- _ I Bulletin of Computational Intelligence
=ClI I Ig ht https://www.sciltp.com/journals/bci

; sl

. M) Check for updates
Article

Endpoint-Controlled Two-Term Asymptotics for Nonlinear
Caputo Relaxation: Memory—Constitutive Competition
and Hitting Times

Grienggrai Rajchakit

Program in Industrial Optimisation and Applications, Faculty of Science, Maejo University, Chiang Mai 50290, Thailand;
kreangkri@mju.ac.th

How To Cite: Rajchakit, G. Endpoint-Controlled Two-Term Asymptotics for Nonlinear Caputo Relaxation: Memory—Constitutive Competition
and Hitting Times. Bulletin of Computational Intelligence 2026, 2(3), 252-272. https://doi.org/10.53941/bci.2026.100014

Received: 4 August 2026 Abstract: We derive two-term asymptotic expansions for nonlinear Caputo relaxation

Revised: 13 August 2026 while isolating the recent-history concentration that first-order regular variation does

Accepted: 26 August 2026 pot control. Under a terminal uniform-integrability condition, the Caputo dissipation

Published: 31 Aughust 2026 retains its finite-initial-value term and has an explicit memory correction. Ultimate
convexity and a local derivative bound are sufficient for this condition, whereas a
plateau—catch-up construction proves that bare regular variation is insufficient. For a
restoring law ¢(z) = ca®{1 + ax” 4 o(x7)}, the state satisfies u(t) ~ Kt~*/5 Tts
first relative correction has order t~%°/8 when o < 1 and order t—*/#? when o > 1,
separating constitutive dominance, resonance, and memory dominance. For the exact-
power law, the coefficient changes sign at & = 3/( + 1); the same sign determines
whether the corrected residual hitting time is earlier or later than its leading estimate.
At T' = 3000, implicit L1 diagnostics recover the subcritical and supercritical state
coefficients within 0.85% and 4.6%, respectively, and the resonant coefficient within
1%. These computations support the predicted signs and scales but do not replace the
analytical endpoint hypothesis.

Keywords: Caputo differential equation; regular variation; nonlinear relaxation;
Abelian theorem; asymptotic inversion; hitting time

1. Introduction

The leading tail of scalar Caputo relaxation is now well understood. For
Doy = —¢(u), 0<a<l,

comparison and Volterra methods yield positivity, monotonicity, and power-order decay in broad scalar settings.
Feng et al. developed a detailed qualitative theory for one-dimensional autonomous fractional ordinary differential
equations [ 1], while Li and Liu placed such equations in a generalized Caputo and convolution framework [2].
Earlier power-type decay bounds for related weighted Riemann—Liouville Cauchy problems were obtained by Furati
and Tatar [3,4], and energy methods give optimal decay orders for wider nonlocal evolution problems [5]. These
results establish the relevant scale. A two-sided order estimate, however, neither identifies a normalized limit nor its
first relative error.

The distinction is structural. A classical autonomous equation is local in time, whereas the Caputo derivative
combines the complete past trajectory with a kernel that becomes unbounded at the current time. The leading
dissipation coefficient depends on the total mass lost from the initial state. The next coefficient depends on where
the remaining Stieltjes mass is located. Consequently, convergence of u(tx)/u(t) for each fixed 0 < z < 1 does
not control the convolution uniformly as x 1 1.

This endpoint obstruction rules out formal differentiation of a regularly varying equivalent. Suppose that
u(t) ~ Kt7P,0 < p < 1, and write v(ds) = —du(s). The Caputo dissipation is a Stieltjes convolution with (¢ — s) ™.
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Regular variation controls the rescaled measure on compact subsets of the open interval 0 < s/t < 1, but the kernel
is unbounded as s/t T 1. A small amount of derivative mass compressed next to ¢ can therefore be negligible in
the ratio u(¢)/(Kt¢~*) and still dominate the normalized residual. Classical regular-variation theory supplies the
compact convergence, Potter estimates, and monotone-density principles needed away from the endpoint [6], while
additional control must be imposed or proved at the singular boundary.

The operator theorem separates two inputs. The state belongs only to RV_,; no de Haan auxiliary function is
assumed. A terminal uniform-integrability condition controls —du on shrinking multiplicative neighborhoods of
the observation time. It is stronger than tail regular variation but weaker than a pointwise derivative asymptotic.
Section 4 gives two usable sufficient conditions and a counterexample showing why additional terminal control is
necessary for a theorem over the entire RV_,, class.

The result complements, rather than replaces, general fractional regular-variation theory. Rehdk studied
fractional integration and differentiation of asymptotic relations and developed fractional analogues of Karamata
and monotone-density results [7,8]. Second-order regular variation and its transfer through transforms also have an
established theory [9, 10]. Accordingly, the gamma quotient appearing below is not new in isolation. The present
theorem concerns a finite-mass, negative-index Caputo tail: it retains the initial-value term, states the terminal
concentration condition explicitly, and pairs the coefficient with a sharpness construction. The nonlinear contribution
is the conditional inversion of that operator coefficient against a competing constitutive perturbation.

The theorem-level boundary is as follows.

. Rehdk [7,8]: fractional differentiation and integration under regular variation, with established gamma-quotient
transfer, but not the finite-mass Caputo decomposition with the explicit terminal test and its failure example.

. de Haan and Stadtmiiller [9]; Mao and Hua [10]: second-order regular-variation and transform transfer when
an auxiliary rate is supplied. No such second-order auxiliary function is assumed here.

. Theorem 1 and Section 4.3: a decreasing finite-mass RV_, trajectory, with an initial-value leading term,
signed correction, two sufficient endpoint criteria, and a counterexample under bare RV_,,.

. Theorem 3: conditional nonlinear competition between the memory and constitutive scales under the trajectory
hypotheses and (5).

Thus the beta—gamma coefficient is classical; the claimed package is the finite-mass endpoint criterion, the
sharpness construction, and its conditional nonlinear inversion.
For the nonlinear application, assume

o(2) = e’ {1+ aa” +0a”)}, w0,

with ¢ > 0, 8 > 1, and 0 > 0, and suppose the trajectory satisfies the stated global and endpoint hypotheses.
The leading exponent is p = «/S. The Caputo memory correction has relative order ¢, whereas the local
perturbation in ¢ has relative order ¢ 7. Thus the first correction is constitutive for o < 1, resonant for o = 1,
and memory-driven for o > 1. For a trajectory of the exact-power equation satisfying the endpoint condition, the
memory coefficient contains I'(1 — o — p) ~1. Its sign changes when « + p crosses one. At equality, the normalized
operator residual vanishes directly. The available hypotheses do not determine a subsequent power.

The proof has four steps. An exact Stieltjes decomposition isolates the finite initial mass. A three-region limit
treats the lower endpoint, compact interior, and singular terminal layer separately. A scalar inversion lemma then
compares ¢t~ with =77 before expanding. The state correction finally transfers to residual hitting times. This order
of argument prevents an endpoint assumption, a constitutive expansion, or a formal gamma identity from doing
work it cannot justify.

The nonlinear theorem is conditional. Positivity, decrease to zero, and endpoint regularity are assumptions on
the trajectory, not consequences of the local expansion of ¢. Standard scalar theory supports the first two properties
under suitable global conditions, but automatic endpoint regularity for every trajectory of the exact-power equation
is not proved here. The numerical section cannot replace that implication. Systems, distributed order, delay, and
partial differential equations are outside the stated result.

Section 2 fixes the notation and derives the exact decomposition. Section 3 proves the endpoint-regular Abelian
theorem, including its critical form. Section 4 gives sufficient criteria and the counterexample. Sections 5 and 6
derive the nonlinear and hitting-time expansions. Sections 7 and 8 present the L1 method and diagnostic calculations.
Section 9 compares the result with adjacent theory and records its limitations, and Section 10 states the conclusions.
Figure 1 summarizes the logical dependence among the main results and the role of each auxiliary statement.
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Logical dependence of the main results

Solid arrows are deductions; dashed arrows indicate sufficient checks, sharpness, or numerical diagnostics.
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The counterexample limits the operator hypothesis; it is not used to derive the nonlinear or hitting-time formulas.

Figure 1. Logical dependence among the main results. Solid arrows denote deductions. Dashed arrows distinguish
sufficient endpoint checks, the sharpness construction, and numerical diagnostics from the theorem chain.

2. Preliminaries and Exact Decompositions

2.1. Caputo Derivative and Stieltjes Dissipation

Let 0 < a < 1. We use the standard Caputo convention described, for example, by Diethelm [11]. For a
locally absolutely continuous function u, set

CDeu(t) = %/0 (t —s)~%u/(s) ds.

Il -«
The integral is understood at those ¢ > 0 for which it is finite. To make the pointwise statements below
unambiguous, throughout Sections 2—4 we assume that u : [0,00) — (0, 00) is locally absolutely continuous,
nonincreasing, tends to zero, and satisfies

t
/ (t—s)"%u'(s)|ds < oo foreveryt > 0. (1)
0

This weighted local condition is automatic, for example, if u’ is locally bounded away from the origin. It is
separate from the large-time endpoint condition introduced in Section 2.3. Set

ug = u(0), v(ds) = —du(s).
Then v is a positive Stieltjes measure with total mass v ([0, c0)) = ug, and

g(t) == —CDou(t) = ﬁ /[O (oo

The half-open endpoint convention is immaterial for locally absolutely continuous u, but it keeps the singular
kernel and the measure-theoretic formula compatible.

Local absolute continuity supplies three facts used later. The measure v has no atoms, so changing an interval
endpoint does not alter a displayed integral. Its tail mass is

v((t,00)) = u(t).

Integration by parts against s is also legitimate on compact intervals. None of these facts supplies a pointwise
asymptotic for —u’. That stronger conclusion requires a monotone-density hypothesis and is invoked only in
Proposition 1.

A positive function belongs to RV_, if
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u(tx)

u(t)
for every x > 0. We require 0 < p < 1. The upper bound excludes a nonintegrable lower-end contribution in the
scaled kernel calculation and also holds in the nonlinear application, where p = /8 < 1. Uniform convergence on
compact multiplicative intervals and Potter bounds will be used in their standard forms [6].

—z” (t—= o0)

2.2. Exact Memory Decomposition

The initial datum can be separated without approximation.

Lemma 1 (exact decomposition). Under the preceding pointwise Caputo condition, for every t > 0,

I(1—a)q(t) —upt™ = —u(t)t™®

_ _ (2)
t—s)" =t v(ds).
R R
Proof. Since v([0,t)) = ug — u(t),
I'(1 = a)q(t) =t~v([0,1))
t—s) %=t % v(ds
PR
=wupt™® —u(t)t™ t—s)"*—t7% v(ds).
e N D
Rearrangement gives (2). O

Introduce

Hz)=(1—-2z)"% -1, 0<z <1,

For a Borel set B C [0,00), write tB = {tz : © € B}. With ¢(t), ug, and v defined in (2), define the
scaled measure

_v(tB)
Multiplying (2) by ¢ /u(t) gives
L1 - a)at) —uet ™} = -1+ [ H(@) pulda). 3)
u(t) [0,1)
The measure tails satisfy
pe((z,00)) = 2B _wlD) oy @

u(t) u(t)
Hence y; converges vaguely on compact subsets of (0, 00) to the measure px~?~! dz. Formula (3) would

immediately yield the coefficient if H were compactly supported and bounded. It is neither.
Compact vague convergence can be read directly from the tails. If 0 < a < b < oo, then

u(ta) — u(td)
u(t)
Finite linear combinations of interval indicators therefore converge, and uniform approximation extends the limit
to continuous test functions supported inside (0, co). This argument does not approach either zero or the singular point
one. The endpoint estimates in Theorem 1 provide information that vague convergence does not contain.

—a ”-0b"".

Mt((aa b]) =

2.3. Endpoint Regularity

The lower endpoint is mild because H (z) = ax + O(x?) as | 0. The terminal endpoint is singular. We impose

e

t
hmlimsup—/ t—s)"*v(ds) =0. 5)
310 tooo u(l) ((1—6)t,t)( )7 lds)
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The normalization is dimensionless. The condition states that a terminal multiplicative interval carries
asymptotically negligible mass after it is weighted by the unbounded Caputo kernel.

An intuitive reading is that the most recent fraction of the trajectory must not contain a hidden burst of
dissipation. A small state drop is harmless when it is spread over a macroscopic interval. The same drop can be
strongly amplified if it is released immediately before the observation time, because the Caputo weight (¢ — s) ™
then becomes large. Condition (5) excludes such terminal concentration only after the natural normalization by the
tail size u(t). In physical terms, it rules out an increasingly impulsive last-moment release of stored state while
allowing ordinary smooth or mildly oscillatory relaxation.

The order of limits is part of the definition. For fixed d, the observation time tends to infinity first. Only then is
the terminal fraction reduced. Reversing these operations would make the interval empty at every fixed time and
would test nothing. A constant used in the terminal estimate must be independent of ¢ and of the later choice of J.
Otherwise the final limit cannot be taken.

Condition (5) is used only for s/t 1 1. It is stronger than ordinary regular variation, but Section 4 shows that
it follows from natural derivative bounds. Section 4 also constructs a regularly varying decreasing function for
which the condition fails. The theorem therefore keeps separate the information supplied by the tail ratio (4) and the
uniform integrability required by the singular kernel.

2.4. The Beta—Gamma Constant

The limiting coefficient can be evaluated without separating divergent integrals. For 0 < «, p < 1, define

F(z)= /0 [(1—2)"* —1]2" " da.

The integral is analytic for Rz > —1. For #z > 0,

1
F(z)=B(z,1—«a) — >
and analytic continuation to z = —p yields
I'l—-p)I'(1 — «
pF(—p)—1= "Ll =0) ©)

I'l—a-p)

Whenever the denominator reaches a pole, the quotient is interpreted through the entire reciprocal-gamma
function 1/T". In particular, 1/T°(0) = 0. The direct argument below verifies the same critical value without relying
on this convention. At the critical relation o + p = 1, the zero can also be verified directly. Since

pll—z)P ' = 1]zt = % {x‘ﬂ - (1;x>p}

integration from zero to one gives

1
p/ [(1—2)P ' —1]a" de =1. @)
0

Thus the normalized residual in (3) has limit zero at the threshold for a reason visible in the integral itself.
3. Endpoint-Regular Second-Order Caputo Asymptotics
3.1. Compact-Interior Convergence

We first isolate the only place where terminal control is needed.

For clarity, the operator theorem uses the following assumption ledger.
Assumption Al. 0 < a<1land0 < p < 1.
Assumption A2. u : [0,00) — (0, 00) is locally absolutely continuous, nonincreasing, and tends to zero.
Assumption A3. u € RV_, and satisfies the pointwise Caputo integrability condition (1).

Assumption A4. The terminal uniform-integrability condition (5) holds.
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Theorem 1 (endpoint-regular Abelian expansion). Hypotheses. Assumptions (Al)—(A4). Conclusion.

q(t) = ﬁt‘a - Mu(t>t—a +o(u(t)t™™). ®)

If o + p = 1, the second displayed coefficient vanishes and

u —a —a
q(t) — F(liga)t = o(u(t)t™®). ©)
Proof. It suffices, by (3), to prove
1
H(z) pe(de) — p/ H(z)z "' da. (10)
(0,1) 0

Fix0 <e<1—46<1.0nle,1 — §], the function H is continuous and bounded. The tail convergence (4)
implies vague convergence of 1, hence

1-6
/ Hdps — p H(z)x "' da. (11)
[e,1—-4] €

We next show that the two discarded regions can be made uniformly small.
Choose a fixed T > 0. When ¢ > 27T, the estimate H (s/t) < C, s/t holds for 0 < s < T'. Therefore

C
Hdpy §7a/ sv(ds). (12)
/[O,T/t] " tu(t) 0,77 (ds)

The numerator is fixed. Since w(t) = ¢t~ L(t) for a slowly varying L and p < 1, t u(t) — oo, so the right-hand
side tends to zero.
For the remaining lower interval, use

/(o,y] sv(ds) = /0 u(s) ds — yu(y). (13)

Karamata’s integral theorem gives

[ o) ds =yt ~ ), (14)

Letn € (0,1 — p) and fix g9 € (0, 1/2). Potter’s bound may be chosen uniformly for 0 < ¢ < ¢q once T" and
€o are fixed. Combining it with (12)—(14) gives constants C, C’, independent of the later choice of ¢, such that for
all sufficiently large t,

/ Hdp, < Cgtu(gt) < Oletmrmm, (15)
(T/t.e] tu(t)

The exponent is positive, so this bound vanishes with €. The same estimates apply to the limiting integral near
zero because H (z)x=P~1 = O(z~°).
For the terminal interval, 0 < H(s/t) < t*(t — s)~“. Consequently,

«

t
Hdp §—/ t—s)" “v(ds). (16)
/(1—5,1) " () ((1—6)t,t)( )7 lds)

Condition (5) sends the iterated limsup of (16) to zero as § | 0. The limiting density has the same property
because (1 — )~ is integrable at one.
Taking t — oo in (11), then € | 0 and § | O, proves (10). Equations (3) and (6) now give

ST = () — gt~} —

Division by I'(1 — «) gives (8). At a + p = 1, identity (7) makes the limit zero before the gamma notation is

I'l—pIl'(l —a)
Fl-a-p)

invoked, which proves (9). [

For later reuse, the convergence argument admits an explicit error ledger. Let
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1
R(t)=—-1+ H(z) pe(dz), G= —1—|—p/ H(x)z™ " da.
[0,1) 0
Forevery 0 < ¢ < 1 — ¢ < 1, the triangle inequality gives

1-96

\R(t)—aws/ Hip—p |  H@)a*da
[e,1-6] €

+ Hdm+/ H dp, (17)
[0,€) (1-5,1)

€ 1
—|—p/ H(x)x_”_l dr+p H(:v)as_p_1 dx.
0 1-§

The first term tends to zero for fixed &, § by (11); the second is controlled by (12)—(15); the third is controlled
by (5); and the last two are integrable endpoint tails. Thus (17) records the order of limits without asserting a
convergence rate not supplied by the hypotheses. It also identifies the four independent quantities that a quantitative
refinement would have to estimate.

The proof uses every hypothesis in a localized way. Positivity and decrease turn —du into a finite positive
measure. The limit u(¢) — 0 identifies its total mass as ug. Regular variation gives (4), the lower-end Karamata
estimate, and the compact-interior limit. The restriction p < 1 makes the lower limiting integrand integrable.
Endpoint regularity appears only in (16), while local absolute continuity removes atoms and permits (13). Weakening
one assumption should therefore change the corresponding proof region rather than being hidden in a global
smoothness phrase.

The limit order can be written as an epsilon argument. Given ¢ > 0, first choose ¢ so that the lower bounds
in (15) and their limiting analogues are below (. Next choose  so that the endpoint limsup and the limiting
terminal integral are below (. With both values fixed, choose ¢ large enough for the compact convergence (11) and
fixed-interval estimate (12). The total error is then bounded by a constant multiple of {. Sending ¢ | 0 proves (10)
without exchanging uncontrolled limits.

3.2. Sign and Scale

The second coefficient reflects a genuine sign boundary. If &« + p < 1, then I'(1 — o — p) > 0, and the
correction in (8) is negative. If 1 < a+p < 2, then —1 <1 —a —p < 0,s0 (1 — a — p) < 0, and the correction
is positive. At equality, the term cancels.

The critical scale must retain any slowly varying factor. For a general u(t) = t~*L(t), (9) is

Ug

o) t=* = o(t 71 L(t)).

q(t) —

Only after the nonlinear model gives u(t) ~ Kt~* can this be written as o(t~!). This distinction prevents a
slowly varying term from being discarded without proof.

Theorem 1 complements rather than replaces fractional regular-variation results. The operator literature
supplies broad Abelian and Tauberian principles [7,8]. Here the finite initial value creates a dominant uot~“ term,
and the next coefficient depends on controlling an unbounded terminal kernel. The next section tests the hypothesis
from both sides.

A smooth power tail provides a useful consistency test. For u(t) = (1 + ¢)~7, the trajectory is decreasing
and convex, so Proposition 1 applies. The normalized residual in (3) then converges to the constant in (6). This
calculation checks the scale and sign but cannot establish the theorem, because it excludes the terminal-concentration
mechanism by construction.

4. Sufficient Conditions and Sharpness
4.1. Ultimate Convexity
Condition (5) is not verifiable from the tail of « alone, so a structural sufficient condition is needed. Ultimate

convexity is the most convenient one in practice, because it converts regular variation of the state into a pointwise
asymptotic for the derivative and thereby bounds the terminal derivative mass directly.

Proposition 1. Under the hypotheses of Theorem 1 except (5), assume in addition that v is ultimately convex. Then
(5) holds.
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Proof. On the ultimately convex tail, let f be the nonincreasing right-derivative representative of —u/'; it agrees
with —u’ almost everywhere. Since

)= [ )

and u € RV_,, the monotone-density theorem gives

f(t) ~ P (18)

Fix do € (0,1/2). Uniform convergence of regularly varying functions and (18) give a constant C' such that
u(t)

fls) < C’T whenever s € [(1 — dp)t, t] (19)

and ¢ is sufficiently large. For 0 < ¢ < g,

/( (-9 ow(ds) = /( (-8 f(s)ds

1-8)t

<
-t 11—«
C
= st
T u)
Multiplication by % /u(t), followed by § | 0, proves the claim. O

Ultimate convexity is sufficient, not automatic. Feng et al. used convexity as a hypothesis in the relevant
numerical analysis [1]. That result does not establish ultimate convexity for every nonlinear power trajectory. The
main theorem therefore retains endpoint regularity explicitly.

The estimate is stable under finite modifications of the trajectory. Convexity and the derivative asymptotic are
needed only after a sufficiently large time. Any initial interval contributes through (12), where its fixed first moment
is divided by ¢ u(t) — oo. Thus the sufficient condition can be checked on the asymptotic tail even when a Caputo
solution has a weak derivative singularity near the initial time.

4.2. Direct Derivative Control

The proof above uses only a local bound, not the full convexity statement.

Proposition 2. Under the hypotheses of Theorem 1 except (5), suppose that there exist C > 0 and & € (0, 1) such that

t o
ess sup M <C (20)
SE[(1—60)t,t] U(t)
for all sufficiently large t. Then (5) holds.
Proof. Replace (19) by (20) and repeat the last integral estimate in the proof of Proposition 1. O

Smooth variation with —tu’(¢)/u(t) — p, together with local uniform domination, implies (20). The
domination clause matters. A derivative equivalence is not a consequence of u(t) ~ K¢~ alone.

The converse implication is neither assumed nor needed. Condition (5) controls a weighted terminal average
and can hold even when —u’ has local oscillations. Proposition 2 is a transparent pointwise route to the integral
condition, not an alternative definition of the admissible class.

4.3. Plateau—Catch-Up Counterexample

The terminal condition cannot be replaced by ordinary regular variation.

Before the technical construction, Figure 2 summarizes the mechanism. On a shrinking window, replace a
smooth descent by a long plateau followed by a much shorter affine catch-up. The maximum relative height error is
only O(¢,,), so the function remains asymptotic to the smooth power tail. The delayed Stieltjes mass is nevertheless
released at distance O(9,,T},) from the terminal time. The singular kernel amplifies that compressed mass by §,, .
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Theorem 2 (concentration counterexample). For every 0 < a < 1 and 0 < p < 1, there exists a positive,
nonincreasing, locally absolutely continuous function v € RV_, such that (5) fails and

@{F(l — a)q(t) —uot™*}

is unbounded along a sequence.

Proof. Let v(t) = (1 4 ¢)~”. Choose T}, 1 oo so rapidly that the intervals

I, =[(1—-4,)T,,Ty)

are disjoint, where ¢,, | 0. Put §,, = é?«/ . For all sufficiently large n, 0 < 6,, < £,,. Define

Ap = (1 - én)Tru by, = (1 - 571)Tn~

For example, fix £,, = 27" and choose T}, recursively so that

(]. — £n+1)Tn+1 > 2T,.

The modified windows are then disjoint, and every compact interval meets only finitely many pieces. Outside
the union of the I,,, set u = v. On [ay, by], set

u(t) = v(an).

On [b,,,T,], let u be the affine function joining (b, v(ay,)) to (T5,v(T},)).

The pieces match at every endpoint, so u is continuous and locally absolutely continuous. It is positive and
nonincreasing. The base function v is convex. Its chord from b,, to T;, lies above its graph, and raising the left
endpoint from v(b,,) to v(a,,) preserves that inequality. Hence u(t) > v(t) throughout each modified window. Also,

ut) _ wla,) T, \ "
v S <oy = (1) =1eo)

uniformly on I,,. Outside the windows the ratio is one. Thus u(t)/v(t) — 1, and u € RV_,,.
Uniform equivalence proves the last claim even when ¢ and ¢z lie in different windows. For each fixed x > 0,

u(tz)  wu(tz) v(tr) v(t)

u(t)  w(tz) v(t) u(t)
Both outer ratios converge globally to one, while the middle ratio is regularly varying.
The catch-up interval carries Stieltjes mass

—p

My, = v(an) — v(Ty) ~ plyv(Ty). 21

This mass is distributed uniformly over an interval of length §,,7,. Att = T}, its contribution to the endpoint
integral is

m
(3, T,)
After normalization,
T _ 14 - P -1
T, — *v(ds) ~ ——L4p, 0.4 = —4 . 22
U(Tn)/[bn,Tn)(n s~ O = T e @

Thus (5) fails. More precisely, the contribution of the catch-up interval to the kernel-difference integral in (3) is

[ Hdun = [ @) -
U, = — n—8) “v(ds) —
[bn /T, 1) u(Tn) Jib, 1) u(Ty,) 23)
P )
~ L
1—a ™’

https://doi.org/10.53941/bci.2026.100014 260


https://doi.org/10.53941/bci.2026.100014

Rajchakit Bull. Comput. Intell. 2026, 2(3), 252-272

because my, /u(T},) ~ pl,. Finally, the kernel difference in (2) is nonnegative for every 0 < s < ¢, so the divergent
contribution in (23) cannot be cancelled by the remaining windows or by the base profile. The normalized residual
equals —1 plus this nonnegative integral and is therefore unbounded along 7,. O

For every fixed 6 > 0, eventually d,, < . Hence the fixed terminal window ((1 — )7}, T},) contains the
entire catch-up layer, and its inner limsup in (5) is infinite. The construction is piecewise affine on compact intervals
with finitely many breakpoints and bounded local slopes; it therefore satisfies the pointwise condition (1).

Plateau-catch-up construction on one shrinking window

The state perturbation is small, but its derivative mass is compressed next to the singular terminal endpoint.

Smooth baseline Long plateau Short catch-up layer Rejoin the baseline

the power tail falls gradually across hold the state constant through most release the delayed drop immediately the pointwise height error

the whole window of the window before the terminal time disappears at the window
endpoint

Small state perturbation Large weighted terminal mass

the maximum relative height error tends to zero, so after sufficient compression, the Caputo-weighted
regular variation survives contribution grows without bound

concentration of dissipation

Takeaway
bare regular variation controls heights, not terminal

Figure 2. Schematic of one plateau—catch-up window. The construction changes state values by a vanishing relative

2/

amount but concentrates the corresponding loss immediately before T5,. With §,, = £;,/“, the normalized weighted

contribution is proportional to £,,6,, % = £;,*.

The theorem does not claim that the displayed condition is logically necessary in every possible formulation.
It proves the needed sharpness statement: bare first-order regular variation does not control a singular terminal
convolution. Some endpoint condition or comparably strong local information is indispensable for Theorem 1.

The example is deliberately extremal in how it concentrates derivative mass, so it should not be interpreted as
a typical smooth relaxation trajectory. It is not pathological with respect to the theorem’s admissible class: it is
positive, decreasing, locally absolutely continuous, piecewise affine on each modified window, and regularly varying.
Its representative role is narrower and precise. It realizes the only mechanism left uncontrolled by compact regular-
variation limits, namely concentration next to the singular endpoint. Smooth trajectories satisfying Proposition 1 or
2 exclude this mechanism.

The construction also shows why oscillating function values alone would not be an adequate counterexample.
The Caputo residual integrates derivative mass, so the perturbation must control both the height error and the width
of the catch-up. Here the height error is O(¢,,), while the compressed width 4,,7;, makes the weighted mass grow
as ;. Those conclusions coexist because the kernel is unbounded at the terminal endpoint.

5. Nonlinear Relaxation and Competing Second-Order Mechanisms

5.1. Standing Assumptions and the Leading Law

Return to
“Dfu(t) = —g(u(t),  u(0) =ug > 0. (24)

The nonlinear application uses three additional assumptions.
Assumption N1. A global solution is continuous on [0, 00), locally absolutely continuous on (0, 00), satisfies (1),
and solves (24) for every t > Q.
Assumption N2. The trajectory is positive, nonincreasing, bounded by g, and tends to zero.

Assumption N3. The restoring law ¢ : [0,ug] — [0,00) is continuous, strictly increasing near zero, satisfies
¢(0) = 0, and has the expansion
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d(z) = cx’{1 + az® + r(z)}, r(x) = o(z?). (25)

Herec > 0,8 > 1,0 > 0, and a € R. Assumption (N3) is local at zero except for continuity on the compact
state interval. This compact state domain is sufficient because the trajectory remains in [0, u]; no behavior of ¢
outside that interval enters the proof. Positivity and monotonicity for autonomous scalar fractional equations can be
obtained under standard structural hypotheses [1]. They are retained as explicit trajectory assumptions rather than
inferred from the local expansion (25).

Set ¢(t) = ¢(u(t)). Since u is nonincreasing and ¢ is increasing near zero, ¢ is bounded, locally integrable,
and eventually nonincreasing. Condition (1) implies fot |u'(s)] ds < oo for every t > 0, because (t — s)~* >t~
Continuity at zero and local absolute continuity on (0, co) therefore give u(t) — ug = fot u’(s) ds. Monotonicity
and u(t) — O further yield fooo |’ (s)| ds = up. Fubini’s theorem is consequently applicable to the exponentially
weighted Caputo convolution, and (24) gives

a\) = upA*~t = Xea(N). (26)
Boundedness and u(t) — 0 imply
AmM:AmK%@MMy—M (A1 0) 27
by dominated convergence. Hence
q(A) ~ upA* . (28)

The monotone-density form of the Karamata—Feller theorem gives

Uo

g(t) ~ At~ A= rasay

(29)
This exact first-order coefficient refines order bounds without changing the qualitative theory. Its Tauberian
mechanism is classical [6].
The inverse of the regularly varying function ¢ now yields

B o A 1/8 o 1/8

No asymptotic equivalence has been differentiated. The route is transform asymptotics, monotone density for
¢, and inversion of the restoring law.

The Tauberian hypothesis is visible. Eventual monotonicity of ¢ upgrades the transform equivalence (28) to
the pointwise statement (29). Without that hypothesis, the transform would still determine an averaged law, but
narrow positive spikes could prevent a pointwise limit. Here monotonicity is inherited from the assumed decrease of
u and the increase of ¢ near zero.

Asymptotic inversion uses only the local behavior of ¢. Since ¢(x)/(cz®) — 1, the inverse is regularly
varying at zero with index 1//3. Applying it to (29) proves (30). The argument does not require ¢ to be an exact
power away from the origin.

5.2. Memory Correction to the Dissipation
Assume in addition that u satisfies (5). Theorem 1 and (30) give
KI'(1 —
( P) A O(tfafp)

I'l—a-p) 31)
= At {1+ Myt ™" +o(t™ ")},

alt) = At~ -

where

My — K1 —o)l'(1 —p)'

32
’ upl'(1 — o — p) (32)

At a + p = 1, formula (31) means

a(t) = A {1+ o(t™)} (33)
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and M, g = 0 records the cancellation. Equation (33), not formal substitution into a pole, is the statement used below.

The sign of M, s is opposite to the sign of I'(1 — o — p). All other factors in (32) are positive. Thus the
memory correction to g is negative below the critical surface and positive above it. The state correction divides this
coefficient by /3 in the exact-power case, so the sign is preserved by nonlinear inversion.

5.3. An Inversion Lemma

The memory and constitutive terms must be compared before any series is expanded.

Lemma 2 (first-correction inversion). Hypotheses. Let z(t) — 1, b € R, \,u > 0, 8 > 0, and o > 0. Assume

2P {14+ bt 2(t)" + ot} =1+ mt > +o(t™), (34)

where the remainder multiplying t =" is locally uniform for z near one. Conclusion.

1-— %t‘“ +o(t™H), <A,
)
2(t) =1+ mTt—A Fot™), p=A (35)
1+ %H Fot™),  A<p

Proof. Put » = min{\, pu}. The bracket in (34) is 1 + O(¢t*) because z(t) — 1, while the right-hand side is
1+ O(t™*). Hence z(t)? = 1 + O(t~"). The inverse map x — z'/# is locally Lipschitz near one, and therefore
2(t) =1 =0(t""). Write z = 1 + 7. Then

#=14pBn+on), 27=1+o0(1).

If o < A, division by ¢t =# gives Stin+b — 0. If u = ), it gives Bt n+b — m. If X < p, it gives St n — m.
These are the three lines of (35). O]

The lemma provides only the first correction. When 0 < ¢ < 1, repeated powers generated by a longer inverse
series may occur before the memory scale ¢~”. Formula (25) does not contain the higher constitutive information
needed to identify all of them, so no such claim is made.

The local uniformity condition on the remainder is automatic for the application because z(¢) — 1 and

r(Kt=P2(t))

(Kire)r

It prevents the o(x?) term in (25) from changing scale after the normalization.

5.4. Constitutive-Memory Trichotomy

The leading law, the memory correction, and the inversion lemma can now be combined. The next theorem
records the resulting first relative correction and shows that its scale and coefficient are decided by the comparison
between the memory exponent p and the constitutive exponent po.

Theorem 3. Hypotheses. Assume (NI)—(N3) and (5), and let p, K, and M, g be given by (30) and (32). Conclusion.

KO’
{1—(15 t‘”"+o(t"”)}, 0<o<1,
My g —aK
u(t) = Kt {1+C“’Bﬁat—f’+o(t—ﬂ)}, o=1, (36)
Mygs, _
{1+ ﬁ’ﬁt P+ olt P)}, o> 1.

Proof. Put
u(t) = Kt~ °z(t).

By (30), z(t) — 1. Divide (25), evaluated at u(t), by At~ = cKPt=P#. This gives

q(t)
At—«

= 2(t)P {1+ aKt= "7 2(t)° 4 o(t~*7)}. (37)
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Equation (31) supplies the right-hand side of (34) with
m = M, g, A=p, b=aK?, 1= po.
Lemma 2 gives the three cases in (36). L]

Every hypothesis has a separate use. The global trajectory assumptions make ¢ eventually monotone and
justify the transform identity. The expansion of ¢ gives both the leading inverse and the constitutive coefficient.
Endpoint regularity supplies (31). The inequality S > 1 ensures p < 1, as required in Theorem 1. No convexity
assumption is used unless it is chosen as a sufficient route through Proposition 1.

The regimes are determined by exponents. For 0 < ¢ < 1, the local restoring-law perturbation decays more
slowly than the memory correction and therefore controls the first bias. At o = 1, both mechanisms occur at the
same scale and may reinforce or cancel. For o > 1, the constitutive perturbation is smaller and the first correction is
universal within the stated endpoint class.

At resonance, the coefficient may cancel for a = M, g/ K. Such cancellation removes the first displayed term
but does not improve the known remainder. A valid next term would require a sharper expansion of both the Caputo
operator and ¢.

This restriction on higher-order claims is substantive, not merely technical. The error ledger (17) proves
convergence of the normalized Caputo residual but supplies no rate: (5) is a qualitative uniform-integrability
condition, and ordinary regular variation likewise gives no second auxiliary rate. Independently, (25) specifies
only an o(x”) constitutive remainder. After a resonant or critical cancellation, either unknown remainder can
occur before any proposed next power. A third term therefore requires both a rate-strengthened endpoint/operator
hypothesis and an explicit next coefficient in the expansion of ¢. Without those two inputs, assigning a universal
exponent would exceed the assumptions.

5.5. Conditional Exact-Power Consequences and Threshold Inversion

Assume now the exact-power law
o(z) = ca®,

so a = 0 and » = 0. An exact power satisfies (25) with any chosen o > 1; applying the o > 1 branch of Theorem 3,
conditional on (5), gives

u(t) = Kt "{1+ Dagt™ " +o(t")}, (38)
where KT(1 (1 )
N —p
D,g=— ) (39)
'ﬁ Bupl (1 —a — p)
Since0 < a+p < 2,
-1, a+p<l,
sgnDg, g = <0, a+p=1, (40)
+1, a+p>1.
The threshold is 5
=—. 41
“T B “h)

Below it, the leading profile overestimates the state at first correction. Above it, the leading profile underestimates
the state. At the threshold,
u(t) = Kt {14+ o(t™")}. 42)

The remainder in (42) is not assigned a power without a new operator expansion.

Formula (39) also respects the natural scaling of the equation. If u = ugv and time is rescaled so that the
coefficient of v is one, then K /u supplies the only amplitude factor in the relative correction. The gamma quotient
is dimensionless. This check rules out an extra factor of ¢, ug, or I'(1 — «) in (39).

5.6. The Unresolved Automatic-Convexity Route

For the exact-power equation, formal differentiation of the Volterra formulation suggests a possible route to
endpoint regularity. With y = —u’ > 0, one obtains
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B
Cuyg

a—1
F(a)t . (43)

y+ I%(cpu’ly) =

Positivity of y does not imply that y decreases. A proof of eventual decrease would require a resolvent or
comparison argument compatible with the weak singularity in (43). Classical Volterra theory provides relevant
tools [12,13], but those results do not supply the required decrease of y for every parameter pair in (24). Consequently,
automatic ultimate convexity remains open here. Theorem 3 is conditional on (5), and Propositions 1 and 2 give two
independent routes for verifying that condition on a given trajectory.

6. Corrected Residual Hitting Times

Let
T. =inf{t > 0:u(t) <e}.

Continuity, nonincrease, and convergence to zero make this generalized inverse finite for every sufficiently
small € > 0. A flat interval does not affect the asymptotic argument. The infimum selects its left endpoint.

Theorem 4. Hypotheses. Let u : [0,00) — (0, 00) be continuous and nonincreasing, with u(t) — 0, and assume
u(t) = Kt P{1+ Dt +o(t™)},  K,p,A>0. (44)

Conclusion. As ¢ | 0,

T <I€(> 1/p {1 N % (%)A/P +O(€)\/p>:| ) (45)

to = (K/E)l/p

Proof. Put

and write T, = to(1 + 7).). The leading equivalence implies 7. — 0. Indeed, for every 6 € (0, 1), the leading
relation in (44) gives
u{top(1—98)} >e and u{tg(l+0)} <e

once ¢ is small enough. Monotonicity then places T¢ /to between 1 — ¢ and 1 + §. Continuity gives u(7.) = ¢,
including when the level set contains an interval. Substitution into u(7;) = ¢ gives

1=(1+n)""{1+Dt; 1+ 1) +o(t; )}

The remainder is uniform along this sequence because T /ty — 1. Rearranging the last display and using the
mean-value theorem on x — 2" first yields

el < C{tg* +o(tg ™)},
son. = O(ty )‘). Taylor expansion can therefore be made at the correct scale and gives
—pne + Dtg* = o(ty ™).
Since t5* = (¢/K)*?, Formula (45) follows. O

The same conclusion follows by two-sided squeezing if w is not strictly decreasing. For every fixed n > 0, the
expansion (44) places the crossing between the two multiplicative trial times obtained by replacing the predicted
correction with D/p =+ 7. Letting 7 |, 0 gives (45).

Monotonicity is a natural sufficient hypothesis for identifying the first threshold crossing with the asymptotic
inverse and is available in the application. It is not asserted to be necessary: under alternative global tail-uniform
hypotheses, a two-sided squeeze may also control the first crossing. The theorem records the transparent condition
used here rather than claiming a minimal inversion principle.

For 0 < o <1, use

KO'
A = po, D:—a .

For o = 1, use
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Foro > 1, use
M, 5

B

Thus the hitting-time correction inherits both the constitutive-memory trichotomy and the exact-power sign
transition. When D, g < 0, the corrected threshold time is smaller than its leading estimate. When D, g > 0, it is
larger. At the critical surface the displayed correction vanishes, and (45) supplies no unsupported next rate.

For the exact-power problem, the relative hitting-time coefficient is D, g/p. Since p = «/, its magnitude is

A=p, D=

[Dasl _ KT(1—a)l'(1—p)

p aull(i—a—p)

This form is useful for numerical checks because it avoids dividing two separately small fitted quantities.

7. Implicit L1 Discretization and Reproducibility
7.1. Scheme and Nonlinear Step

Let ¢t,, = nh on a uniform grid. The L1 approximation is

o n—1
SeU™ = § n—k _ rrn—k—1 46
hU F(Q_Oé) k:Oak(U U )ﬂ ( )

where
ap = (k4 1) — k1=,

The L1 method has an extensive convergence and error-analysis literature [14], while complete-monotonicity-
preserving schemes have a qualitative structure theory covering stability, comparison, and monotonicity preservation [15].
Long-time rate preservation has also been analyzed for nonlinear fractional ordinary and evolution equations [16, 17].
The present calculation asks a different question: whether a computed solution resolves the derived second coefficient
over accessible time windows.

Collecting the known history terms in (46) gives

hfa
U™ ") = ko Hy, a = ) 47
kU™ +¢(U") = K K F2—a) 47)
where .
Hy = an U+ (an_j1 — an_;)U7. (48)
j=1

All coefficients in (48) are positive and sum to one. For the restoring laws used in the computations, ¢ extends
continuously to [0, uo], $(0) = 0, and ¢ is strictly increasing on that interval. Hence, if H,, > 0, the left side of
(47) is strictly increasing, negative relative to the right side at U = 0, and positive at U = H,,. Each computed step
therefore has exactly one root in (0, H,,).

For completeness, positivity follows from the strict decrease of aj. That decrease is a consequence of concavity
of £ — z'~. The coefficient sum telescopes:

n—1

ap—1+ Z(an—j—l - an—j) =ag=1.
j=1

Consequently H,, is a convex combination of the previously computed values. This identity is also an
implementation check: a history value outside their closed range signals an indexing or roundoff error before the
nonlinear solve is attempted.

The reproducibility script solves (47) by a safeguarded Newton iteration. Newton steps that leave the bracket
are replaced by bisection. Every accepted step is checked for a scale-normalized nonlinear residual, positivity, and
monotonicity. No random input is used. Direct history summation costs O(/N?2). This is adequate for verification
runs and avoids introducing a fast-memory approximation whose error would require a second audit.

The L1 formula is used for transparency and qualitative stability. It is not the most efficient long-time method.
Sum-of-exponentials and other fast convolution techniques would reduce the cost, but their kernel-compression
error could occur at the scale of the second coefficient being measured. Direct summation instead leaves every
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numerical control explicit: the step size, terminal time, nonlinear target tolerance, 80-iteration cap, fallback residual
threshold, and monotonicity-check tolerance. Algorithm 1 states the accepted step together with these safeguards.

Algorithm 1. Safeguarded scalar L1 step.

Step 1:  Precompute ay, their positive backward differences, and K.
Step 2: At time index n, evaluate H,, from the accepted values.
Step 3:  Initialize the bracket [0, H,,] and clip U™ " to it for the first trial.
Step 4:  Evaluate
Fo(x) = fa(z — Hn) + ¢(2)
and its derivative. Accept a Newton trial only when it lies strictly inside the bracket.
Step 5:  Otherwise, bisect and stop when

|Fo(z)| <2 x 107 max{1, ko Hy }.

At most 80 safeguarded iterations are taken. If the target is not reached, reject the run whenever the final scaled
residual exceeds 2 x 1073,

Step 6:  Reject any run containing a non-finite or nonpositive value, or a positive increment exceeding 2 x 1072,

The bracket proves existence and uniqueness of each discrete nonlinear solve. The post-run monotonicity
assertion tests the computed sequence. It is not silently promoted to a theorem about the continuous derivative.

7.2. Residual Observables

For the exact-power model define

(1 —a)tec(Um)?

Ry(tn) =1, [ (et 1] (49)

Uo

and —

"t
W) =10 | —2 — 1. 50
Rutn) = | S 1) (50)

The continuous theorem predicts

Rq(tn) — Ma,ﬁa Ru(tn) — Da,,Ba (51)

provided discretization error is negligible on the selected asymptotic window. For o < 1, the state residual is instead
multiplied by ¢£7. The theoretical constants are evaluated directly from (30), (32), and (36) inside the script.

Two limits are kept separate. Fixed-terminal-time runs with decreasing h diagnose mesh dependence. Long-
time runs at one fixed fine step diagnose approach to the asymptotic coefficient. Changing 71" and h together would
confound these errors and is not used to claim a convergence order.

For a hitting-time diagnostic, a threshold crossing can be interpolated between the first two grid values that straddle
it. The leading and corrected predictions are then evaluated from (30), (36), and (45). Such an interpolation is useful for
comparing the two asymptotic formulas, but it is not an independent estimate of the time-discretization order.

7.3. Parameter Sets

Table 1 lists the deterministic parameter matrix, which contains six cases with ¢ = vy = 1.

Table 1. Parameter sets for the deterministic numerical experiments.

Case a B o a Purpose
subcritical exact 0.4 2.0 2.0 0 negative memory correction
critical exact 0.6 1.5 2.0 0 cancellationat o + p =1
supercritical exact 0.8 2.0 2.0 0 positive memory correction
constitutive 0.6 2.0 0.5 0.5 constitutive dominance
resonant 0.6 2.0 1.0 0.5 equal correction scales
memory 0.6 2.0 2.0 0.5 memory dominance
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The long-time grid uses h = 0.5 and T" = 3000. A separate exact-power mesh study uses
(a, B, c,up) = (0.6,2,1, 1), T = 256, h € {1,0.5,0.25,0.125}.

These choices test signs and scale separation. They do not certify endpoint regularity.

The first three rows straddle the analytic surface o + o/ 3 = 1: their values are 0.6, 1, and 1.2. The last three
rows fix p = 0.3. Their constitutive exponents po are 0.15, 0.3, and 0.6, while the memory exponent remains 0.3.
The matrix therefore changes one mechanism at a time and tests both sides of each trichotomy without fitting a
threshold from the computed data.

The choice T' = 3000 is a pragmatic diagnostic horizon, not a theorem about the onset of the asymptotic
regime. With h = 0.5, it gives N = 6000 steps and about 1.8 x 107 direct history interactions, while retaining
four equally spaced checkpoints at 750, 1500, 2250, 3000. Across those checkpoints, both exact-power noncritical
estimators move monotonically toward their predicted coefficients, and the critical estimator decreases in magnitude
from 0.003312 to 0.001446. The terminal relative discrepancies range from below 1% in the subcritical and resonant
cases to about 14% in the slowest memory-dominant case. Thus 7' = 3000 is sufficient to resolve the predicted
signs and scale competition in these runs, but it is not claimed to place every case in a high-accuracy asymptotic
regime. The full window trends and the separate fixed-7" mesh study are reported precisely to expose this remaining
finite-horizon bias.

8. Numerical Diagnostics

This section reports the diagnostics produced by the scheme of Section 7 for the six parameter sets of Table 1.
Table 2 collects the principal outcomes, and the three subsections that follow examine the exact-power threshold,
the constitutive-memory competition, and the mesh and solver checks in turn.

Table 2. Summary of the principal numerical diagnostics. Relative discrepancies compare the terminal scaled
estimator with the nonzero predicted coefficient.

Case Prediction Diagnostic at T = 3000 Main Finding
exact, subcritical —0.320252 —0.317534 negative sign; 0.85% discrepancy
exact, critical 0 —0.001446 magnitude falls by 56% from ¢ = 750
exact, supercritical 0.274068 0.286782 positive sign; 4.6% discrepancy
constitutive, o = 0.5 —0.204853 —0.212347 slower constitutive scale is observed first
resonant, o = 1 —0.269465 —0.267142 combined coefficient; 0.86% discrepancy
memory, o = 2 —0.101606 —0.116007 correct sign, with the largest finite-window gap

8.1. Exact-Power Threshold

The computed coefficient estimators reproduce the sign transition. Table 3 reports the terminal values at 7" = 3000.

Table 3. Exact-power state-coefficient diagnostics at 7' = 3000.

Regime Predicted D, s Computed R, (T) State Ratio U (T')T* /K
subcritical —0.320252 —0.317534 0.935973
critical 0 —0.001446 0.999941
supercritical 0.274068 0.286782 1.011660

The subcritical estimate differs from the prediction by about 0.85% at the terminal time. The critical estimator
decreases in magnitude from —0.003312 at ¢ = 750 to —0.001446 at ¢ = 3000, consistent with cancellation of the
displayed t~” term. No next exponent is fitted. The supercritical value approaches the positive coefficient from
above and retains a visible finite-window bias, which is reported rather than removed by selective truncation.

The four-window sequences make the direction of convergence transparent. For the subcritical run, R, (t)

takes the values
—0.316430, —0.317042, —0.317342, —0.317534

at t = 750, 1500, 2250, 3000, respectively. The corresponding supercritical values are

0.295732, 0.290686, 0.288280, 0.286782.
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Thus neither agreement in Table 3 results from choosing a single favorable endpoint. Both sequences move
steadily toward the analytic coefficient, although the supercritical error at 7" = 3000 is still about 4.6%. These
monotone window trends are useful diagnostics, but they are not used as proofs of convergence.

The dissipation ratio converges more slowly in the subcritical example. At 7" = 3000,

(1 —a)T*cU(T)?
UuQ

= 0.876045.

This does not contradict the state-coefficient agreement. The two normalizations have different finite-time
biases, and the low fractional order gives a slow leading-ratio approach.

8.2. Constitutive-Memory Competition

Table 4 uses the scale prescribed by Theorem 3.

The resonant case is already within one percent of its predicted combined coefficient. The constitutive-dominant
estimator approaches its limit from below in magnitude. The memory-dominant example has the largest residual gap
at the chosen terminal time. These are empirical finite-window observations; the little-o remainder in Theorem 3
determines neither the direction nor the monotonicity of approach.

Table 4. Constitutive-memory coefficient diagnostics at 7' = 3000.

Regime Predicted First State Coefficient Computed Scaled Coefficient at T = 3000
oc=0.5 —0.204853 —0.212347

c=1 —0.269465 —0.267142

oc=2 —0.101606 —0.116007

The full window data distinguish the three behaviors more clearly. For ¢ = 0.5, the scaled coefficient
changes from —0.214744 to —0.212347, moving toward —0.204853. At resonance it changes from —0.265687
to —0.267142, moving toward the combined coefficient —0.269465. For o = 2, it changes from —0.123825 to
—0.116007, moving toward —0.101606 over the observed windows but with a larger residual gap. The three
finite-window sequences move toward their predicted coefficients. No claim about the sign or structure of an omitted
term is made, because Theorem 3 specifies only a little-o remainder.

8.3. Mesh and Solver Checks

At fixed T' = 256, the exact-power state value changes from 0.12461056 for 1 = 1 to 0.12454297 for
h = 0.125. The scaled state-correction estimator changes from —0.107976 to —0.110780. The movement is small
relative to the difference between the finite-7" estimator and the asymptotic value —0.101606. Thus asymptotic
truncation, not mesh variation over these four grids, is the dominant visible error at this terminal time.

Successive changes in the terminal state are 3.8790 X 1075, 1.9252 x 1072, and 9.5515 x 10~%. Their
near-halving is consistent with first-order refinement on this fixed terminal interval. The analogous changes in the
scaled coefficient are 1.6094 x 1073, 7.9876 x 10~%, and 3.9629 x 10~%. These observations are a resolution
check, not a convergence-rate theorem: the weak initial singularity and the growing-memory horizon require a
separate error analysis. In particular, validation of the continuous second coefficient would require an estimate such
as T?°|UN — u(T)| = o(1) in a controlled joint T — oo, h — 0 regime; no such estimate is proved here.

Across all six long-time runs, the largest scale-normalized nonlinear residual was below 2.0 x 10~4. Every stored
value was finite and positive, and the largest positive increment was zero to the stated 2 x 10712 tolerance. These
checks validate the discrete calculation. They do not prove continuous ultimate convexity or the endpoint hypothesis.

The source file draft _numerics.py, the three CSV files, and the runtime manifest reproduce every value
in this section. These files are available from the author on request. The reported tables are cross-checked against
the corresponding CSV fields; the script does not itself typeset the Markdown tables.

The archived run manifest records Python 3.12.13 and NumPy 2.3.5 as the generation environment. Re-running
the script requires a compatible Python environment with NumPy installed. The accompanying checksum ledger
records the full SHA-256 value of the script and every generated data file.

Reported decimals are intentionally fewer than the solver output provides. They indicate the scale resolved
by the experiment and avoid presenting floating-point precision as asymptotic accuracy. The script stores the full
values so that rounding, table construction, and any later plotting remain auditable.
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9. Discussion, Limitations, and Open Problems

The second term in a finite-mass Caputo convolution is controlled by more than the tail ratio of the state.
Formula (2) shows the reason directly. The leading term sees the total dissipated mass ug. The next term sees how
the remaining Stieltjes mass is distributed over the whole interval, including a singular terminal layer. Ordinary
regular variation gives the correct interior scaling but cannot exclude terminal concentration.

The counterexample distinguishes this result from a routine application of a fractional Karamata formula.
It changes the function by a vanishing relative amount, keeps positivity, decrease, local absolute continuity, and
regular variation, yet makes the normalized convolution residual diverge. The endpoint condition is therefore tied to
the operator, not to a preference for smooth trajectories.

Operator-level regular-variation results remain central prior art. Rehdk provides a systematic treatment of
fractional operators and regular variation [8] and studies fractional differentiation of asymptotic relations [7]. The
present theorem addresses a decreasing finite-mass tail of negative index, retains the initial-value contribution,
and isolates the terminal singularity through (5). Its contribution is the combination of that endpoint criterion
with a construction showing failure under bare RV_,; the beta—gamma quotient itself belongs to the established
operator theory.

The nonlinear equation has two independent sources of finite-time bias. The Caputo derivative carries a
memory correction at relative order ¢ . The restoring law carries a local perturbation at relative order ¢ ~#?. Their
exponents, rather than an informal division between “global” and “local” effects, determine which coefficient is
observable first.

The resonant case o = 1 is especially sensitive. Memory and constitutive coefficients add at one scale, and
parameters may make their sum small. A small combined coefficient does not improve the remainder automatically.
It exposes terms that the assumed expansion of ¢ does not specify. The exact-power critical surface has the same
caution. It proves that the displayed memory term vanishes, not that a universal third term exists.

The hitting-time formula gives both finite-time biases an operational meaning. Let TE(O) = (K /e)'/? be the
leading threshold estimate. Equation (45) shows that its signed relative correction is (D/p)(¢/K)*/?. Hence D < 0
means that the state lies below its leading profile and reaches the threshold earlier than 7, 5(0); D > 0 means a later
crossing. For o < 1, this sign is controlled by the constitutive coefficient —aK? /3. At resonance it is controlled by
the combined coefficient (M, g — aK)/ /3, so the two mechanisms can reinforce or offset each other. For o > 1, the
memory coefficient M, 3/ controls the sign. In the exact-power model this changes at o« = 3/(5 + 1), converting
the analytic sign transition into a reversal of the leading hitting-time forecast bias.

The main limitation is the endpoint hypothesis. Propositions 1 and 2 make it usable, but they do not prove it
for every trajectory of (24). Automatic ultimate convexity for the exact-power equation remains open. The Volterra
Equation (43) suggests one route, but positivity of its solution is not enough to establish decrease of y = —u’.

The general restoring-law theorem identifies only the first correction. When o < 1, a longer constitutive
expansion can generate several powers before the memory scale. At the global critical surface or a resonant
coefficient cancellation, the next nonzero term likewise requires additional operator and constitutive information.

The computations cover representative scalar parameters on uniform grids. They do not study nonuniform meshes,
fast-memory approximations, systems, variable order, delay, or partial differential equations. Numerical agreement is
evidence that the formulas and implementation are mutually consistent, not evidence for an analytic hypothesis.

These limitations separate two different questions. Internally, the endpoint Abelian theorem is complete under
its stated uniform-integrability hypothesis, and the counterexample proves that some endpoint control is necessary.
Externally, applying the theorem to every solution of a particular fractional equation requires an independent route
to that hypothesis. The current paper supplies two sufficient routes and keeps the unresolved route explicit. This
distinction prevents a conditional application statement from being mistaken for a gap in the operator theorem itself.

The first open problem is to prove or disprove automatic endpoint regularity for broad classes of autonomous
nonlinear Caputo relaxation trajectories. A second is to derive the first nonzero term on « + /8 = 1. A third is to
formulate a multicomponent analogue in which the scalar memory coefficients interact through an exponent matrix.
Discrete second-order asymptotics also deserve separate analysis: a long-time L1 solution contains both physical
and numerical memory corrections, and their separation is not supplied by continuous theory alone.

For systems, a scalar replacement of 3 is unlikely to be sufficient. Different components may decay with
different regularly varying indices, so the second memory vector can couple endpoint masses with the Jacobian of
the restoring map. A viable extension should first identify a positive invariant cone and then formulate endpoint
uniform integrability componentwise or in a weighted norm. Only after that operator step would a matrix-valued
analogue of the constitutive-memory trichotomy be justified.
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10. Conclusions

For a decreasing finite-mass tail, first-order regular variation does not determine the second Caputo term. The
missing information lies at the singular terminal endpoint. Under (5), the exact Stieltjes decomposition and the
three-region limit give the beta—gamma coefficient; the plateau—catch-up example shows why additional terminal
control cannot be discarded over the full RV_, class.

The nonlinear conclusions inherit this conditional scope. For ¢(z) = cz?{1+ax® +o(x7)}, asymptotic inversion
separates constitutive dominance, resonance, and memory dominance according as ¢ < 1,0 = 1, or ¢ > 1. In the
exact-power case, the first relative coefficient changes sign at « = /(3 + 1) and vanishes at equality. The same
coefficient corrects residual hitting times. The L1 calculations are consistent with these signs and scales, while leaving
the continuous endpoint hypothesis and the discrete second-order error as separate analytical questions.

Four directions now have concrete prerequisites. First, automatic endpoint regularity for broad autonomous
trajectories requires a Volterra comparison or resolvent argument that proves eventual decrease of y = —u/, not
merely positivity. Second, a nonzero term on the critical surface requires a rate version of the endpoint Abelian
theorem together with a longer constitutive expansion. Third, a joint 7' — co, h — 0 error theory is needed to
separate physical and discrete memory corrections and to assess fast-memory schemes at the second-coefficient scale.
Fourth, vector extensions require an invariant cone and a componentwise or weighted-norm endpoint condition
before matrix-valued asymptotic inversion is attempted. Each direction therefore demands information beyond the
first-order tail used here.
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