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Abstract: This work proposes an innovative car-following model that incorporates 
driver’s sensory memory and the preceding vehicle’s optimal velocity within the 
framework of the full velocity difference (FVD) model. First, the traffic stability 
criterion is calculated through the use of the theory of linear stability. Using a 
reductive perturbation technique, we construct the mKdV (modified Korteweg-de 
Vries) equation. Second, as the system approaches the critical point, the soliton of 
kink-antikink type obtained from the mKdV equation describes the traveling-wave 
behavior of jammed traffic. An analysis is also performed on the congestion 
magnitude and the energy expended. Finally, computational modeling is used to 
validate the theoretical findings, and the results show that the revised model is 
useful. According to numerical experiments and analytical derivations, the 
proposed model increases the optimal velocity coefficient, reduces memory 
requirements, mitigates traffic jam, strengthens traffic flow stability, and reduces 
kinetic energy fluctuations.  

 Keywords: FVD model; driver’s sensory memory; mKdV equation; numerical 
simulations 

1. Introduction 

In light of continuous socioeconomic growth and the acceleration of modern city growth, the quantity of 
motor vehicles on the road has increased rapidly in recent decades, which leads to serious traffic problems, 
including road bottlenecks, vehicle collisions, environmental pollution [1–3]. Researchers have established 
numerous traffic flow models by studying the internal mechanisms and principles of the traffic system to alleviate 
traffic problems. These models, such as cellular automata models [4–6], hydrodynamic lattice models [7–9], 
continuum models [10–12], car-following models [13–17], are used to analyze and describe complex traffic 
phenomena from different perspectives and then reduce traffic congestion. 

One essential type of model at the microscopic level is the car-following framework with strong practical 
application background due to its ability to easily capture real-time traffic dynamics, such as oscillatory traffic 
behavior and congestion growth [17]. Considering the influence of front and rear vehicle speeds, Pipes [18] devised 
a relative velocity-acceleration car-following model in a single lane. Considering that the vehicle’s velocity was 
affected by the headway, Newell [19] developed a car-following model including the optimal velocity function in 
the early stages. In 1995, Bando et al. [20] derived a widely used optimal velocity (OV) model, which effectively 
described the evolutionary behavior characteristics of traffic congestion changes in a straightforward manner. On 
the basis of the OV model, researchers have proposed various improved models of car-following behavior that 
account for additional elements. To eliminate the shortcomings of the OV model in simulating excessively high 
acceleration and impractical braking behavior, the negative impact of speed differences is taken into account. So, 
Helbing et al. [21] integrated it into the OV framework and obtained the generalized force (GF) model. After that, 
Jiang et al. [22] modified it and incorporated the positive velocity difference to obtain the currently widely used 
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full velocity difference (FVD) model. Ge et al. [23] constructed the two-velocity-difference (TVD) strategy relying 
on a smart prompt structure. Since vehicle following is inherently a dynamic process, the operational state of the 
leading vehicle in the preceding few seconds tends to propagate to the following vehicle in the next moment. 
Hence, the information of the leading vehicle is the primary factor influencing the current vehicle’s motion. So, 
Peng et al. [24] developed a model called optimal velocity difference (OVD) framework. Subsequently, many 
factors affecting traffic flow were included in the models [25–28]. These models are obviously helpful in 
improving the stabilization of traffic conditions. 

The following analysis focuses on stability and sensitivity, conservation laws and exact solutions of 
fractional-order nonlinear equations, modulation instability of generalized nonlinear wave equations, as well as 
related studies on soliton structures and nonlinear wave propagation [29–31]. Regarding car-following models, 
some scholars have conducted research on car-following models using bifurcation analysis [32,33]. Moreover, a 
fractional-order car-following model has also been proposed [15]. However, for the research on car-following 
models, the most commonly used method at present is to solve them using the nonlinear stability analysis method 
that combines linear stability analysis and the reductive perturbation method [34–36]. 

Having analyzed the above models and recognized the complexity of actual traffic flow, we conclude that 
drivers have to consider various aspects throughout the driving process to ensure vehicle safety. The driving 
information of the leading car should be taken into account in order to achieve optimal operation conditions of the 
vehicle in actual traffic. However, the following vehicle’s driver relies on past information and consequently 
requires a certain time to respond to the motion status of the leader [31]. Therefore, this period should be avoided 
to the greatest extent possible. Moreover, previous models either relied solely on the influence of speed memory 
or only considered one type of influence, such as distance memory. This paper considers the influence of both 
speed memory and distance memory. Considering the above situation, the contribution of the current driver’s 
memory and the ideal velocity of the leading automobile is considered in traffic flow based on the FVD model. 

In Section 2, we presents the extended framework, which includes the leading vehicle’s optimal velocity as well 
as the current driver’s memory effect. The stability of the model is examined in Section 3. In Section 4, we derives 
the mKdV equation by solving the model equation via the perturbation reduction approach for analyzing nonlinear 
systems. In Section 5, we carry out virtual experiments. In Section 6, we summarize and analyze the conclusions. 

2. Model Formulation 

In 1995, Bando et al. [20] derived a widely used optimal velocity (OV) model, and it effectively described 
the changing behavior characteristics of traffic congestion changes. The equation that describes the model is: 

dvn(t)
dt

 = a[V(Δxn(t))− vn(t)], (1)

where 𝑥௡(𝑡), 𝑣௡(𝑡), 𝛥𝑥௡(𝑡) and 𝑎  are displayed in Table 1. 𝑉(𝛥𝑥௡(𝑡)) refers to the headway-dependent 
optimal velocity, and it is written as [20]: 

V(Δxn(t)) = vmax
2

[ tanh (Δxn(t)− hc)+ tanh ( hc)], (2)

here, vmax = 2 and ℎ௖ = 4 are displayed in Table 1. 
Based on the OV model, plenty of improved traffic flow models with additional factors were proposed. The 

aim is to overcome the OV model’s disadvantages, specifically its excessive acceleration and unrealistic 
deceleration. Jiang et al. [22] modified it and offered a full velocity difference (FVD) prototype is a car-following 
model that is more widely used and more practical than the OV framework. It is presented as: 

dvn(t)
dt

=a[V(Δxn(t))− vn(t)]+λ[vn+1(t)-vn(t)], (3)

vn+1(t)− vn(t)  and λ are listed in Table 1. 
In fact, because the driving of the vehicles is a dynamic following phenomenon of change, the behavior of 

the front vehicle in the first several seconds often turns into that of the trailing vehicle at the subsequent moment. 
Therefore, the most important factors affecting the current vehicle running status are the information of the front 
car. The optimal velocity difference (OVD) framework is given by Peng [24]. The motion equation is given by: 

dvn(t)
dt

=a[V(Δxn(t))− vn(t)]+λΔvn(t) + 𝛾[V(Δxn+1(t)) − V(Δxn(t))]  (4)

Similarly, we consider the OVD model to be in the following form: 
dvn(t)

dt
=a{V(Δxn(t))+γ[V(Δxn+1(t))− V(Δxn(t))]− vn(t)}+λΔvn(t), (5)
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namely 
dvn(t)

dt
=a{γV(Δxn+1(t))+(1− γ)V(Δxn(t))− vn(t)}+λΔvn(t). (6)

where 𝛾 and V(𝛥𝑥௡ାଵ(t)) − V(𝛥𝑥௡(t)) are presented in Table 1. 

Table 1. Summary of the parameters and variables. 

Symbols Physical Meaning Symbols Physical Meaning 𝑥௡(𝑡) location of the 𝑛 th vehicle 𝜏 reciprocal of the delay time (𝑠) 𝑣௡(𝑡) velocity of the 𝑛 th vehicle vmax maximum velocity: vmax = 2 𝛥𝑥௡(𝑡) the gap separating vehicle 𝑛 + 1 from 
vehicle 𝑛 𝛾 coefficient of the optimal velocity  𝑎 sensitivity hc safe distance for driving: hc = 4 V(𝛥𝑥௡ାଵ(t))− V(𝛥𝑥௡(t)) optimal velocity difference 𝜏଴ the current driver’s headway changes with 

memory time (𝑠) 𝜏ଵ the current driver’s memory time (𝑠) of 
the velocity  𝑝 the driver’s memory intensity, 0 ≤ 𝑝 ≤ 1. 𝜆 the coefficient 𝜏௠ = 𝑝𝜏଴ effective memory time (s), so 𝜏௠ ∈ [0, 𝜏଴] 𝜇 the speed difference parameter: 𝜇 = 𝜉/𝜏   

In real traffic flow, drivers always keep past information in mind during driving. To capture the characteristics 
of the leading vehicle, following drivers need to spend time perceiving, understanding and predicting its driving 
conditions. Moreover, previous models either relied solely on the influence of speed memory or only considered 
one type of influence, such as distance memory. This paper simultaneously considers the influence of both speed 
and distance memory. Based on the FVD model, a traffic flow model considering the optimal velocity of preceding 
vehicles and the current driving memory has been established. The extended model formula is: 

dvn(t)
dt

=a{γV(Δxn+1(t))+(1− γ)V[
1
τ0
න Δ

t

t-τ0 xn(s)ds]− vn(t)}+μ[vn+1(t)− 1
τ1
න vn

t

t-τ1 (s)ds)]. (7)

𝜏଴, 𝜏ଵ and 𝜇  are summarized in Table 1 
For convenience, the theoretical investigation and numerical solution of the model, let 𝜏ଵ = 𝜏଴, assuming 

that the driver has the same memory time for the headway and the velocity [2]. The equation reads: 𝑑𝑣௡(𝑡)𝑑𝑡 = 𝑎{𝛾𝑉(𝛥𝑥௡ାଵ(𝑡)) + (1 − 𝛾)𝑉[ 1𝜏0
න 𝛥௧
௧ିఛ0

𝑥௡(𝑠)𝑑𝑠] − 𝑣௡(𝑡)}
 +𝜇[𝑣௡ାଵ(𝑡) − 1𝜏0

න 𝑣௡௧
௧ିఛ0

(𝑠)𝑑𝑠]  (8)

The discretization scheme can be written as [31]: 𝑑𝑣௡(𝑡)𝑑𝑡 = 𝑎{𝛾𝑉(𝛥𝑥௡ାଵ(𝑡)) + (1 − 𝛾)𝑉[1
m
෍𝛥𝑥௡m

i=1

(si)] − 𝑣௡(𝑡)}
 +𝜇[𝑣௡ାଵ(𝑡) − 1

m
෍𝛥𝑣௡m

i=1

(si)], 𝑠௜ ∈ [𝑡 − 𝜏଴, 𝑡] . (9)

By the mean value theorem for integrals, the averaged headway and velocity can be represented by their 
values at an effective memory delay 𝜏௠ϵ[0, 𝜏଴]. Assuming that the driver has the same effective memory delay 
for both headway and velocity, we obtain 𝑉( ଵఛబ ׬ 𝛥௧௧ିఛబ 𝑥௡(𝑠)𝑑𝑠) ≈ 𝑉(𝛥𝑥௡(𝑡 − 𝜏௠)), ଵఛబ ׬ 𝑣௡௧௧ିఛబ (𝑠)𝑑𝑠 ≈ 𝑣௡(𝑡 − 𝜏௠). (10)

Under this assumption, Equation (8) can also be expressed in the form below:     dv୬(𝑡)𝑑𝑡 = 𝑎{𝛾V(𝛥𝑥௡ାଵ(t)) + (1 − 𝛾)V(𝛥𝑥௡(𝑡 − 𝜏௠)) − 𝑑𝑥௡(𝑡)𝑑𝑡 } +                 𝜇[𝑣௡ାଵ(𝑡) − 𝑣௡(𝑡 − 𝜏௠)] (11)
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3. Small-Disturbance Stability Analysis 

To investigate how the operator’s memory and the leading vehicle’s desired speed affect congestion 
suppression, the stability limit of model (11) is derived in this section via linear approximation. During the initial 
equilibrium period, drivers all maintained the optimal speed 𝑉(ℎ) determined by the prescribed safe distance ℎ. 

During the stable stage, the 𝑛-th vehicle follows this trajectory: 𝑉(ℎ)𝑡 = 𝑥௡଴(𝑡) − ℎ𝑛,ℎ = ୐ே  , (12)

in which 𝑁 is the overall count of vehicles, 𝐿 represents the road length, 𝑥௡଴(𝑡) corresponds to the equilibrium 
location of vehicle 𝑛  at instant 𝑡 . To find the linear stability criterion, suppose  𝑦௡(𝑡) represents the small 
disturbance relative to the steady-state driving. Then the position is as follows: 𝑥௡(𝑡) = 𝑥௡଴(𝑡) + 𝑦௡(𝑡), (13)

introducing Equations (12) and (13) into Equation (11), the following is obtained ௗమ௬೙(௧)ௗ௧మ = 𝑎 ቄ𝛾V′(ℎ)𝛥𝑦௡ାଵ(t) + (1 − 𝛾)V′(ℎ)𝛥𝑦௡(𝑡 − 𝜏௠) − ௗ௬೙(௧)ௗ௧ ቅ+𝜇[ௗ௬೙శభ(௧)ௗ௧ − ௗ௬೙(௧ିఛ೘)ௗ௧ ] ,  (14)

here V′(ℎ) represents the rate of change of the desired speed, 𝜇 = కఛ . 
Letting 𝑦௡(𝑡) = 𝑒𝑥𝑝௜௡௞ା௭௧ and let 𝜏௠ = 𝑝𝜏, Equation (14) is changed to the following form 𝑧ଶ = 𝑎[Vᇱ(ℎ)(𝑒௜௞ − 1)(𝛾𝑒௜௞ + (1 − 𝛾)𝑒ି௭௣ఛ) − 𝑧] + 𝜉τ 𝑧(𝑒௜௞ − 𝑒ି௭௣ఛ), (15)

and, 𝑧 = 𝑖𝑘𝑧ଵ + 𝑖ଶ𝑘ଶ𝑧ଶ +⋅⋅⋅, 𝑒௜௞ = 1 + 𝑖𝑘 + ଵଶ 𝑖ଶ𝑘ଶ + ଵ଺ 𝑖ଷ𝑘ଷ ⋅⋅⋅, the terms of 𝑖𝑘 and 𝑖ଶ𝑘ଶ are: 𝑧ଵ = 𝑉′(ℎ),    𝑧ଶ = 𝑉′(ℎ)2 (1 + 2𝛾 + 2𝜉) + (𝑉′(ℎ))ଶ(𝜉𝑝𝜏 − (1 − 𝛾)𝑝𝜏 − 𝜏). (16)

where 𝜏 = ଵ௔. If 𝑧ଶ > 0, the resulting model is uniform and resilient to large-wavelength fluctuations, whereas the 
homogeneous flow is oscillatory when 𝑧ଶ < 0. The traffic flow stable equilibrium is given: 𝑎 = ଶ௏ᇱ(௛)(ଵା(ଵିఊ)௣ିక௣)ଵାଶఊାଶక . (17)

Consequently, the stability condition is expressed as follows: 𝑎 > ଶ௏ᇱ(௛)(ଵା(ଵିఊ)௣ିక௣)ଵାଶఊାଶక . (18)

The neutral stability lines (solid) derived from linear stability analysis show the relationship connecting 
sensitivity factor and gap under varying choices of γ and p when 𝜉 = 0.1, hc = 4 in Figure 1a,b. The coexisting 
curves illustrated in the dotted lines are derived from the subsequent nonlinear analysis. Above the stability 
threshold, traffic jams do not arise; instead, the traffic stream is in a steady state. As shown in Figure 1a, the control 
coefficients γ = 0.3 and p = 0, 0.3, 0.6, 1 respectively, it can be found that every curve possesses a critical point, 
and the neutral stability curves, coexisting curves and critical points rise gradually with the increase of parameter 𝑝.Traffic behavior is steady as driver’s memory intensity 𝑝 diminishes. 

 

 

 
(a)  (b) 

Figure 1. Presenting the neutral stability curves and coexistence curves: (a) for varying p with γ = 0.3, and (b) 
for varying γ with p = 0. 
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Therefore, a decrease in the driver’s memory capacity has a positive effect on maintaining traffic stability. 
Let 𝑝 = 0, take different values for 𝛾 = 0, 0.1, 0.2, 0.3. Then, we get different neutral stability curves, depicted 
in Figure 1b.As shown in Figure 1b, the results indicate that the stability region becomes progressively larger as 
γ increases. This implies that increasing γ leads to improved stability of traffic flow. 

In addition, different influences of driver’s memory intensitypand coefficient γ in headway-sensitivity space (∆𝑥,𝑎) are also discussed from Figure 2. Let’s make p = 0 and γ = 0 the so-called FVD framework, and let’s 
make p = 0 and γ = 0.2 that is OVD formulation. It can be seen from Figure 2 that the OVD scheme offers broader 
stability regions compared to the FVD one. In actual traffic, drivers will inevitably stay in the past memory. The 
stable region of driver’s sensory memory intensity p = 0.3 OVD model still surpassed that the corresponding value 
of FVD model without memory influence. Given the importance of the optimal velocity of the leading vehicle in 
improving traffic stability. Therefore, one finds that γ of the optimal velocity for leading vehicle supports the 
stabilization of traffic flow. 

 

Figure 2. State diagram in the headway–sensitivity plane (∆x, a) for various values of p and γ at λ = 0.1 and  ℎ௖ = 4. 

4. mKdV Equation 

To study the way density waves propagate through traffic streams during traffic congestion, this section 
derives the mKdV equation for sluggish variation characteristic of model Equation (11) near (ℎ௖ ,𝑎௖).As a matter 
of convenience, first convert Equation (11) into the following structure: 𝑑ଶ𝛥𝑥௡(𝑡)𝑑𝑡ଶ = 𝑎{𝛾ൣV൫𝛥𝑥௡ାଶ(t)൯ − V൫𝛥𝑥௡ାଵ(t)൯൧ + (1 − 𝛾)[V൫Δx୬ାଵ(t − τ୫)൯ −  V൫𝛥𝑥௡(𝑡 − τ୫)൯] − 𝑑𝛥𝑥௡(𝑡)𝑑𝑡 } + 𝜇[𝑑𝛥𝑥௡ାଵ(𝑡)𝑑𝑡 − 𝛥𝑣௡(𝑡 − τ୫)]  , (19)

Given 𝜀 (0 < 𝜀 ≪ 1), the long-scale quantities 𝑋,𝑇 are introduced and described next 𝑋 = 𝜀(𝑛 + 𝑏𝑡),𝑇 = 𝜀ଷ𝑡, (20)b is the number to be determined. Then let the headway be in the following form: 𝛥𝑥௡(𝑡) = ℎ௖ + 𝜀𝑅(𝑋,𝑇), (21)

Adopting Equations (20) and (21) within Equation (19), performing the fifth order of ℰ, one gives 
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𝜀ଶ𝑓ଵ డோడ௑ + 𝜀ଷ𝑓ଶ డమோడ௑మ + 𝜀ସ(డோడ் − 𝑓ଷ డయோడ௑య − 𝑓ସ డோయడ௑ ) + 𝜀ହ(𝑓ହ డమோడ௑డ் − 𝑓଺ డరோడ௑ర − 𝑓଻ డమோయడ௑మ ) = 0, (22)

where: 𝑓ଵ = 𝑏 − 𝑉ᇱ, 𝑓ଶ = 𝑏ଶ𝜏 − 𝛾𝑉ᇱ − ଵଶ 𝑉ᇱ + 𝑏𝑉ᇱ(1 − 𝛾)τ୫ − 𝜆𝑏(1 + 𝑏τ୫), 𝑓ଷ = ଵା଺ఊ଺ 𝑉′ + ଵଶ 𝑏𝑉′τ୫(1 −𝛾)(τ୫𝑏 − 1) + ଵଶ 𝜆𝑏(1 − (𝑏τ୫)ଶ) , 𝑓ସ = ଵ଺ 𝑉ᇱᇱᇱ,𝑓ହ = 2𝑏𝜏 + 𝑉′(1 − 𝛾)τ୫ − 𝜆(1 + 2𝑏τ୫),𝑓଺ = ଵାଵସఊଶସ 𝑉′ + (1 −𝛾)𝑉′(ଵସ (𝑏τ୫)ଶ − ଵ଺ (𝑏τ୫)ଷ − ଵ଺ 𝑏τ୫) + ଵ଺ 𝜆𝑏(1 + (𝑏τ୫)ଷ), 𝑓଻ = ଵ଺ 𝑉′′′[ଵଶ + 𝛾 − (1 − 𝛾)τ୫𝑏]  and 𝑉′(ℎ௖) =ௗ௏(௱௫೙)ௗ௱௫೙ |௱௫೙(௧)ୀ௛೎ ,𝑉′′′(ℎ௖) = ௗయ௏(௱௫೙)ௗ௱௫೙య |௱௫೙(௧)ୀ௛೎. 
The mKdV equation is derived for study the slowly evolving behavior of the lengthy wave near (ℎ௖,𝑎௖). To 

examine the development of the traffic congestion close to the critical point, setting 𝑎௖/𝑎 = 1 + 𝜀ଶ, 𝑏 = 𝑉′ and 𝜏௠ = 𝑝𝜏, into Equation (22) eliminating the coefficient of the terms 𝜀ଶ and 𝜀ଷ, then get 𝜀ସ(డோడ் − ℎଵ డయோడ௑య + ℎଶ డோయడ௑ ) + 𝜀ହ(ℎଷ డమோడ௑మ + ℎସ డరோడ௑ర + ℎହ డమோయడ௑మ ) = 0, (23)

where, ℎଵ = ଵା଺ఊ଺ 𝑉′ + ଵଶ (1 − 𝛾)𝑉′ଶ𝑝τୡ(𝑝𝜏௖𝑉′ − 1) + ଵଶ 𝜆𝑉′(1 − (𝑉ᇱ𝑝τୡ)ଶ),ℎଶ = −ଵ଺𝑉ᇱᇱᇱ,ℎଷ = 𝑉′(ଵାଶఊଶ + 𝜆), ℎସ = [2𝜏௖𝑉′ + (1 − 𝛾)𝑝τୡ𝑉′ − 𝜆(1 + 2𝑉′𝑝𝜏௖)][ଵା଺ఊ଺ 𝑉′ + (ଵିఊ)௣தౙଶ 𝑉′ଶ(𝑉′𝑝𝜏௖ − 1) + ଵଶ 𝜆𝑉′(1 − (𝑉′𝑝τୡ)ଶ)] −ଵାଵସఊଶସ 𝑉′ − (1 − 𝛾)𝑉′(ଵସ (𝑉′𝑝τୡ)ଶ − ଵ଺ (𝑉′𝑝τୡ)ଷ − ଵ଺ 𝑉′𝑝τୡ) − ଵ଺𝑉′𝜆(1 + (𝑉′𝑝τୡ)ଷ) , ℎହ = ௏ᇱᇱᇱ଺ [2𝑉′𝜏௖ + 2(1 −𝛾)𝑝τୡ𝑉′ − ଵାଶఊଶ − 𝜆(1 + 2𝑉′𝑝𝜏௖)]. 
To obtain the normalized form, we perform the subsequent operations on Equation (23) 𝑇′ = ℎଵ𝑇,𝑅 = ඥℎଵ/ℎଶ𝑅′. (24)

Then substitute the Equation (24) formula into the Equation (23) formula, డோᇱడ்ᇱ − డయோᇱడ௑య + డோᇱయడ௑ + 𝜀[௛య௛భ డమோᇱడ௑మ + ௛ర௛భ డరோᇱడ௑ర + ௛ఱ௛మ డమோᇱయడ௑మ ] = 0, (25)

letting 𝑂[𝜀] = 𝜀(௛య௛భ డమோᇱడ௑మ + ௛ర௛భ డరோᇱడ௑ర + ௛ఱ௛మ డమோᇱయడ௑మ ), ignore the 𝑂(𝜀) expression in Equation (25). Therefore, the result is 

𝑅଴ᇱ (𝑋,𝑇′) = √𝐶 tanh[ට஼ଶ (𝑋 − 𝐶𝑇′)]. (26)

To find the magnitude of the wave velocity 𝐶, the compatibility conditions are required to be fulfilled as below, (𝑅଴ᇱ ,𝑀[𝑅଴ᇱ ]) = ׬ 𝑑𝑋ାஶିஶ 𝑅଴ᇱ (𝑋,𝑇′)𝑀[𝑅଴ᇱ (𝑋,𝑇′)] = 0, (27)

here, 𝑀[𝑅଴ᇱ ] = 𝑀[𝑅ᇱ]. 
After, we give the traveling speed 𝐶 as 𝐶 = 5ℎଶℎଷ2ℎଶℎସ − 3ℎଵℎହ. (28)

Therefore, the anti-symmetric solitary wave associated with the distance gap in the modified KdV equation 
is expressed as 𝛥𝑥௡(𝑡) = ℎ௖ + ට௛భ஼௛మ ( ఛఛ೎ − 1) tanh{ට஼ଶ ( ఛఛ೎ − 1) × [𝑛 + (1 − 𝐶ℎଵ( ఛఛ೎ − 1))𝑡]}. (29)

Where 𝜏௖ critical delay time/memory time. The magnitude 𝐴 is 𝐴 = ට௛భ஼௛మ ( ఛఛ೎ − 1). (30)

In the coexisting scenario, one finds a low-density free-moving region alongside an additional region, is 
described by the kink-antikink soliton solution of congestion at elevated density. The coexistence lines of the 
coexisting region is derived by 𝛥𝑥 = ℎ௖ ± 𝐴. Clearly, from Figure 1a,b that the phase areas are classified into 
stable parts, meta-stable regions and unstable regions. With the increase of 𝛾, the neutral stability boundary and 
the coexisting branch descend, the corresponding value of critical stability point becomes smaller, which 
demonstrates that incorporating the optimal velocity of the leading car can increase traffic state stability . With the 
decrease of driver’s memory intensity 𝑝, the critical stability point becomes smaller and coexisting curve become 
lower, traffic flow stabilizes further. Thus, it can be shown that consideration of OVD and driver’s sensory memory 
positively impacts on traffic flow. 
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5. Numerical Simulations 

Numerical simulations will be implemented to confirm the results of theoretical analysis.To facilitate 
numerical analysis, the headway and velocity memory terms of Equation (11) are Taylor expanded by ignoring 
the nonlinear terms, the expansion formula is thus: 𝑑𝑣௡(𝑡)𝑑𝑡 = 𝑎{𝛾V(𝛥𝑥௡ାଵ(t)) + (1 − 𝛾)[V(𝛥𝑥௡(𝑡)) − 𝜏௠𝛥𝑣௡(𝑡)V′(𝛥𝑥௡(𝑡))] − 𝑣௡(𝑡)} +𝜇[𝑣௡ାଵ(𝑡) − 𝑣௡(𝑡) + 𝑎௡(𝑡)𝜏௠]  ,    (31)

Equation (31) is discretized by using the forward Euler finite difference scheme. The discretized form of Equation 
(31) is: v୬(t + Δt) = v୬(t) + Δta{γV(Δx୬ାଵ(t)) + (1 − γ)[V(Δx୬(t)) − τ୫Δv୬(t)                   V′(Δx୬(t))] − v୬(t)} + Δtμ[v୬ାଵ(t) − v୬(t) + a୬(t)τ୫]  , (32)

where a୬(t) = 11 − μτ୫ a{𝛾V(𝛥𝑥௡ାଵ(t)) + (1 − 𝛾)[V(𝛥𝑥௡(𝑡)) − 𝜏௠𝛥𝑣௡(𝑡)V′(𝛥𝑥௡(𝑡))]−𝑣௡(𝑡)} + μ 11 − μτ୫ [v୬ାଵ(t) − v୬(t)]  , (33)

and 𝛥𝑥௡(t + 𝛥𝑡) = 𝛥𝑥௡(t) + 𝛥𝑡𝛥𝑣௡(t), 𝜏௠ = 𝑝𝜏. The vehicle’s speed is 0 in its initial state. We impose initial 
disturbance [13] in what follows, 

ቐ𝛥𝑥௡(0) = 𝛥𝑥௡(1) = 4.0,𝑛 ≠ 𝑁/2,𝑁/2 + 1𝛥𝑥௡(1) = 4.1,𝑛 = 𝑁/2,𝛥𝑥௡(1) = 3.9,𝑛 = 𝑁/2 + 1, , (34)

where 𝑁 = 100 represent the total number of vehicles, 𝐿 = 400 is the total length of the road, every time step 𝛥𝑡 = 0.05s. The headway of vehicle 1 is ∆𝑥ே = 𝑥ଵ − 𝑥ே and the leading vehicle of vehicle 𝑁 is vehicle 1. All 
vehicles are updated synchronously on the ring; no independent leading vehicle is imposed. Other default 
parameters are set as: 𝑣୫ୟ୶ = 2, ℎ௖ = ௅ே = 4, 𝑎 = 1.1  and  𝜇 = 0.1. 

5.1. Headway Distribution 

Figure 3 illustrates the spatiotemporal evolution of the spacing after 𝑡 = 4850𝑠 under various values of 𝛾. 
The coefficient 𝑝 = 0 is fixed. Under normal traffic, the space-time plots for 𝛾 = 0, 0.1, 0.2 and 0.3 are shown 
in Figure 3a–d. When 𝛾 = 0,𝑝 = 0, the model transforms into the FVD model. That is, the result in Figure 3a is 
the same as that in Reference [23]. As for parts in Figure 3a–c, it is evident that once small perturbations are 
superimposed on the homogeneous flow, the small deviations steadily amplify over time, and the system moves 
to a variable state, and the travel behavior became variable. At this time, a wavy congestion pattern traveling in 
the reverse direction arises, which is conclusion derived in the Section 3. With the increase of the coefficient 𝛾, 
the amplitude of shock waves tends to stabilize, as traffic flow becomes increasingly stable, accompanied by a 
gradual easing of congestion. Then, in Figure 3d, when 𝛾 = 0.3, traffic congestion no longer occurs and the traffic 
conditions have become stable. Even under the influence of weak disturbance, the whole state enters the uniform 
flow state, because 𝑎 = 1.1 satisfies the condition of Equation (18). Therefore, the optimal velocity of the car in 
front can improve the stability of the traffic flow process. 

Figure 4 presents the headway patterns at 𝑡 = 4950 s associated with Figure 3. Figure 4 shows results 
similar to those in Figure 3. It can be seen intuitively that with the coefficient increase of the quantity 𝛾, the vehicle 
headway’s fluctuation amplitude lessens progressively, indicating improved traffic stability. 

Next, Figure 5 indicates the evolution in space and time of headway after 𝑡 = 4850 𝑠 for different time of 
parameter 𝑝 = 1, 0.6, 0.3  and 0,𝛾 = 0.3 is fixed, other parameters remain constant. Figure 5a show that, after a 
small perturbation is superimposed on the uniform flow, backward-propagating traffic congestion density waves 
emerge over time and become chaotic and highly unstable. This occurs because 𝑎 = 1.1 lies outside the stability 
region; the resulting behavior is consistent with the solution of the modified KdV equation, and the traffic flow is 
governed by Equation (18). However, from patterns (a) to (d), when 𝑝 decreases, the height of the clustering wave 
in traffic diminishes and the driving behavior is gradually stable. Finally, in pattern (d), when 𝑎 = 1.1, 𝛾 =0.3,𝑝 = 0 is the value satisfying Equation (18), it always keeps a stable state even if small disturbance traffic flow 
is added to uniform flow. And let the result of Figure 5d with 𝑝 = 0 and 𝛾 = 0.3 be compared with the result of 
the OVD model. With the decrease of drivers’ memory intensity 𝑝, traffic congestion is relieved to a certain extent. 
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Figure 3. Space-time pattern of the inter-vehicle spacing after 𝑡 = 4850 𝑠 for 𝑝 = 0 and different values of 𝛾. 

 

Figure 4. Headway patterns at 𝑡 = 4950 𝑠 for different values of 𝛾, corresponding to the cases in Figure 3. 
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Figure 5. Space-time headway patterns after 𝑡 = 4850 𝑠 for different values of p at γ = 0.3. 

Figure 6 represents the spacing distributions at 𝑡 = 4950 𝑠  associated with the patterns in Figure 5 
respectively. Figure 6 gets the similar results of Figure 5. It can be seen intuitively that as the value of p decreases, 
the magnitude of vehicle spacing steadily shrinks, while driving behavior achieves a higher degree of stability. 
This aligns with the true nature of traffic. 

 

Figure 6. Headway profiles at 𝑡 = 4950 𝑠 for different values of 𝑝, corresponding to the cases in Figure 5. 
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5.2. Hysteresis Loop 

In order to further study the role of the optimal velocity of the leading vehicle and current driver’s memory 
on traffic flow, the hysteresis loop diagrams are drawn in Figure 7. Figure 7 shows the velocity-headway trajectory 
for different values of 𝛾 and 𝑝. A smaller loop area leads to a smaller speed oscillations, and the traffic flow is 
more stable. It can be found in Figure 7a that with the progressive rise of 𝛾, the hysteresis loop diagram area 
becomes smaller and traffic flow progressively stabilizes. Given that 𝑝 gradually decreases, the hysteresis loop 
area becomes smaller, and the vehicle flow remains steady in Figure 7b. Thus, the novel element exerts a beneficial 
impact on making traffic flow more stable. 

(a) (b) 

Figure 7. Hysteresis loops after 𝑡 = 4000 𝑠  under different values: (a) parameter 𝛾 (𝑝 = 0), (b) parameter 𝑝 (𝛾 = 0.3). 

5.3. Kinetic Energy Variation 

With ongoing urbanization and fast economic growth, the number of vehicles is growing at a much higher 
rate. In particular, traffic-induced energy consumption has remained a continual concern and has been the subject 
of study for many investigators. Under realistic traffic situations, the operations of traffic are influenced by 
multiple sophisticated conditions such as capability, the driver’s personal characteristics, the information of the 
leading car and so on. Such influences perturb the steady driving behavior, leading to speed alterations that move 
through the stream like waves as time passes. Accordingly, these alterations in speed produce a higher level of 
energy expenditure [37–39]. 

The work-energy principle accounts for the energy expenditure of individual cars through the work they 
perform. Therefore, a thorough investigation of this principle enables a fine-grained quantification of the total 
energy consumption of road traffic [3]. Stated differently, to quantify the temporal variation of vehicular kinetic 
energy between two consecutive time instants, we define the instantaneous kinetic energy change as: 𝛥𝐸௡ = ଵଶ𝑚௡[𝑣௡ଶ(𝑘) − 𝑣௡ଶ(𝑘 − 1)], (10)

where 𝑣௡(𝑘),𝑣௡(𝑘 − 1) are the car’s speeds across two consecutive time intervals. To simplify the model, in this 
article we take 𝑚 = 1.This quantity reflects the instantaneous rate of kinetic energy variation. A positive value 
(𝛥𝐸 > 0) indicates that the vehicle is accelerating and its kinetic energy is increasing, while a negative value 
(𝛥𝐸 < 0) corresponds to deceleration, where kinetic energy is being dissipated. The absolute magnitude of 𝛥𝐸 reflects the intensity of speed fluctuations. 

From Figure 8a,b, two regions displaying with ∆𝐸 > 0  and ∆𝐸 < 0 . When ∆𝐸 > 0 , the vehicle is 
accelerating (kinetic energy increases); when ∆𝐸 < 0, it is decelerating (kinetic energy decreases). A smaller gap 
between the positive and negative peaks indicates smoother speed transitions and less abrupt acceleration/deceleration 
events. In Figure 8a, 𝑝 = 0.5 ,𝑎 = 1.35 and 𝜇 = 0.1 are fixed and 𝛾 is set to different values. With the increase of 𝛾 value, kinetic energy variation gradually decreases and the gap between the energy expended in accelerating and 
braking gradually decreases. When 𝛾 = 0.25, kinetic energy variation approaches zero. In Figure 8b,𝛾 = 0.1 is fixed 
and 𝑝 is set to different values. With the increase of 𝑝, the gap between speeding up and deceleration kinetic 
energy variation gradually increases, and kinetic energy variation gradually increases, which is in line with the 
actual situation. 
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(a) (b) 

Figure 8. Profile of kinetic energy variation under different values: (a) parameter 𝛾 (𝑝 = 0.5), (b) parameter 𝑝 (𝛾 = 0.1). 

6. Conclusions 

Traffic bottleneck has a significant impact on people’s everyday activities. A novel car-following model is 
proposed that incorporates both the driver memory and preceding vehicle’s optimal velocity. Through the above 
investigation, it can be confirmed that increasing the coefficientγof the leading vehicle’s desired speed and 
reducing the memory intensity 𝑝 contribute to improved traffic flow stability. 

Applying the linear stability method, we arrive at the constant-state conditions. The mKdV is deduced from 
nonlinear reduction perturbation technique to illustrate the dynamic qualities of the traffic jams near the critical 
unchanging point of phase diagram. Employing the solitary solution (kink-antikink) of the mKdV system, we also 
get the coexistence curves. These outcomes substantiate that the upgraded model can raise the level of stability in 
the traffic stream. The numerical simulations involve the evolution of spacing fluctuations, the plotting of 
hysteresis loops, and energy analysis. To ascertain the correctness of the speculative inferences, computer 
experiments are presented. The simulation conclusions show that the optimal velocity of the leading car can 
effectively suppress traffic jams. The effect of the current driver’s short-term memory regarding traffic movement 
is consistent with actual driving situation. The results of numerical simulations agree with those of theoretical 
analysis. The paper analyzes the model using the nonlinear reductive perturbation method. This approach is 
relatively straightforward. Subsequently, the model will be analyzed from the perspective of bifurcation. 
Moreover, the model is limited to considering only the memory effect. Subsequently, we will introduce the jerk 
factor and road conditions to analyze the car-following model. 
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