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Abstract: Massive-scalar quasi-bound states are studied around the static braneworld
black hole whose exterior has the Reissner–Nordström form but contains a grav-
itational tidal charge rather than an electromagnetic charge. The tidal parameter
is allowed to be negative, as favored by the original braneworld construction, as
well as positive for comparison. The spectrum is obtained with a Frobenius–Leaver
continued fraction and verified by independent integration from the horizon and
infinity. Negative tidal charge enlarges the event horizon, reduces the field-mass
range supporting an exterior potential well, and accelerates absorption. Positive tidal
charge has the opposite effect and produces increasingly long-lived clouds. The
real energies remain close to their hydrogen-like values, whereas the decay widths
respond by factors that grow strongly with angular momentum. The same ordering
persists along the first radial excitations, although the fractional response weakens
slightly as the clouds extend farther from the horizon. The Schwarzschild spectrum,
the hydrogenic limit, and the leading weak-binding tidal shift are all recovered. These
results isolate the effect of a bulk-induced tidal field on gravitational atoms without
rotation, electric coupling, or superradiant amplification.
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scalar fields; quasi-bound states; tidal charge

PACS: 04.50.-h; 04.70.Bw; 04.70.-s

1. Introduction

Extra-dimensional gravity can reproduce four-dimensional general relativity at long distances while modifying
the strong-field region around compact objects. In the Randall–Sundrum construction, ordinary matter is confined
to a three-brane embedded in a higher-dimensional bulk, whereas gravity can probe the additional dimension [1–3].
Projection of the bulk equations onto the brane introduces the electric part of the higher-dimensional Weyl tensor into
the effective four-dimensional field equations [4]. The resulting nonlocal tidal field need not mimic any conventional
four-dimensional matter source.

Dadhich, Maartens, Papadopoulos, and Rezania found a particularly transparent static solution of these effective
equations [5]. Its line element has the algebraic form of the Reissner–Nordström geometry, but the coefficient of the
inverse-square term is a tidal charge generated by the bulk. It is not the square of an electric charge and can therefore
be negative. In the negative sector the bulk gravity strengthens the four-dimensional attraction, the event horizon lies
outside the Schwarzschild radius, and no positive inner horizon is present. Positive values instead provide a useful
Reissner–Nordström-like comparison.

Wave propagation has supplied several tests of braneworld black holes. Massless quasinormal modes, greybody
factors, absorption, and the sensitivity of ringdown signals to tidal charge have been investigated in static and rotating
settings [6–9]. Horizon-scale observations and other strong-field measurements have also been used to constrain
tidal-charge parameters [10]. These scattering and ringing problems probe the response to radiation, but they do not
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determine the discrete levels of a massive field localized outside the horizon.
Although quasinormal modes of massive fields have been studied extensively across classical and modified

black-hole backgrounds [11–21], their quasi-bound counterparts remain comparatively rare in the literature. This
imbalance is particularly pronounced for non-Einstein and extra-dimensional geometries, for which an outgoing-wave
spectrum may be known while the localized level structure has not yet been determined.

More precisely, Ref. [22] concentrated its quasi-bound-state analysis on the fundamental ℓ = m = 1 mode of
rotating, two-horizon braneworld black holes and on the resulting superradiant instability; the exactly spherical
sector was explicitly left outside its parameter survey. The present work is therefore not the first braneworld
quasi-bound-state calculation, but it supplies a distinct nonrotating baseline. In particular, it includes the physically
preferred negative-b sector, which corresponds to positive tidal charge in the opposite sign convention of Ref. [22]
and has only one positive horizon when the spin vanishes. It also resolves the fundamental monopole, dipole, and
quadrupole levels and the first radial overtones, maps the multipole-dependent boundary for an exterior trapping
well, derives the leading weak-binding tidal shift, and verifies selected continued-fraction roots by independent
two-sided integration. These ingredients isolate ordinary horizon absorption and the radial level structure without
contamination by rotational splitting or superradiant amplification.

Massive fields can form gravitational atoms: spatially extended clouds with complex frequencies whose real
parts determine their energies and whose imaginary parts determine their absorption times [23–28]. Their outer
boundary condition is exponential decay rather than outgoing radiation. Rotating braneworld gravitational atoms
and their superradiant instability have recently been analyzed with continued fractions [22]. The static problem
serves a different purpose: it removes rotational amplification and isolates how the tidal geometry changes binding,
tunneling through the angular barrier, and horizon absorption.

Here we calculate the scalar quasi-bound spectrum of the static tidal-charge black hole over the negative,
Schwarzschild, and positive sectors. We first identify the multipole-dependent parameter region in which the effective
potential possesses an exterior well. A generalized Frobenius expansion then produces a five-term recurrence for
nonzero tidal charge. Gaussian elimination reduces it to a three-term recurrence and a Leaver continued fraction.
Selected frequencies are checked by an independent two-sided integration of the logarithmic derivative. We compute
monopole, dipole, and quadrupole levels; their dependence on field mass and tidal charge; and the first two radial
excitations. The Schwarzschild and weak-binding limits provide analytic and numerical accuracy tests.

Section 2 introduces the effective brane equations and the tidal-charge exterior. Section 3 formulates the scalar
eigenvalue problem and its trapping condition. Section 4 develops the continued fraction and the independent
validation. Section 5 presents the spectra, followed by the discussion and conclusions in Sections 6 and 7.

2. Tidal-Charge Black-Hole Geometry

We use geometrized natural units G = c = ℏ = 1 and the metric signature (−,+,+,+). Length, time, inverse
mass, and inverse frequency therefore carry the same unit, while the dimensionless products Mµs and Mω measure
the gravitational coupling and mode frequency.

For a vacuum brane with vanishing four-dimensional cosmological constant, the projected field equations
reduce to

Gµν = −Eµν , Eµ
µ = 0, (1)

where Eµν is the electric projection of the bulk Weyl tensor. Equation (1) impliesR = 0 but does not requireRµν = 0:
the nonlocal bulk field can support an exterior geometry that is not a vacuum solution of the four-dimensional
Einstein equations [4,5].

Here Gµν is the four-dimensional Einstein tensor, Rµν is the Ricci tensor, and R is its trace. Thus Eµν acts as
a traceless effective stress tensor encoding nonlocal gravitational influence from the bulk rather than matter confined
to the brane.

The static spherical solution is

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2, (2)

f(r) = 1 − 2M
r

+
q

r2 . (3)

The angular element dΩ2 = dθ2 + sin2 θ dφ2 is the metric of the unit two-sphere. The parameter M is both
the ADM mass, which measures the total energy at spatial infinity, and the Komar mass associated with the timelike
Killing symmetry. The coefficient q has dimensions of length squared and describes the tidal influence of the bulk;
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it is unrelated to a Maxwell field. We introduce

b =
q

M 2 , x =
r

M
, (4)

and restrict b < 1 so that the outer horizon is nondegenerate. The roots of f are

x± = 1 ±
√

1 − b. (5)

The corresponding areal radii are r± = Mx±; r+ is the event horizon, while r− is an inner horizon only
when it is positive. For b < 0, x− < 0 and only x+ is a positive horizon. At b = 0 one recovers Schwarzschild
with x+ = 2. For 0 < b < 1, both roots are positive and the geometry is algebraically identical to a subextremal
Reissner–Nordström exterior. The surface gravity and temperature are

MκH = 2πMTH =
x+ − x−

2x2
+

=

√
1 − b

(1 +
√

1 − b)2
. (6)

Both signs of b lower the temperature away from its Schwarzschild value when the mass is fixed, although they
move the horizon in opposite directions.

The surface gravity κH measures the near-horizon redshift gradient, and TH = κH/(2π) is the associated
Hawking temperature. The limit b → 1− makes x+ and x− coincide and sends κH to zero; this degenerate limit is
the positive-charge extremal endpoint referred to below.

3. Massive-Scalar Eigenvalue Problem

The scalar field of mass µs satisfies
(□− µ2

s)Φ = 0. (7)

Here Φ is the test scalar and □ = gµν∇µ∇ν is the covariant wave operator. The test-field approximation
means that the stress energy of Φ does not alter the background geometry. The mass µs is equivalently the inverse
Compton wavelength of the field in the units used here. With scalar spherical harmonics Yℓm and time dependence
e−iωt, write

Φ = e−iωtYℓm(θ, φ)
u(r)

r
. (8)

The integer ℓ = 0, 1, 2, . . . is the orbital multipole number, conventionally called monopole, dipole, and
quadrupole for the first three values; m is the azimuthal number. Spherical symmetry makes the spectrum independent
of m. The function u(r) is the reduced radial amplitude, with the factor 1/r removed so that its equation takes
one-dimensional wave form. Introducing dr∗/dr = f−1 gives a Schrödinger-type radial equation,

d2u

dr2
∗
+ [ω2 − Vℓ(r)]u = 0, (9)

Vℓ(r) = f(r)

[
µ2
s +

ℓ(ℓ+ 1)
r2 +

f ′(r)

r

]
. (10)

The tortoise coordinate r∗ stretches the exterior so that the event horizon is at r∗ → −∞ and spatial infinity
at r∗ → +∞. A prime on f denotes differentiation with respect to the areal radius r. In Vℓ, the three bracketed
contributions represent the scalar rest mass, the centrifugal barrier, and the curvature-induced radial term, respectively.

3.1 Quasi-Bound Boundary and Trapping Conditions

Define the dimensionless frequency and field coupling by ω̂ = Mω and α = Mµs. A quasi-bound state is
ingoing at the future horizon and decays at spatial infinity,

u ∼

e−iωr∗ , r → r++,

e−krrν , r → ∞,
(11)

where
k =

√
µ2
s − ω2 = M−1

√
α2 − ω̂2, ν =

2ω̂2 − α2
√
α2 − ω̂2

. (12)
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We write ω = ωR + iωI . The real part ωR is the oscillation frequency and therefore the level energy per
quantum, whereas ωI < 0 describes temporal damping. We use Γ = −ωI > 0 for the decay width and τ = 1/Γ
for the e-folding lifetime. The coupling α = Mµs compares the black-hole length scale with the scalar Compton
wavelength, while ω̂ = Mω is the frequency in inverse-black-hole-mass units. The quantity k is the inverse radial
localization length of the outer tail, and ν is the power-law correction produced by the long-range gravitational field.
The square-root branch is selected with positive real part. Exponential decay requires ωR < µs. In contrast, a
quasinormal mode is outgoing at infinity and describes radiative ringing rather than a localized cloud.

The distinction is entirely in the spectral boundary conditions, not in the radial differential equation. With the
same time dependence e−iωt, both problems select the ingoing solution at the future horizon. At infinity, however, a
quasinormal mode selects the outgoing branch

uQNM ∼

e−iωr∗ , r∗ → −∞,

e+ipr∗ , r∗ → +∞,
p =

√
ω2 − µ2

s, (13)

up to the long-range power-law factor. The branch of p is fixed by outgoing propagation and then analytically
continued to complex frequency. A quasi-bound state instead takes p = ik with Re k > 0 and retains the
exponentially decreasing solution in Equation (11). It therefore carries no outward wave flux at spatial infinity; in the
present static geometry its negative imaginary part is generated by leakage through the inner barrier and absorption
at the horizon. A quasinormal mode loses energy both into the horizon and through outgoing radiation at infinity.
Consequently, quasinormal modes do not require a potential well or ωR < µs, whereas a localized quasi-bound state
requires both the decaying branch and the trapping conditions stated below. Figure 1 summarizes this difference.

Quasi-bound state

µ2
s

ingoing e−krrν

localized cloud

horizon infinitytortoise coordinate r∗

Quasinormal mode

µ2
s

ingoing

e−iωr∗

outgoing

e+ipr∗

no potential-well requirement

horizon infinitytortoise coordinate r∗
same radial equation, different condition at spatial infinity

Figure 1. Schematic comparison of the two spectral problems for the same radial operator. Both solutions are
ingoing at the future horizon. A quasi-bound state occupies an exterior well and decays exponentially at infinity,
while a quasinormal mode is defined by an outgoing wave there and does not require a trapping well. The curves and
arrows illustrate the boundary conditions rather than a particular numerical mode.

Spatial decay is necessary but not sufficient for a gravitational atom. The potential must have an exterior
maximum followed by a minimum, and the real mode energy must lie between them (see Figure 2),

Vmin < ω2
R < Vmax. (14)

The inner maximum supplies the barrier separating the cloud from the absorbing horizon, while the minimum
identifies the storage region.

In dimensionless form, with L = ℓ(ℓ+ 1),

M 2Vℓ = f(x)

[
α2 +

L

x2 +
2
x3 − 2b

x4

]
. (15)

The abbreviation L is the eigenvalue of the angular Laplacian on the unit two-sphere. The quantities Vmax and
Vmin denote, respectively, the inner barrier height and the bottom of the exterior storage well. At a stationary point,
dVℓ/dx = 0 can be solved for the coupling,

α2 = Gℓ(x, b) =
[
Lx4 + 3(1 − L)x3 + 2(bL− 4 − 2b)x2

+ 15bx− 6b2]/[x4(x− b)
]
.

(16)
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The function Gℓ(x, b) is an auxiliary geometrical relation: at each stationary radius it gives the squared coupling
α2 for which that stationary point occurs. The maximum of Gℓ for x > x+ determines the critical coupling at which
the exterior maximum and minimum merge. We apply both this geometrical condition and Equation (14) to every
frequency retained below.

Figure 2. Dimensionless effective potential for monopole, dipole, and quadrupole fields. Negative tidal charge moves
the horizon outward and lowers the inner barrier; positive charge moves it inward and raises the barrier. The dotted
line is the asymptotic value M 2µ2

s, and the points mark the exterior maximum and minimum. Different couplings are
used so that each multipole is displayed close to the upper common range analyzed for all three geometries.

In Table 1, the three columns headed by ℓ give the critical value (Mµs)well at which the barrier and well merge;
trapping is possible below this geometrical threshold.

Table 1. Outer horizon and critical potential-well couplings.

b r+/M ℓ = 0 ℓ = 1 ℓ = 2

−2 2.7321 0.2145 0.3817 0.6072
−1 2.4142 0.2298 0.4152 0.6600
0 2.0000 0.2500 0.4656 0.7401

0.5 1.7071 0.2625 0.5045 0.8025
0.8 1.4472 0.2704 0.5374 0.8562
0.9 1.3162 0.2728 0.5513 0.8791

The links between various parameters of the configuration are shown in Figure 3.

Figure 3. Left: outer-horizon radius as a function of tidal charge. Right: critical field coupling below which the
effective potential possesses a distinct exterior maximum and minimum. Negative tidal charge enlarges the horizon
and narrows the trapping range, while the positive sector does the reverse.
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3.2 Weak-Binding Spectrum

The inverse-radius part of gtt is independent of b, so the leading hydrogenic energy is unchanged. With
principal quantum number N = nr + ℓ+ 1,

ωR

µs
= 1 − α2

2N 2 +O(α4). (17)

The nonnegative integer nr = 0, 1, 2, . . . is the radial overtone number and counts radial nodes of the cloud
outside the horizon; nr = 0 is the fundamental radial level. Thus N is the usual hydrogenic principal quantum
number. The tidal charge first contributes through the weak-field Newtonian potential correction δΦN = bM 2/(2r2),
obtained from gtt ≃ −(1 + 2ΦN). First-order perturbation theory with hydrogenic wave functions gives

ωR(b)− ωR(0)
µs

=
bα4

2N 3(ℓ+ 1/2)
+O(α6). (18)

Thus the leading tidal energy shift is negative for the physical negative charge and positive for the Reissner–
Nordström-like sector. Its fourth-order scaling makes the energy shift much smaller than the corresponding change
in decay width.

4. Frobenius–Leaver Calculation

The two regular singular points associated with the roots of f motivate the compact coordinate

z =
x− x+

x− x−
, x =

x+ − x−z

1 − z
. (19)

It maps the event horizon to z = 0 and infinity to z = 1, including when x− < 0. Define

δ = x+ − x−, K =
√

α2 − ω̂2, ρ = −
iω̂x2

+

δ
. (20)

Here δ is the dimensionless separation of the two roots, K = Mk is the dimensionless inverse decay length,
and ρ is the ingoing Frobenius exponent determined by the near-horizon phase. After removing the required behavior
at both boundaries, the radial amplitude is written as

u = e−Kxzρ(1 − z)−ν
∞∑
n=0

anz
n, ν =

2ω̂2 − α2

K
. (21)

The numbers an are the coefficients of the remaining regular Frobenius series, with n = 0, 1, 2, . . . the series
index. Because the radial equation is linear, their overall normalization is arbitrary; the numerical calculation fixes
a0 = 1.

For clarity, let qz = 1−z and Rz = x+−x−z. Before inserting the prefactor in Equation (21), the transformed
radial equation can be written as

A0u
′′ +B0u

′ + C0u = 0, (22)

where primes now denote z derivatives and

A0 = δ2z2q4
zR2

z,

B0 = δ2zq4
zR2

z − 2δ3z2q3
zRz,

C0 = ω̂2R6
z − δ2α2zR4

z − δ2Lzq2
zR2

z

− δ3zq2
zRz(1 + z) + 2δ4z2q2

z. (23)

The abbreviations qz and Rz are auxiliary polynomials that keep the compactified equation finite. The functions
A0, B0, and C0 are respectively the coefficients of the second derivative, first derivative, and undifferentiated radial
amplitude before its known boundary factors are removed. If g = ρ/z+ ν/qz −Kδ/q2

z is the logarithmic derivative
of the prefactor, the regular series S =

∑
anz

n obeys
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AS′′ +BS′ + CS = 0, (24)
A = A0, B = 2A0g +B0,

C = A0(g
′ + g2) +B0g + C0. (25)

Thus g encodes only the analytically extracted horizon and infinity behavior, while S is regular on the compact
interval 0 ≤ z ≤ 1. The new coefficient polynomials A, B, and C act on S′′, S′, and S, respectively. The indicial
and asymptotic choices leave a common factor z(1 − z)2. After dividing it out, A, B, and C have degrees five, four,
and three for b ̸= 0. Matching powers of z therefore gives a five-term recurrence. Writing the coefficient of zj in
each polynomial as Aj , Bj , and Cj , its compact exact form is∑

j

[
Aj(n− j + 2)(n− j + 1)an−j+2

+Bj(n− j + 1)an−j+1 + Cjan−j

]
= 0.

(26)

Terms with negative indices are omitted. At b = 0, the degrees fall to three, two, and one and Equation (26)
becomes the standard Schwarzschild three-term recurrence directly.

Successive Gaussian eliminations reduce the general relation to

Ãnan+1 + B̃nan + C̃nan−1 = 0. (27)

The tilded quantities are the three Gaussian-eliminated recurrence coefficients; they should not be confused
with the physical coupling α = Mµs. The minimal solution, which converges at z = 1 and hence satisfies the
decaying outer condition, is selected by Leaver’s continued fraction [29,30],

B̃0 −
Ã0C̃1

B̃1 −
Ã1C̃2

B̃2 −
Ã2C̃3

B̃3 − · · ·

= 0. (28)

Complex roots are followed continuously in b, α, and nr. The calculations use between 650 and 1400 recurrence
coefficients, with larger orders near the positive extremal limit. This number is the continued-fraction truncation
order: increasing it retains more Frobenius coefficients and tests convergence of the computed root.

4.1 Independent Two-Sided Integration

As a separate numerical check, define the Riccati variable Y = u′/u, where the prime now again denotes an
areal-radius derivative. From Equation (9),

Y ′ + Y2 +
f ′

f
Y +

ω2

f 2 − µ2
s

f
− L

r2f
− f ′

rf
= 0. (29)

The logarithmic derivative Y removes the arbitrary normalization of u, so the eigenfrequency can be found by
equating the outward and inward values of a single complex quantity. An outward integration initialized with the
ingoing horizon series and an inward integration initialized with the decaying asymptotic series are matched at an
intermediate radius. The explicit boundary coefficients are listed in Appendix A. This procedure does not use the
Frobenius recurrence and is therefore sensitive to different numerical errors.

5. Numerical Spectra

5.1 Validation and Analytic Limits

Throughout the numerical discussion, the superscript “Schw” denotes the b = 0 Schwarzschild value. The
dimensionless frequency difference ∆ω̂ = M(ωCF − ωmatch) compares the continued-fraction and independent
matching calculations.

The Schwarzschild limit is recovered both algebraically, through the collapse of the five-term recurrence, and
numerically. For example, at Mµs = 0.14 the fundamental Schwarzschild frequencies are Mω = 0.1383750588 −
1.587733 × 10−4i for ℓ = 0 and Mω = 0.1396494941 − 5.655878 × 10−10i for ℓ = 1. These values also agree
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with the independent integration, as demonstrated by the comparison in Table 2.

Table 2. Comparison of the continued-fraction and two-sided integration methods. The table lists the continued-
fraction frequency and the absolute differences between the methods.

b ℓ Mµs MωR −MωI |∆ω̂R| |∆ω̂I |

−2 0 0.14 0.1383040436 3.006655 × 10−4 0 0
−2 1 0.14 0.1396444872 3.800428 × 10−9 2.8 × 10−17 2.1 × 10−17

−2 2 0.30 0.2984012502 1.334119 × 10−9 1.7 × 10−16 1.1 × 10−17

0 0 0.14 0.1383750588 1.587733 × 10−4 3.6 × 10−14 4.8 × 10−14

0 1 0.14 0.1396494941 5.655878 × 10−10 1.1 × 10−16 3.0 × 10−18

0 2 0.30 0.2984440721 4.901853 × 10−11 2.2 × 10−16 9.5 × 10−19

0.8 0 0.14 0.1384026300 9.820561 × 10−5 2.8 × 10−17 2.2 × 10−19

0.8 1 0.14 0.1396514495 6.513217 × 10−11 1.7 × 10−16 8.9 × 10−18

0.8 2 0.30 0.2984604567 1.431309 × 10−12 2.2 × 10−16 5.7 × 10−20

Figure 4 tests the weak-binding expansion. The ordinary hydrogenic term is approached for every tidal charge.
More stringently, the difference between a charged geometry and Schwarzschild follows the sign, angular dependence,
and fourth-power scaling predicted by Equation (18). This comparison resolves a correction that is far smaller than
the total relativistic binding energy.

Figure 4. Tidal contribution to the real frequency for the fundamental monopole and dipole. Solid curves are
continued-fraction data and dotted curves are the weak-binding result in Equation (18). Agreement improves toward
small field coupling.

5.2 Fundamental Levels and Tidal-Charge Response

Figure 5 and Table 3 show the lowest radial state. Negative tidal charge lowers the real frequencies and
increases every width considered. At b = −2, relative to Schwarzschild, the monopole energy changes by only
−0.0513% while its width grows by a factor 1.89. The dipole energy changes by −0.00359% and its width by a
factor 6.72. For the quadrupole at Mµs = 0.30, the energy shift is −0.0143% but the width grows by a factor 27.2.

Positive tidal charge reverses the trend. At b = 0.8, the corresponding width ratios are 0.619, 0.115, and
0.0292 for ℓ = 0, 1, and 2. Nearer the extremal endpoint, at b = 0.9, the dipole and quadrupole widths fall to
5.54% and 0.952% of their Schwarzschild values. The real shifts remain below 0.021% throughout the displayed
fundamental sequences.

Table 3. Fundamental quasi-bound frequencies. The monopole and dipole use Mµs = 0.14; the quadrupole uses
Mµs = 0.30.

ℓ = 0 ℓ = 1 ℓ = 2

b MωR −MωI MωR −MωI MωR −MωI

−2 0.138304044 3.007 × 10−4 0.139644487 3.800 × 10−9 0.298401250 1.334 × 10−9

−1 0.138337336 2.302 × 10−4 0.139647012 1.790 × 10−9 0.298423005 3.542 × 10−10

0 0.138375059 1.588 × 10−4 0.139649494 5.656 × 10−10 0.298444072 4.902 × 10−11

0.5 0.138393961 1.216 × 10−4 0.139650719 2.056 × 10−10 0.298454360 9.080 × 10−12

0.8 0.138402630 9.821 × 10−5 0.139651449 6.513 × 10−11 0.298460457 1.431 × 10−12

0.9 0.138403602 9.067 × 10−5 0.139651692 3.135 × 10−11 0.298462476 4.669 × 10−13
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Figure 5. Fundamental scalar levels versus tidal charge. The left panel shows the percentage real-frequency shift
from Schwarzschild, and the right panel shows the decay width normalized by its Schwarzschild value. Negative
tidal charge enhances absorption, increasingly strongly with angular momentum; positive charge suppresses it.

5.3 Dependence on Field Mass

The mass scans in Figure 6 are restricted to modes that satisfy Equation (14) for all three displayed
geometries. The common intervals are 0.06 ≤ Mµs ≤ 0.16 for monopoles, 0.10 ≤ Mµs ≤ 0.34 for dipoles, and
0.24 ≤ Mµs ≤ 0.56 for quadrupoles. Binding strengthens and decay accelerates as the scalar mass increases. The
tidal splitting of the real energies remains difficult to see on the scale of the total binding, whereas the width curves
remain widely separated.

Figure 6. Fundamental binding energies (top) and decay widths (bottom) as functions of field mass. The horizontal
ranges are chosen so that every plotted frequency lies inside an exterior potential well.

The plotted quantity 1−ωR/µs is the binding energy as a fraction of the scalar rest energy, while −MωI = MΓ

is the dimensionless decay width.
The weak-coupling width follows the familiar centrifugal hierarchy. Fits over the lowest available masses

approach the Schwarzschild powers Γ ∝ (Mµs)
4ℓ+6, while tidal charge changes primarily the coefficient. Departures

of the fitted slopes from the asymptotic integers at the displayed masses reflect finite-coupling corrections rather
than a new power law.

https://doi.org/10.53941/ijgtp.2026.100018 9 of 13

https://doi.org/10.53941/ijgtp.2026.100018
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5.4 Radial Excitations

Figure 7 follows nr = 0, 1, 2 at fixed angular momentum. Increasing nr moves the real frequency toward the
rest-mass threshold and reduces the absolute width. The tidal response does not grow with radial overtone number.
For ℓ = 0, the width enhancement at b = −2 decreases from 1.89 for the ground state to 1.79 for nr = 2; the ratio
at b = 0.8 changes from 0.619 to 0.635. For ℓ = 1, the corresponding sequences are 6.72 to 6.63 and 0.1152 to
0.1158. Higher bound levels are more extended and consequently sample the short-range tidal deformation slightly
less strongly.

Figure 7. Tidal shifts along the first three radial levels at Mµs = 0.14. The solid curves show negative tidal charge
and the dashed curves positive charge. The real-frequency response decreases with nr , while the normalized width
response is nearly constant and moves slightly toward unity.

6. Discussion

The contrast between energies and lifetimes follows from the radial location of the tidal correction. The
coefficient of the asymptotic 1/r attraction is always M , so the leading hydrogenic spectrum is common to every
value of b. Tidal charge enters at order 1/r2, producing the fourth-order weak-binding shift in Equation (18). The
cloud energy is therefore anchored mainly by the universal far field.

Absorption probes a different part of the geometry. Negative tidal charge moves the horizon outward and
lowers the potential barrier separating the cloud from it. The wave reaching the horizon is consequently larger, which
explains the enhanced widths. This agrees qualitatively with the greater massless absorption found for braneworld
black holes [6]. The enhancement grows with ℓ because a small change in the centrifugal tunneling exponent
produces a large fractional change in an already narrow higher-multipole width. Positive b raises the barrier and
shrinks the horizon, strongly suppressing absorption as the extremal limit is approached.

The surface gravity alone does not control these widths. At b = −2, for example, MκH = 0.2321 is below the
Schwarzschild value 0.25, yet all three widths are larger. The relevant quantity is the full transmission from the
well through the barrier to the ingoing horizon, not a local thermal scale. The potential-well boundary also carries
independent information: negative tidal charge reduces the maximum scalar mass that can be trapped, even while it
accelerates the decay of the states that remain.

Because the test scalar is uncharged, the positive-b sector is sensitive only to the Reissner–Nordström geometry;
there is no electrostatic term in the wave equation. Charged scalar fields around electrically charged black holes
have additional Coulomb and superradiant effects [31–33]. Those mechanisms are absent here. Likewise, the static
tidal-charge spacetime has no ergoregion, so every computed mode decays. Rotation can reverse the horizon flux
and generate superradiant braneworld clouds [22]; the present results supply the nonrotating absorption baseline
against which that growth can be separated.

Unlike some quasinormal spectra, the radial quasi-bound overtones do not become increasingly sensitive to the
short-range modification. Their larger spatial extent reduces the real-frequency shift and makes the width ratio drift
mildly back toward its Schwarzschild value. Angular momentum, not radial overtone number, is the more efficient
amplifier of tidal-charge effects in the present spectrum.

The analysis treats the scalar as a test field and the four-dimensional exterior as fixed. It does not determine
the continuation into the bulk or the backreaction of a macroscopically occupied cloud. Observational bounds on
tidal charge are also model dependent, so the interval displayed here is intended to resolve the spectral systematics
rather than to impose a single astrophysical prior. Time-domain excitation amplitudes, rotating extensions, and
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self-consistent bulk perturbations remain natural next steps.

7. Conclusions

Quasinormal modes of higher-dimensional and braneworld black holes have been examined in many static
and rotating models [6–9,34–36]. By comparison, quasi-bound-state spectra in these geometries remain much less
developed, with rotating braneworld gravitational atoms providing one of the few detailed examples [22].

We have calculated massive-scalar quasi-bound states of the static tidal-charge black hole using a generalized
Frobenius–Leaver method. A nonzero tidal charge produces a five-term recurrence, which is reduced to a three-term
continued fraction. Independent logarithmic-derivative matching confirms the complex frequencies, and the
Schwarzschild, hydrogenic, and leading weak-binding tidal limits are recovered.

Negative tidal charge strengthens horizon absorption while leaving the energies nearly hydrogenic. Across the
fundamental states examined, the energy shifts remain below a few hundredths of a percent, but the widths can increase
from a factor of order two for the monopole to more than an order of magnitude for the quadrupole. Positive tidal charge
reverses the effect and can suppress higher-multipole widths by two orders of magnitude before the extremal endpoint.
The response persists along the radial ladder but becomes slightly weaker for more extended overtones.

The potential-well analysis adds a complementary restriction: negative tidal charge lowers the largest field
coupling for which trapping is possible, whereas positive charge enlarges that range. Tidal-charge gravitational
atoms thus separate two aspects of the bulk-induced geometry. Their real energies measure the nearly universal
long-range attraction, while their lifetimes resolve the horizon position and short-range tunneling barrier.
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Appendix A. Boundary Expansions for Matching

All quantities in this appendix use M = 1. Let y = r − r+ near the event horizon and expand

f = f1y + f2y
2 +O(y3), f1 =

r+ − r−
r2
+

, f2 = − 2
r3
+

+
3b
r4
+

. (A1)

Thus y is the areal-coordinate distance from the horizon, f1 = f ′(r+) is twice the surface gravity in these
units, and f2 = f ′′(r+)/2 is the quadratic Taylor coefficient of the lapse. The ingoing solution is

u = yρ(1 + c1y +O(y2)), ρ = − iω

f1
. (A2)
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The coefficient c1 is the first regular correction to the leading ingoing power yρ. Writing the radial equation as
u′′ + Pu′ +Qu = 0, define

p0 =
f2

f1
,

q−2 =
ω2

f 2
1
= −ρ2,

q−1 = −2q−2
f2

f1
−

µ2
s + ℓ(ℓ+ 1)/r2

+

f1
− 1

r+
. (A3)

Here P (r) and Q(r) multiply the first-derivative and undifferentiated terms in the areal-coordinate equation.
The subscripts on p0, q−2, and q−1 identify the corresponding power of y in their near-horizon expansions. Then

c1 = −p0ρ+ q−1

2ρ+ 1
, Y(r+ + ϵ) =

ρ

ϵ
+ c1 +O(ϵ). (A4)

The positive regulator ϵ ≪ r+ places the numerical starting point just outside the horizon, avoiding the
coordinate singularity itself.

At large radius,
u = e−krrν

(
1 +

c∞
r

+O(r−2)
)
. (A5)

The coefficient c∞ is the first inverse-radius correction to the decaying outer tail. The required coefficient
expansions are

P =
2
r2 +O(r−3),

Q = −k2 +
2kν
r

+
q2

r2 +O(r−3),

q2 = ω2(12 − 2b)− µ2
s(4 − b)− ℓ(ℓ+ 1). (A6)

The symbol q2 denotes the coefficient of r−2 in the large-radius expansion of Q(r); it is unrelated to the
dimensional tidal charge q in Equation (3). Matching powers gives

c∞ = −ν2 − ν − 2k + q2

2k
,

Y(R∞) = −k +
ν

R∞
− c∞

R2
∞

+O(R−3
∞ ). (A7)

The validation runs use rm = 9M , R∞ = 1100M , relative tolerance 6 × 10−12, and absolute tolerance
6 × 10−14. Here R∞ is the finite radius at which the inward integration is initialized, and rm is the intermediate
radius where the two logarithmic derivatives are required to agree. The relative and absolute tolerances control the
adaptive integration error.
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