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We derive the population-averaged spectrum for sources with sharp individual cutoffs
and distributed Fy,,x, showing that it is given by an underlying propagated power
law multiplied by the survival probability of the cutoff distribution. A lognormal
distribution of E\, .« naturally produces a smooth, continuously curving knee, while a
power-law tail gives an approximately constant post-knee steepening. We then connect
the lognormal width to supernova-remnant physics through maximum-energy scalings
with explosion energy and ambient density, finding that the expected variance is mainly
driven by the spread in explosion energies. Fitting the measured proton spectrum with
a two-component lognormal-cutoff model, we find that the PeV component requires
Tlogio Emax == 0.24. This width is substantially smaller than the variance expected
for the full Galactic remnant population, indicating that the PeV component must
originate from a more restricted and comparatively homogeneous subset of remnants.
Our results show that the knee can be understood as the gradual exhaustion of a
heterogeneous population of PeV-capable supernova remnants, without requiring a
universal maximum rigidity.
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1. Introduction

The origin of the Galactic cosmic-ray knee remains one of the central open questions in high-energy
astrophysics. The steepening of the all-particle spectrum at a few PeV has long been interpreted either as a
signature of the maximum rigidity reached by Galactic accelerators, as the result of a change in the efficiency with
which cosmic rays escape from the Galaxy, or as some combination of the two [1]. In both cases, the knee carries
direct information on the highest-rigidity end of the Galactic cosmic-ray population.

Recent LHAASO measurements have made this problem considerably sharper. The LHAASO-KM2A
measurement of the all-particle spectrum and of the mean logarithmic mass, in the range 0.3-30 PeV, places the
knee at Ex ~ 3.7 PeV and indicates that the steepening is associated primarily with the light component [2]. Even
more directly, the dedicated LHAASO proton spectrum, measured between 0.15 and 12 PeV, reveals a structured
behaviour: a hardening with respect to lower-energy extrapolations, in line with preliminary indications from
DAMPE [3], ISS-CREAM [4], and GRAPES-3 [5]; a broad maximum around a few PeV; and a subsequent
softening [6]. Together with earlier air-shower measurements by IceTop/IceCube [7], KASCADE [8], and
KASCADE-Grande [9], summarized in Figure 1, these results show that the knee is not merely a break energy to be
reproduced, but a spectral shape to be explained.

This broad and structured shape poses a nontrivial challenge for source-based interpretations. In source-limited
scenarios, the knee reflects the maximum rigidity attainable in Galactic accelerators. If all sources shared approximately
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the same maximum rigidity, the population-averaged spectrum would inherit a relatively coherent cutoff. This is
particularly important for the supernova-remnant paradigm. Supernova remnants remain the most natural candidates
for the bulk of Galactic cosmic rays on energetic grounds, since a modest fraction of the kinetic energy released
by Galactic supernovae is sufficient to sustain the observed cosmic-ray luminosity [10]. However, when particle
acceleration and escape from an individual remnant are computed time-dependently, the high-energy escaping
spectrum is not generically a broad and gently bending feature. Particles close to the instantaneous maximum energy
are released over a limited range of evolutionary times, and the resulting cutoff can be sharp in rigidity [11, 12].
Thus, a single representative remnant, or a population of nearly identical remnants, does not naturally produce a
broad knee with a finite change of slope, A~y < 1, spread over a sizeable interval in energy.
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Figure 1. Cosmic-ray spectra in the knee region. The all-particle spectrum and the proton spectrum are shown
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after multiplication by E%°, comparing recent LHAASO measurements [2, 6] with earlier determinations from
IceTop/IceCube [7], KASCADE [8], and KASCADE-Grande [9], as indicated in the legend.

The natural way out is to abandon the notion of a universal maximum rigidity and treat the knee as a population
effect. The maximum energy reached by a remnant depends on several source and environmental properties: the
explosion energy, ejecta mass, shock velocity, ambient density, magnetic-field amplification, acceleration efficiency,
and the detailed escape history. Modern calculations therefore point to a selective picture in which ordinary remnants
may fall short of the PeV domain, while rare energetic explosions or remnants evolving in particularly favourable
environments can approach the knee rigidity [11, 13, 14]. In this view, the knee is not the cutoff of a typical source.
It is the collective imprint of a distribution of maximum rigidities across the Galactic source population.

This idea was emphasized in an early and influential form by Sveshnikova [15]. Instead of assigning the
same maximum energy to all supernova remnants, that work considered the diversity of supernova types, explosion
energies, and environments, showing that the population-averaged cosmic-ray spectrum can steepen near the
observed knee even if only a subset of events reaches the highest energies. The key ingredient is that rare energetic
explosions contribute disproportionately to the high-energy end of the spectrum. The apparent smoothness of the
knee is then not in conflict with sharp cutoffs at the level of individual sources. It arises from summing over many
sources with different cutoff energies.

In this work we revisit this mechanism in light of the new observational situation. We isolate the statistical
effect by asking how a distribution of maximum energies, Fy,,x, transforms sharp individual source cutoffs into a
smooth population-level steepening. This allows us to address directly the tension between the sharp escape spectra
expected from individual remnants and the broad knee observed in the data. We first derive the resulting knee shape
for simple cutoff distributions, focusing on the contrast between lognormal distributions and power-law high-energy
tails. We then connect the lognormal case to supernova-remnant physics by using the expected scaling of E,,,x with
explosion energy and ambient density. In this way, the variance of the supernova population becomes a physical
parameter controlling the width and smoothness of the knee.

The central question we address is therefore the following: can the variance naturally expected among Galactic
supernova remnants be large enough to smooth sharp individual cutoffs into the observed knee, without invoking
a universal maximum rigidity? We show that, for a lognormal distribution of maximum energies, the population-
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averaged spectrum can be written as an underlying propagated power law multiplied by a survival probability. The
knee then appears because, with increasing energy, fewer sources remain able to contribute. Its width directly
measures the logarithmic dispersion of the PeV-capable source population.

The paper is organized as follows. In Section 2 we derive the population-averaged spectra produced by
distributed source cutoffs. In Section 3 we connect the cutoff distribution to supernova-remnant scalings and to
observationally motivated priors for explosion energies and ambient densities. In Section 4 we fit the measured
proton spectrum with a two-component lognormal-cutoff model and compare the required cutoff variance with the
physical expectation. We summarize our conclusions in Section 5.

2. Knee Shape from Distributed Cutoffs

A central assumption of this work is that the knee does not necessarily originate from a sharp cutoff common
to all sources. Instead, it may arise as a collective feature of a population in which different sources reach different
maximum energies. In this section we isolate this statistical mechanism in its simplest form. The discussion follows
the logic introduced in Refs. [16, 17], but we recast it here in a notation directly adapted to the problem addressed in
this paper.

It is important here to distinguish the instantaneous spectrum at the shock from the spectrum ultimately released
into the interstellar medium. At a given evolutionary time, the accelerated spectrum may itself be represented
by a power law with an exponential suppression around the instantaneous maximum momentum. The released
spectrum, however, is obtained by integrating over the full SNR evolution. Particles escaping upstream at each time
are concentrated in a relatively narrow momentum range around pp,.x (t), while particles advected downstream are
released only later, after undergoing adiabatic losses. Since piax(t) reaches its largest value during a limited early
evolutionary phase, the lifetime-integrated spectrum steepens rapidly above this characteristic maximum energy and
is not generically described by a single factor exp(—F/FEax). For example, the time-dependent calculations of
Ref. [14] produce an effective spectral index larger than approximately four in the terminal region of the spectrum
for ordinary Type II remnants, with a similarly sharp high-energy termination for the rarer PeV-capable Type II*
remnants. Such cutoffs are substantially sharper than the observed proton knee, for which the change in slope is
of order unity or smaller. The step function later adopted in Equation (1) should therefore be understood as an
idealized sharp-cutoff limit, introduced to isolate the smoothing produced by the source-to-source distribution of
maximum energies.

2.1. Lognormal Distribution of Maximum Energies

To make the argument transparent, we consider a single nuclear species and begin with the idealized spectrum
of one source,
q(E | Emax) = qo E7 O(Emax — E), ey

where O is the Heaviside function. In this toy model, every source injects the same power-law spectrum up to its
own maximum energy F,.x. All source-to-source variability is therefore encoded in the distribution of E\,,x.
It is useful to introduce the logarithmic variable

y = 1n Enax, S(>FE)= / dy P(y), 2)
In E

where P(y) is the probability density of y. The quantity S(>FE) has a simple physical interpretation: it is the fraction

of sources whose maximum energy is larger than . Averaging Equation (1) over the source population gives

4(E) = / dy P(y) o(E | ¢¥) = go E-*S(>E). 3

This equation contains the essence of the mechanism. The population-averaged spectrum is the original power
law multiplied by the survival probability of the cutoff distribution. As the energy increases, an increasingly small
fraction of the source population remains able to contribute, and the all-source spectrum steepens.

If propagation steepens the injected spectrum by an approximately energy-independent index ¢, the observed
flux can be written as

J(E) x E=@+) §(>E). 4)

Thus, within this simplified description, all the spectral structure associated with the knee is contained in the
survival factor. The corresponding additional steepening is
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This relation provides a direct link between the observed spectral curvature and the shape of the distribution of
source maximum energies.
A natural first choice is to assume that In F,,,,, is Gaussian distributed,

1 _ 2
exp {_ (y 5) } 7
V2o 20
corresponding to a lognormal distribution of E\,x. The median cutoff energy is F, = e/, while o measures the
logarithmic width of the distribution. Defining

Pin(y) = (6)

r=——" @)

the survival factor becomes

Sin(-E) = 8(0) = 3 rte( ). ®

where ®(z) is the Gaussian survival function. A lognormal distribution of cutoff energies therefore transforms the
underlying power law into a spectrum with a smooth, error-function-like suppression.
The effective spectral index is

_ dlnJ
vert(E) =~ = a+ 6+ Ayn(E), ©)
with o(2) .
_ 737 — —z2/2

At low energies, z < —1, one has <i>(a:) — 1 and therefore A~y — 0. The spectrum then reduces to the
usual propagated power law. The transition region instead carries the imprint of the dispersion in source maximum
energies. At E = E. = e/, namely x = 0, one finds

21 0.80
A'YLN(EC) = \/; >~ . (11)

g Oln Emax

Expressed in decades, o1, g,,,, = (In10) 0104, Eypax» SO that

max

0.35
A’YLN(EC) > . (]2)

010g10 Emax
This estimate gives a useful rule of thumb: a knee steepening of order Ay ~ 1 requires a dispersion
Ologyo Emax ~ 0-4. In this sense, the observed amplitude of the knee can be directly translated into a target width for
the source-to-source variance in maximum energy.
The same parameter also controls how rapidly the steepening develops. Indeed,
d Ay 2

=" 13
dnE |p_p 7o (13

A broader distribution therefore produces a wider and more gradual turnover, while a narrower distribution
gives a sharper knee.

Far above the turnover, x >> 1, the Gaussian survival function follows the Mills-ratio asymptotic form
®(x) ~ ¢(x)/z. The flux then behaves as

J(E) ~ qoi E*(OA*HS) exp [_(IHE B ,U,)Q/(2O'2)] . (14)

o InE—p

The suppression is therefore stronger than any power law, but slower than a simple exponential in E. This
continuously curving behavior is a characteristic signature of the lognormal case.
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The argument can also be generalized to the case in which sources with larger F,,,x inject more cosmic-ray
power. For a weight W (FEp,.,) o< EZ_ . the lognormal integral remains analytic:

max?

2 2 a2
qB(E)ocEanp(ﬂ,u,—l-ﬂ; )@(mE 5 po > (15)

The functional form of the knee is preserved. A positive correlation between injected power and maximum
energy mainly increases the normalization and shifts the effective turnover to higher energy, without qualitatively
changing the smooth lognormal suppression.

2.2. Power-Law Tail of Maximum Energies

The lognormal distribution describes a population in which the cutoff energies cluster around a characteristic
scale with finite logarithmic variance. It is useful to contrast this case with the opposite limiting behavior, in which
the high-energy tail of the cutoff distribution is itself a power law.

Fory > p = In E., we write

Per(y) =Ae Oy —p),  ppL(Bmax) = AEL Ega ™, (16)

max

where ppr, (Fmax)dEmax = Ppr(y)dy. The corresponding survival factor is

1, E<E,
Sp(>E) = a7
PL(>5) ﬂmaﬂ,E>&
and the population spectrum becomes
E—(at0) E < E,,
J(E) x {E—(a+5+)\)’ E>E.. (18)

In this case the additional steepening above the break is approximately constant. The result is therefore a
broken power law rather than a spectrum with progressive curvature.

This comparison highlights the diagnostic role of the cutoff distribution. A lognormal distribution produces a
knee with intrinsic curvature, because the survival probability decreases faster and faster in logarithmic energy. A
power-law tail instead gives an approximately energy-independent excess steepening above F.

If the source power correlates with maximum energy as W (Epay) < EP

max?

one obtains

1, E < E,

(19)
(E/E.)" " E>E,

ar1,p(E) o E‘“ﬁEﬁ {
valid for 8 < A. A positive correlation between source power and cutoff energy therefore reduces the effective
post-break steepening from A to A — 5. If § > ), the weighted population is dominated by the largest cutoff
energies, and an additional upper cutoff in the source distribution is required.

In both cases, the knee is a survival effect: at sufficiently high energy, only the subset of sources with large
enough E,,x can still contribute. However, the detailed shape of the knee retains memory of the underlying
distribution of cutoff energies. This is illustrated in Figure 2. For a lognormal distribution, increasing the logarithmic
width broadens the turnover, while a positive correlation between source power and E., . shifts the effective
suppression to higher energy. For a power-law tail, by contrast, the spectrum above E, remains close to a power law:
the tail index fixes the additional steepening, and the weighting partly compensates it by replacing A with A — 3.
The main diagnostic distinction is therefore the following: curvature through the knee points to a finite-width cutoff
distribution, whereas an extended power-law tail produces an approximately constant post-knee steepening.
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Figure 2. Population-averaged spectra for sources with sharp individual cutoffs and a source weight W ( Emax) o<
E2 .., shown in arbitrary normalization as a function of E /E.. Left: lognormal distribution of cutoff energies.
Right: power-law high-energy tail of the cutoff distribution. The comparison illustrates how a finite-width distribution
produces intrinsic curvature, while a power-law tail produces an approximately constant post-knee steepening.

3. A Physical Model for the Variance of £, in Galactic Supernova Remnants

In the previous section we treated the distribution of source cutoff energies as a phenomenological ingredient
and showed how its shape controls the knee. We now ask whether a dispersion of the required size can arise naturally
from the physical diversity of Galactic supernova remnants. The goal of this section is therefore not to fix the
variance of F,, in the fit, but to construct an observationally motivated prior expectation. In the following sections,
this expectation will be compared with the width required by the data.

3.1. Maximum-Energy Scalings

We first connect the statistical cutoff variable introduced above to the physical parameters of supernova
remnants. As a working hypothesis, we assume that an important part of the source-to-source variance in Epax
is driven by the diversity of explosion energies, Fsn, and ambient densities, pg. This is necessarily a simplified
description. Detailed calculations of the maximum energy also depend on the shock evolution, magnetic-field
amplification, acceleration efficiency, particle escape, and the structure of the surrounding medium [13, 14,18, 19].
Nevertheless, isolating the dependence on Egyn and pg is useful because these quantities provide a simple and
physically motivated source of dispersion.

For simplicity, we focus on remnants expanding into a uniform interstellar medium. This is a reasonable
first approximation for Type Ia supernovae, and it provides a clean benchmark for the scaling arguments below.
Core-collapse supernovae, by contrast, are expected to evolve in structured circumstellar environments shaped by
the progenitor wind and by previous mass-loss episodes [13]. A realistic treatment of those systems would require
an explicit model of the radial density profile and is left to future work.

In the Bell magnetic-amplification limit, following Ref. [14,20], the maximum energy can be written as

EBell _ 3eRqn {cr 'Uszh VAampo
max 10cT (4)

2 1/2
o8 5CR Rsh Ugh Po >

(20)

where £cr is the cosmic-ray acceleration efficiency, Rg, and vy, are the shock radius and velocity, and I(4) is
treated here as a slowly varying factor.

The effective maximum energy is expected to be reached around the transition to the Sedov—Taylor phase. We
therefore estimate the relevant shock properties at that stage. The characteristic radius is

R - <irjij>1/3 N Mclj/gpgl/S’ 1)
where M,; is the ejecta mass. The corresponding characteristic time is
7/4 [ PoMe e 5/6 —1/3 —1/2
to = R, (038E§N) o My "py "TEgN'" - (22)
The shock velocity at the beginning of the Sedov—Taylor phase then scales as
https://doi.org/10.53941/pac.2026.100008 6 of 14


https://doi.org/10.53941/pac.2026.100008

Evoli Phys. Cosm. 2026, 1(1), 8

Vg = — X Eé{\?Me;l/z. (23)
0
An important feature of this estimate is that, within the present approximation, vy does not depend explicitly
on the ambient density.
Substituting Equations (21) and (23) into Equation (20), one obtains
EZN o éon Rovd py/? o< €cm Bsn M py/°. (24)
Thus, in this simplified Bell-limited estimate, the maximum energy depends linearly on the explosion energy,
only weakly on the ambient density, and with a moderate inverse dependence on the ejecta mass.
A very similar dependence is obtained if the amplified magnetic field is not set by the Bell instability, but
instead saturates through an acoustic-instability-like prescription [21,22]. To see this, assume that the upstream
magnetic energy density is a fixed fraction of the shock ram pressure,

B2
8772 = &8 povgs By 6};/2{)(1)/2”07 (25)

and estimate the maximum energy by equating the acceleration time to the Sedov time, adopting Bohm diffusion in
the amplified upstream field. We write

DB FEc
tace = naccga Dp = wv (26)

where 7, 1S an order-ten factor that depends on the shock compression and on the ratio between upstream and
downstream diffusion coefficients. Setting t,.. = to gives

1/2

Zel? z _
B2 3 p(l)/2vg’t0 o 7&3 Esn M ~2/3 ,03/6. 27
max nacc naCC K

Therefore, if the efficiency factors are held fixed, the Bell estimate and the acoustic/Bohm estimate lead to
the same dependence on Egy, M., and pg at the beginning of the Sedov phase. Their main difference lies in the
overall normalization and in the efficiency parameter that controls the residual scatter: {cg in Equation (24), and
5113/ 2 /Macc in Equation (27).

In what follows, we adopt the simplifying assumption that the dominant stochastic variables are Egy and
po, while Mg; and the relevant efficiency factors are kept fixed. Under these assumptions, both maximum-energy
prescriptions reduce to the effective scaling

Enax o< Esn pé/ﬁ (28)

This relation provides the bridge between the physical diversity of Galactic supernova remnants and the
statistical distribution of cutoff energies introduced in Section 2.

Equation (28) also has an important implication for the weighting of different sources. If a fixed fraction of the
explosion energy is converted into cosmic rays, the total injected cosmic-ray energy scales as Ecr o< Egn. Since,
at fixed density, Eyax < Egn, the injected power is naturally correlated with the cutoff energy. In the notation of
Section 2, this corresponds to a weight close to

W(Emax) < Bl B=1, (29)

up to the weak modulation induced by the ambient-density factor. Thus, the case S = 1 follows naturally from the
same scaling that links F,,, to the explosion energy.

3.2. Lognormal Priors for Explosion Energies and Ambient Densities

Motivated by Equation (28), we now introduce phenomenological lognormal parametrizations for the two
quantities that control the source-to-source variance in our simplified model: the explosion energy Egn and
the ambient density py. This choice is also physically motivated. Lognormal distributions commonly arise in
multiplicative processes, and they are widely used to describe both supernova energetics and the density structure of
the turbulent interstellar medium.
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For the explosion energy we write

1 In Esx — fiin Bex )’
P(Esn) = Voromm B P [— ( S;OIQH ZN Ean) ] ; (30)
or, equivalently,
logyg <ffg) ~ N (p0, 07 - (31)
For the ambient medium we analogously write
1 (In po — pi1n p0)2
Ploo) = o exp l BT ] . (32)

This parametrization is broadly motivated by numerical studies of compressible interstellar turbulence and by
observational reconstructions of density distributions in the diffuse interstellar medium.

With these assumptions, the scaling in Equation (28) implies that the cutoff energy is itself lognormally
distributed. Indeed,

1
In F.x = const + In Egn + 5 In pg. (33)

If In Egn and In pg are Gaussian variables, then In E\, .« is Gaussian as well. This provides a direct physical
route to the lognormal cutoff distribution discussed in Section 2.1.

The width of the cutoff distribution can then be related directly to the widths of the parent distributions.
Assuming that Fgn and pg are independent lognormal variables, one finds

2
1
Oln Epax — \/0'1211 Esn + (6) 012n p0? (34

where 01, g = std(In Esx) and o1, », = std(In pg). This expression makes transparent an important point: in
logarithmic space, the contribution of the ambient density is suppressed by the small exponent 1/6. Unless the
relevant density distribution is extremely broad, the variance of E\,,x is therefore expected to be dominated by the

intrinsic spread in explosion energies.

3.2.1. Explosion-Energy Distribution Inferred from Galactic SNR Samples

We first consider the explosion-energy distribution. A useful empirical estimate is provided by Galactic SNR
samples in which the explosion energy is inferred by matching the observed X-ray radius, emission measure, and
temperature to spherically symmetric evolutionary models. In particular, Leahy et al. analyzed 43 Galactic remnants
with measured distances and X-ray spectra and found that the cumulative distribution of inferred explosion energies
is well described by a lognormal law [23].

For the 43-object sample, the best-fit camulative distribution reported in Ref. [23] is centered at

Esne =~ 2.7 x 10°° erg, 010 =~ 0.54, (35)
corresponding to a one-sigma multiplicative width 107° ~ 3.5. In terms of natural logarithms, this becomes
Oln Egny — (ln 10) 010 = 1.24. (36)

The same work explores several sources of systematic uncertainty. Changing abundances or ejecta masses has
little impact on the inferred width, and even in those variants the best-fit lognormal parameters shift only mildly, to
FEsn,e ~ 3.0 x 10°% erg and 019 ~ 0.53 [23].

A more recent compilation by Leahy, Merrick, and Filipovi¢ includes 58 Galactic remnants analyzed within
the same broad family of SNR models and tabulates a central explosion energy for each object [24]. Using the 58
central values listed in their Table 1 and fitting the same functional form as in Equation (30), we obtain

Esn.e ~ 2.9 x 107 erg, 010 ~ 0.54, (37)

with an arithmetic mean (Esy) =~ 6.2 x 10°Y erg. The agreement with the 43-object result is remarkably close,
suggesting that the width of the explosion-energy distribution is a stable feature of these SNR-based reconstructions.
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For the purposes of the present model, we therefore adopt the baseline prior

ESN 2
1og10<1051€rg) ~ N (-0.55, 0.54%) (38)

corresponding to a lognormal distribution centered at a few 10°0 erg with a dispersion of roughly half a decade.
This should be interpreted as an observationally motivated prior for X-ray bright Galactic remnants, not as a
definitive measurement of the intrinsic energy distribution of all supernova explosions. In particular, Leahy et
al. note that if a sizeable fraction of remnants evolve in wind environments rather than in a uniform medium,
the characteristic explosion energy shifts upward to ~4 x 10°? erg, while the broad lognormal character of the
distribution is preserved [23].

This empirical width is directly relevant for the knee problem. In the scaling of Equation (28), the explosion
energy alone gives Olog, | Epnax == 0.54 if Eyax o< Esn. The ambient density adds only a subdominant correction
because it enters with the weak exponent 1/6. Thus, the SNR-based explosion-energy distribution naturally
generates a broad spread of cutoff energies, of the same order as that required to smooth a population of sharp
individual cutoffs into a knee-like turnover.

3.2.2. Ambient-Density Distribution Inferred from Multiphase ISM Samples

We now turn to the ambient density. An observationally motivated set of phase-wise parameters is provided by
Ref. [25], who fit lognormal distributions to density PDFs for the ionized, atomic, and molecular phases of the Milky
Way interstellar medium. Their Table 1 reports linear-space means and standard deviations (7, s, ) ~ (0.025, 0.035),
(63, 30), and (3.2 x 103,2.4 x 10%) cm ™2 for the ionized, atomic, and molecular phases, respectively. Interpreting
these values as the moments of an underlying lognormal distribution, the corresponding logarithmic width and

median density are
2 2
Olnn = In |:]- + (STn) :| ) Nmed = N exp (_Jlnn) . (39)
n 2

This gives o1y, > 1.0, 0.45, and 0.67 (010g,, n = 0.45, 0.20, and 0.29), and nypeq = 1.5 X 1072, 5.7 x 10%,
and 2.6 x 103 cm 3 for the ionized, atomic, and molecular phases, respectively.

These phase-wise distributions should not be interpreted as the exact probability distribution sampled by all
Galactic supernovae. They instead provide representative scales and widths for different environments. For remnants
expanding into a diffuse and approximately uniform medium, the atomic phase provides a natural fiducial prior,
while the ionized and molecular values bracket lower-density and denser cloud-like environments.

Since the maximum energy depends only weakly on density, Fyax o< pé/ %, even these relatively broad density
PDFs contribute only

Olnn
oy = (40)

up to a constant conversion factor between number density and mass density. For the phase-wise widths quoted
above, this corresponds to al((fg)m B = 0.03-0.08, much smaller than the contribution inferred from the explosion-
energy distribution. Within the present framework, the ambient medium therefore modulates the cutoff energy, but
it is not expected to dominate the total dispersion unless the relevant density contrasts are much broader than the
individual phase-wise PDFs considered here.

Combining the empirical explosion-energy prior with the density contribution, Equation (34) gives an expected

cutoff-energy width close to

o 571/2
e = (0507 + (22252Y° 7~ 054, an

for any of the phase-wise density widths discussed above. This value will be used below as the physically motivated
expectation against which the width required by the observed knee can be compared.

4. Results

We now apply the lognormal-cutoff framework developed above to the measured proton spectrum. Our purpose
is not to construct a detailed population synthesis model of Galactic supernova remnants, but to test whether the
width of the knee can be described by a physically plausible distribution of source maximum energies.

The observed proton spectrum contains structure over a broad energy range. In addition to the PeV knee
measured by LHAASO, direct measurements by experiments such as DAMPE [26] and CALET [27] show deviations
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from a single power law at lower energies. We therefore use a minimal two-component description. The first
component accounts phenomenologically for the lower-energy part of the spectrum, including the TeV-scale
softening seen by direct measurements. The second component dominates the PeV region and determines the shape
of the knee. One may loosely associate these two components with ordinary supernova remnants and with a rarer
class of remnants reaching PeV energies, respectively, but we do not attempt here to assign a unique physical class
to each component.

The fitted spectrum is written as

2
J(E)=> A;E*d

=1

[lnE—lnEw} ’ 42)

Oln,i

where «; is the propagated spectral slope of component 7, E. ; is the median cutoff energy of the corresponding
source population, and oy, ; is the logarithmic dispersion of its maximum energies. The constants A; absorb the
units and the arbitrary reference energy used in the fit. The function ® is the Gaussian survival function introduced
in Section 2.1. Thus, each component is a propagated power law multiplied by the fraction of sources whose
maximum energy exceeds F.

The best-fit model is shown in Figure 3, together with the two individual components and the propagated fit-parameter
uncertainty band. The two-component description provides an acceptable fit to the combined data set, with

x?/dof = 46.51/40 = 1.16. (43)

The best-fit parameters are reported in Table 1. The quoted uncertainties are formal fit errors only. They
should not be interpreted as the full uncertainty on the model parameters, since additional systematics arise from
the combination of different data sets, energy-scale uncertainties, hadronic-interaction modeling in the LHAASO
reconstruction, and the simplified two-component functional form.

= 16210°
|

1 1 IIIIII| \\I 1 IIIIII| 1 1 IIIIII| 1 | T
10* 10° 106 107
E [GeV]
Figure 3. Two-component lognormal-cutoff fit to the measured proton spectrum. The data include low-energy direct

measurements from DAMPE [26] and CALET [27] and the LHAASO [6] proton spectrum in the knee region, shown
after multiplication by E27. The two source populations are shown separately, while their sum gives the total best-fit

& .t ]
— 14 N ]
I - i
n - ]
IE B ]
N~ ]
— —=- Lognormal component I .
> 8 [ Lognormal component II |
Q - 20 fit-parameter band
U B = Two-component lognormal fit
— 6 é CALET
p— - =l # DAMPE
g 7 N & LHAASO (SIBYLL-2.3d)
B4

(e}
S

spectrum. The shaded band represents the propagated 20 uncertainty from the fitted parameters.

The fitted slopes are consistent with the phenomenology of propagated Galactic proton spectra. The high-
energy component has ag >~ 2.58, close to the slope measured below the PeV turnover, while the lower-energy
component is harder and less tightly constrained. For the purposes of this work, however, the most important
quantities are not the slopes themselves, but the logarithmic widths of the cutoff distributions.

The component responsible for the PeV knee has
Oln,2

~Inl0

iz = 0.550 £ 0.006,  Olog,, Frue.2 ~ 0.24. (44)
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This corresponds to a one-sigma multiplicative spread e”2 ~ 1.7 in maximum energy. Thus, the knee does
not require an extremely broad population of PeVatrons. Rather, it can be reproduced by a moderate source-to-source
dispersion in maximum energy. This is the central result of the fit: once individual sources have sharp cutoffs, a
relatively narrow lognormal distribution of PeV cutoff energies is sufficient to smooth the population spectrum into
the observed knee.

Table 1. Best-fit parameters for the two-component lognormal-cutoff model in Equation (42). Quoted uncertainties
are formal 1o fit errors.

Component A; oy log,o(Ec,:/GeV) E.; Oln,i
I (5.45 +0.70) x 10® 2.394+0.17 3.64 +0.23 44738 TeV 1.10 £0.01
I (1.107 4 0.031) x 10*  2.581 +0.016 6.758 & 0.017 573702 PeV  0.550 + 0.006

It is useful to compare this fitted width with the physical expectation derived in Section 3. Under the assumptions
leading to Equation (34), the observed explosion-energy dispersion alone implies Tlog, | Fypax <
the full Galactic SNR population, while additional independent variations in ambient density or other acceleration
parameters would further increase the expected width. The fitted PeV value, 01og,, Eray,2 = 0.24, is therefore
substantially narrower than the minimum dispersion expected for an unbiased sample of Galactic remnants. This
indicates that the PeV component cannot represent the full SNR population, but must instead trace a selected subset

occupying a narrower region of the physical parameter space controlling F,,,x. Such a subset could be associated

Olog,, Esx = 0.54 for

with particular supernova subclasses, energetic explosions with relatively similar ejecta properties and circumstellar
environments, or consistently efficient magnetic-field amplification and particle acceleration. The fitted width should
therefore be interpreted as a constraint on the homogeneity of the PeV-capable population, rather than as the variance of
all Galactic supernova remnants.

The first component has a broader fitted cutoff distribution,

Oln,1 = 1.10 £ 001, U]ng E, 1= 048, (45)

max

corresponding to a one-sigma spread of about a factor of three in maximum energy. This value is close to the
width expected from the empirical explosion-energy distribution of Galactic remnants. However, the physical
interpretation of this lower-energy component is less clean than that of the PeV component. It may absorb several
effects that are not explicitly modeled here, including the transition between different source classes, local-source
fluctuations, cross-calibration differences among direct measurements, or changes in the low-energy propagation
regime. For this reason, we regard component I primarily as an effective description of the TeV-scale spectral
structure, rather than as evidence for a single well-defined source population cutting off at a few TeV.

The robust conclusion is therefore associated with component II. The LHAASO proton knee can be described
as the survival tail of a population of sources with distributed maximum energies. The required dispersion is
moderate, smaller than the variance inferred for the full Galactic SNR population, and therefore compatible with the
idea that only a selected subset of supernova remnants contributes to the PeV proton flux. In this picture, the knee
does not require all Galactic sources to share a common maximum rigidity. It can instead emerge from the gradual
exhaustion of a heterogeneous population of PeV-capable accelerators.

5. Conclusions

In this work we have explored the possibility that the Galactic cosmic-ray knee arises, at least in part, from
the source-to-source dispersion of maximum energies in the Galactic supernova-remnant population. Rather than
assuming that all sources share a common sharp cutoff, we have described the maximum energy as a statistical
variable and studied how its distribution shapes the population-averaged spectrum.

We first showed, in a minimal analytical model, that the observed spectrum can be written as the product of
an underlying propagated power law and the survival probability of the cutoff distribution. In this framework, the
knee appears because, with increasing energy, an increasingly small fraction of sources is still able to contribute. A
lognormal distribution of maximum energies naturally produces a smooth, continuously curving suppression, while
a power-law tail gives an approximately constant post-knee steepening. The shape of the knee therefore retains
direct information on the high-energy tail of the source population.

We then connected this phenomenological description to the physics of supernova remnants. Using simple
maximume-energy scalings evaluated around the onset of the Sedov—Taylor phase, we found that Bell-amplification
leads to the approximate dependence
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Emax < Esnpt/®, (46)

when the ejecta mass and acceleration-efficiency parameters are kept fixed. This scaling implies that the dispersion
in explosion energies is expected to dominate the variance of Ey,,x, while the ambient density provides a weaker
correction. Empirical lognormal distributions inferred from Galactic SNR samples suggest a broad all-remnant width,
of order 01og, , sy = 0.5, which provides a physically motivated prior for the expected spread of maximum energies.

Finally, we fitted the measured proton spectrum with a two-component lognormal-cutoff model. The component
responsible for the PeV knee requires a moderate width, o1, g,,,, = 0.55, corresponding to Olog,, Eax = 0-24.
This value is substantially smaller than the broad variance expected for the full Galactic SNR population. A
natural interpretation is that the PeV component traces a selected subset of remnants with favorable acceleration
conditions, rather than all Galactic supernova remnants. In this picture, the knee does not require a universal
maximum rigidity shared by all sources; it can emerge from the gradual exhaustion of a heterogeneous population
of PeV-capable accelerators.

Although the discussion above is framed in terms of supernova remnants, the statistical argument is more
general. Alternative Galactic PeVatron candidates, such as young stellar clusters [28-32], superbubbles [33,34],
microquasars [35-39], or other rare Galactic accelerators [40], must explain not only how particles are accelerated
to PeV energies, but also the observed width and curvature of the knee. If many sources contribute, the inferred
value Olog,, Epax = 0.24 constrains the dispersion of maximum rigidities within that population. This requirement
can be avoided only if the PeV flux is dominated by one or a few sources, in which case source discreteness,
temporal fluctuations, and anisotropy become essential and the population-averaged framework adopted here is no
longer applicable.

Several limitations of the present treatment should be kept in mind. The two components used in the fit should
be regarded as effective source populations, not as a detailed population synthesis of Galactic supernova remnants.
We have also restricted the analysis to the proton spectrum and have assumed that the spectral structure is controlled
by the distribution of source maximum energies, while propagation effects are absorbed into effective power-law
slopes. A unified description of the knee region will require a rigidity-dependent extension to heavier nuclei, explicit
supernova subtypes with their rates, energetics, and injection abundances, structured circumstellar environments for
core-collapse events, and possible correlations between explosion energy, ambient density, acceleration efficiency,
magnetic-field amplification, and cosmic-ray luminosity. It will also be necessary to include Galactic transport
consistently across the knee region [41] and to account for the hadronic-interaction and energy-scale systematics
entering air-shower measurements. These additional ingredients introduce the degrees of freedom needed to test
whether the same statistical mechanism can simultaneously reproduce the proton knee, the steepening of the
light component, and the observed evolution of the cosmic-ray composition. We leave this broader framework to
future work.
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