 2
3 , and

0 < κ < 1+3βγ
27β2 . In this window, the singularity at the origin is hidden, the two

positive horizons obey 0 < rb < 3β < rc, and the limiting endpoint is the Nariai
geometry. The thermodynamic interpretation is subtler than the root structure: the
two horizons generally have different temperatures, and the static patch has no
asymptotic region that would select a unique normalization of time. We therefore
compare the Killing, Bousso–Hawking normalized, and Tolman local temperature
conventions, and we compute the Wald entropy for the pure Weyl-squared action.
The result is a local horizon thermodynamic description that keeps the geometric
facts separate from the ensemble-dependent choices needed for any global first law.

Keywords: conformal Weyl gravity; Mannheim–Kazanas black holes; black hole
thermodynamics; Hawking temperature; Wald entropy

1. Introduction

The Mannheim–Kazanas spacetime sits at the intersection of three well-developed lines of research. The first
is four-dimensional conformal Weyl gravity itself, whose local action is built from the square of the Weyl tensor and
whose vacuum field equations are fourth order. The theory has been studied both as a possible ultraviolet-complete
or boundary-condition-restricted rewriting of gravity and as a phenomenological alternative to dark matter and
dark energy [1–3]. The second line is the classification of static, spherically symmetric vacuum geometries in this
theory. Riegert established the conformal-gravity analogue of Birkhoff’s theorem, and Mannheim and Kazanas
displayed the form most often used in phenomenology: besides the familiar 1/r and r2 terms, the lapse contains a
term linear in r [4,5]. In the notation used below, the de Sitter branch is written in terms of β, γ, and κ after the
Schwarzschild-gauge normalization has been fixed.

The third line is black-hole thermodynamics in spacetimes with more than one horizon. Gibbons and Hawking
showed that cosmological horizons have thermodynamic meaning, but a de Sitter black hole immediately raises a
normalization and equilibrium problem: the static patch has no asymptotic infinity at which to normalize the timelike
Killing vector, and the black-hole and cosmological horizons generally have different surface gravities [6]. Bousso
and Hawking proposed a useful normalization at the geodesic static radius, while later work on de Sitter black-hole
thermodynamics has emphasized separate horizon first laws, effective temperatures, and the ensemble dependence
of any combined thermodynamic description [7,8]. These issues are already present in Schwarzschild–de Sitter and
cannot be avoided by adding the Mannheim–Kazanas linear lapse term.
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The question of what should be called a temperature in a gravitational system has generated a wide range of
viewpoints, from the standard thermodynamics of causal horizons to more ambitious proposals in which gravitational
dynamics, screen variables, or even gravity itself are interpreted thermodynamically or entropically [9–12]. This
range of perspectives is useful for the present de Sitter problem, where there is no preferred asymptotic clock and
two different horizons appear in the same static patch.

A parallel thermodynamic literature exists for conformal-gravity black holes. The key lesson is that the entropy
is not the Einstein area entropy but the Wald Noether-charge entropy of the Weyl-squared action [13,14]. In anti-de
Sitter conformal gravity, explicit first laws and phase structures have been worked out, including the role of additional
spin-2 hair and, in later applications, black-hole chemistry and heat-engine variables [15–17]. This body of work
makes clear that one must specify the action normalization, the boundary conditions, and the variables allowed to
vary before assigning a global mass, pressure, or effective temperature.

Beyond thermodynamics, the Mannheim–Kazanas solution has also been used as a background for phenomenological
probes. Light bending in the non-asymptotically flat metric has been revisited in conformal Weyl gravity [18], while
perturbative studies have analyzed near-extremal geodesic instability, scalar, electromagnetic, and gravitational
quasinormal modes, multi-stage ringdown and late-time tails, shadows, gray-body factors, and related Weyl black-
hole/wormhole extensions [19–26]. These citations are included only for orientation; none of those perturbative
results is used in the derivations below.

The present paper is meant to fill a more elementary but important gap. It does not propose a new solution and
it does not attempt a full phase diagram. The claim is therefore organizational and interpretive: the aim is to keep
the de Sitter horizon structure, temperature normalizations, and Weyl-gravity entropy in one internally consistent
convention. Instead, it gives a self-contained classical analysis of the de Sitter Mannheim–Kazanas branch in which
both the linear and quadratic lapse terms are retained: γ ̸= 0 and κ ̸= 0. Concretely, the paper combines, in one
place, four ingredients that are often treated separately: the precise parameter window for a positive-mass de Sitter
black hole; the ordering and factorization of the three horizon roots; the comparison of Killing, Bousso–Hawking
normalized, and Tolman local temperature conventions; and the corresponding Wald entropy in pure Weyl gravity.
The emphasis is therefore on consistency and interpretation. The article identifies which statements are invariant
horizon statements and which depend on the thermodynamic ensemble chosen for a spacetime with no static infinity.

Throughout we use units c = ℏ = kB = G = 1 unless stated otherwise. The symbol κ denotes the coefficient
of the r2 term in the metric. To avoid a clash of notation, the surface gravity of a horizon is denoted by κ.

2. Conformal-Gravity Conventions

Consider the pure Weyl-squared action

ICG =
αW

16π

∫
d4x

√
−g CµνρσC

µνρσ, (1)

In four spacetime dimensions the Weyl tensor is the trace-free part of the Riemann tensor,

Cµνρσ = Rµνρσ − 1
2
(gµρRνσ − gµσRνρ − gνρRµσ + gνσRµρ) +

R

6
(gµρgνσ − gµσgνρ) , (2)

where Rµνρσ , Rµν , and R are respectively the Riemann tensor, Ricci tensor, and Ricci scalar. Equivalently, Cµνρσ

is the part of the curvature left after removing all Ricci traces; it vanishes for locally conformally flat metrics.
The remaining constant αW in (1) is the dimensionless Weyl coupling in these units. Some conformal-gravity

papers use the opposite overall sign in the action. All entropies below scale with this signed coupling; changing the
sign convention for the action changes the sign convention for αW.

The field equations obtained from (1) are the vanishing of the Bach tensor in vacuum. In the static, spherically
symmetric gauge,

ds2 = −B(r) dt2 +
dr2

B(r)
+ r2dΩ2

2, (3)

Here t is the static time coordinate, r is the areal radius, dΩ2
2 = dθ2 + sin2 θ dϕ2 is the unit-two-sphere metric,

and B(r) is the metric lapse function. This B(r) should not be confused with the Bach tensor; no separate symbol
for the Bach tensor is needed below. A static region is an interval on which B(r) > 0, since then ∂t is timelike.
The general Bach-flat lapse in this gauge contains constant, 1/r, r, and r2 pieces. In the Mannheim–Kazanas
parametrization used here it may be written as [5].
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B(r) = 1 − 3βγ − β(2 − 3βγ)
r

+ γr − κr2. (4)

Here β has dimensions of length, γ has dimensions of inverse length, and κ has dimensions of inverse length
squared. The original Mannheim–Kazanas notation often writes the last parameter as k; we write κ to make the de
Sitter interpretation explicit. It is useful to introduce

A = 1 − 3βγ, µ = β(2 − 3βγ), (5)

so that
B(r) = A− µ

r
+ γr − κr2. (6)

The Schwarzschild–de Sitter limit is recovered by setting γ = 0, in which case µ = 2β and κ = Λ/3.
Here Λ is the Einstein-gravity cosmological constant in the limiting metric. The quantities A and µ are only
abbreviations. This parametrization displays the four radial pieces of the Bach-flat lapse while using the conventional
Mannheim–Kazanas normalization in which the de Sitter branch is labeled by β, γ, and κ.

The curvature invariants already show the role of the chosen parametrization. For the lapse function (4), one has

CµνρσC
µνρσ =

12(µ+ βγr)2

r6 , (7)

R = 12κ− 6γ
r

+
6βγ
r2 . (8)

The Ricci scalar in (8) follows from R = −B′′ − 4B′/r+ 2(1 −B)/r2 for the metric (3). The Weyl invariant
follows from the single independent orthonormal Weyl component, Ct̂r̂t̂r̂ = −(µ+βγr)/r3, together with spherical
symmetry; hats denote an orthonormal frame. Thus the branch with µ > 0 contains a curvature singularity at r = 0,
and a black-hole interpretation requires an event horizon shielding that singularity from the static region.

3. Horizon Structure and Parameter Range

Horizons are positive zeros of B(r). Equivalently,

rB(r) = −κr3 + γr2 +Ar − µ = 0. (9)

For an asymptotically de Sitter branch we take

κ > 0, (10)

so B(r) → −∞ as r → ∞. For the branch connected continuously to positive-mass Schwarzschild–de Sitter we
also take

β > 0, µ = β(2 − 3βγ) > 0. (11)

The second condition means βγ < 2/3 and ensures B(r) → −∞ as r → 0+, so that the singularity is not
already in the static region.

Proposition 1 (Black-hole window). Assume β > 0 and κ > 0. The Mannheim–Kazanas solution (4) has the
standard de Sitter black-hole horizon structure—one event horizon and one cosmological horizon, with the singularity
hidden behind the event horizon—in the Schwarzschild–de Sitter-connected branch if

−1
3
< βγ <

2
3
, 0 < κ < κN, κN =

1 + 3βγ
27β2 . (12)

In this range there are precisely two positive simple roots, denoted rb and rc, and one negative root, denoted
rn, with

0 < rb < 3β < rc, rn < 0. (13)

At κ = κN the two positive horizons merge at r = 3β, giving the Nariai limit.

Proof. The coefficient of 1/r is −µ/r. If µ > 0, then B(r) → −∞ as r → 0+. Since κ > 0, also B(r) → −∞ as
r → ∞. Evaluating the lapse function at r = 3β gives
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B(3β) =
1 + 3βγ

3
− 9κβ2. (14)

Hence B(3β) > 0 precisely when κ < κN and 1 + 3βγ > 0. The inequalities in (12) combine this condition
with µ > 0. Since B is negative at both ends of the positive radial axis but positive at 3β, it has at least two positive
zeros, one on each side of 3β. The cubic rB(r) has at most three real roots. Its constant term is −µ < 0 and its
leading coefficient is −κ < 0, so the product of all three roots is negative. Once two roots are positive, the remaining
real root is negative. The equality κ = κN makes B(3β) = B′(3β) = 0, so the two positive horizons coalesce at
r = 3β. For completeness, the simultaneous equations B(r∗) = B′(r∗) = 0 have candidate double roots r∗ = 3β
and r∗ = 3β − 2/γ. The second candidate is incompatible with the de Sitter black-hole window: for γ > 0 it is
positive only when βγ > 2/3, while for γ < 0 it would require κ < 0. Hence the only positive double-root endpoint
in the present branch is the Nariai point.

It is often useful to factor the cubic as

rB(r) = −κ(r − rb)(r − rc)(r − rn), (15)

where rb is the black-hole event horizon, rc is the cosmological horizon, and rn is negative in the black-hole window.
Comparing coefficients gives

γ = κ(rb + rc + rn), (16)
A = −κ(rbrc + rbrn + rcrn), (17)
µ = −κrbrcrn. (18)

These relations are a compact way to translate between the Lagrangian-looking parameters (β, γ, κ) and the
directly geometric data (rb, rc, rn).

Several comments are worth making about the range (12). First, the assumption that both the linear and
quadratic lapse terms are present means γ ̸= 0 and κ ̸= 0; the formulae above include the limiting cases only
as checks. Second, if βγ ≥ 2/3, then µ ≤ 0 and the r = 0 singularity is not hidden in the Schwarzschild–de
Sitter way. Third, if βγ ≤ −1/3, the Nariai value κN is non-positive and the simple de Sitter black-hole interval
disappears. Other coordinate patches or conformal gauges may describe other causal structures, but they are not the
positive-mass de Sitter black-hole branch analyzed here. Thus “black-hole window” is used in a geometric sense: it
asserts the root structure and shielding of the singularity, not perturbative stability or observational viability.

3.1. The Small-κ and κ = 0 Limits

It is important not to confuse an outer horizon produced by the linear term with a genuinely de Sitter asymptotic.
In the sign convention of (4), the invariant de Sitter scale is set by the coefficient of the quadratic term: as r → ∞
one has R → 12κ and the lapse behaves as B(r) ∼ −κr2. Thus a strictly de Sitter-like asymptotic requires
κ > 0, not a particular sign of γ. The black-hole window (12) already includes either sign of γ, subject only to
−1/3 < βγ < 2/3.

If κ = 0 exactly, the spacetime leaves the de Sitter branch considered in the main analysis. The large-r
curvature then tends to zero, since R = −6γ/r + 6βγ/r2 and CµνρσC

µνρσ = 12(µ+ βγr)2/r6. Nevertheless the
sign of γ still matters for the number of horizons. The horizon equation reduces to

γr2 + (1 − 3βγ)r − β(2 − 3βγ) = 0. (19)

For −1/3 < βγ < 0, i.e., negative but not too negative γ, this quadratic has two positive roots. The larger root
is an outer horizon created by the negative linear term, not by de Sitter curvature. For 0 < βγ < 2/3, the same
κ = 0 equation has only one positive root, the black-hole horizon, and the static exterior extends to arbitrarily large
r with B(r) ∼ γr. The borderline γ = 0 = κ is the Schwarzschild limit, again with no cosmological horizon.

For very small but positive κ, both possibilities are continuously connected to the formulas above, but their
interpretation differs. If γ > 0, the outer horizon is pushed to a large scale, approximately rc ∼ γ/κ, so it is the
eventual −κr2 falloff that closes the static patch. If γ = 0, the familiar Schwarzschild–de Sitter scaling rc ∼ 1/

√
κ

is recovered. If γ < 0, the two positive horizons approach the two finite roots of (19) as κ → 0+, while the third
root runs to large negative radius. This is why the present paper treats κ = 0 only as a limiting check: it may
have a two-horizon static patch for γ < 0, but it is not asymptotically de Sitter in the curvature sense used for the
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thermodynamic discussion.

4. Hawking Temperatures

For a Killing horizon generated by χ = ∂t, the surface gravity associated with the coordinate normalization of
t is

κ(K)
h =

1
2
|B′(rh)|, T

(K)
h =

|B′(rh)|
4π

. (20)

The superscript (K) is a reminder that this is the temperature associated with the unnormalized Killing vector
∂t. In de Sitter there is no infinity at which to normalize ∂t, so this is a convenient geometric normalization.

Using the horizon equation B(rh) = 0, the derivative can be written as

B′(rh) =
A

rh
+ 2γ − 3κrh. (21)

Therefore, in the black-hole window,

T
(K)
b =

1
4π

(
A

rb
+ 2γ − 3κrb

)
, (22)

T (K)
c =

1
4π

(
3κrc − 2γ − A

rc

)
. (23)

The signs have been chosen so that both temperatures are positive: B′(rb) > 0 and B′(rc) < 0.
The factorized form (15) gives an even clearer expression:

T
(K)
b =

κ(rc − rb)(rb − rn)

4πrb
, (24)

T (K)
c =

κ(rc − rb)(rc − rn)

4πrc
. (25)

Since rn < 0 and rc > rb, these obey
T

(K)
b > T (K)

c (26)

Indeed, the ratio of (24) and (25) is rc(rb − rn)/[rb(rc − rn)], and the numerator exceeds the denominator by
(−rn)(rc− rb) > 0; hence the inequality holds for every non-degenerate black hole in this branch. The two horizons
therefore do not form a global thermal equilibrium system. A Euclidean continuation can make the geometry regular
at the black-hole horizon or at the cosmological horizon, but not at both simultaneously, except in the limiting sense
in which the two horizons coalesce.

4.1. Bousso–Hawking Normalization

A common de Sitter prescription is to normalize the Killing vector at the static geodesic radius, namely at the
radius r0 where the acceleration of a static observer vanishes [7]. In the present metric this is the maximum of B in
the static patch:

B′(r0) = 0, 2κr3
0 − γr2

0 − µ = 0, rb < r0 < rc. (27)

Let
B0 = B(r0) > 0. (28)

The normalized Killing vector is

χ̃ =
∂t√
B0

, (29)

and the corresponding Bousso–Hawking temperatures are

T
(BH)
b =

T
(K)
b√
B0

, T (BH)
c =

T
(K)
c√
B0

. (30)

This normalization does not make the two horizons have the same temperature; it rescales both by the same
factor. It is best understood as the temperature measured by the preferred inertial static observer at r = r0.
Consequently, it is a normalization prescription. The factor B−1/2

0 depends on the integration constants of the
solution. The Bousso–Hawking temperature therefore cannot in general replace the Killing temperature in a first law
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while leaving the energy and conjugate quantities unchanged. Such a change requires a consistent redefinition of
the thermodynamic quantities, including the variation of the normalization factor. The schematic first laws and
restricted heat capacity below use the Killing temperature associated with ∂t.

The Nariai limit illustrates the difference between normalizations. As κ → κ−
N , the horizons approach

rb, rc → 3β, (31)

and the Killing temperatures (22) and (23) vanish. However, B0 also vanishes. Taking the ratio gives a finite
Bousso–Hawking temperature,

T
(BH)
N = lim

κ→κ−
N

T
(BH)
b = lim

κ→κ−
N

T (BH)
c =

1
6πβ

. (32)

The last limit follows by writing rb = 3β − ε+ O(ε2) and rc = 3β + ε+ O(ε2) with small positive ε. At
the degenerate point B′′(3β) = −2/(9β2), so T

(K)
b ∼ ε/(18πβ2) while

√
B0 ∼ ε/(3β); their ratio is therefore

1/(6πβ). Thus the statement that the Nariai temperature is zero or non-zero is not a contradiction; it depends on
whether one keeps the original Killing time or the rescaled time appropriate to the limiting Nariai geometry.

4.2. Tolman Local Temperatures

For an arbitrary static observer at radius R with rb < R < rc, the locally measured Tolman temperature
associated with a horizon is

Th(R) =
T

(K)
h√
B(R)

. (33)

Equation (30) is the special case R = r0. The Tolman temperature diverges as the observer approaches a
horizon, as expected from the infinite acceleration needed to remain static there.

4.3. Temperature Dependence on Parameters

The formulae above are most easily visualized in dimensionless variables. Define

x = βγ, q = κβ2, qN = κNβ
2 =

1 + 3x
27

. (34)

Then the black-hole window is −1/3 < x < 2/3 and 0 < q < qN, while the dimensionless temperatures
are βTb and βTc. Figure 1 shows representative one-parameter cuts through this window. The left panel uses the
Killing normalization; the right panel uses the Bousso–Hawking normalization at the geodesic radius. In both panels
the solid curves denote the black-hole horizon and the dashed curves denote the cosmological horizon. The Killing
temperatures vanish at the Nariai endpoint, whereas the Bousso–Hawking normalized temperatures approach the
common finite value (32).

Figure 1. Dimensionless horizon temperatures as functions of κ/κN for three fixed values of βγ. The solid curves
are βTb and the dashed curves are βTc. The left panel shows the Killing temperatures; the right panel shows the
Bousso–Hawking normalized temperatures.
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Figure 2 displays the temperature imbalance over the two-dimensional parameter space. Since the Bousso–
Hawking normalization rescales both horizon temperatures by the same factor, the ratio Tb/Tc is the same for the
Killing and Bousso–Hawking normalizations. The plot confirms that the black-hole horizon is hotter throughout the
non-degenerate branch and that the ratio tends to one only as the Nariai boundary is approached.

Figure 2. Parameter-space map of log10(T
(K)
b /T

(K)
c ) in the black-hole window, using x = βγ and q/qN = κ/κN.

The ratio is independent of the common Bousso–Hawking redshift normalization.

4.4. Limitations of a Combined Thermodynamic Description

One sometimes introduces an effective temperature for the entire de Sitter static patch by combining the event
horizon and the cosmological horizon into a single thermodynamic system. Such constructions are useful, but they
are not unique. Their form depends on which quantity is called the internal energy, whether the cosmological scale
is varied as pressure, whether the thermodynamic volume is the inter-horizon volume, and whether the entropy is
taken to be a sum of the two horizon entropies, possibly with correlation terms.

For the Mannheim–Kazanas spacetime the same caveat is stronger. In conformal gravity the coefficient γ of
the linear r term in the lapse is an integration constant of the Bach-flat solution, and a complete first law generally
contains additional work terms. Therefore an effective temperature should be regarded as an ensemble-dependent
thermodynamic variable, not as the Hawking temperature of either horizon. The calculations here concern the
separate horizon temperatures (22) and (23) and their normalized or local versions; no effective two-horizon
temperature is defined or calculated.

5. Wald Entropy and Horizon Thermodynamics

Because the action is quadratic in curvature, the entropy is not proportional to area. For the action (1), the
Wald entropy of a Killing horizon H is

SH = −2π
∫
H
d2x

√
h

∂L
∂Rµνρσ

ϵµνϵρσ, (35)

where L = (αW/16π)CαβλδC
αβλδ and ϵµν is the binormal to the horizon cross-section. For the metric (3),

Ct̂r̂t̂r̂ =
r2B′′ − 2rB′ + 2B − 2

6r2 , (36)

where hatted indices denote an orthonormal frame. For the Lagrangian density in (35), the trace-free property
of the Weyl tensor gives ∂L/∂Rµνρσ = (αW/8π)Cµνρσ inside the binormal contraction. With the orientation
convention used here this reduces, for a spherical horizon of radius rh, to Sh = −4παWr2

hCt̂r̂t̂r̂|r=rh . Since (4)
gives Ct̂r̂t̂r̂ = −(µ+βγr)/r3, the entropy below follows directly. Substituting (4) and evaluating on a horizon gives
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Sh = 4παW

(
µ

rh
+ βγ

)
. (37)

Using B(rh) = 0, the same entropy can be written as

Sh = 4παW

(
1 − 2βγ + γrh − κr2

h

)
. (38)

This formula applies to either rh = rb or rh = rc, with the sign fixed by the action convention in (1). If a
topological Gauss–Bonnet term is added to the action, the entropy is shifted by a constant; the horizon dependence
in (38) is unchanged.

Several checks are immediate. In the Schwarzschild–de Sitter limit γ = 0,

Sh = 4παW(1 − κr2
h). (39)

For the black-hole horizon this decreases from 4παW at small κβ2 to 8παW/3 at the Nariai point. For pure de
Sitter, β = γ = 0 and rh = 1/

√
κ, the Weyl tensor vanishes and the entropy from a pure Weyl-squared action is

zero. At the Mannheim–Kazanas Nariai point, rh = 3β, and (37) gives

SN =
8παW

3
, (40)

independent of γ.
For the black-hole horizon, Sb/(4παW) = µ/rb + βγ > µ/(3β) + βγ = 2/3 throughout the non-degenerate

window. Thus αW > 0 is the entropy-positive choice for this horizon with the action convention of (1). We adopt
this sign in Figure 3; reversing αW reverses both the entropy and the heat capacity.

Equations (22), (23), and (38) are the basic thermodynamic data. They are local to each horizon. In the
following schematic first laws we fix the generator to χ = ∂t and use T (K)

b,c ; the energies and conjugate quantities are
to be defined consistently with this choice. A black-hole horizon first law can then be written schematically as

dEb = T
(K)
b dSb +Ψ(b)

γ dγ +Θ(b)
κ dκ+ · · · , (41)

while a cosmological-horizon first law has the opposite orientation for the horizon-energy term,

dEc = −T (K)
c dSc +Ψ(c)

γ dγ +Θ(c)
κ dκ+ · · · . (42)

Here Eb and Ec denote the horizon energies appropriate to the chosen ensemble; Ψ(b,c)
γ and Θ

(b,c)
κ are the

quantities conjugate to variations of the integration constants γ and κ, which set the linear and quadratic lapse
terms, respectively. The sign difference between (41) and (42) is the usual orientation difference between black-hole
and cosmological horizons. The ellipses emphasize that a fully specified first law requires a choice of boundary
conditions and thermodynamic ensemble. In anti-de Sitter conformal gravity, analogous first laws include an
additional pair conjugate to the massive spin-2 hair; in the present de Sitter setting the linear Mannheim–Kazanas
parameter plays a similar role as an independent integration constant. Holding γ and κ fixed and varying only the
horizon position gives a useful restricted horizon thermodynamics, but it should not be confused with a universal
global mass formula.

For reference, if γ and κ are held fixed, the black-hole horizon equation may be solved for β as a function of
the black-hole radius:

3γβ2 − (2 + 3γrb)β + rb(1 + γrb − κr2
b) = 0. (43)

The branch continuous at γ = 0 is

β(rb) =
2 + 3γrb −

√
4 − 3γ2r2

b + 12γκr3
b

6γ
, (γ ̸= 0), (44)

with the smooth limit
β(rb) −→

rb
2
(1 − κr2

b) as γ → 0. (45)

The square-root branch in (44) is the one with a finite Schwarzschild–de Sitter limit; the other algebraic branch
is not used in the restricted black-hole response function below. With αW fixed, a restricted fixed-(γ, κ) heat capacity
for the black-hole horizon, based on T

(K)
b , can then be defined by
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C
(γ,κ)
b = T

(K)
b

(
∂Sb

∂T
(K)
b

)
γ,κ

= T
(K)
b

dSb(rb)/drb

dT
(K)
b (rb)/drb

, (46)

where Sb(rb) and T
(K)
b (rb) are obtained by setting rh = rb in (38) and using (22), and then inserting (44). The

superscript reminds us that this is not a grand-canonical response function: only the black-hole horizon radius,
equivalently β through (44), is varied. If a different ensemble is chosen, extra terms involving dγ or dκ must be
included before a heat capacity is assigned. The sign of this heat capacity is an ensemble-dependent local-stability
diagnostic, not a statement of global equilibrium for the whole static patch.

Figure 3 illustrates both the Killing temperature and the restricted response function defined in (46). With the
entropy-positive sign convention αW > 0, the plotted black-hole heat capacity is positive over the representative
branches. The negative response obtained with the opposite sign of αW does not correspond to positive black-hole
entropy for the action used here. In these cuts the Killing temperature decreases monotonically along the branch and
no pole appears in C

(γ,κ)
b . The heat capacity instead develops a finite positive maximum before decreasing to zero

at the Nariai endpoint.

Figure 3. Representative fixed-(γ, κ) temperature and response curves for the black-hole horizon. The horizontal
axis in both panels is the dimensionless branch parameter β

√
κ. The left panel shows the Killing temperature

T
(K)
b /

√
κ for the two cuts γ/

√
κ = ±0.4. The right panel overlays the corresponding fixed-(γ, κ) heat capacities

in different colors, plotting C
(γ,κ)
b /αW for the entropy-positive choice αW > 0. The response is defined using the

Killing temperature in (46).

This response-function language should be read with the same qualifications as the heat capacity itself. The
finite maxima visible in Figure 3 are local features of the fixed-(γ, κ) equation of state, not evidence for a global
equilibrium transition of the full de Sitter static patch. The black-hole and cosmological horizons are generally at
different temperatures, and no asymptotic reservoir fixes a unique energy. A solution-independent positive rescaling
of the temperature leaves T dS/dT unchanged. A solution-dependent rescaling, such as the Bousso–Hawking
prescription, changes the temperature derivative and hence the response function; using it in a first law also requires
consistent energy and conjugate quantities. Allowing γ or κ to vary defines a different response problem. Thus the
robust statement is the finite, positive Killing-temperature response on the plotted fixed-(γ, κ) branches for αW > 0,
not a universal phase boundary of Mannheim–Kazanas de Sitter black holes.

6. Summary

The Mannheim–Kazanas metric with non-zero γ and non-zero κ has a clean de Sitter black-hole interpretation
in the branch

β > 0, −1
3
< βγ <

2
3
, 0 < κ <

1 + 3βγ
27β2 . (47)

In that window the geometry has a singularity at r = 0, an event horizon rb, a cosmological horizon rc, and a
negative third root of the horizon cubic. The positive horizons obey 0 < rb < 3β < rc, and the upper endpoint of
the parameter interval is the Nariai limit rb = rc = 3β.

The horizon temperatures are not unique until one specifies the normalization of the Killing vector. With the
coordinate Killing vector ∂t,
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T
(K)
b =

1
4π

(
1 − 3βγ

rb
+ 2γ − 3κrb

)
, T (K)

c =
1

4π

(
3κrc − 2γ − 1 − 3βγ

rc

)
. (48)

They are unequal for every non-degenerate black hole in this branch. Bousso–Hawking normalization rescales
both by 1/

√
B(r0), where B′(r0) = 0, and gives the finite Nariai value 1/(6πβ). Tolman temperatures add the

usual redshift factor for an observer at a specified radius. A combined thermodynamic description would require an
additional ensemble prescription; no effective two-horizon temperature has been calculated here.

For the Weyl-squared action (1), the entropy of either horizon is

Sh = 4παW

(
β(2 − 3βγ)

rh
+ βγ

)
= 4παW

(
1 − 2βγ + γrh − κr2

h

)
. (49)

This replaces the area law. Together with the appropriate choice of horizon temperature, it provides a consistent
local thermodynamic description. A global first law requires additional input: boundary conditions, a definition of
energy in the de Sitter static patch, and a decision about whether the integration constants γ and κ are held fixed or
varied as thermodynamic variables with conjugate quantities.
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15. Lü, H.; Pang, Y.; Pope, C.N.; et al. AdS and Lifshitz black holes in conformal and Einstein-Weyl gravities. Phys. Rev. D
2012, 86, 044011. https://doi.org/10.1103/physrevd.86.044011.
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