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Abstract: Nonlinear state-space model identification is inherently challenging due to the need for joint latent-state
inference and parameter learning. Variational inference offers a tractable framework, where structured Gaussian
posteriors enable scalable inference over latent trajectories. However, existing parameterizations of the posterior
mean struggle to capture complex nonlinear dynamics, while more expressive deep parameterizations tend to
introduce instability in joint optimization. To address these issues, this article proposes a deep variational
identification method for nonlinear state-space models based on a structured Gaussian posterior. Specifically, the
posterior mean is parameterized using a non-causal dilated residual convolutional network, while a Markov
structure with block-tridiagonal precision is preserved to ensure linear-time inference. Furthermore, an alternating
optimization scheme is developed to separate variational smoothing from model identification. The variational
parameters are updated by maximizing a differentiable approximation to the evidence lower bound, whereas the
model and noise parameters are updated via analytic identification steps using samples from the variational
posterior. Experiments on a nonlinear discrete-time system and a stochastic Duffing oscillator demonstrate that the
proposed approach achieves stable optimization and reliable estimation of the system dynamics and noise statistics.

Keywords: nonlinear state-space models; system identification; Gaussian variational inference; structured Gaussian
posterior; alternating optimization

1. Introduction

System identification aims to infer mathematical models of dynamical systems from observed input-output
data [1,2]. It plays a fundamental role in analyzing complex dynamics in engineering, with critical applications in
industrial processes [3], robotics [4], and biomedical systems [5]. While linear system identification is supported by
mature theory and efficient algorithms [6–8], nonlinear identification remains more challenging in both theory and
practice [9,10]. This paper focuses on nonlinear state-space models (SSM), a widely used framework in which a
latent state evolves according to nonlinear dynamics and generates noisy measurements [11].

A central difficulty in nonlinear SSM identification is the intrinsic coupling between latent-state inference
and parameter learning [12]. In particular, maximum-likelihood estimation requires marginalizing out the full
latent trajectory, which leads to a high-dimensional integral that is generally intractable beyond the linear Gaussian
case [13]. To address this difficulty, classical approaches typically combine parameter estimation with an auxiliary
state estimator and optimize either maximum-likelihood or prediction-error objectives, often within an expectation-
maximization (EM) framework [14–16]. Although Kalman filtering [17] and Rauch–Tung–Striebel smoothing [18]
are analytic in the linear Gaussian setting, nonlinear models rely on approximate estimators, including extended
Kalman filtering, sigma-point methods [19–21], and particle methods [22–24]. While these estimators are effective
in many applications, the approximation accuracy and computational cost of the chosen estimator significantly
influence the resulting objective. This often leads to pronounced sensitivity to initialization and local optima,
resulting in unstable convergence and unreliable uncertainty quantification [12].

In recent years, variational inference (VI) has become a useful approach for learning with latent trajectories.
It introduces a variational posterior over the latent trajectory and yields an evidence lower bound (ELBO), which
provides an optimization objective for approximating the log marginal likelihood [25–27]. A useful instance
of this framework is Gaussian variational inference (GVI), in which the variational posterior is restricted to a
Gaussian family [28,29]. This choice is attractive in SSM as it yields closed-form entropy terms, supports efficient
reparameterized sampling, and facilitates structured posterior parameterizations. In particular, when the first-order
Markov structure of the latent state sequence is exploited, the Gaussian posterior can be parameterized by a
block-tridiagonal precision matrix [30]. Building on this perspective, Courts et al. cast SSM identification as a VI
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problem [31] and showed that joint state and parameter estimation can be addressed using generic numerical
optimizers under standard assumptions on the noise and variational family. More recently, Dutra investigated
practical parameterizations of Gaussian variational posteriors over the latent trajectory, including time-varying,
steady-state, and convolution smoother forms [32]. In particular, the steady-state and convolution smoother
parameterizations share parameters across time while preserving the structured Markov form of the posterior,
thereby reducing the number of decision variables and improving scalability.

A natural extension of these structured Gaussian variational constructions is to parameterize the posterior mean
with deep inference networks [33–38]. Compared with linear convolution-based smoothers, such networks can
represent more flexible nonlinear mappings from input-output sequences to latent trajectory estimates. However, this
additional flexibility can complicate joint learning. Specifically, combining a flexible smoother with low-dimensional
model parameters creates two practical difficulties. First, optimization can become imbalanced because the inference
network is typically more expressive than the model parameterization and therefore adapts more quickly during
joint training. Second, this imbalance can distort uncertainty estimates and degrade parameter calibration.

To address these challenges, this paper proposes a deep variational system identification framework for
nonlinear SSM. The method is built on a structured Gaussian variational posterior. Its posterior mean is parameterized
by a non-causal dilated residual convolutional network that maps input-output sequences to latent-state trajectory,
while its precision matrix retains a Markov-structured form to preserve scalable inference. To further improve
training stability and parameter calibration, an alternating optimization scheme that separates variational smoothing
from model identification is developed. In this scheme, the variational parameters are updated by maximizing a
differentiable approximation to the ELBO, while the model parameters are updated through analytic identification
steps computed from samples drawn from the current variational posterior. An overview of the proposed framework
is shown in Figure 1. The two components address different aspects of the identification problem. The DRN-based
posterior mean improves the expressiveness of the variational smoother by learning a nonlinear non-causal map from
input-output sequences to latent trajectories. In contrast, the alternating optimization strategy improves parameter
learning by reducing the imbalance between the high-capacity inference network and the low-dimensional system
parameters. Experiments on a nonlinear discrete-time system and a stochastic Duffing oscillator demonstrate that
the proposed framework improves the reliability of model identification compared with smoother-kernel baselines.

Figure 1. Overview of the proposed framework. The variational smoothing module combines a DRN-parameterized
posterior mean with a structured Gaussian posterior, while the model identification module updates the dynamics
parameters and noise statistics. The two modules are optimized in an alternating manner.

The remainder of this paper is organized as follows. Section 2 reviews GVI for nonlinear SSM and the
structured Gaussian posterior parameterization used in this work. Section 3 presents the proposed deep variational
system identification framework, including the deep convolutional variational smoother and the alternating
optimization procedure. Section 4 reports experimental results on a nonlinear discrete-time system and a stochastic
Duffing oscillator. Section 5 concludes the paper.

2. Gaussian Variational Inference for Nonlinear State-Space Models

This section reviews Gaussian variational inference (GVI) for nonlinear state-space models, emphasizing
how the Markov structure induces a block-tridiagonal precision matrix for Gaussian posteriors over the latent state
trajectory, enabling linear-time sampling and inference.

2.1. Nonlinear State-Space Model Formulation

Consider the following nonlinear SSM:
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xt+1 = fθ(xt,ut) +wt, t = 0, . . . , T − 1, (1)

yt = h(xt) + vt, t = 0, . . . , T, (2)

where xt ∈ Rdx is the latent state, ut ∈ Rdu is a known input, and yt ∈ Rdy is the measurement. The dynamics fθ
are parameterized by unknown model parameter θ ∈ Rdθ . This article focuses on a grey-box model that is linear
in parameters,

fθ(xt,ut) = Φ(xt,ut) θ, Φ(xt,ut) ∈ Rdx×dθ , (3)

where Φ(·) is a known nonlinear feature map (basis functions) specified from prior physical knowledge. The
measurement map h(·) is assumed known and fixed, which covers the common linear case h(x) = Cx with a
known observation matrixC ∈ Rdy×dx . The process and measurement noises are independent Gaussians, with wt ∼
N (0, Q) and vt ∼ N (0, R), where Q ∈ Rdx×dx and R ∈ Rdy×dy are positive definite covariances. Noise statistics
are parameterized by η, and the set of learnable model parameters is denoted by ϑ := (θ, η). For compactness,
the input, state, and measurement sequences are denoted by U ≜ {u0, . . . ,uT−1}, X ≜ {x0, . . . ,xT }, and
Y ≜ {y0, . . . ,yT }. When required in the variational Gaussian representation, these sequences are understood in
stacked vector form.

Under the SSM assumptions, the joint density of the latent states and measurements factorizes as

pϑ(X,Y | U) = p(x0)

T−1∏
t=0

pϑ(xt+1 | xt,ut)

T∏
t=0

pϑ(yt | xt), (4)

where p(x0) is a prior for the initial state. Under (1) and (2), the conditional densities are given by

pϑ(xt+1 | xt,ut) = N
(
xt+1; fθ(xt,ut), Q(η)

)
, (5)

pϑ(yt | xt) = N
(
yt;h(xt), R(η)

)
. (6)

The objective is to infer both the latent state trajectory X and the model parameters ϑ from the observed input-output
data (U,Y). In the probabilistic formulation adopted here, ϑ is learned by maximizing the marginal likelihood:

max
ϑ

log pϑ(Y | U) = max
ϑ

log

∫
pϑ(X,Y | U) dX, (7)

while X is inferred through the smoothing posterior:

pϑ(X | Y,U) =
pϑ(X,Y | U)

pϑ(Y | U)
. (8)

2.2. Variational Inference Objective

For nonlinear SSM, direct maximization of the marginal likelihood log pϑ(Y | U) is intractable, since it
requires integrating out the high-dimensional latent trajectory X. Introducing a variational distribution qϕ(X | Y,U)

yields the following equivalent representation of the log-evidence:

log pϑ(Y | U) = log

∫
qϕ(X | Y,U)

pϑ(X,Y | U)

qϕ(X | Y,U)
dX

= logEqϕ

[
pϑ(X,Y | U)

qϕ(X | Y,U)

]
.

(9)

Applying Jensen’s inequality to (9) yields the Evidence Lower Bound (ELBO):

log pϑ(Y | U) ≥ Eqϕ [log pϑ(X,Y | U)− log qϕ(X | Y,U)]

=: L(ϑ, ϕ).
(10)

The bound is tight if and only if qϕ(X | Y,U) coincides with the true smoothing posterior pϑ(X | Y,U) almost
everywhere [26]. Equivalently, the inequality log pϑ(Y | U) ≥ L(ϑ, ϕ) can be rewritten as the Kullback-Leibler
(KL) identity:

log pϑ(Y | U)

= L(ϑ, ϕ) +DKL

(
qϕ(X | Y,U)

∥∥ pϑ(X | Y,U)
)
.

(11)
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Using the Markov factorization in (4), the complete-data log-density expands as

log pϑ(X,Y | U) = log p(x0) +

T−1∑
t=0

log pϑ(xt+1 | xt,ut)

+

T∑
t=0

log pϑ(yt | xt).

(12)

Substituting (12) into the ELBO definition yields the additive decomposition

L(ϑ, ϕ) = H[qϕ] + Eqϕ

[
T∑

t=0

log pϑ(yt | xt)

]

+ Eqϕ

[
log p(x0) +

T−1∑
t=0

log pϑ(xt+1 | xt,ut)

]
,

(13)

where H[qϕ] := −Eqϕ [log qϕ(X | Y,U)] denotes the entropy.
To obtain a more manageable variational objective, Gaussian variational approximations of the following form

are considered:
qϕ(X | Y,U) = N (X; mϕ(Y,U), Σϕ) , (14)

where mϕ(Y,U) denotes the posterior mean trajectory, and Σϕ is the covariance matrix associated with its stacked
vector representation. This Gaussian parameterization yields closed-form expressions for the entropy term in (13)
and supports reparameterized sampling from qϕ. To enable scalable inference over long horizons, the Gaussian
posterior is structured as detailed in Section 2.3.

2.3. Structured Gaussian Posteriors and Markov Sparsity

The variational posterior is restricted to follow the Markov chain topology of the SSM:

qϕ(X | Y,U) = qϕ(x0 | Y,U)

T∏
t=1

qϕ(xt | xt−1,Y,U). (15)

Under GVI, the optimal information matrix inherits the same sparsity pattern as the complete-data factor graph [30].
This structure has been shown to yield accurate and scalable variational smoothers in practice [31].

For first-order Markov dynamics, the states xt−1 and xt+1 are conditionally independent given xt. Equivalently,
the state-path precision matrix Λϕ := Σ−1

ϕ is block tridiagonal:

Λϕ =


Λ0,0 Λ0,1 0

Λ1,0 Λ1,1 Λ1,2

. . . . . . . . .
ΛT−1,T−2 ΛT−1,T−1 ΛT−1,T

0 ΛT,T−1 ΛT,T

 , (16)

where each block Λt,t′ ∈ Rdx×dx . Such a structure enables efficient banded linear-algebra operations for inference
under qϕ, so that posterior sampling, entropy evaluation, and related computations scale linearly with the trajectory
length T [30].

To reduce the number of free covariance parameters, ref. [32] parameterizes the posterior covariance by
a steady-state Gaussian Markov construction, while the posterior mean is represented by a linear convolution
smoother. The joint covariance between two consecutive states is parameterized by a conditional covariance
factor Scond ∈ Rdx×dx and a cross-covariance factor Scross ∈ Rdx×dx . Intuitively, Scond controls the one-step
prediction uncertainty of xt+1 given xt, while Scross captures the steady-state correlation between xt and xt+1.
The conditional covariance of xt+1 given xt is defined as

Σt+1|t := ScondS
⊤
cond. (17)

Under the steady-state assumption, the marginal covariance is represented by a stationary block

Σss := Σt,t = Σt+1,t+1 = ScondS
⊤
cond + ScrossS

⊤
cross, (18)
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and the covariance blocks between consecutive states are

Σt+1,t = ScrossS
⊤
ss , Σt,t+1 = Σ⊤

t+1,t = SssS
⊤
cross, (19)

where Sss denotes the lower-triangular Cholesky factor of the steady-state marginal covariance, satisfying Σss =

SssS
⊤
ss . The corresponding precision matrix Λϕ = Σ−1

ϕ is block tridiagonal as in (16). Consequently, the entire
covariance structure is encoded by the two matrix factors Scond and Scross, involving only O(d2x) parameters and
remaining independent of the horizon length T . In the proposed framework, this steady-state Gaussian family
is used to parameterize the covariance of the variational posterior qϕ, while the posterior mean is modeled by a
data-dependent deep convolutional map.

3. Deep Variational System Identification

Building on the structured Gaussian posterior described in Section 2.3, the proposed deep variational system
identification framework is introduced. The method combines a deep posterior mean map with a structured Gaussian
posterior and an alternating optimization procedure. Its objective is to jointly learn (i) a variational smoother
qϕ(X | Y,U) for latent trajectories (ii) model parameters ϑ.

3.1. Deep Convolutional Gaussian Variational Smoother and Approximate ELBO

The Gaussian variational posterior in (14) is equipped with a deep posterior mean function mϕ(Y,U), while
its covariance Σϕ is parameterized through the steady-state Gaussian Markov construction described in Section 2.3.

For the posterior mean function mϕ : (Y,U) 7→ R(T+1)dx , it is implemented by a non-causal dilated residual
convolutional network (DRN). Owing to the non-causal architecture, each µt can depend on both past and future
observations and inputs, which is consistent with the smoothing setting. The detailed architecture of the DRN is
specified as follows.

Let zt :=
[
yt

ut

]
∈ Rdy+du , t = 0, . . . , T, where uT := 0 is introduced only for sequence-length alignment.

The aligned input sequence is denoted by Z := [z0, . . . , zT ]. The DRN constructs a hierarchy of hidden sequences
H(ℓ) := [h

(ℓ)
0 , . . . , h

(ℓ)
T ], ℓ = 0, . . . , L, where h(ℓ)t denotes the feature vector at time t in layer ℓ. For ℓ ≥ 1, the

hidden features satisfy h(ℓ)t ∈ Rdh . The input layer is defined by H(0) := Z, i.e., h(0)t = zt.
The first layer applies a non-causal 1D convolution along the temporal dimension to project the input sequence

into a hidden feature space of dimension dh:

h
(1)
t = σ

(
(W (1) ∗H(0))t + b(1)

)
, (20)

where (W (1)∗H(0))t ∈ Rdh denotes the convolution output at time t, and σ(·) is an elementwise activation mapping
Rdh to Rdh . For ℓ = 2, . . . , L, the network updates the hidden sequence through residual dilated convolutional
blocks of constant width dh:

h
(ℓ)
t = σ

(
h
(ℓ−1)
t + (W (ℓ) ∗H(ℓ−1))t + b(ℓ)

)
, (21)

where “∗” denotes a non-causal dilated 1D convolution with same padding, applied along the temporal dimension.
For a kernel of size k = 2r + 1 and dilation factor dℓ, this operation can be written as

(W (ℓ) ∗H(ℓ−1))t =

r∑
j=−r

W
(ℓ)
j h

(ℓ−1)
t+jdℓ

, (22)

where same padding is used, with h(ℓ−1)
s interpreted as zero for out-of-range indices s < 0 or s > T . In the first

layer, each kernel slice satisfies W (1)
j ∈ Rdh×(dy+du) and b(1) ∈ Rdh . For ℓ = 2, . . . , L, the residual blocks use

W
(ℓ)
j ∈ Rdh×dh and b(ℓ) ∈ Rdh . In this work, we use kernel size k = 3, GELU activations, and the dilation

schedule d1 = 1 and dℓ = ℓ− 1 for ℓ = 2, . . . , L. GELU is used as a smooth activation function for gradient-based
optimization of the variational objective, and the linear dilation schedule gradually enlarges the non-causal temporal
receptive field without making the convolution overly sparse. With kernel size k = 3, the receptive field length is
Wrf = 1 + 2

∑L
ℓ=1 dℓ. For the setting L = 5, this gives Wrf = 23.

Then, a linear readout is applied at each time step:

µt =Wouth
(L)
t + bout, t = 0, . . . , T, (23)

where Wout ∈ Rdx×dh , and bout ∈ Rdx . Stacking these outputs yields
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mϕ(Y,U) =

µ0

...
µT

 ∈ R(T+1)dx . (24)

Consequently, each µt depends on a finite non-causal neighborhood of (y,u), yielding a nonlinear and data-
adaptive posterior mean map. In contrast to linear time-invariant convolutional mean parameterizations, the proposed
DRN can represent state-dependent smoothing behavior while remaining fully parallelizable across time steps.

To keep the optimization unconstrained while ensuring a valid conditional covariance, a matrix-exponential
parameterization of a lower-triangular factor is adopted [32]. Let m := 1

2dx(dx + 1) and introduce free parameters
ζcond ∈ Rm, mapped to a lower-triangular matrix by matl(·):

Acond := matl(ζcond) ∈ Rdx×dx . (25)

The conditional factor is then defined through the matrix exponential

Scond := exp
(
Acond

)
, (26)

which preserves the lower-triangular structure and yields strictly positive diagonal entries. As a result,

Σt+1|t = ScondS
⊤
cond ≻ 0. (27)

The cross-covariance factor Scross ∈ Rdx×dx is left unconstrained and optimized jointly with ζcond as part of ϕ.
The trajectory covariance Σϕ is kept implicit through the corresponding Markov-structured precision Λϕ := Σ−1

ϕ .
Under the steady-state construction in Section 2.3, the pairwise marginal qϕ(xt,xt+1 | Y,U) is Gaussian with
covariance blocks determined by (Scond, Scross) via (18). Hence, the complete second-order structure of qϕ is encoded
by the two matrix factors Scond and Scross. Overall, the proposed posterior uses the DRN to model the posterior mean,
while the covariance is represented through a structured steady-state Gaussian Markov parameterization.

Given this variational parameterization, the ELBO is evaluated through a differentiable approximation in which
the entropy term is available in closed form and the remaining expectations are approximated numerically. Nonlinear
transition and measurement expectations are approximated using tensor-product Gauss–Hermite quadrature rules
defined on the corresponding pairwise and marginal Gaussian distributions. In the reported experiments, a fifth-order
tensor-product Gauss–Hermite rule is used, corresponding to five nodes per Gaussian dimension. For the transition
term, the quadrature rule is defined on the correlated pairwise marginal qϕ(xt,xt+1 | Y,U).

Let {(ν(i)
t ,ν

(i)
t+1, ψ

(i))}nν
i=1 denote quadrature nodes and weights for the transition expectation, and define

correlated pair samples by

x̃
(i)
t|t,t+1 := µt + Sss ν

(i)
t , (28)

x̃
(i)
t+1|t,t+1 := µt+1 + Scross ν

(i)
t + Scond ν

(i)
t+1, (29)

where Sss, Scross, and Scond are the covariance factors defined in the steady-state parameterization of Section 2.3.
This construction matches the pairwise second-order moments of qϕ(xt,xt+1 | Y,U). These quadrature nodes
are local deterministic representatives of the pairwise marginal at time t. They are used only to approximate the
transition expectation at that time step and are not intended to form a globally consistent trajectory sample across
different values of t. Therefore, a node associated with xt+1 in the pair (xt,xt+1) need not coincide with a node
associated with xt+1 in the next pair (xt+1,xt+2). Similarly, marginal terms such as Eqϕ(xt|Y,U)[log pϑ(yt |
xt)] are approximated using quadrature nodes {(ξ(i), ω(i))}nξ

i=1, with x
(i)
t := µt + Sss ξ

(i). Substituting these
approximations into (13) yields the training objective:

L̂ =

nξ∑
i=1

ω(i) log p
(
x
(i)
0

)
+

T∑
t=0

nξ∑
i=1

ω(i) log pϑ

(
yt | x(i)

t

)
+

T−1∑
t=0

nν∑
i=1

ψ(i) log pϑ

(
x̃
(i)
t+1|t,t+1 | x̃

(i)
t|t,t+1,ut

)
+H[qϕ],

(30)

where ω(i) and ψ(i) are the weights associated with the chosen numerical integration rules. For fixed (nξ, nν)

and state dimension dx, evaluating (30) has linear complexity in the trajectory length T , namely O((nξ + nν)T )

per trajectory.
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Combining the closed-form entropy with the quadrature approximations yields the approximate ELBO L̂(ϑ, ϕ).
When the model parameters are learned jointly with the variational smoother, optimization becomes imbalanced
and part of the uncertainty can be misattributed to the variational posterior rather than to the noise variables. This
motivates the alternating optimization procedure introduced next.

3.2. Alternating Optimization for Smoothing and Identification

To address these difficulties, an alternating optimization procedure is adopted to separate variational smoothing
from model identification. The ELBO admits a natural variational-EM interpretation. For fixed ϑ, maximizing
the variational objective with respect to ϕ corresponds to variational smoothing, whereas for fixed qϕ(X | Y,U),
maximizing the expected complete-data log-likelihood with respect to ϑ corresponds to identification. In the
idealized case, iteration k would proceed as

E-step: ϕ(k+1) ∈ argmax
ϕ
L(ϑ(k), ϕ), (31)

M-step: ϑ(k+1) ∈ argmax
ϑ
L(ϑ, ϕ(k+1)). (32)

However, the E-step does not admit a closed-form solution in the present nonlinear setting. Because the variational
posterior is parameterized by a neural network and the system dynamics are nonlinear, the maximization with
respect to ϕ is not analytically tractable. Instead, a generalized E-step using stochastic gradient optimization is
performed. Specifically, it maximizes the approximate ELBO L̂(ϑ, ϕ) defined in (30). This approximation provides
a stable differentiable objective for updating ϕ.

At iteration k, with ϑ(k) fixed, the generalized E-step updates ϕ by maximizing L̂(ϑ(k), ϕ). Starting from
ϕ(k,0) := ϕ(k), the inner updates take the form

ϕ(k,j+1) = ϕ(k,j) + ρk,j ∇̂ϕ L̂
(
ϑ(k), ϕ(k,j)

)
, (33)

for j = 0, . . . , Ninner − 1. Then, ϕ(k+1) := ϕ(k,Ninner). Gradients are taken only with respect to ϕ, and Adam [39]
is used for the inner-loop optimization.

Given the updated variational posterior qϕ(k+1) , the M-step updates ϑ by maximizing the expected complete-
data log-likelihood under qϕ(k+1) :

ϑ(k+1) := argmax
ϑ

Eq
ϕ(k+1)

[
log pϑ(X,Y | U)

]
. (34)

This is the ideal M-step objective in the variational-EM interpretation. However, in the present nonlinear setting, the
expectations in (34) are generally not available in closed form. Therefore, the M-step is implemented approximately using
reparameterized Monte Carlo samples drawn from qϕ(k+1)(X | Y,U). At iteration k, let X(s) ∼ qϕ(k+1)(X | Y,U),

s = 1, . . . ,Nsamp, denote the sampled latent trajectories. These samples provide marginal states {x(s)
t }Tt=0 and

consecutive pairs {(x(s)
t ,x

(s)
t+1)}

T−1
t=0 , which are used to construct Monte Carlo estimates of the sufficient statistics.

The sampled trajectories are first used to update the dynamics parameter θ. Since the measurement map h(·) is
fixed, θ appears only in the transition model. The update of θ is obtained by maximizing the expected transition
log-likelihood:

T−1∑
t=0

Eq
ϕ(k+1)

[log pϑ(xt+1 | xt,ut)]

= −T
2 log detQ− 1

2

T−1∑
t=0

Eq
ϕ(k+1)

[
∥xt+1 − Φ(xt,ut)θ∥2Q−1

]
,

(35)

where ∥z∥2Q−1 := z⊤Q−1z. When the model is linear in θ under the feature map Φ in (3), maximizing (35) with
respect to θ yields the normal equations(

T−1∑
t=0

Eq
ϕ(k+1)

[ Φ(xt,ut)
⊤Q−1Φ(xt,ut) ]

)
θ =

T−1∑
t=0

Eq
ϕ(k+1)

[ Φ(xt,ut)
⊤Q−1xt+1 ].

(36)

Using the sampled trajectories {X(s)}Nsamp

s=1 , the required Monte Carlo statistics are defined as:
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Â :=
1

Nsamp

Nsamp∑
s=1

T−1∑
t=0

Φ(x
(s)
t ,ut)

⊤Q−1Φ(x
(s)
t ,ut), (37)

b̂ :=
1

Nsamp

Nsamp∑
s=1

T−1∑
t=0

Φ(x
(s)
t ,ut)

⊤Q−1x
(s)
t+1. (38)

This yields the ridge-regularized weighted least-squares update

θ(k+1) = (Â+ λI)−1b̂, (39)

where λ ≥ 0 is a ridge parameter used to improve conditioning.
The same samples are then used to update the noise statistics. Define the transition residuals and measurement

residuals as r(s)t = x
(s)
t+1− fθ(k+1)(x

(s)
t ,ut), and e

(s)
t = yt− h(x(s)

t ). Their second moments are approximated by

E[rtr⊤t ] ≈
1

Nsamp

Nsamp∑
s=1

r
(s)
t (r

(s)
t )⊤, (40)

E[ete⊤t ] ≈
1

Nsamp

Nsamp∑
s=1

e
(s)
t (e

(s)
t )⊤. (41)

In the experiments, the process and measurement noise covariances are parameterized as isotropic matrices, with
Q = σ2

wIdx
and R = σ2

vIdy
. Under this parameterization, the updates reduce to

σ2,(k+1)
w =

1

Tdx

T−1∑
t=0

E[∥rt∥22], (42)

σ2,(k+1)
v =

1

(T + 1)dy

T∑
t=0

E[∥et∥22]. (43)

In practice, the M-step updates may be damped to improve stability. Let ϑ(k+1)
upd denote the undamped analytic

parameter update obtained from the current Monte Carlo sufficient statistics. The generalized E-step and M-step are
alternated until convergence. The complete procedure is summarized in Algorithm 1.

Algorithm 1: Alternating optimization for variational system identification

Input: Initial parameters ϑ(0), ϕ(0), outer iterations K, inner E-step steps Ninner, Monte Carlo sample size
Nsamp, damping factor ρM

for k = 0, 1, . . . ,K − 1 do
E-step: variational smoothing;
for j = 0, 1, . . . , Ninner − 1 do

Update ϕ by stochastic gradient ascent on L̂(ϑ(k), ϕ);
end
Set ϕ(k+1) ← ϕ;
M-step: parameter identification;
Draw Nsamp samples X(s) ∼ qϕ(k+1)(X | Y,U);

Compute Monte Carlo estimates of the sufficient statistics from {X(s)}Nsamp

s=1 ;

Compute the undamped analytic update ϑ(k+1)
upd ;

Apply damping:
ϑ(k+1) ← (1− ρM)ϑ(k) + ρM ϑ

(k+1)
upd

end

4. Experiments

The proposed framework is evaluated on two simulated systems to assess both identification accuracy and
optimization behavior under unknown noise statistics. The first experiment uses a nonlinear discrete-time system
as a diagnostic study of noise misattribution. The second experiment considers the stochastic Duffing oscillator
and adopts the experimental setting of [32], which enables direct comparison with the smooth-kernel variational
identification baseline.
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4.1. Nonlinear Discrete-Time Identification

A nonlinear discrete-time SSM is considered:

xt+1 = axt + b
xt

1 + x2t
+ cut + wt, wt ∼ N (0, σ2

w),

yt = Cxt + σvεt, εt ∼ N (0, IM ),

where xt ∈ R is the latent state, ut ∈ R is a known input, and yt ∈ RM collects M independent sensor
measurements of the same state. The observation matrix is C := [1, . . . , 1]⊤ ∈ RM×1. The noise sequences
{wt}T−1

t=0 and {εt}Tt=0 are independent. In all trials, M = 3 sensors are used and a single trajectory of length
T = 2000 is simulated. The initial state is drawn as x0 ∼ N (0, 1). The ground-truth parameters are set to
ϑ⋆ = (a⋆, b⋆, c⋆, σ⋆

w, σ
⋆
v) = (0.5, 25, 5, 0.5, 0.1), and the input is generated as ut = cos(1.2t) for t = 0, . . . , T − 1.

This setting serves as a diagnostic example highlighting noise misattribution under joint end-to-end optimization.
The variational mean network receives zt := [y⊤

t , ut]
⊤ ∈ RM+1 for t = 0, . . . , T and outputs the posterior

mean trajectory. Two DRN-based identification schemes are compared in this experiment. The proposed method,
denoted DRN (alt), optimizes the variational parameters using the alternating procedure in Section 3.2, with one
identification update for (a, b, c, σw, σv) performed every Ninner = 300 Adam updates of ϕ. As an ablation, DRN
(joint) uses the same DRN-based variational smoother but trains all parameters jointly by end-to-end optimization.
For DRN (alt), the identification step uses Nsamp = 64 posterior samples, ridge coefficient λ = 10−6, and damping
factor ρM = 0.5. The DRN uses depth L = 5, 32 hidden channels, kernel size k = 3, and Adam with learning rate
5× 10−3 and default moment parameters.

Table 1 reports results over Ntrial = 20 random seeds. DRN (alt) accurately recovers the dynamics parameters
(a, b, c) and the parameter σw. DRN (joint) attains a similar state estimation RMSE, but produces substantially
biased parameter estimates and a markedly inflated estimate of σw. The state estimation RMSE is defined as

RMSE =
√

1
(T+1)dx

∑T
t=0 ∥x̂t − x⋆

t ∥22, where x̂t denotes the posterior mean estimate under the learned variational
posterior, i.e., x̂t = µt, and x⋆

t denotes the ground-truth state. These results suggest that joint optimization can
achieve accurate state reconstruction while attributing part of the model mismatch to the process-noise term, thereby
producing inflated estimates of σw and biased estimates of the dynamics parameters. By decoupling smoothing
from analytic identification updates based on Monte Carlo sufficient-statistics estimates, the alternating procedure
mitigates this effect and improves parameter reliability.

Table 1. System identification results on the nonlinear discrete-time benchmark. The results are averaged over
Ntrial = 20 independent simulations (mean ± standard deviation).

Metric True Value DRN (alt) 1 DRN (joint) 2

a 0.500 0.501± 0.002 0.752± 0.001
b 25.000 24.956± 0.077 6.599± 0.010
c 5.000 4.993± 0.016 3.430± 0.016
σw 0.500 0.501± 0.009 2.678± 0.023
σv 0.100 0.086± 0.001 0.085± 0.001

State RMSE – 0.0577± 0.0007 0.0577± 0.0007

Note: 1 DRN-based variational smoother trained with the proposed alternating optimization scheme. 2 DRN-based variational smoother trained
by joint end-to-end optimization.

4.2. Stochastic Duffing Oscillator

The stochastic Duffing oscillator is next considered as a representative nonlinear benchmark with continuous-
time stochastic dynamics. The system is governed by the stochastic differential equation

dx1(t) = x2(t) dt,

dx2(t) =
[
−αx1(t)− βx31(t)− δx2(t) + γ cos(t)

]
dt

+ eζw dW (t),

where W (t) is a scalar Wiener process and (α, β, δ, γ, ζw) are unknown parameters. Discrete-time measurements
are scalar observations of the position yk ∼ N

(
x1(kTs), e

2ζv
)
, k = 0, . . . , N . The SDE is simulated using the

same numerical scheme as in [32], and trajectories are subsampled with period Ts to obtain discrete-time data.
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Following [32], the ground-truth parameters are set to (α⋆, β⋆, δ⋆, γ⋆, ζ⋆w, ζ
⋆
v ) = (−1, 1, 0.2, 0.3,−2.3,−3.0), and

the initial state is fixed at x0 = [1,−1]⊤. The total simulation duration is varied over tf ∈ {50, 100, 200, 400, 800}
while keeping Ts = 0.1 fixed, which yields N = tf/Ts measurements per trajectory. For each duration, Ntrial = 20

independent simulations are performed. All methods are evaluated under the same data-generation and discretization
settings, and identification is performed on the discretized model used by the simulator.

We compare three structured Gaussian variational identification methods that share the same structured
Gaussian posterior and differ only in the posterior mean parameterization and training strategy. As a reference
baseline, SmoothKernel (joint) uses the smooth-kernel mean parameterization in [32] with window length nwin = 51

and jointly optimizes all variables with Adam. As an architectural ablation, DRN (joint) replaces the smooth-kernel
mean with our DRN-based posterior mean map (depth L = 5 with 32 hidden channels) while retaining joint
end-to-end training. The proposed method, denoted DRN (alt), replaces joint training with the proposed alternating
optimization scheme. These comparisons are designed to disentangle two factors. First, the comparison between
SmoothKernel (joint) and DRN (joint) isolates the effect of replacing the smooth-kernel posterior mean with the
proposed DRN-based posterior mean under the same joint-training setting. Second, the comparison between DRN
(joint) and DRN (alt) isolates the effect of the proposed alternating optimization strategy, since both methods use the
same deep posterior family and differ only in how the model and variational parameters are updated. All methods
use 120,000 variational gradient updates in total. For DRN (alt), variational updates are performed with stochastic
optimization, and one analytic identification update for (α, β, δ, γ, ζw, ζv) is inserted every Ninner = 200 gradient
steps. The identification update uses ridge coefficient λ = 10−6, damping factor ρM = 0.9, and trapezoidal feature
construction in the parameter regression. Unless otherwise stated, Adam is used with learning rate 5× 10−3 and its
default moment parameters; the same optimizer settings are used for all trajectory durations and random trials.

We report absolute estimation errors |ϑ̂ − ϑ⋆| for (α, β, δ, γ, ζw, ζv), aggregated across trials. Figure 2
summarizes parameter and noise identification performance as a function of tf . Across the tested durations, DRN
(alt) generally yields lower errors than the joint baselines, with the most pronounced improvement on the noise
parameters, especially the process noise ζw. This pattern is consistent with reduced noise misattribution in the
presence of strong nonlinear stochasticity.

To evaluate state estimation performance, Figure 3 visualizes the state reconstruction on a representative test
trajectory. Across all trajectory durations, the average state estimation RMSE is 0.0220 for DRN (alt), compared with
0.0229 for DRN (joint) and 0.0419 for SmoothKernel (joint). These results indicate that replacing the smooth-kernel
mean parameterization with a DRN-based posterior mean map improves posterior expressiveness and yields more
accurate state estimates.

500 1000 2000 4000 8000

10−3
10−2
10−1 α error

500 1000 2000 4000 8000
10−3
10−2
10−1

β error

500 1000 2000 4000 8000
10−3
10−2
10−1

δ error

500 1000 2000 4000 8000

10−3

γ error

500 1000 2000 4000 8000
Number of samples N

10−2
10−1

ςw error

500 1000 2000 4000 8000
Number of samples N

10−3
10−2
10−1 ςv error

SmoothKernel (joint) DRN (joint) DRN (alt)

Figure 2. Duffing oscillator identification errors versus trajectory duration tf ∈ {50, 100, 200, 400, 800}. Markers
denote the mean absolute estimation error of (α, β, δ, γ, ζw, ζv) over Ntrial = 20 independent trials, and error bars
indicate the minimum-to-maximum range across trials. Compared with the joint end-to-end optimization, DRN (alt)
achieves improved identification accuracy.
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Figure 3. State estimation on a representative Duffing oscillator trajectory. The top and bottom panels show the first
and second state components, respectively.

To examine optimization behavior, Figure 4 reports parameter estimation errors as a function of training steps.
Here, “training steps” denotes the number of gradient updates of the variational parameters, with M-step updates
inserted every Ninner = 200 gradient steps for DRN (alt). DRN (alt) exhibits faster convergence than the joint
end-to-end baselines, benefiting from the sample-based analytic identification updates that allow the parameters to
move rapidly toward values consistent with the current variational approximation. While the discrete M-steps may
induce minor fluctuations, DRN (alt) avoids the optimization plateaus often encountered in fully gradient-based
joint training and reaches a lower error floor more quickly.
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Figure 4. Convergence of parameter estimation errors for the Duffing oscillator (tf = 50). DRN (alt) converges
more rapidly than the joint gradient-based baselines, indicating that the analytic identification updates are effective.

5. Conclusions

This paper presented a deep variational system identification method for nonlinear SSM within a structured
Gaussian variational framework. The proposed approach places latent-state smoothing and parameter identification
in a unified probabilistic setting, where the posterior mean is parameterized by a deep convolutional network,
posterior uncertainty is represented by a Markov-structured Gaussian family, and the two tasks are coordinated
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through alternating optimization. More broadly, the framework can be viewed as an attempt to combine deep neural
parameterization with classical system identification in a principled and structured manner.

A main limitation of the current approach is that the adopted steady-state covariance parameterization trades
posterior expressiveness for scalability. Because its covariance factors are shared across time, it is less flexible
than fully time-varying posterior parameterizations in capturing time-local posterior variability. Future work
will consider richer posterior families, such as time-varying or input-dependent covariance parameterizations,
extensions to nonlinear or non-Gaussian observation models, and sparse or low-rank approximations for higher-
dimensional systems.
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