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Abstract: Set-membership estimation (SME) has attracted increasing attention in recent years due to its capabil-
ity of providing guaranteed state bounds for systems subject to unknown-but-bounded uncertainties. Compared
with the estimation methods dealing with stochastic noises, SME does not rely on probabilistic assumptions on
noises, making it particularly suitable for safety-critical systems and the systems in networked environments with
incomplete statistical information. Meanwhile, the rapid development of communication networks has significantly
promoted the deployment of networked systems, where communication constraints such as time delays, packet
dropouts, communication protocols, quantization effects, event-triggered schemes, and cyber attacks inevitably
introduce additional challenges to the state estimation. Motivated by these developments, this paper presents
a comprehensive survey on SME for networked nonlinear systems under communication constraints. First, the
fundamental concepts and the recursive principles of SME are reviewed. Then, representative set representations
and the corresponding SME methods for nonlinear systems are systematically summarized, with particular emphasis
on the techniques for handling the nonlinear mappings as well as the ellipsoidal and the zonotopic SME approaches.
Subsequently, existing SME methods under various communication constraints are classified and reviewed from a
unified perspective according to their influences on the measurement transmission and the estimator design. Finally,
several open problems and future research directions are discussed.

Keywords: set-membership estimation (SME); networked systems; communication constraints; nonlinear systems;
ellipsoidal SME; zonotopic SME

1. Introduction

State estimation plays a fundamental role in control, signal processing, and fault diagnosis. Among the
existing estimation methods, those dealing with the stochastic noises, such as the Kalman filtering, have been
extensively investigated over the past decades [1–5]. Such methods usually rely on the probabilistic descriptions of
the uncertainties and aim to obtain the optimal estimate in statistical senses, e.g., minimum variance or minimum
mean-square error. However, in many practical applications, accurate probabilistic information of the disturbances
and noises may be unavailable or difficult to be identified. In such cases, it is often more reasonable to assume that
the uncertainties are unknown-but-bounded (UBB) and belong to some prescribed compact sets.

Set-membership estimation (SME), originally proposed in the pioneering works [6,7], provides an alternative
estimation framework under the UBB assumption. Instead of computing a point estimate together with its statistical
properties, SME aims to recursively construct a set that is guaranteed to contain the true system state. The basic idea
is to propagate the feasible set of all states consistent with the system model, measurements, and uncertainty bounds
through prediction and correction operations [8–10]. Compared with the methods coping with stochastic noises,
SME does not require any probabilistic assumptions on noises, and therefore usually provides stronger robustness
guarantees against the modeling uncertainties and external noises. Moreover, SME naturally produces state bounds
rather than statistical confidence information, making it particularly suitable for safety-critical applications requiring
guaranteed estimation performance [11–13].

The early SME methods mainly employ the ellipsoidal representations due to their compact mathematical
forms and favorable compatibility with optimization-based analysis techniques [14–17]. Subsequently, various other
set representations have been introduced, including zonotopes [18–21], constrained zonotopes [22], polynomial
zonotopes [23], and ellipsoid bundles [24]. Compared with the classical ellipsoids, these set representations may
provide tighter outer approximations, reduced conservatism, or improved computational efficiency for specific
applications. As a result, SME has gradually evolved into a rich research area involving set propagation, outer
approximation, and optimization.
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Over the past decades, the SME problems have been extensively investigated for various classes of systems,
including the linear systems [10,25], nonlinear systems [26], singular systems [27], distributed systems [28], and
two-dimensional systems [29]. Among them, nonlinear systems play a particularly important role in practical
engineering applications, as most real-world dynamical processes exhibit inherent nonlinearities arising from
physical laws, actuator constraints, and environmental interactions. However, the SME problem for nonlinear
systems is significantly more challenging due to the difficulty in propagating uncertainty sets through nonlinear
mappings, which generally leads to non-convex and intractable set representations. As a result, much of the
existing research focuses on constructing tractable outer-approximations of nonlinear dynamics to enable recursive
set propagation within standard SME frameworks. Meanwhile, SME has also found wide applications in many
engineering scenarios, such as the target tracking [14,30], fault detection and estimation [31–34], monitoring and
supervision [29,35,36], as well as set-based control [37].

Along with the rapid development of the communication and network technologies, increasing attention has
been devoted to networked systems, where sensors, estimators, controllers, and actuators exchange information
through shared communication networks [38–44]. Compared with the traditional point-to-point systems, the net-
worked systems provide significant advantages in terms of flexibility, scalability, low deployment cost, and resource
sharing. However, the introduction of communication networks inevitably gives rise to various communication
constraints, which may significantly degrade the estimation performance and even destroy the estimation consis-
tency if not properly addressed [45–51]. Typical communication constraints in networked systems include time
delays [52–54], packet dropouts [55,56], quantization effects [57,58], encoding-decoding mechanisms [59–61],
encryption-decryption schemes [28], bit rate constraints [62,63], communication protocols [64–67], event-triggered
transmission schemes [68–70], and cyber attacks [55,71–74]. Owing to the vast amount of existing literature, only
representative references are provided here, while a comprehensive review of the corresponding SME methodologies
is presented in the subsequent sections. These communication constraints often lead to incomplete, distorted,
delayed, or intermittently available measurements, thereby bringing new challenges to the SME problems. On the
other hand, the recursive propagation of feasible sets becomes more challenging due to the interaction between
network-induced effects and set-based uncertainty propagation.

Motivated by the above observations, this survey aims to provide a systematic overview of the SME methods
for networked nonlinear systems under communication constraints. In particular, we focus on nonlinear systems
and investigate how different set representations and nonlinearity handling techniques are combined with the
communication-constrained estimation framework. The main works of this survey are summarized as follows:

(1) The fundamental concepts and principle of SME are reviewed in a unified framework.
(2) Representative set representations and corresponding SME methods for nonlinear systems are systematically

summarized and compared.
(3) The existing SME approaches under various communication constraints are classified and reviewed from a

network-oriented perspective.
(4) Several open problems and promising future research directions are discussed.

The organization of this paper is illustrated in Figure 1. Specifically, Section 2 introduces some basic concepts
and recursive principles of SME. Section 3 reviews the representative set representations and SME methods for
nonlinear systems. Section 4 summarizes the SME approaches for networked nonlinear systems under various
communication constraints. Section 5 concludes this survey and discusses several future research directions.

2. Foundations of SME

In this section, we briefly review the fundamental concepts and principles of SME, which will serve as the
basis for subsequent developments under communication constraints.

2.1. Problem Formulation

Consider the following discrete-time nonlinear system:

x(k + 1) = f(x(k)) + w(k), (1)

y(k) = g(x(k)) + v(k), (2)

where x(k) ∈ Rn is the system state, y(k) ∈ Rm is the measurement ouput, f(·) and g(·) are known nonlinear
functions, and w(k) and v(k) denote the process and the measurement noises, respectively.
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Figure 1. The organization of the survey.

In the SME framework, the noises and the initial system state are all assumed to be UBB:

w(k) ∈ W(k), v(k) ∈ V(k), x(0) ∈ X (0), (3)

where W(k) , V(k), and X (0) are known compact sets.
The objective of SME is to determine, at each time instant k, a set X (k) that contains the system state x(k),

where the set is typically computed in a recursive manner.

Remark 1. The nonlinear system model (1)–(2) is adopted as a general framework to facilitate the presentation and
classification of the existing SME methodologies. It encompasses a broad class of nonlinear systems encountered in
practical applications. This model serves as a unified basis for discussing the main ideas, technical developments,
and research trends in SME for networked nonlinear systems.

2.2. Basic Concepts

In the framework of SME, the state estimate is derived/represented by a set rather than a point. The following
sets are central to the recursive estimation procedure.

(1) Feasible Set: The feasible set X (k) is defined as the set of all possible states that are consistent with the state
Equation (1), the measurement Equation (2), and the sets given in (3) enclosing the noises and the initial state.

(2) Prediction Set: Given the set X (k − 1) at moment k − 1, the prediction set X (k|k − 1) is the set obtained by
propagating X (k − 1) through the state Equation (1):

X (k|k − 1) ≜ {x ∈ Rn : x = f(ξ) + w, ξ ∈ X (k − 1), w ∈ W(k − 1)}. (4)

(3) Update Set: The update set X (k) is the set obtained by intersecting the prediction set with the set of states
consistent with the measurement signal y(k):

X (k) ≜ {x ∈ X (k|k − 1) : y(k) = g(x) + v, v ∈ V(k)}. (5)

Equivalently, the set X (k) can be written as

X (k) = X (k|k − 1) ∩ Y(k), (6)

where Y(k) denotes the measurement-consistent set as follows:

Y(k) = {x(k) : y(k)− g(x(k)) ∈ V(k)}.
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(4) Outer Approximation: In general, the exact computation of X (k|k − 1) and X (k) is intractable for nonlinear
systems. Therefore, one needs to compute outer-approximations X̄ (k|k − 1) and X̄ (k) such that

X (k|k − 1) ⊆ X̄ (k|k − 1), X (k) ⊆ X̄ (k). (7)

2.3. Recursive Estimation Principle

In the process of SME, deriving the exact prediction set X (k|k − 1) and the update set X (k) is, in general,
computationally intractable for nonlinear systems. To address this issue, a common method is to propagate the
outer-approximations of these sets, which will ensure the recursive computability at the expense of introducing
certain conservatism. Within this framework, the recursive estimation procedure consists of two fundamental
operations, namely, prediction and correction.

(1) Prediction: Given an outer-approximation X̄ (k − 1) of the feasible set at time instant k − 1, the predicted set
is over-approximated as

X̄ (k|k − 1) ⊇
{
f(x) + w : x ∈ X̄ (k − 1), w ∈ W(k)

}
, (8)

which corresponds to the case of propagating the uncertainty through dynamics of the system.
(2) Correction: With the measurement y(k), the set X̄ (k|k − 1) can be further corrected by incorporating the

constraint of the measurement consistency, leading to

X̄ (k|k) ⊇ X̄ (k|k − 1) ∩ {x : y(k)− g(x) ∈ V(k)}. (9)

2.4. Computational Challenges

During the SME procedure, there are several computational challenges:

(1) Nonlinear Projection: The image of a set under a nonlinear mapping is generally difficult to be characterized.
(2) Sets Intersection: In the update step, complex or non-convex sets might be introduced.
(3) Growth of the Complexity: Exact set representations often lead to an exponential growth in the complexity

over the time.

The above challenges motivate the use of structured set representations, such as ellipsoids and zonotopes,
which allows an efficient implementation of the outer-approximation schemes. These representations and their
associated estimation algorithms will be discussed in detail in the next section.

3. SME Methods for Nonlinear Systems under A Certain Set Representation

In this section, we discuss the principle of how the states of a nonlinear system are bounded by a given set
representation. To this end, we first introduce some handling techniques frequently used for continuously differentiable
nonlinearities. Then, we will introduce how the sets X̄ (k|k − 1) in (8) and X̄ (k) in (9) are recursively calculated using
ellipsoidal and zonotopic representations. Finally, we will briefly review some other set representations that have been
employed in SME. Here, consideration of the nonlinear systems is motivated by the fact that many practical dynamical
systems exhibit inherent nonlinear behaviors, and linear models are often under simplifying assumptions.

3.1. Techniques for Handling the Nonlinearities

In the process of SME, the main difficulty brought by the nonlinear systems lies in the computation of the
image set under nonlinear mappings. Specifically, given a set X ⊂ Rn and a nonlinear function h(·) : Rn 7→ Rn, it
is generally difficult to obtain the exact set

h(X ) ≜ {h(x) : x ∈ X}.

Therefore, it is urgent to construct a tractable outer-approximation for h(X ). To this end, various handling
techniques have been developed, which are briefly reviewed as follows.

• Sampling-Based Method: This method approximates the image of a set by evaluating the nonlinear function at a
sufficiently large number of sampled points within the set X . The outer boundary of h(X ) is then approximated
using images of these sampled points. This approach is conceptually simple and widely applicable, but its
accuracy depends heavily on the sampling density and the computational burden may become significant for
high-dimensional systems.
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• Taylor-Expansion-Based Method: For continuously differentiable nonlinear functions, Taylor expansion
provides a systematic way to approximate the nonlinear mapping and construct the outer bound of the set
image. The existing/relating methods in the literature can be broadly classified into two categories. The first
one is based on the Lagrange mean value theorem, which yields an incremental representation with an implicit
Jacobian matrix evaluated at an unknown point. The second one relies on the first-order Taylor expansion with
an explicit linearization at the nominal point, together with a bounded higher-order remainder term. These
two approaches provide different trade-offs between the tightness and the computational tractability, and are
widely adopted in the field of SME.
When using the Lagrange mean value theorem, the nonlinear function h(·), which is assumed to be continuously
differentiable, is tackled using the following incremental form:

h(x) = h(x̄) + Jh(x− x̄), (10)

where x is a given point, x̄ is the estimate of x, and Jh is defined as

Jh =

[(
J
(1)
h

)T (
J
(2)
h

)T

· · ·
(
J
(n)
h

)T
]T

with J
(i)
h = ∂h(i)

∂x

∣∣
x̄+θi(x−x̄)

for i = 1, 2, . . . , n. Here, h(i) denotes the i-th component of h(·), and θi ∈ [0, 1]

is an unknown scalar. Such a form allows the derivation of certain bound for h(x) based on the assumption
that x− x̄ always resides in a compact set.
On the other front, when h(·) is twice continuously differentiable, the first-order Taylor expansion can be
employed. In this case, the function h(·) can be approximated by a linear term plus a bounded remainder term
as follows:

h(x) = h(x̄) + J(x̄)(x− x̄)

+
1

2


(x− x̄)TH(1)

(x− x̄)TH(2)

...
(x− x̄)TH(n)

(x− x̄), (11)

where

J(x̄) =
∂h

∂x

∣∣∣
x̄
, H(i) =

∂2h(i)

∂x2

∣∣∣
x̄+ϑi(x−x̄)

; ϑi ∈ [0, 1], i = 1, 2, . . . , n.

The expression in (11) provides another way to bound the nonlinear function h(x) when h(x) is twice
continuously differentiable.

• Neural-Network-Based and Takagi-Sugeno (T-S) Fuzzy-Model-Based Methods: In this class of approaches,
the nonlinear function is approximated by a weighted combination of local models. To be more specific,
neural-network-based methods are employed to learn a global approximation of the nonlinear mapping from
data, where the approximation error is typically assumed to be bounded or can be characterized within a known
uncertainty set. This allows the original nonlinear system to be represented as an approximate model with
additive or parametric uncertainties, which can then be incorporated into the SME framework. In contrast, T-S
fuzzy modeling represents the nonlinear system as a convex combination of multiple linear subsystems, where
the weighting functions depend on measurable premise variables. This convex representation enables the
nonlinear dynamics to be embedded into a polytopic linear system structure. Based on these approximations,
the original nonlinear system can be reformulated into structures that are amenable to set propagation, thereby
facilitating the construction of outer-bounding sets with standard SME methodologies.

To provide a more clear comparison of the aforementioned techniques for handling the nonlinear mappings,
a summary is presented in Table 1. This table highlights their main ideas, advantages and limitations, and
representative references.

The above techniques provide different ways to construct tractable outer-approximations for the nonlinear
mappings. Once such approximations are obtained, the prediction and the update sets in the SME procedure can
then be recursively propagated using specific set representations. In the following, we will focus on the ellipsoidal
method and show how these outer-approximations can be characterized/computed within an ellipsoidal framework.
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Table 1. Comparison of the techniques for handling the nonlinear mappings in SME.

Method Main Idea Characteristics References

Sampling-based method
Approximate the image of a
set via function evaluations
over the sampled points

Simple and broadly applicable; free of
the explicit approximation model;
computationally expensive in the high
dimension cases; the accuracy depends
on the sampling density

[75,76]

Taylor expansion-
based method

Approximate the nonlinear
mappings using Taylor
expansions of a given order

Analytical and approximation-based;
compatible with the set-propagation and
LMI-based techniques; potentially
conservative due to the Jacobian
uncertainty or the remainder bounding;
the accuracy depends on the local region

[12,16,26,77,78]

Neural-network-based
method and T-S
fuzzy-model-
based method

Approximate the nonlinear
mappings using data-driven
models or convex
combinations of the local
linear subsystems

Flexible and powerful for complex
nonlinearities; enabling the structured
representations; requiring model training
or identification; prone to the
approximation errors

[79–81]

3.2. The Ellipsoidal SME Method

To begin with, we introduce the definition and measures of the ellipsoids.

Definition 1 ([82]). An ellipsoid E(c, P ) ⊂ Rn with center c ∈ Rn and shape matrix P > 0 is defined as

E(c, P ) =
{
x ∈ Rn : (x− c)TP−1(x− c) ≤ 1

}
. (12)

The size of an ellipsoid E(c, P ) can be quantified by measures such as Tr(P ) or ln det(P ), which are
commonly used as optimization criteria in the ellipsoidal SME.

In the ellipsoidal SME, the sets W(k), V(k), and X (0) in (3) are assumed to be ellipsoidal:

W(k) = E(0, Q), V(k) = E(0, R), X (0) = E(c(0), P (0)),

where c(0) is a known vector, and Q, R, and P (0) are positive-definite matrices.
In the following, we first review the classical ellipsoidal SME methods for linear system, and then extend the

discussion to nonlinear systems.
Consider the linear system corresponding to (1) and (2) as follows:

x(k + 1) = Ax(k) + w(k), (13)

y(k) = Cx(k) + v(k), (14)

where A and C are known matrices. For notational convenience, denote E(c(k+1|k), P (k+1|k)) and E(c(k+1),
P (k + 1)) as the ellipsoids that bound the state at the prediction and the correction steps, respectively.

For linear systems, the existing ellipsoidal SME methods can be broadly classified into two categories
according to the way that the recursive ellipsoidal bounds are constructed. The first category is based on the
geometric properties of the ellipsoids and the set operations. A representative work is [6], where the support function
techniques have been employed to derive the optimal outer ellipsoidal approximation of the Minkowski sum of
ellipsoids in the sense of minimum volume or minimum sum of the squared semi-axes. Based on these results,
the prediction ellipsoid E(c(k + 1|k), P (k + 1|k)) is recursively obtained from E(c(k), P (k)). Furthermore, an
outer ellipsoid is constructed to enclose the intersection between E(c(k + 1|k), P (k + 1|k)) and the measurement-
consistent set Y(k + 1), thereby yielding the correction ellipsoid E(c(k + 1), P (k + 1)). The second category
formulates the ellipsoidal set propagation within an optimization framework based on the linear matrix inequalities
(LMIs). For example, the work in [9] has computed the ellipsoid E(c(k + 1), P (k + 1)) recursively by solving an
optimization problem under the LMI constraints, where the objective function is typically chosen as Tr(P (k + 1))

or ln det(P (k + 1)). Moreover, a decoupling technique has also been proposed therein to separate the computation
of the center c(k + 1) and the shape matrix P (k + 1), leading to analytical solutions for both parameters. These
linear-system-oriented SME techniques provide the fundamental building blocks for many nonlinear SME methods.
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In particular, once suitable outer approximations of the nonlinear mappings are constructed, the resulting set
propagation and ellipsoidal bounding problems can often be transformed into forms that can be addressed using the
aforementioned methodologies for linear systems.

We now turn to the ellipsoidal SME method for nonlinear systems in (1) and (2). The main challenge lies in
constructing tractable outer-approximations for the nonlinear mappings f(·) and g(·). The existing methods mainly
differ in the way that the nonlinear remainder terms are bounded, including the interval analysis, the norm-bounded
uncertainty modeling, the semi-infinite programming (SIP) technique, and the state-dependent coefficient (SDC)
parameterization approach.

In [83], the first-order Taylor expansion has been adopted to linearize the nonlinear mappings at both the
prediction and the correction steps. The interval analysis techniques in [84] have then been employed to bound the
corresponding remainders by interval vectors, which are subsequently enclosed by the optimal outer ellipsoids. As a
result, the nonlinear system can be transformed into a linear-like system with bounded uncertainties, allowing the
ellipsoidal SME method in [6] to be applied.

Instead of the interval analysis, the work in [16] has modeled the remainder terms as norm-bounded uncertain-
ties that can be conveniently handled within an LMI framework. For instance, the remainder term in the prediction
step is represented as

Rf (k) = Lf (k)∆1(k)(x(k)− c(k)), (15)

where Lf (k) ∈ Rn×n is some derived matrix, and the uncertainty associated with ∆1(k)(x(k)− c(k)) satisfies

(x(k)− c(k))T∆T
1 (k)∆1(k)(x(k)− c(k)) ≤ zT (k)(P 1/2(k))TP 1/2(k)z(k), ∥z(k)∥ ≤ 1.

Here, P 1/2(k) denotes the principal matrix square root of the positive-definite matrix P (k). Such a formulation
enables the recursive ellipsoidal bounds to be derived systematically via LMIs.

To further reduce the conservatism caused by the remainders of the Taylor expansion, the SIP technique has
also been incorporated into the ellipsoidal SME. In [77], the first-order Taylor expansion and SIP are combined
to derive some tighter ellipsoidal bounds for the remainder terms. The resulting SIP problem is approximated by
the sampling technique and converted into a tractable semi-definite programming (SDP) problem. The obtained
remainder-bounding ellipsoids are then incorporated into the LMI-based recursive framework in [9].

Different from the Taylor-expansion-based approaches, the work in [75] has directly constructed the tight
ellipsoidal bound for the nonlinear mapping f(·) through sampling-based SIP. The prediction ellipsoid has been
subsequently obtained using the ellipsoidal propagation method employed in [6]. For the correction step, under the
assumption that the nonlinear measurement function g(·) is invertible, a similar SIP technique has been utilized to
linearize the measurement equation [6].

Beyond the above mentioned techniques, alternative nonlinear approximation techniques have also been
investigated. For example, the work in [15] has employed the SDC parameterization to transform the nonlinear
system into a pseudo-linear form. Then, the matrix Taylor expansion has been applied to the SDC matrices around
the current estimate, while sampling-based technique is utilized to bound the spectral norm of the resulting remainder
terms. Finally, recursive ellipsoidal bounds have been derived within an LMI framework.

Remark 2. The aforementioned methods exhibit different trade-offs between the computational complexity and the
estimation conservatism. The Taylor-expansion-based approaches are computationally efficient but may introduce
significant conservatism due to the bounding of the higher-order remainder terms. LMI-based methods with
norm-bounded uncertainty provide a systematic framework with convex optimization guarantees, at the cost of
increased computational burden. The sampling-based techniques can yield tighter ellipsoidal bounds by directly
approximating the nonlinear mappings, but their performance depends on the sampling strategy and may lead
to a higher computational complexity. In contrast, the SDC-based methods offer a structured way to represent
the nonlinear systems in a pseudo-linear form, potentially improving the estimation accuracy, while requiring
additional efforts in the parameterization and the remainder bounding.

3.3. The Zonotopic SME Method

Definition 2 ([13]). An m-order zonotope with center c ∈ Rn and generator matrix G ∈ Rn×m, denoted as ⟨c,G⟩,
is defined as ⟨c,G⟩ ≜ {c+Gz : z ∈ Rm, ∥z∥∞ ≤ 1}.

The size of a zonotope can be characterized by measures such as the volume [26,85]. Compared with the
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volume, the FW -radius (or F -radius) is more widely adopted in the literature due to its computational simplicity.

Definition 3 ([10]). Let W ∈ Rm×m be a given positive-definite matrix. For zonotope ⟨c,G⟩, its weighted FW -
radius is defined as

√
Tr(GWGT ). Specifically, the F -radius of zonotope ⟨c,G⟩ is defined as its FW -radius when

W = I .

The following lemma gives some useful properties of zonotopes.

Lemma 1 ([86]). For two zonotopes ⟨c1,G1⟩, ⟨c2,G2⟩ ⊂ Rn and a matrix Z ∈ Rm×n, the following properties hold:

⟨c1, G1⟩ ⊕ ⟨c2, G2⟩ =
〈
c1 + c2,

[
G1 G2

]〉
,

Z ⊙ ⟨c1, G1⟩ = ⟨Zc1, ZG1⟩,
⟨c1, G1⟩ ⊆ ⟨c1, rs(G1)⟩,

where ‘⊕’ and ‘⊙’ represent the Minkowski sum and the linear image operations of sets, and rs(G1) ≜ |G1|1 with
|G1| being the element-wise absolute value of matrix G1 and 1 being a column vector whose entries are all equal to 1.

Remark 3. The properties in Lemma 1 constitute the fundamental operations in the zonotopic set propagation.
The first equality shows that the zonotopic operation is closed under the Minkowski sum, while the second equality
indicates that the image of a zonotope under a linear transformation remains to be a zonotope. The third inclusion
corresponds to an order reduction operation, where the original zonotope is over-approximated by an interval
vector generated via rs(·). Although such an approach is computationally efficient, it may introduce significant
conservatism. To address this issue, various tighter order reduction techniques have been developed, see e.g., [87].

In the zonotopic SME, the sets W(k), V(k), and X (0) in (3) are often set to be zonotopes as follows:

W(k) = ⟨0, Q⟩, V(k) = ⟨0, R⟩, X (0) = ⟨c(0), G(0)⟩,

where c(0) is a known vector, and Q, R, and G(0) are often positive diagonal matrices.
Let ⟨c(k), G(k)⟩ be a zonotope enclosing x(k). For the linear system in (13)–(14), the recursion between

⟨c(k + 1), G(k + 1)⟩ and ⟨c(k), G(k)⟩ can be derived by using Lemma 1. For example, in [10], the zonotope
bounding x(k) is given as

c(k + 1) = (A−K(k)C)c(k) +K(k)y(k), (16)

G(k + 1) =
[
(A−K(k)C)G(k) Q −K(k)R

]
, (17)

where K(k) is the estimator parameter to be designed. Note that the above estimator is essentially a one-step
predictor. The case of filter can be seen in [88].

For linear systems, the existing zonotopic SME methods can be broadly classified into two categories according
to the design strategy of the estimator parameter K(k). The first category determines K(k) online by minimizing
the size of the resulting zonotope at each time instant, where the optimization objective is typically chosen as the
volume or the F -radius [27,89,90]. The second category adopts a constant estimator gain and designs it by means of
the LMI technique such that certain steady-state performance requirements are satisfied [91,92]. The above methods
for linear systems also form the basis of many nonlinear zonotopic SME problems. By constructing suitable outer
approximations of the nonlinear mappings, the resulting set propagation problem can often be handled within the
same zonotopic SME framework.

The existing zonotopic SME methods for nonlinear systems mainly differ in the way that the nonlinear
mappings are outer-approximated. Representative techniques include the Lagrange mean value theorem based
approach, the first-order Taylor expansion method, the SIP-based method, the T-S fuzzy modeling approach, and the
higher-order polynomial approximation method.

In [26], the Lagrange mean value theorem has been employed to transform the nonlinear mappings into the
form in (10), after that interval analysis techniques have been utilized to derive appropriate zonotopic bounds for the
remainder terms. Building upon such an idea, the first-order Taylor expansion together with the interval analysis has
been utilized in [93] to handle the nonlinear functions arising in complex networks. Furthermore, both the Lagrange
mean value theorem and the first-order Taylor expansion techniques have been employed in [94], where different
approximation strategies are exploited in order to improve the estimation accuracy.
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To reduce the conservatism introduced by the interval-based remainder bounding, SIP technique has been
introduced into the zonotopic SME problem. For example, outer-approximation zonotopes are directly constructed
in [76] for the nonlinear mappings through SIP, thereby yielding some tighter set representations. Besides the
approximation-based methods, model transformation techniques have been investigated too. In [79], the origi-
nal nonlinear model has been transformed into a T-S fuzzy system, based on which a zonotopic SME method
guaranteeing the ℓ∞ performance has been proposed.

Higher-order approximation techniques have also been explored in the zonotopic SME problems. In [12], a
polynomial SME framework based on the Carleman linearization has been proposed for nonlinear systems. By
incorporating the higher-order partial derivatives information, the obtained zonotopic bounds can potentially achieve
improved estimation accuracy compared with conventional the first-order approximation method. Overall, compared
with the ellipsoidal methods, the zonotopic SME approaches usually provide tighter set representations and exhibit
favorable properties under the Minkowski sum operation. However, the dimension number of the generator matrix
may increase rapidly during the recursive propagation, making the order reduction technique an essential component
in the zonotopic SME researches.

Remark 4. In this survey, we mainly focus on the SME of nonlinear networked systems with continuously differ-
entiable nonlinearities, since such nonlinearities are widely encountered in practical systems and have motivated
various nonlinear mapping approximation techniques. It is worth mentioning that the nonlinearities satisfying the
sector-bounded condition can also be incorporated into the SME framework, particularly within the LMI-based
formulation, by directly utilizing the corresponding sector-bounded condition, see e.g., [95]. Therefore, such a topic
is not discussed separately in this survey.

3.4. Comparison Between the Ellipsoidal and the Zonotopic SME Methods

The ellipsoidal and the zonotopic set representations are two of the most widely used frameworks in the field
of SME. Although both of these two approaches aim to recursively propagate the outer-approximation sets for the
system states, they exhibit different characteristics in terms of the geometric representation capability, computational
complexity, and analytical tractability. A qualitative comparison between these two representations is summarized
in Table 2.

Table 2. Comparison between the ellipsoidal and the zonotopic SME methods.

Aspect Ellipsoidal SME Zonotopic SME

Elements of the
set representation

Center vector and shape matrix Center vector and generator matrix

Minkowski sum Outer-approximation generally required Closed under the Minkowski sum operation

Set approximation
Relatively conservative for the complex
set shapes

Relatively tight for the complex set shapes

Computational complexity Relatively low and fixed-dimensional
Increasing with the dimension of the
generator matrix

Order reduction Unnecessary Frequently required

Optimization methods
Convenient for LMI- and
SDP-based analysis

Less convenient for
optimization-based analysis

Real-time implementation Suitable for online computation Dependent on the order reduction

Main advantages
Simple representation and mature
optimization tools

Tight set propagation and exact Minkowski
sum computation

Main limitations
Conservatism caused by
ellipsoidal approximation

Computational burden caused by the
increasing dimension of the generator matrix

Remark 5. The ellipsoidal and the zonotopic SME methods exhibit complementary characteristics. The ellipsoidal
approaches possess strong analytical tractability and are naturally compatible with the optimization-based tools
such as LMI and SDP, making them attractive for theoretical analysis and real-time implementation. In contrast,
the zonotopic methods generally could provide tighter set approximations and enjoy favorable closure properties
under the Minkowski sum operation. However, the dimension of the generator matrix may increase rapidly during
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the recursive propagation, thereby requiring additional order reduction techniques to control the computational
complexity. Therefore, the specific choice between the ellipsoidal and the zonotopic representations should depend
on the trade-offs among the estimation accuracy, the computational complexity, and the application requirements.

3.5. Other Set Representations

Ellipsoids and zonotopes constitute two of the most widely used set representations in SME, primarily due to
their favorable trade-offs between the analytical tractability and the computational efficiency. In addition to these
two classical frameworks, other set representations have also been explored in the literature to further enhance the
modeling flexibility or reduce the conservatism. A basic example is the polytopes [96]. Over the past decade, more
structured and computationally efficient representations have also been developed. Representative examples include
the ellipsoid bundles [24,97–99], constrained zonotopes [100–104], sparse polynomial zonotopes [23], constrained
polynomial zonotopes [105], ellipsotopes [106], and line zonotopes [107]. These representations can be viewed as
extensions of the classical ellipsoidal and zonotopic frameworks, designed to improve their representation capability
while balancing the estimation accuracy and the computational complexity.

4. SME under Communication Constraints

In practical networked systems, the measurement information is transmitted through shared and bandwidth-
limited communication networks before reaching the estimator. As a result, the received measurement signals are
often affected by various communication constraints, such as transmission delays, packet dropouts, scheduling of
protocols, quantization effects, and network attacks. They may degrade the estimation performance, enlarge the
feasible set, or even invalidate the recursive estimation procedure if not properly addressed.

From the viewpoint of SME, the key challenge brought by the communication constraints lies in utilizing the
modified measurement information to obtain the feasible update set. In general, in the framework of SME, the
communication constraints can be roughly classified into three categories according to the available measurement
information: (1) communication constraints modeled as bounded additive uncertainties; (2) communication con-
straints resulting in partial measurement availability; and (3) communication constraints introducing delayed or
missing measurements. In the following, we will review these representative communication constraints and the
corresponding SME techniques under those three categories.

4.1. Communication Constraints Modeled as Bounded Additive Uncertainties

For many communication mechanisms, influence of the communication constraints on transmitted measure-
ments can be modeled as additional bounded disturbances. Consequently, the received measurement equation can
still be represented in a form similar to the standard measurement model:

ỹ(k) = y(k) + δ(k),

where δ(k) denotes the bounded uncertainty induced by communication constraints. Under this framework, the
communication effect can be incorporated into the update set construction in a unified manner, and many existing
SME techniques discussed in Section 3 remain applicable.

A representative example is the event-triggered mechanism [17], where the estimator receives transmitted
measurements only when certain triggering conditions are satisfied. The resulting transmission error is usually
characterized as a bounded uncertainty determined by the triggering threshold. Such an idea has then been extended
to the dynamic event-triggered schemes [57, 108], where additional dynamic variables are introduced into the
triggering conditions in order to improve the communication efficiency.

Quantization effects can also be handled within the bounded-uncertainty framework. For uniform quantization,
the quantization error can be directly modeled as a UBB noise [58]. Building upon this idea, a variety of commu-
nication mechanisms based on finite-bit information transmission have been investigated in the SME literature.
Among them, encoding-decoding mechanisms constitute a fundamental framework, where the measured data are
first encoded into finite-bit representations before transmission and subsequently reconstructed at the estimator
side [80,109–111]. The encoding process inevitably introduces quantization and reconstruction errors, which can
usually be characterized by bounded uncertainties and incorporated into the set-membership estimation procedure.

Based on the encoding-decoding architecture, more sophisticated communication schemes have also been
developed. For instance, encryption-decryption mechanisms introduce reversible transformations to the encoded
data in order to guarantee communication security [112]. Meanwhile, bit-rate-allocation strategies explicitly
consider the limited communication resources by optimally distributing the available bits among different sensors
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or channels [81,113]. Despite their different implementation objectives, these schemes are all closely related to
the underlying encoding-decoding process, and their impacts on the transmitted measurements are commonly
represented as bounded additive uncertainties or bounded reconstruction errors within the SME framework.

A similar modeling approach has been adopted for cyber attacks. For deception attacks [52,95,114–118], the
maliciously corrupted signals are frequently modeled as UBB noises acting on the measurement channel. As a
result, feasible set propagation can still be performed by enlarging the uncertainty sets accordingly.

4.2. Communication Constraints Resulting in Partial Measurement Availability

Another important class of communication constraints arises from scheduling of the network protocols, where
only partial measurement components are allowed to access the communication channel at each transmission instant.
In this case, the estimator cannot utilize the complete measurement information, and therefore suitable equivalent
measurement models need to be established.

Frequently used protocols in the SME framework include the try-once-discard protocol [58,119–121], the round-
robin protocol [122,123], and the FlexRay protocol [124,125]. Under these protocols, only selected sensor nodes
or measurement components are transmitted through the communication network. To cope with the effects of these
protocols, two commonly used strategies are the zero-input strategy and the zero-order-hold strategy. The former
replaces the unavailable measurements with zero values, whereas the latter uses the most recently received measurements
to compensate for unavailable data. Based on these strategies, equivalent measurement equations can be established,
thereby enabling the recursion between the prediction set and the update set within the SME framework.

4.3. Communication Constraints Introducing Delayed or Missing Measurements

Time delays and packet dropouts constitute another important category of communication constraints in
networked SME. Different from the previously discussed communication effects, these constraints directly affect
the temporal availability of the measurements.

For transmission delays [54], the received measurement corresponds to the previous system states rather
than the current state. To handle such delayed measurements, one commonly adopted approach is the augmented
system technique, where delayed states are incorporated into an augmented state vector. In this way, the delayed
discrete-time system can be transformed into an equivalent delay-free model, thereby allowing the standard SME
techniques to be applied.

For packet dropouts, the measurement updates can only be carried out when valid measurements are success-
fully received [126]. Consequently, the recursive SME procedure alternates between the prediction-only steps and
the prediction-correction steps according to the packet reception status. The resulting feasible sets are therefore
generally enlarged due to missing measurement information.

5. Conclusions and Future Directions

In this paper, a comprehensive survey on SME for networked nonlinear systems under communication
constraints has been presented. Fundamental concepts and recursive mechanisms of SME have been first reviewed.
Subsequently, representative set representations and corresponding SME methods for nonlinear systems, including
the ellipsoidal and the zonotopic SME approaches, have been systematically summarized. In particular, different
techniques for handling the nonlinear mappings, such as Taylor expansion based methods, sampling-based methods,
T-S fuzzy modeling approaches, and higher-order approximation techniques, have been discussed. Furthermore,
the existing SME methods under various communication constraints, including the communication delays, packet
dropouts, communication protocols, quantization effects, event-triggered schemes, and cyber attacks, have been
reviewed from a unified perspective according to their influences on the measurement transmission and the set-
membership estimator design.

Although significant progress has been achieved in recent years, SME for networked systems under communication
constraints still faces many open challenges. Several promising future research directions are summarized as follows.

(1) Low-Conservatism SME Methods for Nonlinear Systems: Compared with the linear systems, SME for nonlinear
systems usually suffers from increased conservatism caused by the nonlinear outer-approximation procedures.
Although various approximation techniques have been developed, deriving tight outer bounds for nonlinear mappings
while maintaining an acceptable computational complexity remains a challenging problem. The development of
less conservative set representations and nonlinear approximation techniques deserves further investigation.

(2) Steady-State Performance Analysis for Nonlinear SME: For SME of linear systems, considerable progress has
been made in establishing recursive estimation algorithms and steady-state performance analysis framework [127,128].
In particular, tractable sufficient conditions guaranteeing boundedness or convergence of the feasible sets
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are often derived within the optimization-based framework. However, for nonlinear systems, the obtained
steady-state performance criteria, such as those based on the assumption that the size of the prediction set is
uniformly bounded, are usually difficult to be verified. Developing low-conservatism steady-state analysis
methods for nonlinear SME remains an important yet open problem.

(3) SME under Emerging Communication Constraints: Although various communication constraints have been
investigated in the existing SME literature, many practically relevant network phenomena still remain unex-
plored. For example, some communication scheduling mechanisms such as token bucket protocol [129] have
not yet been systematically studied within the SME framework. In addition, compared with the deception
attacks, other types of cyber attacks, such as replay attack [130,131], have received very limited attention
in the field of SME. Moreover, relay-aided transmission schemes, which are widely used in wireless sensor
and multi-hop communication networks to enhance transmission reliability [44, 132–137], have not been
adequately investigated from the perspective of SME. In such systems, intermediate relay nodes forward
or process measurement information before it reaches the estimator, which introduces additional delays,
channel uncertainties, and structural coupling effects that complicate the recursive propagation of feasible sets.
Since these communication constraints and cyber threats may significantly affect the recursive propagation of
feasible sets, developing proper SME methods capable of handling such phenomena represents a promising
future research direction.

(4) Distributed and Large-Scale SME: With the increasing complexity of cyber-physical systems and sensor networks,
distributed SME methods for large-scale interconnected systems have attracted growing attention [138–145].
However, fully distributed set propagation and fusion may significantly increase the computational complexity
and the communication burden. Developing scalable distributed SME frameworks with reduced conservatism
and limited communication requirements is still a challenging issue.

(5) Data-Driven and Learning-Based SME: Recent advances in machine learning and data-driven modeling (see
e.g., [146–149]) provide new opportunities for SME of complex nonlinear systems. Combining the learning-based
approximation techniques with the set-based uncertainty propagation may improve the estimation accuracy for
systems with unknown or partially known dynamics. Nevertheless, how to preserve the guaranteed inclusion
property of SME within the data-driven framework remains an open yet important problem.

(6) SME for Safety-Critical Autonomous Systems: As the autonomous driving, intelligent manufacturing, and
robotic systems continue to develop rapidly, there is an increasing demand for reliable estimation techniques
with rigorous safety guarantees [150–152]. Since the SME naturally provides guaranteed state bounds, it has
significant potential in the safety-critical applications. Future research may further investigate the integration
of SME with safety verification, resilient control, fault diagnosis, and secure autonomous decision-making.
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82. Kurzhanski, A.; Vályi, I. Ellipsoidal Calculus for Estimation and Control; Birkhäuser: Boston, MA, USA, 1997. https://doi
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