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Abstract: This study presents a new adaptive high-order numerical framework, 
called the Adaptive Residual-Controlled Overlapping Taylor (ARCOT) method, for 
the solution of strongly nonlinear oscillatory systems. The proposed approach 
combines high-order local Taylor expansion, overlapping continuation intervals, 
residual-controlled adaptivity, and adaptive continuation interval regulation within 
a unified computational framework. Unlike conventional Taylor continuation 
methods based on fixed interval propagation, ARCOT continuously monitors the 
governing equation residual and dynamically adjusts continuation intervals 
according to the local nonlinear behavior of the solution. Overlapping continuation 
points are additionally employed to improve long-time numerical stability and 
suppress cumulative propagation errors. The effectiveness of the proposed 
methodology is investigated through several benchmark nonlinear oscillators, 
including Duffing, cubic–quintic, nonlinear Van der Pol, Mathieu-type, and double-
well systems. Numerical results obtained using ARCOT are compared with RK4, 
adaptive RK45, Taylor-based approaches, and available analytical or semi-
analytical solutions reported in the literature. The obtained results demonstrate that 
ARCOT provides highly accurate displacement responses, stable phase-plane 
trajectories, and reliable long-time integration behavior without noticeable 
numerical drift. Residual evolution and adaptive continuation histories further 
confirm that the proposed residual-control mechanism effectively regulates local 
approximation quality while automatically adapting continuation intervals 
according to nonlinear response characteristics. The numerical investigations 
indicate that ARCOT provides a robust, accurate, and flexible computational 
framework for nonlinear oscillatory systems with considerable extension potential 
toward fractional, delay, chaotic, and distributed dynamical systems. 

 Keywords: nonlinear oscillators; Taylor series methods; adaptive continuation; 
residual-controlled methods; DVdP oscillator; Mathieu equation 

1. Introduction 

Differential equations are among the most essential mathematical tools for describing the behavior of physical, 
engineering, biological, and computational systems. Ordinary differential equations (ODEs), partial differential 
equations (PDEs), fractional differential equations, delay differential equations, and integro-differential equations 
are widely used to model vibration, structural dynamics, wave propagation, heat transfer, diffusion, viscoelasticity, 
electromechanical systems, fluid mechanics, population dynamics, and control systems. In mechanical and 
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structural engineering, single-degree-of-freedom (SDOF) systems provide a fundamental framework for 
understanding more complex dynamical systems. Linear and nonlinear oscillators such as Duffing, Van der Pol, 
Mathieu, cubic–quintic, and delayed vibration models have therefore attracted continuous attention in both 
theoretical and applied research. Because exact analytical solutions are generally unavailable for strongly nonlinear, 
time-dependent, fractional, or delayed systems, reliable approximate and numerical methods remain indispensable. 

A wide range of methods has been developed for solving differential equations and nonlinear vibration 
problems. Classical approaches include Runge–Kutta methods, finite difference methods, finite element methods, 
collocation techniques, perturbation methods, harmonic balance, multiple scales, decomposition methods, 
homotopy perturbation methods, variational formulations, and neural-network-based methods. For mechanical 
systems, Samaniego et al. [1] emphasized the relevance of deep neural networks as approximation tools for 
computational mechanics, while Bulut and Yiğider [2] applied physics-informed neural networks to beta-
conformable fractional differential equations. Similarly, Ali et al. [3] proposed Hermite wavelet neural network 
formulations for fractional PDEs, and Abdellatif et al. [4] used artificial neural networks to predict the maximum 
response of SDOF systems. These studies indicate the growing importance of data-driven and physics-informed 
solution strategies. In vibration analysis, Kim [5] developed a variational temporal finite element approach for 
nonlinear damping systems, whereas Chen et al. [6] investigated nonlinear SDOF systems in rod-coupling 
vibration control. Bayat and Pakar [7] introduced a modified Variational Approach to derive highly accurate 
analytical solutions for nonlinear oscillation systems. Boone et al. [8] studied model validation for nonlinear SDOF 
oscillators, and Witkowski et al. [9] analyzed experimentally motivated Duffing-type systems with double-well 
potentials. Fundamental and application-oriented SDOF studies have also been reported by Fujii et al. [10], Salsa 
Junior [11], Newaz et al. [12], McIntosh et al. [13], and Kojima and Takewaki [14], demonstrating the continuing 
importance of SDOF models in vibration theory, swept-sine response, free vibration, energy input, and earthquake-
type dynamic loading. 

Nonlinear oscillators have been investigated using both analytical and numerical tools. Neal and Nayfeh [15] 
examined nonlinear SDOF systems under subharmonic and nonstationary parametric excitations using multiple 
scales. Mehdipour et al. [16] applied the Energy Balance Method to obtain approximate analytical solutions for four 
different nonlinear differential equations governing vibrations and oscillations. Zavodney et al. [17] studied quadratic 
and cubic nonlinearities under principal parametric resonance and reported complex dynamic responses including 
bifurcations and chaotic behavior. Alevras and Yurchenko [18] analyzed nonlinear Mathieu-type parametric 
excitation in a pendulum system, while Kural [19] applied multiple scales to nonlinear axially moving strings with 
spring-loaded supports. Beléndez et al. [20] obtained exact solutions for cubic–quintic Duffing oscillators in terms of 
elliptic functions, and Vakakis and Blanchard [21] presented exact steady-state solutions for strongly nonlinear 
Duffing oscillators under special time-periodic excitations. More recently, Moatimid and Amer [22] investigated the 
stability of a ϕ6-Van der Pol oscillator, and Salas et al. [23] analyzed Duffing–Van der Pol oscillators using 
improved approximate approaches. Motonaga [24] examined non-integrability in perturbed Hamiltonian systems 
including periodically forced Duffing equations. These studies reveal the rich dynamics of nonlinear vibration 
systems and also illustrate the limitations of purely analytical or perturbation-based procedures when strong 
nonlinearity, forcing, delay, or long-time behavior is involved. Fractional and memory-dependent systems form 
another important class of differential equations. More recently, Yıldız et al. [25] considered fractional SDOF 
systems and applied the method of multiple time scales to obtain approximate analytical solutions for fractionally 
damped models. Burqan et al. [26] developed the ARA-residual power series method for time-fractional PDEs. 

In addition, delay differential equations have also been widely studied due to their ability to model hereditary, 
feedback, and time-lag effects. Sezer et al. [27] developed a Taylor polynomial method for generalized pantograph 
equations with retarded or advanced arguments. Bahşı et al. [28] proposed an orthoexponential polynomial 
collocation method for high-order linear delay differential equations and included residual-based error analysis. 
Çevik et al. [29] developed an exponential collocation method for second-order linear delay differential equations, 
including delay terms in restoring force, damping, and acceleration. These studies are particularly relevant for the 
present work because they show that polynomial-based approaches can be successfully adapted to systems with 
delayed arguments, provided that the history-dependent term is treated carefully. 

Taylor-series-based methods have long been recognized as systematic high-order tools for solving 
differential equations. Gülsu and Sezer [30] developed Taylor polynomial solutions for linear difference equations 
with variable coefficients, while Gülsu and Sezer [31] introduced Taylor polynomial approximations for 
differential-difference equations under mixed conditions. Kurt and Çevik [32] applied the Taylor matrix method 
to SDOF vibration systems, converting the governing equation into a system of algebraic equations for Taylor 
coefficients. Çevik [33] extended Taylor polynomial matrix techniques to longitudinal vibration of rods, and Bahşı 
and Çevik [34] applied a Taylor polynomial matrix method to RLC circuits. These early studies established the 
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practicality of Taylor matrix formulations in mechanical and electrical vibration models. Later, Savaşaneril [35] 
proposed a Lucas polynomial matrix method for SDOF systems, and Yüzbaşı and Çetin [36] presented a Boubaker 
collocation method for SDOF systems, showing that polynomial matrix approaches remain relevant for vibration 
applications. Çevik et al. [37] reviewed polynomial matrix collocation methods in engineering and scientific 
applications, emphasizing their broad applicability to ODEs, PDEs, integral equations, fractional equations, and 
engineering models. 

Recent studies have also advanced Taylor-type and residual-based formulations. Çayan et al. [38] proposed the 
Taylor-Splitting Collocation Method, where the fundamental Taylor matrix equation is reformulated through interval 
splitting and residual error estimation; this approach was applied to several mechanical vibration models. Aghazadeh et 
al. [39] used Taylor wavelet collocation to solve Emden–Fowler equations, while Al-Nana et al. [40] introduced an 
enhanced Taylor method for initial value problems by optimizing Taylor-series correction procedures. Pakdemirli [41] 
investigated two-point Taylor series expansions and discussed convergence behavior for truncated Taylor 
representations. Boscarino and Macca [42] developed adaptive Taylor-based schemes for stiff ODEs, highlighting 
the relevance of adaptive Taylor formulations for stability and accuracy. Taylor et al. [43] proposed an adaptive Deep 
Fourier Residual method using overlapping domain decomposition, and Liu and Liu [44] developed a forward 
progressive PINN with Taylor series expansion, where Taylor formulas and time-domain decomposition were 
incorporated into physics-informed learning. These studies are particularly close to the present work because they 
combine, in different ways, Taylor expansion, residual evaluation, adaptivity, and domain decomposition concepts. 

The literature therefore shows several important but separate developments. Taylor and polynomial matrix 
methods provide high-order local approximations and algebraic formulations [30–34,37]. Residual-based approaches 
improve error monitoring and solution reliability in fractional and collocation contexts [26,28]. Adaptive and domain-
decomposition ideas enhance long-time solution stability and computational efficiency [38,42–44]. PINN-based 
studies demonstrate the usefulness of physics residuals as accuracy indicators and training objectives [1–3]. 
Nonlinear vibration studies reveal the need for methods that remain stable for strong nonlinearity, fractional 
damping, delay, and parametric excitation [5,6,15,17–22,24,25,45–47]. 

Despite these advances, a clear research gap remains. Existing Taylor-based methods generally use fixed 
expansion intervals or predetermined splitting strategies, and they may lose accuracy when the solution interval 
becomes long or when nonlinear effects intensify. Residual-based methods are often developed as separate 
analytical or semi-analytical schemes rather than as adaptive continuation mechanisms for Taylor approximations. 
PINN-inspired residual monitoring has not been systematically integrated into a classical Taylor polynomial 
marching framework. Moreover, overlapping interval continuation, adaptive step-size control, residual acceptance 
criteria, and high-order Taylor recurrence are rarely unified into a single method applicable to nonlinear, fractional, 
and parametrically excited SDOF systems. 

To address this gap, the present study proposes the Adaptive Residual-Controlled Overlapping Taylor 
(ARCOT) method. ARCOT constructs a high-order Taylor polynomial locally on each subinterval but accepts 
only a reliable interior portion of that expansion. The next expansion begins from this interior continuation point, 
producing an overlapping time-marching structure. A physics-based residual, inspired by residual minimization 
concepts used in PINNs, is evaluated on each segment. If the residual exceeds a prescribed tolerance, the segment 
is rejected, and the step size is reduced; if the residual is sufficiently small, the segment is accepted, and the step 
size may be increased. In this way, ARCOT combines high-order Taylor approximation, residual-based 
stabilization, adaptive interval selection, and overlapping continuation within one framework. 

The originality of the present study lies in the systematic integration of these elements and in the comparative 
application of ARCOT to several nonlinear vibration models, including Duffing, Van der Pol, cubic–quintic, and 
Mathieu-type differential equations. Unlike conventional Taylor matrix methods, ARCOT is not limited to a single 
global expansion or a fixed splitting pattern. Unlike standard Runge–Kutta methods, it employs high-order local 
polynomial information. Unlike PINNs, it does not require training neural networks but still uses a physics-residual 
criterion to monitor solution quality. Thus, ARCOT provides a bridge between classical Taylor-series numerical 
methods, adaptive residual-based algorithms, and modern physics-informed computational ideas. 

More specifically, ARCOT differs from conventional adaptive Taylor methods by combining high-order 
local Taylor reconstruction with residual-controlled interval adaptation and interior-point overlapping continuation. 
In contrast to adaptive Runge–Kutta methods, which regulate the integration step through embedded local 
truncation-error estimates, ARCOT directly uses the governing-equation residual as the acceptance–rejection and 
interval-regulation criterion. Moreover, unlike residual-based approaches in which the residual primarily serves as 
an error indicator or correction measure, ARCOT integrates residual evaluation directly into the continuation 
mechanism. Thus, the methodological distinction of ARCOT lies in the unified interaction of Taylor reconstruction, 
residual-controlled adaptivity, and overlapping continuation. 
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2. Mathematical Formulation of Nonlinear Oscillators 

2.1. General Nonlinear Polynomial Oscillator 

A broad class of nonlinear vibration systems encountered in mechanics and engineering may be represented 
by the following generalized nonlinear SDOF equation: 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑔𝑔(𝑥𝑥) = 𝐹𝐹(𝑡𝑡) (1) 

where 𝑥𝑥(𝑡𝑡)  denotes the displacement response of the system, 𝑚𝑚  is the mass coefficient, 𝑐𝑐  represents the 
damping coefficient, 𝑔𝑔(𝑥𝑥) denotes the restoring force term containing linear and nonlinear stiffness components, 
and 𝐹𝐹(𝑡𝑡) is the external excitation function. The dots indicate differentiation with respect to time 𝑡𝑡. 

In many nonlinear vibration problems, the restoring force can be approximated by a polynomial function of 
the displacement. Accordingly, the nonlinear restoring term considered in the present study is expressed as 

𝑔𝑔(𝑥𝑥) = 𝑘𝑘𝑘𝑘 + 𝛼𝛼𝑥𝑥3 + 𝛽𝛽𝑥𝑥5 (2) 

where 𝑘𝑘 is the linear stiffness coefficient, 𝛼𝛼 is the cubic nonlinear stiffness parameter, and 𝛽𝛽 is the quintic 
nonlinear stiffness parameter. Substituting Equation (2) into Equation (1) yields the generalized nonlinear 
polynomial oscillator equation: 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3(𝑡𝑡) + 𝛽𝛽𝑥𝑥5(𝑡𝑡) = 𝐹𝐹(𝑡𝑡) (3) 

This formulation provides a unified representation for several important nonlinear oscillators widely studied 
in vibration theory and nonlinear dynamics. 

When the quintic nonlinear coefficient is neglected, i.e., 𝛽𝛽 = 0; Equation (3) reduces to the classical 
Duffing oscillator: 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3 = 𝐹𝐹0𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) (4) 

where 𝐹𝐹0 and 𝜔𝜔 denote the forcing amplitude and excitation frequency, respectively. The Duffing equation is 
one of the most extensively studied nonlinear vibration models because of its ability to exhibit hardening, softening, 
bifurcation, jump phenomena, and chaotic responses depending on the system parameters. 

If the quintic nonlinear term is retained, Equation (3) is called the cubic–quintic oscillator equation. The 
inclusion of the quintic term allows the model to represent stronger nonlinear restoring characteristics and more 
complex dynamic behavior. Cubic–quintic oscillators arise in nonlinear structural systems, nonlinear optics, 
microelectromechanical systems, plasma physics, and strongly nonlinear vibration models. 

The generalized polynomial representation given in Equation (3) is particularly suitable for the proposed 
ARCOT method because polynomial nonlinearities can be incorporated directly into Taylor-series recurrence 
relations through systematic coefficient operations. Consequently, both Duffing and cubic–quintic oscillators may 
be treated within a unified computational framework without altering the fundamental ARCOT formulation. 

2.2. Van der Pol Oscillator 

The Van der Pol oscillator is one of the most fundamental nonlinear dynamical systems used to model self-
excited oscillations and nonlinear damping phenomena. Originally introduced in the study of electrical circuits 
containing vacuum tubes, the Van der Pol equation has subsequently found applications in mechanics, biology, 
acoustics, control systems, fluid dynamics, and nonlinear vibration theory. Unlike classical linear oscillators, the 
Van der Pol system contains a displacement-dependent damping mechanism that injects energy into the system at 
small amplitudes while dissipating energy at larger amplitudes, thereby generating stable self-sustained 
oscillations known as limit cycles. 

The dimensionless form of the Van der Pol oscillator considered in the present study is given by 

𝑥̈𝑥(𝑡𝑡) − 𝜇𝜇�1 − 𝑥𝑥2(𝑡𝑡)�𝑥̇𝑥(𝑡𝑡) + 𝑥𝑥(𝑡𝑡) = 0 (5) 

where 𝑥𝑥(𝑡𝑡) denotes the displacement response and 𝜇𝜇 is the nonlinear damping parameter controlling the strength 
of the nonlinearity. The overdots represent differentiation with respect to time 𝑡𝑡. 

The nonlinear damping term −𝜇𝜇(1 − 𝑥𝑥2)𝑥̇𝑥 constitutes the characteristic feature of the Van der Pol equation. 
For small displacement amplitudes satisfying |𝑥𝑥| < 1 , the quantity (1 − 𝑥𝑥2)  remains positive, resulting in 
negative effective damping and energy input into the system. Conversely, when |𝑥𝑥| > 1, the damping becomes 
positive, and energy is dissipated. This nonlinear energy exchange mechanism causes the solution trajectories to 
converge toward a stable periodic orbit regardless of the initial conditions. 
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The dynamic behavior of the Van der Pol oscillator strongly depends on the parameter 𝜇𝜇. For small 𝜇𝜇, the 
system behaves similarly to a weakly nonlinear harmonic oscillator, whereas larger 𝜇𝜇 values produce strongly 
nonlinear relaxation oscillations characterized by slow motions and rapid transitions. Such behavior poses 
significant challenges for numerical methods, as conventional fixed-step schemes may suffer from reduced 
efficiency or stability over long integration intervals. 

The Van der Pol oscillator is particularly suitable for evaluating the performance of the proposed ARCOT 
method because the nonlinear damping mechanism generates continuously evolving local dynamics throughout the 
solution interval. Consequently, the equation provides an effective benchmark for assessing the adaptive interval 
selection, residual-control mechanism, and overlapping continuation strategy employed in the ARCOT framework. 

2.3. Mathieu Equation 

The Mathieu equation is a classical model for parametrically excited dynamical systems and appears in 
applications such as vibrating structures, rotating shafts, MEMS devices, pendulum systems, and electrical circuits 
with periodically varying parameters. In contrast to externally forced oscillators, the Mathieu equation contains a 
time-dependent stiffness term that may induce parametric resonance and instability. 

The generalized damped Mathieu equation considered in this study is given by 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + �𝑘𝑘 + 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞(Ω𝑚𝑚𝑡𝑡)�𝑥𝑥(𝑡𝑡) = 𝐹𝐹0𝑐𝑐𝑐𝑐𝑐𝑐(𝜔𝜔𝜔𝜔) (6) 

where 𝑚𝑚 is the mass coefficient, 𝑐𝑐 is the damping coefficient, 𝑘𝑘 denotes the mean stiffness, 𝑞𝑞 is the parametric 
excitation amplitude, and Ω𝑚𝑚  is the parametric excitation frequency. The right-hand-side term represents an 
external harmonic excitation with amplitude 𝐹𝐹0 and frequency 𝜔𝜔. 

The periodically varying stiffness term �𝑘𝑘 + 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞(Ω𝑚𝑚𝑡𝑡)�  may generate stable, unstable, or amplified 
oscillatory responses depending on the system parameters. In the absence of damping and external forcing, 
Equation (6) reduces to the classical Mathieu equation, 

𝑥̈𝑥(𝑡𝑡) + �𝛿𝛿 + 𝜖𝜖𝜖𝜖𝜖𝜖𝜖𝜖(Ω𝑚𝑚𝑡𝑡)�𝑥𝑥(𝑡𝑡) = 0 (7) 

which is well known for its characteristic stability and instability regions. 
Because Mathieu-type systems are highly sensitive near parametric resonance boundaries, they provide an 

effective benchmark for evaluating the adaptive continuation and residual-control capabilities of the proposed 
ARCOT method. 

3. Adaptive Residual-Controlled Overlapping Taylor (ARCOT) Method 

3.1. Classical Taylor Expansion 

In the proposed ARCOT framework, the solution is approximated locally by a truncated Taylor series 
expansion about the point 𝑡𝑡𝑖𝑖: 

𝑥𝑥(𝑡𝑡) = ∑ 𝑎𝑎𝑛𝑛(𝑡𝑡 − 𝑡𝑡𝑖𝑖)𝑛𝑛𝑁𝑁
𝑛𝑛=0   (8) 

where 𝑁𝑁 denotes the truncation order and 𝑎𝑎𝑛𝑛 are the Taylor coefficients. The corresponding first and second 
derivatives are given by 

𝑥̇𝑥(𝑡𝑡) = ∑ 𝑛𝑛𝑛𝑛𝑛𝑛(𝑡𝑡 − 𝑡𝑡𝑖𝑖)𝑛𝑛−1𝑁𝑁
𝑛𝑛=1   (9a) 

and 

𝑥̈𝑥(𝑡𝑡) = ∑ 𝑛𝑛(𝑛𝑛 − 1)𝑎𝑎𝑛𝑛(𝑡𝑡 − 𝑡𝑡𝑖𝑖)𝑛𝑛−2𝑁𝑁
𝑛𝑛=2   (9b) 

respectively. Substituting these expressions into the governing differential equation yields recurrence relations for 
the unknown Taylor coefficients. 

3.2. Taylor Recurrence Relations 

The Taylor coefficients are obtained by substituting the truncated Taylor expansion into the governing 
differential equation and equating coefficients of identical powers of (𝑡𝑡 − 𝑡𝑡𝑖𝑖). Let the initial coefficients be 

𝑎𝑎0 = 𝑥𝑥(𝑡𝑡𝑖𝑖),   𝑎𝑎1 = 𝑥̇𝑥(𝑡𝑡𝑖𝑖), (10) 
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The remaining coefficients are determined recursively according to the oscillator model under consideration. 

3.2.1. Duffing Oscillator 

For the Duffing Equation (4), the recurrence relation becomes 

𝑎𝑎𝑛𝑛+2 =
𝑓𝑓𝑛𝑛 − 𝑐𝑐(𝑛𝑛 + 1)𝑎𝑎𝑛𝑛+1 − 𝑘𝑘𝑎𝑎𝑛𝑛 − 𝛼𝛼(𝑥𝑥3)𝑛𝑛

𝑚𝑚(𝑛𝑛 + 2)(𝑛𝑛 + 1)
 (11) 

where 𝑓𝑓𝑛𝑛 denotes the Taylor coefficient of the forcing function and (𝑥𝑥3)𝑛𝑛 represents the 𝑛𝑛-th coefficient of the 
cubic polynomial expansion. 

3.2.2. Cubic–Quintic Oscillator 

For the cubic–quintic oscillator (3), the recurrence relation is written as 

𝑎𝑎𝑛𝑛+2 =
𝑓𝑓𝑛𝑛 − 𝑐𝑐(𝑛𝑛 + 1)𝑎𝑎𝑛𝑛+1 − 𝑘𝑘𝑎𝑎𝑛𝑛 − 𝛼𝛼(𝑥𝑥3)𝑛𝑛 − 𝛽𝛽(𝑥𝑥5)𝑛𝑛

𝑚𝑚(𝑛𝑛 + 2)(𝑛𝑛 + 1)
 (12) 

where (𝑥𝑥5)𝑛𝑛 denotes the quintic polynomial coefficient. 

3.2.3. Van der Pol Oscillator 

For the Van der Pol Equation (5), the recurrence relation becomes 

𝑎𝑎𝑛𝑛+2 =
𝜇𝜇[(𝑥̇𝑥)𝑛𝑛 − (𝑥𝑥2𝑥̇𝑥)𝑛𝑛] − 𝑎𝑎𝑛𝑛

(𝑛𝑛 + 2)(𝑛𝑛 + 1)
 (13) 

where (𝑥𝑥2𝑥̇𝑥)𝑛𝑛 denotes the coefficient associated with the nonlinear damping term. 

3.2.4. Mathieu Equation 

For the Mathieu Equation (6), the recurrence relation is obtained as 

𝑎𝑎𝑛𝑛+2 =
𝑓𝑓𝑛𝑛 − 𝑐𝑐(𝑛𝑛 + 1)𝑎𝑎𝑛𝑛+1 − 𝑘𝑘𝑎𝑎𝑛𝑛 − 𝑞𝑞(cos(Ω𝑚𝑚𝑡𝑡) 𝑥𝑥)𝑛𝑛

𝑚𝑚(𝑛𝑛 + 2)(𝑛𝑛 + 1)
 (14) 

where (cos(Ω𝑚𝑚𝑡𝑡) 𝑥𝑥)𝑛𝑛 denotes the coefficient generated by the parametric excitation term. 
The recurrence relations above form the basis of the local Taylor expansions employed in the proposed 

ARCOT framework. 

3.3. Overlapping Continuation Strategy 

In conventional Taylor-series marching methods, the solution obtained at the endpoint of a local expansion 
interval is directly used as the initial condition for the subsequent interval. However, truncation errors tend to 
accumulate near the interval boundary, particularly for strongly nonlinear systems and long integration intervals. 
To reduce this effect, the proposed ARCOT method employs an overlapping continuation strategy. 

Let the Taylor expansion be constructed over the interval. 

[𝑡𝑡𝑖𝑖 , 𝑡𝑡𝑖𝑖 + 𝐻𝐻] (15) 

where 𝐻𝐻 denotes the local expansion length. Instead of advancing the solution from the endpoint 𝑡𝑡𝑖𝑖 + 𝐻𝐻, only an 
interior portion of the interval is accepted, and the next expansion is initiated from the continuation point 

𝑡𝑡𝑖𝑖+1 = 𝑡𝑡𝑖𝑖 + 𝜃𝜃𝜃𝜃,   0 < 𝜃𝜃 < 1 (16) 

where 𝜃𝜃 is the overlap parameter. Consequently, consecutive Taylor expansions partially overlap as seen in Figure 1. 
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Figure 1. Schematic representation of the overlapping continuation strategy employed in the ARCOT method. 

In the present implementation, the continuation point is selected from an interior collocation/grid point of the 
current Taylor interval. This strategy reduces the influence of boundary truncation errors, improves local stability, 
and suppresses cumulative error propagation during long-time integration. 

The overlapping continuation mechanism constitutes one of the principal features distinguishing the ARCOT 
method from conventional Taylor marching procedures. 

3.4. Residual-Controlled Adaptivity 

To monitor the accuracy and stability of the local Taylor approximations, the ARCOT method employs a 
residual-based adaptive control strategy. After constructing the local Taylor expansion over a given interval, the 
approximate solution is substituted back into the governing differential equation to compute the residual function. 

For a general nonlinear oscillator, the residual may be written as 

𝑅𝑅(𝑡𝑡) =  𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑔𝑔(𝑥𝑥(𝑡𝑡)) − 𝐹𝐹(𝑡𝑡) (17) 

where 𝑥𝑥(𝑡𝑡) denotes the local Taylor approximation. Accordingly, the residual functions for the oscillator models 
considered in this study are defined as follows. 

For the Duffing oscillator, 

𝑅𝑅(𝑡𝑡) =  𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3 − 𝐹𝐹(𝑡𝑡) (18) 

for the cubic–quintic oscillator, 

𝑅𝑅(𝑡𝑡) =  𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3 + 𝛽𝛽𝑥𝑥5 − 𝐹𝐹(𝑡𝑡) (19) 

for the Van der Pol oscillator, 

𝑅𝑅(𝑡𝑡) =  𝑥̈𝑥(𝑡𝑡) − 𝜇𝜇�1 − 𝑥𝑥2(𝑡𝑡)�𝑥̇𝑥(𝑡𝑡) + 𝑥𝑥(𝑡𝑡) (20) 

and for the Mathieu equation, 

𝑅𝑅(𝑡𝑡) =  𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + �𝑘𝑘 + 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞(Ω𝑚𝑚𝑡𝑡)�𝑥𝑥(𝑡𝑡) − 𝐹𝐹(𝑡𝑡) (21) 

The local Taylor segment is accepted if the residual satisfies. 

max
𝑡𝑡∈[𝑡𝑡𝑖𝑖,𝑡𝑡𝑖𝑖+𝜃𝜃𝜃𝜃]

|𝑅𝑅(𝑡𝑡)| < 𝜀𝜀 (22) 

where 𝜀𝜀 denotes a prescribed residual tolerance. Otherwise, the interval is rejected and recomputed using a smaller 
step size. In this manner, the residual function serves as a physics-based accuracy indicator controlling the adaptive 
continuation process of the ARCOT method. 

3.5. Adaptive Step-Size Strategy 

The ARCOT method employs an adaptive step-size strategy to improve numerical stability and maintain the 
residual error within a prescribed tolerance throughout the solution interval. After constructing a local Taylor 
expansion and evaluating its residual, the corresponding segment is either accepted or rejected according to the 
residual criterion defined in the previous section. 

If the residual satisfies 
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max |𝑅𝑅(𝑡𝑡)| < 𝜀𝜀 (23) 

the segment is accepted, and the continuation process proceeds to the next overlapping interval. In regions where 
the residual remains significantly smaller than the prescribed tolerance, the local expansion interval may be 
enlarged to improve computational efficiency. 

Conversely, if the residual exceeds the tolerance limit, 

max |𝑅𝑅(𝑡𝑡)| ≥ 𝜀𝜀 (24) 

the segment is rejected, and the interval length is reduced before recomputing the Taylor expansion. This adaptive 
reduction mechanism prevents excessive truncation errors and suppresses instability growth in strongly nonlinear 
or rapidly varying regions. 

The adaptive interval length is bounded by 𝐻𝐻min ≤ 𝐻𝐻 ≤ 𝐻𝐻max, where 𝐻𝐻min and 𝐻𝐻max denote the prescribed 
minimum and maximum expansion lengths, respectively, and the continuation process starts with an initial 
expansion length 𝐻𝐻0. Within these bounds, 𝐻𝐻 is dynamically adjusted during the continuation process according 
to the residual criterion. Stable solution regions generally permit larger intervals, whereas strongly nonlinear or 
sensitive regions require smaller intervals to maintain solution accuracy. In this way, the adaptive step-size strategy 
provides local stability control while simultaneously improving long-time integration performance and the 
computational robustness of the ARCOT framework. 

3.6. ARCOT Algorithm 

The overall computational procedure of the ARCOT method is summarized in Algorithm 1. The method 
starts from the prescribed initial conditions and advances the solution by constructing local Taylor expansions over 
overlapping intervals. At each step, the residual is evaluated to determine whether the current segment should be 
accepted or recomputed with a smaller interval. 

Algorithm 1. ARCOT Method 
1. Initialize 𝑡𝑡0,𝑥𝑥(𝑡𝑡0), 𝑥̇𝑥(𝑡𝑡0),𝐻𝐻,𝑁𝑁, and 𝜀𝜀. 
2. Construct the local Taylor expansion over [𝑡𝑡𝑖𝑖 , 𝑡𝑡𝑖𝑖 + 𝐻𝐻]. 
3. Compute Taylor coefficients recursively. 
4. Evaluate the residual function 𝑅𝑅(𝑡𝑡). 
5. If max |𝑅𝑅(𝑡𝑡)| < 𝜀𝜀 then: 

• accept the segment, 
• select the interior continuation point, 
• update the solution state, 
• optionally enlarge the interval. 

6. Otherwise: 

• reject the segment, 
• reduce the interval length, 
• recompute the Taylor expansion. 

7. Repeat until 𝑡𝑡𝑖𝑖 ≥ 𝑡𝑡𝑓𝑓. 

In this algorithm, the parameter 𝜃𝜃  determines the interior continuation point and therefore controls the 
amount of overlap between consecutive Taylor expansions. The residual tolerance 𝜀𝜀 governs the acceptance or 
rejection of each local segment. Thus, the algorithm combines high-order Taylor approximation, residual-based 
error control, and overlapping continuation within a single adaptive framework. 

3.7. Computational Aspects 

The computational cost of the ARCOT method depends mainly on the Taylor expansion order, the number 
of adaptive segments, and the residual evaluation procedure. For a Taylor polynomial of order 𝑁𝑁, the coefficient 
recursion requires 𝑂𝑂(𝑁𝑁)  operations for linear terms, while nonlinear polynomial terms introduce additional 
convolution-type computations. Since the method advances locally over adaptive intervals, the overall cost 
remains moderate for the nonlinear oscillators considered herein. 
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The convergence behavior is governed by the Taylor order and local interval length. Higher-order expansions 
generally improve local accuracy, whereas excessively large intervals may amplify truncation errors near interval 
boundaries. The proposed overlapping continuation strategy mitigates this effect by advancing the solution from 
an interior continuation point rather than the interval endpoint. 

Numerical stability is primarily controlled through the residual-based adaptive mechanism. In regions with 
strong nonlinearities or rapidly varying responses, the residual increases and the interval length is automatically 
reduced. Conversely, smoother regions permit larger intervals, thereby improving computational efficiency while 
maintaining accuracy. 

Unlike classical Taylor marching methods, which connect consecutive expansions directly at interval 
endpoints, ARCOT employs overlapping continuation between adjacent segments. The overlap ratio, controlled 
by the parameter 𝜃𝜃, influences both stability and efficiency. Smaller 𝜃𝜃 values increase overlap and generally 
improve stability, whereas larger values reduce computational cost but may increase sensitivity to truncation errors. 

Although residual evaluation introduces additional computations, it provides a direct physics-based measure 
of local approximation quality and enables effective adaptive control without requiring excessively small global 
step sizes. 

4. Numerical Applications 

In this section, the performance of the proposed ARCOT method is investigated through several nonlinear 
oscillator models, including Duffing, cubic–quintic, Van der Pol, and Mathieu equations. The numerical examples 
are selected to assess the accuracy, stability, and adaptive capabilities of the method under different nonlinear 
dynamic behaviors. 

For each problem, the governing equation is solved over a prescribed time interval using the ARCOT 
framework. The obtained results are presented in terms of displacement responses, phase-plane trajectories, 
residual histories, and adaptive interval evolution. In addition, comparisons with classical Runge–Kutta-based 
solutions are provided to evaluate the accuracy and robustness of the proposed method. 

Unless otherwise stated, the residual tolerance, Taylor expansion order, and overlap parameters are selected 
consistently throughout the numerical studies to provide a unified evaluation framework for the ARCOT methodology. 

4.1. Duffing Oscillator 

In this example, the accuracy and effectiveness of the proposed ARCOT method are investigated for a 
harmonically excited undamped Duffing oscillator. The problem represents a nonlinear vibration system with 
cubic stiffness nonlinearity and periodic external excitation, providing a classical benchmark for nonlinear 
numerical methods. 

Example 1. The governing equation is given by 

𝑥̈𝑥(𝑡𝑡) +
𝑘𝑘
𝑚𝑚

(𝑥𝑥) +
𝑘𝑘∗

2𝑚𝑚ℎ2
𝑥𝑥3 =

𝐹𝐹0
𝑚𝑚

sin𝜔𝜔0 𝑡𝑡 

subject to the initial conditions 

𝑥𝑥(0) = 𝐴𝐴,   𝑥̇𝑥(0) = 0 

where 

𝑘𝑘 = 300
𝑁𝑁
𝑚𝑚

, 𝑘𝑘∗ =
200𝑁𝑁
𝑚𝑚

,𝑚𝑚 = 10 kg,ℎ = 0.8 m,𝐹𝐹0 = 1 N,𝜔𝜔0 =
2rad

s
,𝐴𝐴 = 0.5 m 

For the ARCOT computation, a Taylor expansion of order 𝑁𝑁 = 30 was employed with a residual tolerance 
of 𝜀𝜀 = 10−2. Each full Taylor interval was discretized using 30 uniformly spaced continuation points, and the 
next expansion was initiated from point 15, corresponding to 𝜃𝜃 = 15 29 ≈ 0.5172⁄ . The residual was evaluated 
at 100 uniformly spaced points over the accepted portion of each interval. The initial full interval length was 
𝐻𝐻0 = 0.25, with 𝐻𝐻min = 10−6 and 𝐻𝐻max = 0.50. The RK4 reference solution was computed using a fixed step 
size of 5 × 10−4. 

ARCOT completed the solution with 66 accepted intervals and no rejected intervals, with maximum and 
mean residuals of 4.5898 × 10−4  and 3.1644 × 10−5 , respectively. The computational times were 
approximately 2.67 s for ARCOT and 0.49 s for RK4. 

The equation is solved using the proposed ARCOT framework, and the obtained numerical results are 
compared with the variational approach of Bayat and Pakar [7], the Taylor-Splitting method of Çayan et al. [38], 
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the classical Runge–Kutta solution, and the Energy Balance Method (EBM) reported by Mehdipour et al. [16]. 
The comparison results are presented in Table 1. 

As observed in Table 1, the ARCOT results exhibit excellent agreement with the reference Runge–Kutta 
solutions throughout the considered interval. In most cases, the obtained values also remain highly consistent with 
the Taylor-Splitting and variational solutions reported in the literature. Minor deviations observed in some EBM 
results become more noticeable at larger time values due to the strongly nonlinear oscillatory behavior of the system. 

The obtained results demonstrate that the overlapping continuation and residual-controlled adaptive strategy 
employed in ARCOT successfully maintains numerical stability and high accuracy over long integration intervals. 
The method accurately captures the nonlinear oscillatory dynamics generated by the cubic stiffness term without 
exhibiting noticeable error accumulation. 

Table 1. Comparison of ARCOT results with Runge–Kutta, Taylor–Splitting, variational, and EBM solutions 
available in the literature. 

t ARCOT Runge-Kutta Taylor-Splitting [38] Variational [7] EBM [16] 
0.00 0.50000000 0.50000000 0.5000 0.5 0.5 
0.40 −0.32690399 −0.32690848 −0.3270 −0.3290 −0.3292 
0.80 −0.05634365 −0.05634518 −0.0559 −0.0695 −0.0688 
1.20 0.41187140 0.41188189 0.4115 0.4169 0.4165 
1.60 −0.48513684 −0.48514688 −0.4853 −0.4855 −0.4855 
2.00 0.22644847 0.22645092 0.2273 0.2462 0.2450 
2.40 0.17335542 0.17335548 0.1722 0.1535 0.1555 
2.80 −0.46940250 −0.46940832 - −0.4608 −0.4614 
3.20 0.44072530 0.44073446 - 0.4400 0.4402 
3.60 −0.11318792 −0.11319070 - −0.0868 −0.0893 
4.00 −0.28056043 −0.28056796 - −0.3206 −0.3179 
4.40 0.49861371 0.49862748 - 0.4991 0.4990 
4.80 −0.36995569 −0.36995741 - −0.3788 −0.3783 

As shown in Figure 2a–c, the ARCOT displacement response closely agrees with the RK4 reference solution 
throughout the integration interval, while the corresponding phase-plane trajectories are nearly coincident. The 
small absolute error relative to RK4 further confirms the accuracy of the ARCOT solution for the harmonically 
excited Duffing oscillator. 
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Figure 2. Numerical performance of ARCOT for the harmonically excited Duffing oscillator: (a) displacement 
responses obtained by ARCOT and RK4; (b) corresponding phase-plane trajectories; and (c) absolute error of the 
ARCOT solution relative to the RK4 reference solution over the integration interval. 

4.2. Cubic–Quintic Oscillator 

In this example, the performance of the proposed ARCOT method is investigated for a strongly nonlinear 
cubic–quintic Duffing equation. The inclusion of the quintic stiffness term produces stronger nonlinear restoring 
characteristics compared with the classical Duffing oscillator and therefore provides a more demanding benchmark 
for assessing the robustness and stability of the numerical method. 

Example 2. The cubic–quintic oscillator considered in this study is given by 

𝑥̈𝑥(𝑡𝑡) + 𝑥𝑥 + 5𝑥𝑥3 + 𝑥𝑥5 = 0 

subject to the initial conditions 

𝑥𝑥(0) = 1,   𝑥̇𝑥(0) = 1  

For this example, the ARCOT computation employed 𝑁𝑁 = 30, 𝜀𝜀 = 10−2, and 𝜃𝜃 = 15 29 ≈ 0.5172⁄ . The 
full Taylor interval contained 30 uniformly spaced continuation points, while the residual was evaluated at 100 
uniformly spaced points over the accepted interval. The initial interval length was 𝐻𝐻0 = 0.15, with 𝐻𝐻min = 10−6 
and 𝐻𝐻max = 0.30. The RK4 reference solution was computed using a fixed step size of 5 × 10−4. 

The equation is solved using the proposed ARCOT framework and subsequently compared with the Jacobi 
elliptic function solution reported by Salas et al. [46] together with the classical RK4 solution. 

ARCOT completed the solution with 78 accepted intervals and no rejected intervals, with maximum and 
mean residuals of 1.286 × 10−13 and 9.042 × 10−15, respectively. The computational times were approximately 
3.29 s for ARCOT and 0.89 s for RK4. 

As shown in Figure 3a–c, the ARCOT displacement response closely agrees with both the RK4 and Jacobi 
elliptic solutions throughout the integration interval, while the nearly coincident phase-plane trajectories in Figure 3b 
demonstrate that ARCOT accurately preserves the nonlinear oscillatory dynamics. Figure 3c further shows that the 
absolute errors of ARCOT and RK4 relative to the Jacobi elliptic solution remain small and exhibit nearly identical 
behavior. These results confirm the accuracy and robustness of ARCOT in the presence of strong polynomial 
nonlinearities. The quintic nonlinear term increases the strength of the nonlinearity and may amplify truncation errors 
in conventional Taylor marching procedures, particularly near interval boundaries. In ARCOT, the overlapping 
continuation and residual-controlled adaptive strategy limits cumulative error propagation by adjusting the local 
continuation interval according to the residual behavior, thereby maintaining stable and accurate integration. 
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Figure 3. Numerical performance of ARCOT for the cubic–quintic oscillator: (a) displacement responses obtained 
by ARCOT, RK4, and the Jacobi elliptic solution; (b) phase-plane comparison of ARCOT and RK4; and (c) 
absolute errors of the ARCOT and RK4 solutions relative to the Jacobi elliptic solution. 

4.3. Van der Pol Oscillator 

In this example, the performance of the proposed ARCOT method is examined for a forced Van der Pol–
Duffing–quintic oscillator containing nonlinear damping, cubic stiffness nonlinearity, quintic restoring effects, and 
external harmonic excitation. The simultaneous presence of nonlinear damping and higher-order polynomial 
stiffness terms produces a strongly nonlinear dynamic system with amplitude-dependent behavior and 
continuously evolving local dynamics. 

Example 3. The governing equation is given by 

𝑥̈𝑥(𝑡𝑡) − 𝜇𝜇(1 − 𝑥𝑥2)𝑥̇𝑥 + 𝜔𝜔0
2𝑥𝑥 + 𝛼𝛼𝑥𝑥3 + 𝜆𝜆𝑥𝑥5 = 𝐹𝐹 cos(𝜔𝜔𝜔𝜔) 
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subject to the initial conditions 

𝑥𝑥(0) = 0.5,   𝑥̇𝑥(0) = 0 

Following the work in [22], the system parameters are chosen as follows 

𝜇𝜇 = −0.5,𝜔𝜔0 = 4,𝛼𝛼 = 1.5, 𝜆𝜆 = 0.1,𝐹𝐹 = 0.02,𝜔𝜔 = 1.5 

The nonlinear damping term 𝜇𝜇(1 − 𝑥𝑥2) introduces amplitude-dependent energy dissipation and excitation 
characteristics, leading to non-uniform oscillatory behavior and limit-cycle-type evolution. In addition, the cubic 
and quintic stiffness terms further strengthen the nonlinear response and increase the sensitivity of the solution to 
local truncation errors. 

The ARCOT computation was performed using a Taylor order of 𝑁𝑁 = 30, a residual tolerance of 𝜀𝜀 = 10−2, 
and an overlap parameter of 𝜃𝜃 = 15 29 ≈ 0.5172⁄ . 30 uniformly spaced points were used for continuation-point 
selection, and the residual was evaluated at 100 uniformly spaced points over each accepted interval. The initial 
interval length was 𝐻𝐻0 = 0.10, with 𝐻𝐻min = 10−6 and 𝐻𝐻max = 0.25. The RK4 reference solution employed a 
fixed step size of 5 × 10−4. 

ARCOT completed the solution with 277 accepted intervals and no rejected intervals, with maximum and 
mean residuals of 5.784 × 10−15 and 5.229 × 10−16, respectively. The computational times were approximately 
9.96 s for ARCOT and 1.95 s for RK4. 

As shown in Figure 4a–c, the transient displacement responses obtained by ARCOT and RK4 exhibit 
excellent agreement throughout the integration interval, demonstrating the accuracy of ARCOT for an oscillator 
with combined nonlinear damping and higher-order stiffness nonlinearities. The nearly coincident phase-plane 
trajectories in Figure 4b further show that ARCOT preserves the nonlinear dynamic behavior of the system, while 
the small absolute error relative to the RK4 reference solution in Figure 4c confirms the close numerical agreement 
between the two methods. The residual-controlled adaptive continuation mechanism further supports stable 
integration by adjusting the local interval length according to the evolving nonlinear response. 
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Figure 4. Numerical performance of ARCOT for the forced Van der Pol–Duffing–quintic oscillator: (a) 
displacement responses obtained by ARCOT and RK4; (b) corresponding phase-plane trajectories; and (c) absolute 
error of the ARCOT solution relative to the RK4 reference solution. 

4.4. Mathieu Equation 

In this example, the performance of the proposed ARCOT method is investigated for an undamped nonlinear 
Mathieu-type pendulum equation exhibiting parametric excitation and stability-transition behavior. 

Example 4. As a representative parametrically excited nonlinear oscillator, the nonlinear Mathieu-
type pendulum discussed in Ref. [48] is considered. The governing equation is given by 

𝑥̈𝑥(𝑡𝑡) + �
𝑔𝑔
𝐿𝐿
−
𝐴𝐴
𝐿𝐿

cos 𝑡𝑡� sin 𝑥𝑥 = 0 

where 𝑥𝑥 denotes the angular displacement, 𝑔𝑔 is the gravitational acceleration, 𝐿𝐿 is the pendulum 
length, and 𝐴𝐴 𝑐𝑐𝑐𝑐𝑐𝑐 𝑡𝑡 represents the vertical motion of the support. For convenience, the equation is 
rewritten in the standard Mathieu-type form. 

𝑥̈𝑥(𝑡𝑡) + (𝛿𝛿 + 𝜖𝜖 cos 𝑡𝑡) sin 𝑥𝑥 = 0 

subject to the initial conditions 

𝑥𝑥(0) = 0.1,   𝑥̇𝑥(0) = 0 

The ARCOT solution was obtained using 𝑁𝑁 = 30, 𝜀𝜀 = 10−2, and 𝜃𝜃 = 15 29 ≈ 0.5172⁄ . 30 uniformly 
spaced continuation points were used within each full Taylor interval, and the residual was evaluated at 100 
uniformly spaced points over the accepted portion. The initial interval length was 𝐻𝐻0 = 0.25, with 𝐻𝐻min = 10−6 
and 𝐻𝐻max = 0.50. 

Following [48], the parametric excitation amplitude is selected as 𝜖𝜖 = 0.05 , and two values of 𝛿𝛿  are 
considered to examine the unstable and stable dynamic regimes. For 𝛿𝛿 = 0.25, the response exhibits amplitude 
growth associated with parametric instability, with the ARCOT and RK4 solutions showing close agreement 
throughout the integration interval (Figure 5a). In contrast, for 𝛿𝛿 = 0.30, the response remains stable and bounded 
approximately within −0.20 < 𝑥𝑥(𝑡𝑡) < 0.20, again with close agreement between the two methods (Figure 5b). 
The corresponding phase-plane trajectories for the unstable case are nearly coincident (Figure 5c), while the small 
absolute error of ARCOT relative to the RK4 reference solution further confirms their numerical agreement 
(Figure 5d). These results demonstrate that ARCOT successfully captures both the amplitude growth in the 
unstable regime and the bounded oscillatory response in the stable regime. 

For the stable case, ARCOT completed the solution with 545 accepted intervals and no rejected intervals, 
with maximum and mean residuals of 4.857 × 10−17 and 1.832 × 10−17, respectively. The computational times 
were approximately 84.21 s for ARCOT and 5.74 s for RK4. The maximum and mean absolute errors of ARCOT 
relative to the RK4 reference solution were 1.369 × 10−9 and 5.288 × 10−10, respectively. 

For the stable case, ARCOT completed the solution with 545 accepted intervals and no rejected intervals, 
with maximum and mean residuals of 2.776 × 10−16 and 4.858 × 10−17, respectively. The computational times were 
approximately 183.62 s for ARCOT and 4.87 s for RK4. The maximum and mean absolute errors of ARCOT 
relative to the RK4 reference solution were 8.814 × 10−9 and 1.474 × 10−9, respectively. 
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Figure 5. (a) Comparison of ARCOT and RK4 displacement responses for the nonlinear Mathieu-type pendulum 
in the unstable regime (𝛿𝛿 = 0.25). (b) Comparison of ARCOT and RK4 displacement responses for the nonlinear 
Mathieu-type pendulum in the stable regime (𝛿𝛿 = 0.30). (c) Phase-plane comparison of ARCOT and RK4 for the 
nonlinear Mathieu-type pendulum in the unstable regime 𝛿𝛿 = 0.25. (d) Absolute error of the ARCOT solution 
relative to the RK4 reference solution for the nonlinear Mathieu-type pendulum in the unstable regime 𝛿𝛿 = 0.25. 
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4.5. Cubic–Quintic Double-Well Duffing Oscillator 

In this example, the proposed ARCOT method is applied to a forced damped cubic–quintic Duffing oscillator 
possessing a double-well potential structure. Due to the simultaneous presence of damping, external forcing, cubic 
nonlinearity, and quintic stiffness effects, the system exhibits strongly nonlinear oscillatory behavior and 
constitutes a challenging benchmark problem for adaptive high-order numerical methods. 

Example 5. The governing equation given by [23] is 

𝑚𝑚𝑥̈𝑥(𝑡𝑡) + 𝑐𝑐𝑥̇𝑥(𝑡𝑡) + 𝑘𝑘𝑘𝑘(𝑡𝑡) + 𝛼𝛼𝑥𝑥3(𝑡𝑡) + 𝛽𝛽𝑥𝑥5(𝑡𝑡) = 𝐹𝐹0 cos(𝜔𝜔𝜔𝜔) 

subject to the initial conditions 

𝑥𝑥(0) = 1,   𝑥̇𝑥(0) = 0 

In line with [23], the system parameters are selected as 

𝑚𝑚 = 1, 𝑐𝑐 = 0.2, 𝑘𝑘 = −1,𝛼𝛼 = 1,𝛽𝛽 = 0.1,𝐹𝐹0 = 0.3,𝜔𝜔 = 1.2 

Since the linear stiffness coefficient is negative (𝑘𝑘 < 0)  while the higher-order nonlinear stiffness 
coefficients are positive (𝛼𝛼 > 0,𝛽𝛽 > 0), the corresponding potential energy function possesses a double-well 
structure. Consequently, the system contains two stable potential minima separated by an unstable equilibrium 
region near the origin. Such systems are known to exhibit rich nonlinear dynamics including bistability, large-
amplitude oscillations, interwell transitions, and strong sensitivity to external excitation. 

The equation is solved using the proposed ARCOT framework and compared with the classical RK45 
solution. The obtained displacement responses demonstrate excellent agreement between the two methods 
throughout the considered interval, confirming the accuracy and robustness of the residual-controlled overlapping 
continuation strategy. 

For this example, the ARCOT computation employed 𝑁𝑁 = 30, 𝜀𝜀 = 10−2, and 𝜃𝜃 = 15 29 ≈ 0.5172⁄ . 30 
uniformly spaced continuation points were used within each full Taylor interval, while the residual was evaluated 
at 100 uniformly spaced points over the accepted interval. The initial interval length was 𝐻𝐻0 = 0.25, with 
𝐻𝐻min = 10−6 and 𝐻𝐻max = 0.50. 

ARCOT completed the solution with 237 accepted intervals and no rejected intervals, with maximum and 
mean residuals of 5.690 × 10−15 and 1.315 × 10−15, respectively. The computational times were approximately 
6.08 s for ARCOT and 0.90 s for RK45. RK45 required 1843 internal accepted points and 11,090 function 
evaluations. The maximum and mean absolute differences between the ARCOT and RK45 solutions were 
2.345 × 10−5 and 3.196 × 10−6, respectively. 

As shown in Figure 6a–c, the ARCOT and RK45 displacement responses exhibit close agreement throughout 
the integration interval (Figure 6a). The corresponding phase-plane trajectories are also nearly coincident (Figure 6b), 
demonstrating that ARCOT accurately captures the strongly nonlinear oscillatory dynamics of the forced damped 
cubic–quintic double-well Duffing oscillator. The absolute error of ARCOT relative to the RK45 reference 
solution remains small throughout the simulation (Figure 6c), further confirming the numerical agreement between 
the two methods. These results demonstrate that ARCOT successfully captures the complex dynamics associated 
with the double-well system while maintaining stable numerical behavior over the considered integration interval. 
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Figure 6. (a) Comparison of ARCOT and RK45 displacement responses for the forced damped cubic–quintic 
double-well Duffing oscillator. (b) Phase-plane comparison of ARCOT and RK45 for the forced damped cubic–
quintic double-well Duffing oscillator. (c) Absolute error of the ARCOT solution relative to the RK45 reference 
solution for the forced damped cubic–quintic double-well Duffing oscillator. 

5. Comparative Analysis and Discussion 

The numerical results demonstrate that ARCOT provides accurate and stable solutions for the nonlinear 
oscillators considered in this study. Its methodological distinction lies in the combined use of high-order Taylor 
recurrence, overlapping continuation, residual-based acceptance/rejection, and adaptive interval regulation. These 
mechanisms operate within a unified continuation framework and distinguish ARCOT from conventional Taylor, 
Runge–Kutta, and residual-based approaches. 

5.1. Comparison with Runge–Kutta Methods 

The ARCOT solutions show close agreement with the RK4 and RK45 reference solutions in terms of 
displacement responses, phase-plane trajectories, and absolute differences. The computational comparisons 
reported for the individual examples also show that RK4 and RK45 are faster than the present ARCOT 
implementation. ARCOT should therefore not be interpreted as providing a general computational-speed 
advantage over Runge–Kutta methods. Its contribution instead concerns the manner in which local approximation 
quality and continuation are controlled. 

Classical fixed-step RK4 advances the solution through successive predetermined steps, whereas adaptive RK45 
regulates the step size using an embedded local-error estimate. ARCOT employs a different adaptive principle: a 
high-order Taylor approximation is constructed over a candidate interval, and the residual of the original governing 
equation is evaluated directly over the accepted portion. The interval is accepted only when the prescribed residual 
criterion is satisfied. Thus, ARCOT provides direct residual monitoring in addition to adaptive continuation. 

The computational cost of this strategy is higher because ARCOT requires high-order coefficient generation 
and residual evaluation at multiple points within each continuation interval. Nevertheless, the reported 
accepted/rejected intervals, computational times, RK45 function evaluations, and solution differences demonstrate 
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that ARCOT maintains close agreement with established Runge–Kutta reference solutions across the investigated 
nonlinear regimes. 

5.2. Comparison with Taylor- and Residual-Based Methods 

ARCOT is related to classical Taylor methods and Taylor-based collocation and splitting approaches [27,30–32,34,38]. 
However, its novelty does not arise from Taylor expansion alone. In conventional Taylor continuation, the solution 
is generally propagated between successive interval endpoints. ARCOT instead advances from an interior 
continuation point, producing overlapping local Taylor intervals. This reduces reliance on terminal regions of a 
local expansion, where truncation deterioration may become more pronounced. 

Residual evaluation itself is also established in methods such as FRPSM [49], ARPSM [50], ARA-residual 
approaches [26], and other residual-based formulations [28]. The distinguishing feature of ARCOT is that the 
residual is incorporated directly into the adaptive continuation procedure. It determines whether a candidate 
interval is accepted or rejected and influences the subsequent continuation length. Accordingly, the methodological 
contribution of ARCOT is the integration of overlapping Taylor continuation and residual-driven adaptive interval 
control, rather than any one of these components considered independently. 

This distinction is particularly relevant to the Taylor-Splitting Collocation Method [38]. Although both 
methods employ Taylor representations together with interval decomposition, ARCOT additionally combines 
interior overlapping continuation with direct residual-based acceptance and adaptive interval regulation. This 
unified mechanism constitutes the principal difference from existing Taylor-based formulations. 

5.3. Stability and Convergence Considerations 

The stability characteristics observed in the numerical examples can be attributed primarily to the interaction 
between overlapping continuation and residual control. Advancing from an interior point of the current Taylor 
interval reduces dependence on its terminal region and thereby limits the propagation of local approximation 
deterioration into subsequent intervals. Residual monitoring provides an additional safeguard: if the governing-
equation residual exceeds the prescribed tolerance, the candidate interval is rejected and recomputed using a 
reduced continuation length. In smoother regions, the interval may be enlarged within the prescribed bounds. 

The numerical experiments show that the residual remained below the prescribed tolerance for the accepted 
intervals and that ARCOT remained in close agreement with RK4, RK45, and, where available, the Jacobi elliptic 
solution. These observations provide numerical evidence of stable and convergent behavior for the problems considered. 

However, these numerical results should not be interpreted as a general analytical convergence proof. The 
present framework provides numerical convergence control through high-order local approximation, residual 
monitoring, interval rejection, and adaptive continuation. Establishing rigorous global convergence and stability 
bounds for general nonlinear systems remains an important subject for future theoretical investigation. 

5.4. Limitations and Future Work 

The principal limitation of the current ARCOT implementation is computational cost. High-order Taylor 
coefficient generation and repeated residual evaluation can become expensive for strongly nonlinear, high-
dimensional, or coupled systems. The method is also primarily formulated for sufficiently smooth problems; 
discontinuities, impacts, and switching dynamics may require additional treatment. Furthermore, computational 
performance depends on the Taylor order, residual tolerance, overlap parameter, and allowable continuation lengths. 

Despite these limitations, the numerical results indicate that the combination of residual-controlled adaptivity and 
overlapping high-order Taylor continuation provides a robust framework for nonlinear oscillatory systems. Future work 
should therefore focus on rigorous convergence analysis, more efficient coefficient-generation algorithms, automatic 
parameter selection, and extensions to coupled, fractional, delay, and distributed dynamical systems. 

6. Conclusions 

In this study, a new adaptive high-order continuation framework, the ARCOT method, was proposed for the 
numerical solution of strongly nonlinear oscillatory systems. The method combines local high-order Taylor 
expansion, overlapping continuation intervals, residual-controlled adaptivity, and adaptive continuation interval 
regulation within a unified computational framework. 

The proposed methodology was successfully applied to several important nonlinear dynamical systems, 
including Duffing, cubic–quintic, Van der Pol, Mathieu-type, and double-well oscillators. Comparisons with RK4, 
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RK45, Taylor-based methods, and analytical or semi-analytical solutions available in the literature demonstrated 
excellent agreement and confirmed the reliability of the proposed approach. 

The obtained results showed that overlapping continuation significantly improves long-time numerical 
stability by reducing cumulative continuation errors between neighboring intervals. The residual-monitoring 
strategy effectively prevents divergence by continuously evaluating the governing equation residual throughout 
the continuation process, while adaptive interval regulation automatically adjusts local continuation lengths 
according to the nonlinear complexity of the response. The numerical experiments further demonstrated that 
ARCOT accurately captures strongly nonlinear behaviors including nonlinear resonance, parametric instability, 
relaxation-type oscillations, and double-well dynamics without noticeable numerical drift. 

Compared with conventional Taylor continuation approaches, ARCOT introduces an additional stabilization 
mechanism through residual-controlled overlapping continuation, which constitutes one of the principal 
methodological contributions of the present study. Overall, the results indicate that ARCOT provides a robust, 
accurate, and flexible framework for nonlinear oscillatory systems and represents a promising alternative to 
conventional fixed-step and adaptive integration schemes. 

The present work focused on nonlinear single-degree-of-freedom systems; however, the ARCOT framework 
possesses considerable extension potential. Future studies may consider fractional and delay differential equations, 
chaotic oscillators, and coupled multi-degree-of-freedom systems. Extensions toward nonlinear partial differential 
equations, particularly beam vibrations and distributed wave problems, also appear promising. In addition, hybrid 
ARCOT–PINN formulations may provide an effective direction for combining residual-controlled continuation 
with physics-informed machine learning frameworks. These extensions may further establish ARCOT as a general 
adaptive computational methodology for nonlinear dynamical systems. 
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