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1. Introduction

Diabetes mellitus is a chronic metabolic disorder in which glucose regulation is impaired. Reduced-order GIR
models, beginning with the Bergman minimal model [1], are useful because they isolate mechanisms that can be
analysed before more detailed physiological or data-driven models are considered. Fractional-order variants add
hereditary dependence and have recently been studied with time delays, numerical solvers, fuzzy rules, and feedback
control [2—11]. The present model is studied for a narrower reason: it is the smallest nonlinear sampled-data setting
in which one can separate (i) a conservative global stability certificate, (ii) the effect of an explicit insulin-feedback
gain on that certificate, and (iii) the effects of sensing delay and bounded exogenous inputs. This separation is
difficult to see in high-dimensional clinical simulators and is valuable for theory, while remaining insufficient for
clinical validation.

Two modelling ingredients are relevant. First, the nonsingular Mittag—Leffler kernel of Atangana and Baleanu [12]
has a discrete nabla counterpart [ 13, 14] within discrete fractional calculus [15]. Second, sensing and actuation are sampled,
which motivates a discrete rather than continuous state description. Recent Mittag—L effler analyses span continuous
impulsive complex-valued BAM neural networks with time-varying delays [16], nabla discrete-time fuzzy complex-valued
molecular networks with boundedness estimates [17], and delayed discrete genetic regulatory networks with finite-time
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synchronisation and feedback controllers [18]. These studies establish important Lyapunov, decomposition, and
inequality tools, but address network stability, boundedness, or synchronisation rather than decay-certificate tuning
for a reduced-order GIR equilibrium. Related nabla stability results [19-21] and delayed summation inequalities [22]
provide the mathematical context, while fractional and fuzzy diabetes models continue to develop [23].

The closest predecessor is our earlier nabla discrete ABC GIR study [24], which established existence,
uniqueness, Hyers—Ulam stability, and an iterative approximation for an open-loop model. The present contribution
is explicitly a refinement and control-oriented extension of that work. The Young-parameter tuning is standard; the
contribution claimed here is limited to carrying that free parameter through the coupled GIR Lyapunov estimate,
solving the resulting max—min problem in closed form, and extending the certificate to proportional feedback,
delayed feedback, and bounded disturbances. Table 1 makes these differences explicit.

Table 1. Comparison with the closest Mittag—Lefller and discrete-fractional studies. “Certificate form” records the
principal analytical output rather than a clinical-performance metric.

Study

Model and Objective

Main Technique/Features

Relation to the Present Result

Alietal. [16]

Continuous fractional complex
BAM network; global

Lyapunov analysis, complex
decomposition, impulses,

Not a GIR model; no feedback-gain

to decay-certificate formula.

Mittag—LefHer stability time-varying delays

Direct predecessor; no

Nabla discrete ABC GIR; . . . . . L
Narayanan . Fixed-point theory and iterative ~ decay-certificate optimisation,
existence and Hyers—Ulam L .
etal. [24] . approximation; open loop delayed control, or disturbance
stability .
radius.
Delayed nabla discrete complex
Kchaou y L P Direct and real-decomposition Network synchronisation rather than
genetic network; finite-time o o .
etal. [18] L. approaches with linear feedback  GIR equilibrium regulation.
synchronisation
Nabla discrete fuzzy complex Fuzzy rules, Lyapunov
Narayanan Y P . Y .. vap . No GIR interpretation or scalar
molecular network; global inequalities, attraction-set R R .
etal. [17] gain-to-certificate calculation.

boundedness estimates

Coupled two-state nabla Closed-form scalar certificate,
discrete ABC GIR; global

stability

Optimised Young parameter;
proportional/delayed feedback;
bounded input

Present study optimal only within the stated

quadratic estimate.

No artificial neural network is trained or used in this study. A neural-network method would answer a
different, data-dependent prediction or control-design question and would require training and test data that are not
available here. We therefore compare the proposed analytical certificate with fixed-parameter Lyapunov estimates,
fixed-point/iterative analysis, complex decomposition, and fuzzy-network boundedness methods in Table 1; a
performance comparison with an artificial neural network would not be methodologically meaningful for the present
theorem-driven objective.

Our contributions are as follows.

1.  We formulate a fully coupled nabla discrete fractional-order GIR model with bounded, Lipschitz secretion and
uptake nonlinearities, prove the existence and uniqueness of a physiological equilibrium for every secretion
gain e > 0, and derive the bidirectionally coupled error dynamics (Section 3).

2. Using a Young-parametrised estimate, we obtain the algebraic condition 8 < 2/ac and the optimal value
within that estimate (Theorem 1); its dynamical interpretation is conditional on the operator-specific lemmas
flagged below. The choice € = 1 is recovered in Corollary 1. The bound is sign-agnostic (Remark 1).

3. We analyse a linear insulin-feedback law and show that the certified exponent is strictly increasing in the gain
when 8 > 0 and converges to the glucose-clearance ceiling a; when 3 = 0 it is nondecreasing and reaches a
after the insulin mode ceases to be limiting (Theorem 2).

4.  Conditional on the operator-specific comparison and Halanay properties identified below, we derive a delay-
magnitude-independent criterion for delayed insulin feedback (Proposition 2) and an asymptotic residual-set
bound under bounded meal disturbances (Corollary 2).

5. The explicit-predictor computations, endpoint refinement check, and parameter studies are reported in Section 5.
Their consistency with the stated ABC operator remains unresolved; they do not constitute patient validation.
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The analysis uses the proposed discrete fractional comparison and quadratic inequalities; it invokes neither an
unproved fractional chain rule nor a restart of the memory history. The distinction between fractional operators
matters when applying existing stability results [19], and the operator-specific prerequisites are flagged below.

2. Preliminaries

We collect the discrete fractional calculus needed below; see [14, 15] for details. For a € R write N, =
{a,a+1,a+2,...},and let Va(t) = z(t) — z(t — 1) denote the backward (nabla) difference.

Definition 1 (Nabla fractional sum and Caputo difference [15]). For x : N, — R and o > 0, the a-th nabla

fractional sum is
t

Ca 1 a—

JNVT%(t) = o) g;l (t—p(s)" x(s), t € Ngti, (1)
where p(s) = s — 1 and t™ = T'(t + «) /T'(t) is the rising factorial. For 0 < « < 1, the nabla Caputo fractional
difference is

1 ! ~a
Coa _ —(l—« _ . a
\V4 x(t) = aV )V:C(t) = m Z (t p(s)) VCE(S) (2)

s=a-+1

For the model we use the Atangana—Baleanu—Caputo (ABC) nabla difference [13, 14]

ABCVQLE(t) _

Mle) §~ V(o) (1ot - 0l9)). 9

s=a+1
where M (0) = M (1) = 1 and, additionally, M (o) > 0 on the working range. Its associated fractional sum is

1l -« e’

ABVTef(t) = e LARIe]

V(). “)

The stability results below use the ABC comparison, quadratic, and Halanay inequalities stated in Lemmas 1—4.
Keeping the operator explicit in every inequality removes ambiguity between the ordinary Caputo nabla and ABC
nabla notation.

Definition 2 (Discrete Mittag—Leffler function [14, 19]). For A € R,
tak)-‘rﬁ—l

I'(ak + B8)

A < 1, and o, 8 > O, the nabla discrete

Mittag-Leffler function is E55(A,t) = Yo AR , and we write Eq (A t) = E57(A, 1)

Lemma 1 (ABC-nabla comparison principle [13,25]). Let v,w : N, — R satisfy ABCV%u(t) < —\v(t) + pu and
ABCG vy (t) = = w(t) + pwith v(a) < w(a) and X > 0 in the stability region of the operator. Then v(t) < w(t)
forallt € N,, and w is the corresponding ABC discrete Mittag—Leffler response, denoted below by 5(‘33 .

Lemma 2 (ABC-nabla quadratic inequality [13,26]). Foranyx : N, = Rand0 < a < 1,
ABOG (22(1) < 22(t) POV 2(t),  t€ Nuyr. )

Lemma 3 (Discrete Mittag—Leffler stability [19]). Let V : N, — [0,00) satisfy ABEVV () < —A\V (t) with
A\ > 0 in the stability region of the ABC nabla operator. Then V (t) < V(a) ELB (=Nt —a) and V (t) — 0 as
t — oo.

Lemma 4 (Discrete fractional Halanay inequality [26]). Let V > 0 satisfy ABCVeV(t) < —pV(t) +
qmax;_,<s<t V(s) for t € Nyp1, with constants p > q > 0 and 7 € Ny. Then there exists \* € (0,p — ¢
such that V (t) < M EAB(—XF t — a), where M = max,_,<s<a V(8); in particular V (t) — 0 regardless of the
magnitude of T.

We shall repeatedly use the parametrised Young inequality: for all z,y € R and every € > 0,

1
%zer 2 (6)

< —
2llyl < Sat+ 5y
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3. Model Formulation

3.1. The Nabla Discrete Fractional GIR System

Let G(t) and I(t) denote, respectively, the plasma glucose concentration and the interstitial insulin action at the
sampling instant ¢ € Ny, expressed relative to fasting reference levels. We consider the nabla discrete fractional-order
GIR model

ABOGeG(t) = —aG(t) — bo(I(t)) +p, @)
ABOGe(t) = —cI(t) + e (G(t)) + u(?), 8)

for t € Ny, with fractional order « € (0, 1). Here a > 0 is the insulin-independent glucose clearance rate, ¢ > 0
the insulin decay rate, b > 0 the maximal insulin-mediated glucose-uptake gain, e > 0 the glucose-stimulated
insulin-secretion gain, p > 0 the constant hepatic glucose production, and w(t) an abstract deviation in insulin
delivery about a basal value. The functions ¢, : R — R represent saturating uptake and secretion characteristics.

Assumption 1. ¢ and ) are continuous, monotone nondecreasing, with $(0) = 1(0) = 0, and globally Lipschitz
with constants Ly, Ly, > 0; moreover ¢ and v are bounded, |¢(x)| < ¢, [1(z)| < 1. A representative choice is
#(z) = ¥(x) = tanh(x), for which Ly = Ly = 1 and ¢ = = 1.

Scope and Dimensional Interpretation

The two states are scaled deviations rather than directly measured glucose and insulin concentrations, and the
coefficients used below are illustrative dimensionless quantities. The model omits meal-absorption compartments,
subcutaneous insulin pharmacokinetics, sensor noise, actuator saturation, hypoglycaemia constraints, inter-patient
variability, and parameter estimation from clinical records. Consequently, u = —k;¢ is a mathematical feedback
benchmark and not a deployable dosing law. The analysis asks how a feedback coefficient changes a provable
stability margin under stated Lipschitz bounds; it does not claim to predict patient glucose or validate an artificial-
pancreas controller.

Proposition 1 (Physiological equilibrium). Under Assumption 1, for every secretion gain e > 0 the uncontrolled
systems (7) and (8) (u = 0) admit a unique equilibrium (G*, I*) with I* = (e/c) ¥(G*) and G* the unique positive
root of

H(G) = aG + b £6(G)) — p = 0. )

Proof. At equilibrium AB¢VeG = ABCY] = 0. The second equation gives c[* = e)(G*), ie., [* =
(e/c)y(G*); substituting into the first yields H(G*) = 0. The map H is continuous and, by Assumption 1 (with
a > 0 and ¢, 1) nondecreasing), strictly increasing; moreover H(0) = b(0) —p = —p < 0 and H(G) — +00 as
G — +o0. By the intermediate value theorem and strict monotonicity, Equation (9) has a unique root G* > 0. For
e = 0 this reduces to I* = 0, G* = p/a. O

3.2. Error Dynamics

Introduce the regulation error g(t) = G(t) — G*,i(t) = I(t) — I*, and the shifted nonlinearities ¢ (i) = ¢(i +
I*) = ¢(I*) and ¥ (g) = (g +G*) —1p(G*), which satisfy ¢(0) = 1)(0) = 0 and, by Assumption 1, |¢(i)| < Lg|il,
|’(/~J(g)| < Lylgl. Since A€V annihilates constants, Equations (7) and (8) become the bidirectionally coupled
error system

ABETg(t) = —ag(t) = bo(i(t)), (10)
ABOGi(t) = —ci(t) + e (g(t)) + ult). (11)

Regulation of glucose to the physiological level G* is thus equivalent to stabilisation of the origin of Equations
(10) and (11). Write e(t) = (g(t),i(t))T. The glucose-to-insulin secretion term e(g) is the physiological
cross-coupling absent from the decoupled (e = 0) analysis of [24]; together with the insulin-to-glucose uptake term
it closes a negative-feedback loop (Remark 1).
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4. Main Results
4.1. Optimised Open-Loop Mittag—Leffler Certificate

The following theorem retains the free parameter € in the Young inequality (6). The resulting value is optimal
only within the stated scalar quadratic Lyapunov estimate and the magnitude bound in (17); it is not asserted to be
the true optimal decay rate of the nonlinear fractional system.

Theorem 1 (Optimised quadratic Mittag—Leffler certificate). Assume a well-defined ABC operator for which
Lemmas 2 and 3 hold at the decay parameter used below, as required by MOI1-MO2. Let Assumption 1 hold, let
u = 0, and set the combined coupling gain

B :=bLy + eLy. (12)
If
B < 2Vac, (13)

then the origin of Equations (10) and (11) is globally discrete Mittag—Leffler stable, and
le@)3 < lle()l3 €27 (—2X7, 1), (14)
with the least-conservative guaranteed exponent within this Lyapunov/Young estimate,
\* = %{(a—&-c)— (a—c)2+62} > 0. (15)
Proof. Take V(t) = 1 (g(t) +i*(t)) > 0. By Lemma 2 applied to each component and summed,
ABETOV (1) < g(t) APOVg(t) +i(t) APV i(t). (16)
Substituting (10) and (11) with u = 0 and using |p(i)| < Lglil, [¢(g)| < Ly|g| (Assumption 1),

ABOTOV () < —ag? — bg i) — ci® + eirh(g)
< —ag®+ (bLgy +eLy)|g|li| — ci* = —ag* + Blg||i| — ci*. (17)

The two coupling terms—insulin-mediated uptake (bL4) and glucose-stimulated secretion (e L, )—enter the estimate
only through their sum 3. Apply (6) with an arbitrary parameter £ > 0 to the cross term, 3|g||i| < % 7+ 2%1'2, giving

ABOGay (1) < —A(e) ¢* — C(e) 72, Ale)=a— %, Cle)=c— % (18)

Consequently ABCVYV (t) < —2A\(e)V () with A(¢) = min{A(e), C(g)}. If B > 0, A is strictly decreasing
and C strictly increasing in €, so the best certificate within this one-parameter estimate is obtained where the two
coincide, A(e*) = C(e*), i.e.,

b —c- L = B(e*)+2(c—a)e -B=0, (19)

T 2e*

whose positive root is e* = [(a — ¢) + v/(a — ¢)? + 2] /B. Substituting back,

N=Ae) =a— & :%[(a—i—c)— (a—c)z—&-ﬁz}, (20)

which is (15). Positivity of A\* is equivalent to (a + ¢) > +/(a — ¢)* + §2; squaring (both sides positive) gives
(a+c)* > (a —c)* + 3, ie., 4ac > B%, which is exactly (13). With \* > 0, Lemma 3 gives (14). If 3 = 0,
the cross term vanishes and the same conclusion follows directly with A* = min{a, ¢}; no division by £ or finite
optimiser ¢* is then required. O

Corollary 1 (Recovery of the classical and decoupled criteria). The choice € = 1 in (18) gives the customary
sufficient condition min{a,c} > 1 and exponent Ay = min{a,c} — 1. Since \/ac > min{a, c}, condition (13)
is no stronger, and \* > g with equality iff a = c or = 0. The decoupled model of [24] is the case e = 0, i.e.,
B = bLg.

Proof. Setting ¢ = 1in (18) gives A(1) = a— 33, C(1) = ¢ — 3, hence A(1) = min{a, c} — 8 = Ao; positivity
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is min{a, ¢} > %ﬁ, i.e., f < 2min{a,c} < 2y/ac. The inequality A* > )¢ holds because \* = max.sg A(g) >
A(1) = Ag. For 8 > 0, the strictly decreasing A and strictly increasing C' have a unique intersection and a unique
max—min optimiser. Equality therefore forces €* = 1, equivalent to a = ¢; conversely a = c gives this optimiser.
For 8 = 0, both estimates equal min{a, ¢} for every a, ¢ > 0 and every € > 0. This last case is the formal uncoupled
extension; with the stated b, L, > 0, the model itself has 5 > 0. O

, S0 it
discards their signs. The gains add into 8 = bLg + eLy, and the candidate guaranteed exponent decreases as e
grows, vanishing at 8 = 2+/ac. If ¢ and 1 are differentiable at the equilibrium, the actual Jacobian is

= (eﬂac*) i +(Ik)>> |

Remark 1 (Robust guarantee versus the true sign structure). The estimate (17) bounds both couplings by |g||i

Monotonicity gives nonnegative derivatives, so trJ = —a —c — k1 < 0 and detJ = a(c + ki) +
bed’ (I*)y'(G*) > 0. Thus J is Hurwitz as an ordinary differential-equation matrix. For ¢ = 1) = tanh,
the derivatives are sechz(I *) and sechz(G*), not generally one. This sign calculation does not by itself establish
stability for the ABC difference operator, whose spectral criterion still needs justification. The scalar bound is
therefore not an actual decay-rate measurement or evidence that secretion harms regulation.

Remark 2. The Young optimisation is exact and costs nothing analytically. Away from the balanced case its benefit
is significant: for a = 0.6, ¢ = 0.4, 8 = 0.5 one finds Ay = 0.150 but \* = 0.231, a 54% larger guaranteed
exponent; fora = 0.9, ¢ = 0.3, 8 = 0.4 the gap is Ao = 0.100 versus \* = 0.239.

4.2. Decay-Rate Enhancement by Insulin Feedback

We now activate the actuator with the proportional insulin-feedback law
u(t) = —kii(t), ki >0, (21)
which augments the physiological insulin decay. The closed loop is (10) together with ABC VY = —(c+k, )i+-e(g).

Theorem 2 (Monotone decay-rate enhancement). Under the same operator-specific prerequisites as Theorem 1,
now at the closed-loop decay parameter, let Assumption 1 and (13) hold, and apply (21). Then the closed-loop
origin is globally discrete Mittag—Leffler stable with guaranteed exponent

)\*(kl):%[(a—kc—&-kl)—\/(a—c—kl)z—i-ﬁz , B=0Ly+eLy. (22)

If B > 0, the map ki — X*(ky) is strictly increasing on [0, 00) and approaches a from below as k; — oco. If
B =0, then \*(k1) = min{a, c + k; }: it increases only while c + k < a and is constant thereafter. Thus strict
improvement for every positive gain and an unattainable ceiling are asserted only for 3 > 0.

Proof. The control u = —k;i contributes —k;i2 < 0 to 1 ABC V%4, so the derivation of Theorem 1 applies with ¢

replaced by ¢ + ki; (22) follows from (15). Write § = ¢ + ky. For 8 > 0, \* = J[(a + 8) — y/(a — §)> + 5] and

ax*
ds 2

[1 - M} >0, (23)

because v/ (a — §)2 + 8% > | — a|] > 6 — a for B > 0. Hence \* is strictly increasing in d, and therefore in k;. As

§ — o0,
- 2
A*:%[(a+5)*(5*a)\/l+(?a)z} a4(§ﬂ_a)+0(52) 1 a, (24)

s0 a is approached from below and never attained. For 3 = 0, (22) reduces directly to §[(a+6)—|a—48|] = min{a, 6},
which proves the stated nondecreasing, eventually constant behaviour. O

Remark 3. For 8 > 0, the optimised certificate (22) rises smoothly with diminishing returns of order 1/k;, unlike
the conventional € = 1 certificate, which is constant for k; > max{0,a — c}. This is a transparent analytical
gain-to-certificate relation. It is not a dosing rule: actuator limits, safety constraints, patient variability, and
trajectory-level performance are outside the model.
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4.3. Delayed Feedback and Disturbance Rejection

In sampled implementations the insulin-action measurement reaches the controller after a sensing delay 7 € Ny,
giving u(t) = —kyi(t — 7). The next result is delay-magnitude-independent: only boundedness of 7 is required.

Proposition 2 (Delay-independent stability). Conditional on valid instances of Lemmas 2 and 4 for the specified
operator, let Assumption 1 hold and let u(t) = —kyi(t — 7) with ky > 0, 7 € Ny. If there exists € > 0 such that

2min{a—%, c—%—%} > ki, (25)

then the closed-loop origin is globally discrete Mittag—Leffler stable, for every T.
Proof. With V' = %( g* + %), Lemma 2 and the substitution of the delayed control give
ABOGaY () < —ag® + Blg|li| — ci® — kyi(t)i(t — 7). (26)

, parameter 1 for |i(¢)|]i(t — 7)

Bounding the cross terms by (6) (parameter ¢ for |g||i ),

ABEYOV (1) < —A(e)g® — (Cle) — B)i* + Bi(t — 7), 27)
with A, C from (18). Using g> +i*> =2V and i*(t — 7) < 2V (t — 7),

ABCgay () < —pV(t) + q, m<ax<tV(s), p =2min{A(e),C(e) — %}, q=k. (28)

Condition (25) states p > ¢. Subject to a valid operator-specific Lemma 4, it gives Mittag—Leffler decay for
each fixed finite 7, with a decay parameter that may depend on 7. The algebraic condition is independent of the
delay magnitude; no uniform positive decay rate over all delays is established. O

Remark 4. Optimising < in (25) can enlarge the admissible gain window. The delayed term is bounded by a history
maximum, not by the current state alone. If the required Halanay lemma is established, the condition applies to each
finite delay at the cost of a gain restriction; the decay parameter may deteriorate as the delay increases.

Corollary 2 (Practical stability under bounded meal disturbance). Conditional on the quadratic inequality and the
forced comparison formula in the proof below, let a bounded meal input w(t) with |w(t)| < @ be added to (10), and
let Assumption I and (13) hold under (21). With \* = \*(ky) from (22), every such trajectory satisfies

,lDZ
(A)?

le()13 < lle(0)[13 €47 (=A", 1) + 1*533(*/\*%)]7 (29)
provided the normalized comparison response has 7(0) = 1, 0 < r(t) < 1, and r(t) — 0, where r(t) =
EAB(—X*,t). Consequently, limsup,_,..|le(t)| < R = w/\*, and every ball of radius R + n, n > 0, is
eventually entered and retained. Finite-time entry into the exact closed ball of radius R is not implied. This ball is
invariant under the displayed bound for initial errors already inside it. For w = 0 the estimate yields convergence
to zero, but not the sharper decay parameter 2\* of Theorem 2.

Proof. Carrying the disturbance through the proof of Theorem 2 adds g w to A2€V*V . By (6) with parameter \*,
gw < A g% + 5w, Absorbing 4" ¢? into the (at least 2\*-strong) negative quadratic form leaves A5 VoV (t) <
—A\*V(t) + 3=@*. By the comparison principle Lemma 1 with pu = @?/(2X*), V(t) < V(0)ELB (=", 1) + 4£[1 —
ELB(—=A*,1)]; using V' = 1|le||3 and /A" = @*/(2(\*)?) gives (29). Set Ey = ||e(0)3 and R = w/A*. The
right-hand side is R*> + (Ey — R?)r(t). Its limit is R?, proving the limsup claim. For > 0, the positive gap
(R +n)* — R? eventually exceeds max{Ey — R?,0}r(t), which proves eventual retention in the larger ball. If
Ey < R?, positivity of r gives the invariant bound R? at every time. If Ey > R? and r(¢) > 0 at finite times, the
comparison bound remains strictly above R* and cannot certify exact-ball entry. These implications use the response
properties explicitly stated above; their applicability to the manuscript’s operator remains query M02. O
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5. Numerical Simulations

We evaluate the following explicit predictor, motivated by the local term and memory sum in (4):

1 -« ah® <&
Tn = 2o + WF(tn; xnfl) + M(Oé) ;ka(tn7k+l7$nfk>7 (30)
_T(k+a-—1)
RN

The one-step lag makes the update explicit and distinguishes it from a current-state implicit sum equation.
Local Lipschitz continuity alone does not imply that this replacement has O(h) error. For example, if F'(z) = —kx
and xy = 1, the first increment is —&[1 — a + ah®]/M («), which has a nonzero limit as h — 0. As a — 1 and
M (a)) — 1, the local term vanishes, wy, — 1, and subtraction of consecutive updates yields the formal forward-Euler
limit ,, — ,,—1 = hF (tn, x,—1). This limiting identity is not a convergence theorem for the ABC equation.

For (30) with « = 0.9, F'(z) = —0.5z, and 2y = 1, Table 2 reports endpoints at 7' = 20 and observed orders
computed from unrounded values by

e |z, (20) — J3}1/2(20)|
pr =1 g2(|mh/2(20) — xh/4(20)|) .

The values 0.861, 0.929, and 0.965 are an empirical endpoint self-refinement diagnostic, not validation of the
stated ABC model or a proof of first-order convergence.

Table 2. Endpoint refinement test for the explicit predictor (30). Each observed order uses three successive meshes;
dashes indicate that the required finer mesh was not computed.

h 1 172 1/4 1/8 1/16
xr(20) 0.018905 0.019736 0.020193 0.020433 0.020556
Dh 0.861 0.929 0.965 — —

For the explicit-predictor illustration we use M (a) = 1 — a + a/T'(«), zero-centred error nonlinearities
tanh(¢) and tanh(g), a = 0.6, b = 0.5, ¢ = 0.4, @ = 0.95, and (go, %9) = (8, —3). These values are dimensionless
and illustrative. In the decoupled benchmark e = 0, 8 = 0.5 < 2\/ac = 0.980; the algebraic formula (15) gives
A*(0) = 0.231, versus A\g = 0.150 for e = 1.

5.1. Open Versus Closed Loop

Figure 1 compares predictor trajectories at k; = 0 and k; = 0.6. The algebraic values are A*(0) = 0.231 and
A*(0.6) = 0.480. For this initial condition, the closed-loop predictor first enters ||e, < 0.1 at n = 13, compared
with n = 19 in open loop, and its terminal error at n = 140 is 7.93 x 1073 versus 1.04 x 1072,

(a) state trajectories (b) error norm (semilog)
8 1 —— g, open loop — open (certified A" =0.231)
= g, closed loop —— closed (certified A * = 0.480)
c 6 i, open loop
o ——- i, closed loop 10° 4
=
i)
3 4 .
© =
9 =
© 2 1 T
k7] i 10—1 4
8
© 07
2 1
0 1
!
27 -2
H 1077 A
T T T T T T T T T T T T T T T T
0 20 40 60 80 100 120 140 0 20 40 60 80 100 120 140
discrete time n discrete time n

Figure 1. Open-loop versus closed-loop explicit-predictor benchmark. The retained legend’s “certified” values 0.231
and 0.480 are algebraic outputs of (22), not fitted trajectory rates; their operator-level certification remains subject to
MO1-MO3.
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5.2. Effect of the Fractional Order

Figure 2 shows the closed-loop predictor error for o € {0.85,0.90,0.95,0.99}. The computed ||e(120)]|2
decreases from 4.98 x 1072 to 1.45 x 103 over this range. This is a parameter sweep of the supplied recurrence,
not a validation of the kernel definition, an asymptotic tail law, or physiological performance.

Effect of the fractional order

order a
| — a=0.85
10° 4 —— @=0.90
] — a=0.95
] — a=0.99
]
= 107" 4
3 3
10—2 .
10_3 T T T T T

T T
0 20 40 60 80 100 120
discrete time n

Figure 2. Closed-loop predictor error for four order parameters. The displayed finite-horizon computations do not
establish a Mittag—Leffler tail for the manuscript’s operator; see MO1 and MO03.

5.3. Comparison with the Fixed-Parameter Estimate

Table 3 compares the conventional choice ¢ = 1, A\o(k;) = min{a,c + ki } — %bL¢, with the optimised
Young-parameter certificate. The former saturates at 0.350 for k; > 0.2, whereas the latter equals 0.480 at k; = 0.6
and approaches a = 0.6 when 8 > 0. This is a comparison of two analytical certificates, not a claim of system-wide
optimal control.

Table 3. Fixed-parameter certificate Ao versus the optimised Young-parameter certificate A\* (a = 0.6, ¢ = 0.4,

B =0.5).

ki 0 0.1 0.2 0.6 1.2 3.0
Xo(k1) 0.150 0.250 0.350 0.350 0.350 0.350
X (k1) 0.231 0.295 0.350 0.480 0.541 0.578

5.4. Coupled Model: Certificate Versus One Trajectory Metric

For the zero-centred coupled predictor, 3 = 0.5 4 e. The exact algebraic boundary is ¢ < 2¢/0.6 - 0.4 — 0.5 =
0.479795897 . . ., not the rounded strict inequality e < 0.48. In Table 4, the open-loop algebraic value decreases
toward zero at this boundary, while the predictor’s terminal error decreases from 1.04 x 1072 to 5.27 x 1073,
Figure 3 displays those open-loop predictor trajectories. These finite-horizon observations do not resolve the
raw-model mismatch in M04 or establish a globally optimal trajectory rate.

Table 4. Coupled predictor illustration (3 = 0.5 + e, algebraic boundary e < 2y/ac — 0.5). The A* columns are
values of (22), subject to MO1-MO02; ||e(140)||» is a predictor metric, subject to M03-M04.

e 38 2*(0) A*(0.6) le(140) ||
0.00 0.50 0.231 0.480 1.04 x 1072
0.30 0.80 0.088 0.353 5.93 x 1073
0.45 0.95 0.015 0.285 5.27 x 1073
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Physiological coupling and certificate conservatism

+ e=0.00
== e=0.30
10° 4 — e=045
=
S
3 101 4
1072 4

0 20 40 60 80 100 120 140
discrete time n

Figure 3. Open-loop predictor error norms for e = 0, 0.30, and 0.45. The retained plot title does not establish
physiological validity: the code uses zero-centred nonlinearities, and the operator and equilibrium-shift queries
MO01-MO04 remain open.

6. Conclusions

The scalar Young-parameter optimisation yields (15); it is the best algebraic value within the specified
magnitude-bound estimate, not a system-wide optimal decay rate. This value is positive exactly when 5 < 2+/ac.
For 5 > 0, proportional feedback increases it toward a; the formal 8 = 0 extension is nondecreasing with finite
saturation. Turning these algebraic facts into Mittag—Leffler stability statements still requires resolution of the
operator-domain and comparison queries MO1-MO02. The delay calculation supplies a condition independent of the
delay magnitude, not a delay-uniform decay rate. The disturbance comparison, if justified, implies an asymptotic
residual radius rather than finite-time entry into its exact boundary. The supplied explicit-predictor computations are
reproducible, but operator consistency and coupled equilibrium alignment remain M03-MO04. These issues must
be resolved before final publication approval. No patient data were used; prediction accuracy, clinical safety and
artificial-pancreas performance are not established.

Supplementary Materials

The following supporting information can be downloaded at https://media.sciltp.com/articles/others/2609171635348181/
ANDV-26070217-SLzip: simulate.py, test_scheme.py, and a README describing dependencies, output
locations and the unresolved model-consistency limitations.
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