
 

 

	

Applied Mathematics and Statistics 

https://www.sciltp.com/journals/ams 

 

 

Copyright: © 2026 by the authors. This is an open access article under the terms and conditions of the Creative Commons 
Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/). 
Publisher’s Note: Scilight stays neutral with regard to jurisdictional claims in published maps and institutional affiliations. 

Article 

Generalized Coherent States in Thermal Field Dynamics 
in the Frame of Diagonal Ordering Operator Technique 

Dušan Popov 1,2 
1 Department of Physical Foundations of Engineering, University Politehnica Timisoara, B-dul Vasile Pârvan No. 2,  

300223 Timisoara, Romania; dusan_popov@yahoo.co.uk or dusan.popov@upt.ro 
2 Serbian Academy of Nonlinear Sciences (SANS), Kneza Mihaila 36, Beograd-Stari Grad, 11001 Belgrade, Serbia 

How To Cite: Popov, D. Generalized Coherent States in Thermal Field Dynamics in the Frame of Diagonal Ordering Operator Technique. 
Applied Mathematics and Statistics 2026, 3(2), 14. https://doi.org/10.53941/ams.2026.100014 

Received: 30 May 2026 

Revised: 8 July 2026 

Accepted: 10 July 2026 

Published: 31 July 2026 

Abstract: Although the thermofield dynamics (TFD) was developed specifically for 
systems to which involves the ladder canonical operators â  and â , in the paper we 
showed that this approach can also be formulated for systems of deformed bosons, 
associated with a pair of deformed operators 

Â  and 
Â . In this context we built 

sets of temperature-dependent coherent states, both of the Barut-Girardello and of the 
Klauder-Perelomov type, these two types being dual to each other. In calculations 
involving ladder operators, both independent and temperature-dependent, we used the 
Diagonal Ordering Operator Technique (DOOT), which is a generalization of the 
Integration Within an Ordered Product technique (IWOP) applicable to canonical 
operators associated with the one-dimensional harmonic oscillator. We also refer to 
the connection between TFD and thermodynamic quantities.  
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1. Introduction 

The idea of thermofield dynamics (TFD) appeared for the first time in the 8th decade of the last century, with 
the aim of explaining some temporal aspects related to non-equilibrium systems. It was due to Umezawa and 
collaborators, who later extended the idea to collective thermal phenomena of condensed states [1,2]. Later, the 
idea attracted the attention of other researchers who formulated the theory of thermal phenomena embracing the 
formalism of coherent states [3]. In essence, TFD is a formalism in quantum field theory and in fields like high-
energy physics, quantum optics, and condensed matter physics that extends the theory formulated from zero-
temperature phenomena to corresponding phenomena involving finite temperatures. Later, the TFD used quantum 
phase distributions [4], and Man and Revzen used TFD to define the thermal coherent states [3]. The thermal states 
representation was suitable for introducing some thermal entities, e.g., the thermal Wigner operator, useful in 
quantum optics [5]. The idea was revived a few years later when specific notions of TFD were used to obtain 
Husimi’s thermo operator, widely used in squeezed states in quantum optics [6]. This enriched the use of the TFD 
method and also opened a new path in solving master equations. Using the basic idea and notions of TFD, this 
method was also formulated for time-dependent systems, both for bosons and for fermions [7]. Also, in the frame 
of TFD were investigated some non-dissipative phenomena at certain finite low temperatures involving atoms in 
the cavity mode which are initially in the thermal equilibrium state and thermal CSs [8]. The thermofield approach 
can also be successfully applied in quantum chemistry [9]. A variant of generalized coherent states for the 
harmonic oscillator system has also been formulated using the time-dependent TFD. This is based on Glauber’s 
formulation of coherent states, where the authors introduce two types of time-dependent coherent states: coherent 
thermal (CT) and thermal coherent (TC), which are related to each other [10]. 

All these listed applications, as well as others, in various fields of physics show that the TFD approach is 
considered one of the most appropriate for the study of phenomena in which the quantities involved depend on 
temperature or time. 

https://crossmark.crossref.org/dialog/?doi=10.53941/ams.2026.100014&domain=pdf
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On the other hand, the foundations of the coherent states (CSs) formalism were laid as early as 1926 through 
Schrodinger’s paper [11], with the intention of finding solutions of the Schrödinger equation that satisfy the 
correspondence principle. After a period of reduced interest from researchers in this problem, a real informational 
boom occurred around the middle of the last century. During that period, papers and books on CSs appeared. 
Among them, we mention only the fundamental ones [12–16] and the references therein. These led to the 
formulation of three different ways of defining CSs: (1) the Barut-Girardello way, in which CSs are eigenvectors 
of the annihilation operator [17]; (2) Klauder-Perelomov way, in which CSs are defined as the result of the action 
of the quantum displacement operator on a ground state (vacuum) [18], and (3) Gazeau-Klauder way, in which 
CSs are parametrized by classical canonical action–angle variables [19]. 

For the linear quantum harmonic oscillator, all three definitions are convergent, leading to the same 
mathematical expression for CSs, based on the result of the action of the canonical generation â  and annihilation 
â  operators. For this reason, CSs associated with the linear quantum oscillator are also called linear CSs or 
canonical CSs. However, since many physical phenomena have a nonlinear character, it has proven necessary to 
construct appropriate CSs, called nonlinear CSs. For these kinds of CSs, so-called nonlinear or deformed 

generalized creation Â  and annihilation 
Â  operators were used, which involved a real function that depends 

on the particle number operator n̂ , called the deformation function  n̂f . The deformation function is not unique, 

but has different expressions for the various quantum systems studied. There are many papers related to nonlinear 
CSs, some of the most relevant being [20–23]. Therefore, the synergistic approach between the two approaches, 
TFD and CSs, is interesting, which is also one of the goals of this paper. 

In this paper, we have limited ourselves to examining the TFD and CSs only to describe systems of deformed 
bosons. Compared to the TFD formalism for the undeformed bosons, using â  and â  operators, in this paper we 
have extended this formalism to systems of deformed bosons by introducing a new pair of creation/annihilation 

operators, 
Â  and Â . These depend on an operator-valued deformation function  n̂f , having a strictly 

positive function  nf  as the eigenvalues, where n  is the principal quantum number. Consequently, this paper 

demonstrates that the new computational technique employed—the Diagonal Ordering Operator Technique 
(DOOT) (see [18] and the references therein)—yields interesting results and can also be applied to deformed 
bosons within the TFD formalism. This is the main novelty introduced by the present paper, compared to those 
examined in Ref. [18]. 

2. Preliminaries about the TFD 

The thermofield dynamics (TFD) formalism is a theoretical framework for studying quantum field theories 
at finite temperatures. In this formalism, the description of thermal effects and phenomena at temperature 0T  

is extended to respective phenomena at non- zero-temperatures 0T ,   1 BkT , where Bk  is the Boltzmann 

constant, and   1 TkB  is the temperature parameter. This extension is done in such a way as to preserve the 

structure of the operator algebra and operator’s commutation relations. In non-zero-temperature quantum 

mechanics, the expectation value or thermal average of a “normal” operator Ô  is expressed as an ensemble 
average, using the normalized density operator  ρ̂  
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On the other hand, in the TFD theory, the physical quantities at equilibrium are represented by their thermal 
expectation values. The central idea in TFD is to express this ensemble average as an expectation value over just 
one state       0|| , called the thermofield double vacuum state or the thermal vacuum state. 

For any Hermitian operator 
HÔ  acting in the physical Hilbert space H , the thermal vacuum is defined as [3]. 

In this context, the earlier expectation value can be written as 
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The primary entity from which the TFD formalism starts is just this temperature-dependent state, called the 
thermal vacuum state   H0| , which belongs to an original or physical Hilbert space H . Takahashi and 

Umezawa defined the thermal vacuum   0|  at finite temperature 0T , such that the expected value of an 
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operator HÔ  with respect to the thermal equilibrium will be equivalent to the statistical mean value with respect 

to the thermal state [1]: 

    T HH OO ˆ0|ˆ|0   (3)

Although this condition seems to be of the orthogonality type, it is not satisfied by c-numbers. Consequently, 
the thermal vacuum state   0|  cannot be an element of the original Hilbert space [24]. This was the reason 

why Takahashi and Umezawa resorted to the idea of enlarging the Hilbert space, i.e., to introduce an additional 
Hilbert space—called the “tilde space” which is the complex conjugate copy of the original zero-temperature 
Hilbert space [1]. 

Since in TFD, in addition to dynamic degrees of freedom, thermal degrees of freedom are also examined, 
then, in addition to ordinary particles, so-called tilde particles are also introduced. The ordinary particles possess 
the dynamical degrees of freedom, while the fictitious (tilde) particles possess the thermal degrees of freedom. 
The former represents the dynamic degrees of freedom, and those in the second category the thermal ones. For this 
purpose, Y. Takahashi and H. Umezawa introduced an additional, “doubled” or fictitious Hilbert space (or called 
a tilde-conjugate field) denoted H

~ , coupled with the physical space through a direct product, so that the whole or 

extended Hilbert space is a tensor product HHHtot

~
  [1]. The whole Hilbert space is spanned by the direct 

product of the eigenstates of the physical Hamiltonian Hˆ  and those of the new introduced tilde Hamiltonian 

H
~̂

 which has the same energy eigenvalues as their counterpart Hˆ , i.e.,  nEn| n
~|~~̂

H . So, the original 

optical field state n|  in the space H  is accompanied by a tilde state n~|  in H
~

. The same correspondence 

is also applicable to operators: any operator HÔ  acting on H  has a corresponding or image 
H
~

~̂
O  in H

~
. If the H  

and H
~

 are two separable Hilbert spaces associated with the subsystems S (of the real particles), respectively S
~

 
(of the tilde particles), which are uncorrelated, then the composite Hilbert space totalH , of the whole system totalS  

is given by the tensor product, HHHtotal

~
 . The total Hamiltonian of the whole system 

totalS  is 

HIIHHHH
~̂ˆˆˆ~̂ˆˆ total

. Consequently,     







HH ~
~̂

expˆexpˆexp HHH  --- total
. 

By extending the usual Hilbert space with a “doubled” space, a thermal state (which is a mixed state) can be 
represented as a pure state in the total space. Therefore, by calculating an expected value of a pure state created by 
TFD, we can obtain a thermal average in usual statistical mechanics. Consequently, by using the TFD method, the 
statistical average of an observable at finite temperature will actually be the expectation value of the pure state. 

According to the quantum Liouville equation, a composite and isolated system with the whole Hilbert space 
HH
~

  is always in a pure state with the corresponding density operator |~~||||~,~,|ρ̂ nnnnnnnnn 
. This always commutes with the Hamiltonian of the physical system  

m
m mmE ||ˆH . Hence, the whole vector 

basis in the composite system must be HH
~~,|~||  nnnn , and the double vacuum (or ground) state for 

both physical and fictitious modes can be written as 0
~

,0| . 

The thermal vacuum state   0|  being a pure (only!) state of the composite system, according to Schmidt 

decomposition and purification, there is an orthonormal basis  n|  for H  and  n~|  for H
~

, such that 

   
n

n
n

n nnCnnC ~,|~||0|  , (4)

where the Schmidt coefficients nC  are real non-negative numbers, with  
n

nC 12 . So, the purification allows us 

to associate pure states with mixed states. Consequently, for each Hilbert space, it exists the following density 
operators, with identical eigenvalues 

 
n

n nnC ||ρ̂ 2
H ,  

n
n nnC |~~|ρ̂~ 2

~
H

. (5)

Finally, for a single mode, in TFD the Schmidt coefficients are defined as 
 


Z

e
C

nE

n



  [2] and the thermal 

vacuum is 
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The explicit expression for the partition function in TFD is 

     nnennnnenneZ
n
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and this ensures normalization to unity of the states. 
The complex conjugate expression for the thermal vacuum state is 
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The projector of the thermal vacuum double state is, therefore 
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The density operator corresponding to the dynamical degree of freedom is obtained by calculating the partial 
trace over the whole thermal vacuum state, i.e., over the thermal vacuum projector     |00|ρ̂ )(0|    [10]: 

   

       












H

H

ρ̂||
1

||

~|00|~ρ̂Tr

,

)(0|~














nne
Z

jn
Z

e

Z

e

mm

n

E

Hjn
jn

H

E

H

E

m

n

jn
 (10)

This is just the expression of the thermal density operator that corresponds to the thermal equilibrium state 
of a quantum system, whose states are not pure but mixed. This result shows that a quantum mechanical system 
which is in the state of thermal equilibrium at finite temperature T cannot be found in a pure state, but it is in a 
mixed state described by a density matrix [25]. The normalization to unity of the thermal vacuum leads to the 
expression of the partition function 

             1
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As we saw earlier, in TDF, the thermal vacuum   0| , at finite temperature, is defined in such a manner 

that the vacuum expectation value of an operator, which acts on the physical Hilbert space H ,       0|ˆ|0 HO , 

is equal to their corresponding statistical (or thermal) average: 

        T
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. (12)

Therefore, a series of methods and results obtained for treating mixed states of systems at non-zero-
temperatures can also be implemented in the case of thermal vacuum, that is, in TFD. 

In TFD, the temperature dependence of various quantities is achieved through a temperature-dependent 
parameter     T . For a free (non-interacting) bosons system, this parameter is defined such that the vacuum 

expectation value agrees with the statistical average [26]. 
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1sinh,1cosh
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or equivalently 
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This obtained expression is characteristic of a boson system associated with the one-dimensional harmonic 
oscillator, because the quantum field for a harmonic oscillator is equivalent to a system of non-interacting bosons (e.g., 
photons), where each oscillation mode corresponds to a single boson. Since the energy of a one-dimensional harmonic 

oscillator is 


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3. TFD for Deformed Bosons 

After this general information about the TFD formalism, we are able to extend, as a natural way, the usual 
definition of coherent states (CSs) to zero-temperature quantum fields and to obtain so-called thermal coherent 
states (TCSs). The algebra of thermal operators is identical to that of operators at zero-temperature. This has the 
consequence that between all the formal properties of the usual CSs and TCSs there is a natural correspondence. 

Generalized coherent states (GCSs) are generated by a pair of adjoint creation Â  and annihilation Â  

operators, which differ from the corresponding canonical operators â  and â  in the sense that they also contain 
a nonlinearity function  n̂f  depending on the particle number operator, aan ˆˆˆ  , where  nn|n |n̂ : 

  
  a nA ˆˆˆ f ,  na A ˆˆˆ f . (16)

The nonlinearity function  n̂f  has different expressions for different systems. Sometimes, the GCSs are 

also named nonlinear coherent states (NCSs) because of the presence of the function  n̂f  with eigenvalue 

equation      nnfnf ||n̂ . At the limit   1ˆ nf , the NCSs turn into canonical CSs. 

Let us consider that the dimensionless Hamiltonian Hˆ  of the original (physical) system is  AAH ˆˆˆ
, 

and their counterpart in the tilde Hilbert space for the fictitious bosons is  AAH
~̂~̂~̂

. Implicitly we consider 

here 1 . The pairs of ladder operators Â  and Â , A
~̂

 and A
~̂

, respectively their temperature-

dependent variants, act as vectors in Hilbert spaces, according to the scheme below: 
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This rule will ensure the normal ordering of operators, imposed by the DOOT technique. These operators act 
on double Fock vectors in the following manner: 

   
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and similar for the tilde operators. 

It can be noted that the operators Â  and Â  (as well as their tilde and thermal-dependent counterparts) 

do not have the Fock vectors as eigenvectors, and they are not Hermitian operators. 
From the operational point of view, the Diagonal Ordering Operator Technique (DOOT), which uses the 

symbol #... #, is the generalization of the normal ordered branch of the IWOP technique (Integration Within an 
Ordered Product), introduced by Fan (see, [5] and references therein). However, the IWOP has only been applied 

to problems involving the canonical operators 
a  and a . In our previous paper [27], we generalized this 
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technique, making it applicable to any pair of normal-ordered operators, Â  and Â . In this regard, we have 

reformulated/generalized the following rules for DOOT: 

(I) Inside the symbol # # the order of the operators Â  and Â  can be permuted like commutable operators, 

so that finally will result an operator function that depends only on the powers of normally ordered operator 

product AA ˆˆ , i.e., 

  AAAAAA ˆˆ#ˆˆ##ˆˆ# , nnnnn )ˆˆ(#)ˆ()ˆ(##)ˆ()ˆ(#   AAAAAA , (19)

(II) A symbol #  # inside another symbol #  #  can be deleted. 

(III) Inside the #  #  symbol the operators Â , Â  and their normal ordered product AA ˆˆ  can be treated 

as c-numbers. These operators can be integrated or differentiated with respect to c-numbers, according to the 
usual rules. In addition, the c-numbers can be taken out from the symbol #  # . 

(IV) The projector |00|   of the normalized vacuum state 0| , in the frame of DOOT, has the following 

normal ordered form: 

    #
)ˆˆ;;(

1
#|00|

11 


AAq

j
p

iqp baF
, (20)

where )ˆˆ;(... AAqp F  is the generalized hypergeometric function having as argument the product of 

normally ordered operators AA ˆˆ . 

As a consequence of applying these rules, it can be said that DOOT generalizes and extends the considerations 
and advantages of the IWOP technique to deformed algebraic structures and implicitly to generalized coherent 
states (pure and mixed). Besides the applications related to anharmonic oscillators ([18,27,28] and references 
therein), DOOT rules have also proven their usefulness in the construction of temperature-dependent coherent 
states within the TFD model, as will be seen in this paper. 

In the above relations, we used the notation    nfnne qp  and now let us choose that this has the 

following general expression (which will be implicitly motivated below) [27]: 

 
 

 












p

i
i

q

j
j

qpqp

na

nb

nnfnne

1

1

1

1

)( , ...,3,2,1n , (21)

This would mean that the deformation function has the expression 

 
 

 










 p

i
i

q

j
j

qp

a

b

f

1

1

ˆ1

ˆ1
ˆ

n

n

n , 

   
  Ifqp

ba

qp
q

j
p

i

ˆˆlim

11





n . (22)

Here p  and q  are natural numbers, and in the next we use the notations   p
p

i aaaa ...,,, 211 a  and 

  q
q

j bbbb ...,,, 211
b  for two sets of real numbers. Consequently, the structure constants are 

 
 

 

 

 
 

 

 


































 p

i
i

q

j
j

q

j
j

p

i
in

j
p

i
ni

q

j
nj

qp

na

nb

n
b

a

a

b

njen

1

1

1

1

1

1

1 1!)(

, 

 
 

 












q

j
j

p

i
i

b

a
/

1

1ba

, 

(23)

where      xnxx n  /  is the Pochhammer symbol. 

The function  nqp  must be a strictly positive function,   ,0nqp  for any natural number n  since it 

appears in the definition of coherent states (specifically, as the quantity under the square root, as shown below) 
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and therefore the function  nfqp
 must also be strictly positive for any natural number n . Consequently, the 

denominator of the function  nfqp
 must not be equal to zero, and the numerator must have—potentially—an 

even number of negative roots. 
The result of the repeated action of the raising operator on the vacuum state is 

   
 

 









 n

a

b

nnn
p

i
ni

q

j
nj

qp

n
|!|0|ˆ

1

1A . (24)

Consequently, for the original optical field n| , as well as for the tilde field n~|  and their complex 

conjugates, we can write 

 
 

 
 

   
  ,ˆ|0~

1
|~,0

~
|

~̂
~

1~|

,ˆ|0
1

|,0|ˆ1
|

n

qp

n

qp

n

qp

n

qp

n
n

n
n

n
n

n
n















AA

AA





 

(25)

respectively for the entire Hilbert space 

   
n

qp

n

qp n
nn

n
nn 













  AAAA

~̂ˆ1
|0

~
,0|~,,0

~
,0|

~̂ˆ1~,|


. (26)

The general expression of the pure thermal vacuum state will then be 

           




















m qp

m

qp

E

n qp

n

qp

E

mZ

e

nZ

e mn







 AAAA
~̂ˆ

|0
~

,0|0,0
~

,0|

~̂ˆ

0|
,,

. (27)

Compared to the usual (from statistical thermodynamics) expression of the partition function  Z , the 

above expression     ;,, ba ,ZZ qpqp   is a deformed partition function, due to the presence of the factor 

 nfqp
, in the dimensionless expression of the energy eigenvalues  neqp

. Consequently, the expression of the 

deformed partition function  qpZ ,
 is determined by the concrete expression of the factor   0nfqp

. In this 

case, we will have 

   
 

 
 
































n n
p

i
i

q

j
j

nfn
qp

na

nb

ne,Z qp

1

1
,

1

1

exp;   ba . (28)

The explicit expression for the partition function in TFD is 

   

 
    .lim

,~,||~,Tr

,
1

ˆˆˆ

,









ZeZ

ennenneZ

n

n
qp

nf

n

nfn

n
qp

qp












 

 

 

 AAH





 (29)

The internal energy in TFD  ;,, ba ,UU qpqp 
 
has the corresponding definition 
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   
   

 

 
     

















UZ
e

en
,U

e

enfn
,Z,U

n

n
n

n

qp
nf

n

nfn
n

nfn

qp

qpqp

qp

qp

qp





























ln;lim

;ln;

,
1

,,













ba

baba

 (30)

By specifying the values for p  and q , as well as the sets of numbers a  and b , different expressions 

for  qpZ ,  and  qpU ,
 will be obtained. As an example, let us consider a gas of diatomic molecules whose 

interactions are modeled by the continuously indexed family of Pöschl-Teller potentials of the form 

     
ax

x
a

kk

x
a

am
xV 














































 0,

2
sin

1

2
cos

1

8 22
2

2
. (31)

The dimensionless energy eigenvalues are   0,)(  kbbnnne  , so we have 0 , 1 ,p q 

 0 1 !( 1)nn n b   , and the partition function will be (for calculation details see Ref. [18]) 

    
b

n

PT

eb
bnnbZ 

 
 



 





















 1

11
expexp;

2

0

)(
1,0 . (32)

or practical purposes, only the first terms of the exponential expansion will be retained, depending on the proposed 
accuracy of the calculations. This procedure will also apply to the expression for internal energy: 

   
    

  




















0

0)(
1,0

)(
1,0

exp

exp
;ln;

n

nPTPT

bnn

bnnbnn
bZbU















 . (33)

As for the limits of )(nf , we will examine two extreme cases. When b  is very small ( b ), then the 

Pöschl-Teller potential tends to the potential of the infinitely high rectangular well, for which 2nEn  . 

Alternatively, when b  is very large, ( b ), then nbEn  , which corresponds to the one-dimensional 

harmonic oscillator potential with angular frequency bDHO  1 , i.e., in this case the infinitely high 

rectangular well potential deforms. 

The expected value of the normal ordered product of AA ˆˆ  operators in the thermal vacuum state is 

       
   

     






 



UZ

nee
Z

nn
Z

e

n

ne

n

En





1
ln

1
|ˆˆ|0|ˆˆ|0







  




 AAAA

, (34)

where U  is the internal energy. Considering the limits 
 



aA

nf

ˆlim
1ˆ

 and 
 

aA
nf



ˆlim
1ˆ

, the above 

relations will correspond to a system of usual bosons having the well-known expression of the energy eigenvalues 

  





 

2

1
nneEn   . Let us emphasize that the limit   1ˆ nf  is achieved if qp   and the sets of 

numbers  p
ia 1a  and  q

jb
1

b  are equal.  
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       





2

0

2

1

sinh~,||~,
1

0||0  










 

  nnnne
Z n

n

aaaa


. (35)

This result is identical to that obtained in [7]. 
The internal energy for a bosonic gas (or gas of one-dimensional harmonic oscillators) is 

  





 





2

1
ln Ttottottottot nNZNUNU 


  (36)

Now, if we consider a gas of deformed bosons, in thermodynamic equilibrium with the environment and 
subject to canonical distribution, knowing the canonical partition function  Z , we will be able to define a series 

of thermodynamic quantities. 

E.g., let us indicate, as functions of the expected value of the normal ordered product of operators AA ˆˆ  

in the thermal vacuum state, the expressions for the internal energy U  

      



  


0|ˆˆ|0ln AAZU  (37)

as well as the differential equation that the free energy F  satisfies 

    



 


 0|ˆˆ|0 AAF
F

 (38)

Particularly, if the system under examination has a linear energy spectrum (e.g., a one-dimensional harmonic 

oscillator, or pseudoharmonic oscillator), with energy eigenvalues 0EnEn   , the expression of thermal 

vacuum becomes 

   

    





































 

0
~

,0|
~̂ˆtanh;;

cosh

1

0
~

,0|
~̂ˆ;;10

~
,0|

~̂ˆ

10| 2

2

AA

AA

AA













ba

ba

qp

qp
n qp

n

F

eFe
n

e

e








 

(39)

Using the newly introduced generalized operators, Â  and A
~̂

, the thermal vacuum state can be defined 

similarly as for the canonical operators [27]. 
Within the TFD theory, in the extended Hilbert space, the thermal vacuum equilibrium state for non-

interacting deformed bosons can be expressed in a compact exponentially squeezed form by a pure state related to 
the zero-temperature standard vacuum 0

~
,0| , as 

   
    








 

 0
~

,0|
~̂ˆexp10

~
,0|

cosh

1
0| 22

1~̂ˆtanh AAAA






 eee . (40)

Consequently, the thermal vacuum state projector is 

     
    #|0

~
,00

~
,0|#

cosh

1
|00|

~̂ˆtanh
~̂ˆtanh

2
  AAAA 


 ee . (41)

According to the DOOT rules (the motivation will be presented below), the projector of the double vacuum 
|0

~
,00

~
,0|   is, then 

      #
~̂~̂

;;#

1

#ˆˆ;;#

1
|0

~
0
~

||00||0
~

,00
~

,0|










 AAAA baba

qp
qp FF

. 
(42)

The final expression of the thermal vacuum state projector is 
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     
 

 
 

#
~̂~̂

;;
##

ˆˆ;;
#

cosh

1
|00|

~̂ˆtanh
~̂ˆtanh

2















AAAA

AAAA

baba
qp

qp F

e

F

e 


 . 

(43)

Let us note that the vacuum state 0
~

,0|  is annihilated by either Â  or A
~̂

: 

  00
~

|
~̂

0|ˆ0
~

,0|
~̂ˆ 






   AAAA . (44)

By analogy with paper [8] where the canonical operators â  and â  intervene, for the TFD approach the 
following considerations can be formulated. 

Nonlinear operators have the following structure 

    
  anAnaA ˆˆˆ,ˆˆ ˆ ff . (45)

We will choose the nonlinearity function in the following manner 

 

 










 p

i
i

q

j
j

a

b

f

1

1

ˆ1

ˆ1

)ˆ(
n

n

n , 

 

 













 n
na

nb

nf p

i
i

q

j
j

|
1

1

|)ˆ(

1

1n . (46)

Also, we will perform the calculations using the DOOT technique (Diagonal Ordering Operator Technique), 

in which the main feature is that the operators Â  and Â  (and, consequently, A
~̂

 and A
~̂

) commute 

with each other inside the symbol #...#, to obtain directly ordered operator products. In addition, under the 
integrations and derivations and other algebraic operations, the operators are treated as simple c-numbers [27]. 
Consequently, we have 

  0ˆ,ˆ  AA , 
0

~̂
,

~̂






 AA
, 

0
~̂

,ˆ 





 AA
, 

0
~̂

,ˆ 





 AA
 

(47)

The same rules will also be applied to operators acting in dual Hilbert tilde space H
~

. 
To simplify writing formulas, everywhere possible, we will write the hypergeometric functions without 

mentioning the set of numbers a  and b  and indicating only their argument, e.g., )();;( xFxF qpqp ba : 

   
 

 




 









 
00

1

1

)(!
;;

n qp

n

n

n

q

j
nj

p

i
ni

qpqp n

x

n

x

b

a
xFxF


ba  (48)

One of the important advantages of using the DOOT technique (as well as the IWOP technique) is that it 

allows us to express various entities in terms of creation/annihilation operators Â  and Â . Apart from the 

thermal vacuum projector     |00|   which is expressed as a function that depends on the normal ordered 

product of creation and annihilation operators #ˆˆ# AA  we will also use functions that have operators as 

arguments and, in the integral calculations, these operators are viewed as simple c-numbers, if they are framed by 
the symbols #...#. 

So, essentially, expressions that obey the DOOT rules are enclosed within #...# symbols. Inside them, all 
operators (both those acting in the physical space and those corresponding to the tilde space) must be placed in a 
normal ordering: creation operators on the left, and annihilation operators on the right. 

For zero-temperature quantum field theory, the corresponding CSs, defined in the Barut-Girardello manner [17], 
have the following properties 
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0|ˆˆ|,|||ˆˆ|

0|ˆ,|ˆ|

0ˆ|,||ˆ

2 














zzzzz

zzzz

zzzz

AAAA

AA

AA

 (49)

The results in the right column are because z|  is the eigenfunction of the operator Â , and at the same 

time |z  is the eigenfunction of the operator Â . 

Another useful relation in which the ordered product of operators intervenes is 

   2|||#ˆˆ#| zzz FF  AA  (50)

which means that, if we have to calculate the expectation value, in the CSs representation, of a function that 

depends on the ordered product of #ˆˆ# AA  operators, the result is obtained simply by making the substitution 

2|z|#ˆˆ# AA . 

The generalized thermal raising and lowering operators (i.e., operators which depend on the temperature T  
or  ) are defined using the Bogoliubov transformation. Then, for a system with boson particles, the temperature 

-dependent ladder operators are 

     
      -AAA

AAA

ˆsinhˆcoshˆ

ˆsinhˆcoshˆ












 (51)

The operators  Â  and  Â  which act in the Hilbert physical and tilde spaces satisfy the same 

type of relations as Â  and Â . 

         
          







nnnennnenn

nnnennnenn

~,1|sinh~,1|1cosh~,|ˆ

~,1|1sinh~,1|cosh~,|ˆ





A

A
 (52)

and similarly for the tilde operators. 
In the frame of the DOOT technique, the creation and annihilation operators are commutative, i.e we have 

  0#ˆ,
~̂

##
~̂

,ˆ#,0#
~̂

,
~̂

##ˆ,ˆ# 











  AAAAAAAA  (53)

This property is also transmitted to temperature-dependent operators 

        

        0#ˆ,
~̂

##
~̂

,ˆ#

0#
~̂

,
~̂

##ˆ,ˆ#

























AAAA

AAAA
 (54)

As a consequence of the above properties, the thermal vacuum state   0|  is annihilated by either 

 Â  or  A
~̂

, i.e., 

          0|0|
~̂

0|ˆ  AA  (55)

This can be showed as follows, e.g., 

        
      







0
~

,0|0
~

|0|ˆsinh0
~

|0|ˆcosh

0
~

|0|ˆsinhˆcosh0|ˆ

AA

AAA




 (56)
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The second term in the second row cancels out because the operator Â  has the bra vectors |...  as 

eigenvectors and not the ket vectors ...| . 

At the end of this section, let us calculate the expected value of the ordered normal product of thermal operators 

     AA ˆˆ  in the thermal vacuum state   0| . Detailed calculations are given in Appendix A. The final 

result is 

                 
   11

sinhlncosh0|ˆˆ|0 22 



  

 nee
Z

Z
n

ne





 


AA  (57)

The second term can only be evaluated if the relationship between  1ne  and  ne  is known, which 

is not the case for the generalized energy spectrum, Equation (21). 
For example, for systems with a linear energy spectrum 















 0)(

E
nneEn , 1)(1)1( 0 








 ne

E
nne


, (58)

the final result is (see, Appendix A) 

             


 U

1

2coshsinh0|ˆˆ|0 2   AA  (59)

Using the limits   
 AA ˆˆlim

0



 and   

 AA ˆˆlim
0




we will obtain the previous result, Equation (37). 

At the end of this section, let’s see how (or if) the generalized temperature-dependent vacuum state 

  gen0|   can be defined by means of the thermal dependent operators  Â  and  Â . We will denote this 

new temperature-dependent vacuum state with      gengen ;0|;0|  gg  . Here  g  is some generalized 

deformation factor whose expression we have to determine. For now, let’s write it in the form   n̂g . 

We assume that the generalized vacuum temperature-dependent state is defined as 

              


nng
Z

e
nng

Z

e
g

n n

n
En

~,|~,|;0|
ˆ

ˆ

gen 








n
H

 (60)

Let’s express the vector nn ~,|  as a result of the action of temperature-dependent operators on the double 

vacuum state 

        





 nnnqp

n
n

~,|cosh0
~

,0|
~̂ˆ 2  AA  (61)

Then we obtain 

     
     

    


























0
~

,0|

~̂ˆ

0
~

,0|
~̂ˆ

cosh

1
;0| 2gen

n qp

n

E

n

n

qp

E

nZ

e

g

nZ

e
g

n

n















AA

AA

 (62)

From here it follows that   1g , meaning   gen;0| g  does not depend on the generalized 

deformation factor, i.e., we have     gengen 0|;0|   g : 

     
   

    






















 






0
~

,0|

~̂ˆ

0
~

,0|
cosh

~̂ˆ1
0|

2gen
n qp

n

E

n

n

qp

E

nZ

e

nZ

e nn







 AA
AA  (63)
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In the limit for   1nfqp , the generalized vacuum temperature-dependent state becomes equal to the usual 

vacuum temperature-dependent state, that for a system of free bosons: 

 
 

   
     

  





0
~

,0|
cosh

1
0|0|lim0|lim

~̂ˆtanh
gengen

1

aa


 e

ji

qp

ba

qpnf

 

(64)

Creation and annihilation operators, both temperature-independent and dependent, logically lead to phase 
space deformation. Consequently, the usual Heisenberg uncertainty principle will be modified, resulting in the 
Robertson uncertainty principle [29]. Let us see what modifications the introduction of temperature-dependent 
operators brings to the uncertainty relations. 

The generalized dimensionless position and momentum temperature-dependent operators are defined as usual 

          

           .ˆˆ
2

iˆˆ
2

iˆ

,ˆˆ
2

ˆˆ
2

ˆ









e
mωmω

e
mωmω










AAAAP

AAAAX





 (65)

          

           .ˆˆˆ
2

ˆˆ
2

ˆ

,ˆˆˆ
2

ˆˆ
2

ˆ

22
22

2

22
22

2

PAAAAP

XAAAAX


















e
mωmω

e
mωmω




 (66)

Their commutation relation is 

             naananaAAPX ˆˆˆˆˆˆˆiˆ,ˆiˆ,ˆ fff 
    (67)

In the whole coherent representation, the expectation value is 

     2
;~, ||iˆ,ˆ zz   PX  (68)

It is well-known that the standard Heisenberg-Robertson uncertainty relation is 

             ;~,;~,;~,
ˆ,ˆ

2

1ˆˆ
zzz  PXPX  (69)

which, within the TFD formalism, finally result becomes 

        2
;~,;~,;~, ||

2
ˆ,ˆ

2

1ˆˆ zzzz


    AAPX  (70)

Because 0|| 2 z , this result applies to the entire complex space (otherwise, coherent states would not be 

defined), the uncertainties in both position and momentum are always positive to entire complex space and would 

never be zero. The quantity 
2|| z  represents the average number of particles in the system (or, in the case of the 

quantum harmonic oscillator, the average energy, if we neglect the zero-point energy). It acts as a correction term. 

For small values of 1|| 2 z  (and thus low energies), the results align with the quantum mechanics of the harmonic 

oscillator. For large values of 1|| 2 z  (and thus high energies), the value of the uncertainty product increases 

parabolically with 
2|| z , meaning that precise geometric localization of the particle becomes impossible. 

This result simplifies for the case of no deformed bosons, for which   1nf , such that the commutation 

relation for the canonical operators reduces to   1|ˆˆ|   n,n aa  and 

     
2

ˆˆ
;~,;~,


   zz PX  (71)

that is, the canonical coherent states, characteristic of the harmonic oscillator, minimize the uncertainty relations 
(for details, see [30], as well as the respective references cited). 
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4. Generalized Coherent States in the Frame of TFD 

4.1. Pure States 

The thermal coherent states (TCSs) can be defined as a natural extension of the corresponding canonical CSs 
in two ways: (a) in the sense of Barut and Girardello; (b) in the sense of Klauder and Perelomov. Generally, a 

coherent state (CS) is labeled by a complex variable, e.g.,  iexp|| zz  , with  cRz || , where cR  is 

the convergence radius and )2,0(   .  

(a) Definition according to the Barut and Girardello procedure 

Usually, the CSs in the Barut-Girardello manner (BG-CSs) are defined as the eigenvectors of the annihilation 
operator, the eigenequation being [17]. 

BGBG zzz  ||Â  (72)

Simultaneously, CSs BGz|  are not eigenvectors of the creation operator Â . Therefore, 

BGBG zz  |0|Â . The same is also satisfied by complex conjugate relations: 

z|z|zzz| BGBGBGBG  


 0ˆ,|ˆ AA  (73)

Now, if we apply the temperature-dependent operators on the CSs of physical space BGz ;| , we obtain, 

successively 

      
     BGBG

BGBG

zzz

zz













;|cosh;|ˆcosh

;|#ˆsinhˆcosh#;|ˆ

A

AAA
 (74)

    BGBG zzz   ;|cosh;|Â  (75)

    |;coshˆ|;  zzz BGBG  
A  (76)

      22 cosh||;|#
~̂ˆ#|; zzz BGBG   AA  (77)

       22 cosh||;|#
~̂ˆ#|; zzz BGBG FF 






  AA  (78)

Absolutely similar relations can be written for the CSs of the tilde Hilbert space. 
The whole coherent states (for the total space HH

~
 ) can be defined as a tensor product of the coherent states 

for the individual spaces (original   tilde): 

BGBGBG zz   ;~|;|;~,|  (79)

where, for the tilde space, we used the complex variable ~ , to avoid confusion. 
In fact, the whole CSs can be considered as two-mode CSs. 
The whole CSs are the eigenvectors of the individual temperature-dependent operators  Â  and  A

~̂ : 

    BGBG zzz   ;~,|cosh;~,|Â  (80)

    |;~,coshˆ|;~,  zzz BGBG  
A  (81)

      22 cosh||;~,|ˆˆ|;~, zzz BGBG   AA  (82)
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    BGBG zz   ;~,|cosh~;~,|
~̂

A  (83)

    |;~,cosh~~̂
|;~,  zz BGBG  

A  (84)

      BGBG zzz   ;~,|cosh~;~,|
~̂ˆ 2AA  (85)

      |;~,cosh~~̂ˆ|;~, 2  zzz BGBG  
 AA  (86)

Now, for the construction of TFD CSs, we apply the procedure of Man and Revzen [3], which consists of the 
natural extension of the definition to thermal coherent states (TCSs). They defined coherent states in the sense of 
Perelomov, that is, as the result of the action of the displacement operator on the vacuum state vector. Since in 
TFD, the “normal” and “tilde” operators commute with each other, besides the usual Hilbert space of absolute 

zero-temperature H , the so-called tilde space H
~

 also intervenes, in the form of a direct product, i. e. 

HH
~

 , the displacement operator will be written in the form, with respect to the DOOT rules 

);~(
~̂

);(ˆ);~,(ˆ  DDD  zz  (87)

We have previously seen that the generalized CSs can also be obtained by applying the generalized 

hypergeometric function )ˆ;;( AzFqp ba on the vacuum ket vector 0| . This idea appeared for the first 

time, for a particular case of pseudoharmonic oscillator, in Mojaveri and Dehghani’s paper [31]. 
Where no confusion can occur, we will henceforth omit writing ba ;  in the expressions of generalized 

hypergeometric functions  ...qp F , writing only the argument, but will not omit that these functions depend on 

the sets of numbers a and b . 

Since  0|0|Â any function with the annihilation operator as argument, therefore also 
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In this sense, the normalized generalized hypergeometric displacement operator is 
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In zero-temperature quantum field theory, the generalized displacement operator is defined similarly 
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As in the zero-temperature case, coherent states are the result of the action of the displacement operator on 
the whole vacuum state. 
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Let’s perform the calculations for the BG-CSs of the original Hilbert space. 
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Since  0|0|Â , the equality remains valid only for 0k , and we obtain 
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Finally, the BG-CSs for the physical system become 
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The normalization function is 
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so that the final expression of these temperature-dependent BG-CSs is 
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Since the variables z  and ~  are symmetric (i.e., “have the same rights”), each set of coherent states must 
satisfy the completeness relation (i.e., the decomposition of the unit operator). For example, for the variable z  
this relation is 
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We suppose that the integration measure has the following structure 
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where the weight function )|(| 2zh  must be determined. So, we obtain 
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The angular integral is equal to mn
nz )|(| 2  so that we have 
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To satisfy the closure relation of the Fock vectors 1||
0
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
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nn  we must have the following equality satisfied 
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After changing the index, 1 sn  and writing the structure constant explicitly, we will arrive at a Stieltjes-
type moment problem: 
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The solution of this problem is expressed through the Meijer G-function [32] 
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Then, the final expression of the integration measure is 
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Using the classical and generalized Meijer’s definite integral from one G function [33] 
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it is not difficult to show, as expected, that the integral of the integration measure is equal to unity:

  1; zd BG . 

For the variable ~  the expression is similar. 

The whole CSs corresponding to the whole Hilbert space HHHtot

~
  is 
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Since the CSs depend on the variables z  and ~  have been previously normalized, the whole 

normalization factor is obtained from the condition: 1;~,|;~,  BGBG zz 
 

Consequently,   1;~, zNqp
, and the normalized whole or global CSs are 
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or in an alternative manner: 
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Let us now verify the validity of this relationship, referring to the case of a system of harmonic oscillators, 

for which 0 qp , when 
  aAaA ˆˆ,ˆˆ  and   x

qp exF ;/;/ . The reason is that for the one-
dimensional harmonic oscillator, the Barut-Girardello coherent states have the same expression as the Klauder-
Perelomov coherent states (KP-CSs). Therefore, we will not write the indices BG and KP, respectively. 
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Then, the completeness relation of the CSs (the decomposition of the unity operator) is 
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Let’s calculate the integral over the variable z. 
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(111)

In ordering the operators, we applied the rules of the IWOP technique, which uses the sign :... :  instead of 

the #...#  sign. We used the IWOP expression for the vacuum projector |00|  , as well as the following 

integral in complex space [5]: 
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e
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 (112)

This obtained expression is characteristic of a boson system associated with the one-dimensional harmonic 
oscillator, because the quantum field for a harmonic oscillator is equivalent to a system of non-interacting bosons 
(e.g photons), where each oscillation mode corresponds to a single boson. Since the energy of a one-dimensional 
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expression of the thermal vacuum becomes 
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(b) Definition according to the Klauder and Perelomov procedure  

We define the coherent states in the Klauder-Perelomov manner (KP-CSs) in TFD similar as there for the 
zero-temperature case, i.e., as the action of the exponential of the creation operator on the vacuum state (the so-

called Klauder and Perelomov procedure, having in mind that  0|0|Â ). Recalling the usual definition 
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in the TDF we can write 
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Expanding the exponential in the power series and using the Newton binomial formula, we have 
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Taking into account the result of the action of the annihilation operator on the vacuum state, the sum over the 
k  is different on zero only for 0k . Then, we obtain 
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Analyzing this expression, we find that it has the same mathematical form. The only difference is in the 
expression of the structure constants, which are now 
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From the normalization condition 1;|;   zz  we obtain the expression of the normalized function 

 ;zN KP  
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Then, the normalized coherent state in “normal” Hilbert space becomes 
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It can be seen that, compared to BG-CSs, in the case of KP-CSs there is an interchange between the indices 
p  and q , as well as between the sets of numbers a  and b . 

It is observed that, at the limit 
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that is, the usual expression of KP-CSs, independent of temperature, is obtained. 
The coherent states connected with the tilde space have a similar expression, so that the whole temperature-

dependent coherent states is 
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(122)

The temperature-dependent CSs, above constructed, also fulfill all conditions imposed on an arbitrary set of 
CSs, both of Barut-Girardello and Klauder-Perelomov. We will verify these properties for the Barut-Girardello 
type CSs, because for the Klauder-Perelomov type the proofs are similar. This is a consequence of the dualism 
that exists between the two types of CSs [28]. 

So, it is not difficult to prove that the temperature-dependent CSs, both for the individual spaces (physical 
and tilde) and for the entire space, the following properties are satisfied: 

(1) Continuity in the labels z  and ~ . 

(2) Normalization but non-orthogonality. 
(3) Over-completeness or unity operator decomposition 

The whole integration measure is a product of two individual integration measures corresponding to the 
variables z  and ~ . Moreover, the global integration measure is 

      ;~;;~, BGBGBG dzdzd   (123)

so the over-completeness integral becomes 

    Idzzzd BGBGBGBGBGBG   |;~;~|;~|;;|; 
 

(124)

Substituting into the integral above, after some straightforward calculations, it will be obtained that this 
integral is indeed equal to unity. 

Therefore, the set of global CSs  ;~,| z  satisfies all the requirements imposed on coherent states [19]. 

4.2. Mixed States 

In usual quantum mechanics, the quantum states of a system can be either pure or mixed. But these two types 
of states do not benefit from the same type of description. While pure states are described by the state function 
(vector), mixed states are described by the density operator (matrix). The thermofield dynamics (TFD) formalism 
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comes to correct this “injustice”. In TFD, pure states and mixed states are treated equally, in the sense that each is 
represented by a state vector in the so-called “extended” Hilbert space, HH

~
 . It includes, in addition to the 

physical Hilbert space H, also a virtual Hilbert space (or tilde) H
~ . 

However, in quantum mechanics, a pure state |  in Hilbert space H  can also be described by a density 

operator. But, in this case, the density operator is just the projector of this state ||ρ̂|  . Consequently, 

the expectation value of an observable HÔ  is calculated as the following trace 
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|| HHHH OOOO
n

nn  (125)

So, the quantum statistics of a particle system (e.g., the bosons) in thermal equilibrium is described by the 
density operator. The canonical equilibrium states of a system at some non-zero-temperature T  are the mixed 
states described by the thermodynamic density operator    ρ̂ρ̂ T  defined as 
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The thermal expectation value of an operator HÔ  is given by 
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  (127)

where      nE
n eZp   1

 is the probability of finding the physical system in the state n| . 

Consequently, the expectation values of an operator HÔ  acting on the physical Hilbert space H , in a pure 

state n|  is given by 

 nnnnnnnnnnT |ˆ|~|~|ˆ|~,|ˆ|~,ˆ
HHHH OOOO  

(128)

If the system is at the zero-temperature, 0T  (or  ), we have   0,nnp    and 

  |00|ρ̂  , respectively |0
~

,00
~

,0|ρ̂ )0(|   for the whole Hilbert space. 

Consequently, at the zero-temperature limit, the system will be in the pure fundamental vacuum state. 
As a result of the repeated application of the creation operator on the vacuum state 0| , we will be able to 

write that the projector on the state n|  is 
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This leads to the expression for the density operator corresponding to a mixed state 
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Similar expressions can be written for the density operator for the tilde field: 
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 (131)

Then, the whole density operator, corresponding to both fields (original  n|  and tilde  n~| ) will be 

the tensor product of two individual density operators. 
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Using the properties of the tensor product, and assuming that the whole Hamiltonian, 

HHHH
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~̂ˆˆ HHH 


 corresponds to the combined Hilbert space HH
~

 , then the whole density operator can 

be written as 
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 (132)

Previously we saw that the thermal vacuum state   0| , which is a pure state of the whole or composite 

space, is defined as 
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The bases n| and n~| are called the Schmidt bases for Hilbert space H , and H
~

respectively, and 

consequently, the coefficients (called Schmidt coefficients) must be non-negative and real numbers which satisfy 

the condition 
  1
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 [28]. 

The whole energy of the system is nn
total
n EEE

~ . But, since each real particle in the physical space H  

has a fictitious counterpart (an image) in the fictitious space H
~

, having the same energy, the result is that the total 
energy of the entire system is 

nE2 . 

Then, the whole density operator can also be expressed in terms of the normal ordered product of temperature-
dependent ladder operators: 
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The trace of the density operator in the whole CSs representation is 
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where the individual traces are, e.g., 
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Since the result of the integration over the 
2|| z  is    )(/ 1 nqp 

 ba , finally we obtain that, as 

expected,   1ρ̂Tr H , as well as   1ρ̂Tr~ 
H

. Then,   



HH
~ρ̂Tr 1. 

Consequently, the expected value of an operator HÔ  in a mixed state (the thermal average) in the tensor 

product space, in the whole CSs representation BGz  ;~,| , is 
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It is known that in quantum optics the Q-distribution function (also known as Husimi’s Q-function) is defined 
as being equal to the diagonal elements of the density operator in the representation of coherent states [34]. 

For the case of whole coherent states, we have 
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The diagonal representation of the integer density operator in the CSs representation can be written as 
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Due to the symmetry of two variables, z  and ~ , the whole P-quasi-distribution function 
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so that we obtain 
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On the other hand, the whole density operator can be expressed as 
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Equating the two expressions, we will have, for example, for the variable z  
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Continuing the problem, i.e., finding the expression of  ;|| 2zPH , can only be done if we know the concrete 

expression of the energy eigenvalues, as functions of the principal quantum number n . 
For example, for systems with a linear energy spectrum, 0EnEn   , for which the partition function is 
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H . Then, the solution process proceeds as follows: 

Firstly, we denote the desired function with  ;|| 2zSH  and change the exponent. 1 sn : 
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So, we have 
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This is again a Stieltjes moment problem, the solution of which is 
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Finally, the P-quasi-distribution function is 
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In the limit, for   0 , the above expression is identical to Equation (90) of [27]. A similar expression 

is obtained for the variable ~ , and the whole P-quasi-distribution function for the extended system with linear 

energy spectra is, finally 

      ;|~|;||;|~|,|| 2
~

222
~

HHHH
PzPzP 


 (148)

The expected value of an operator HÔ  acting on the physical Hilbert space H  can be expressed using the 

diagonal representation of the density operator 
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The expected value of the operator HÔ  in the coherent state ;'| z  can be written as 
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Replacing in the previous relation, it will be obtained that nm  , we will be able to use the result of 
Equation (PG int), and we will obtain the expression of thermal average, as we expected 
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Let us now show that the expected value of the HÔ  operator in the pure thermal vacuum state is identical 

(equal) to the thermal average value of the HÔ  operator in the physical Hilbert space H [35]. 

Knowing that the calculation of the trace does not depend on the base used, for verification we will perform 
the calculations in two different bases: 

1. Using the Fock vector basis for the entire system,  nnnn ~||~,|  
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So, finally 

    THH  OO ˆ0|ˆ|0   (153)

2. Using the coherent states vector basis for the entire system (physical and tilde), 
  ;~|;|;~,| zz . 
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5. Concluding Remarks 

The thermo field dynamics (TFD) has proven to be an important approach, due to its multiple applications in 
different branches of physics, where temperature or time-dependent phenomena occur. On the other hand, the 
formalism of coherent states (CSs), initially imagined only as the prerogative of quantum optics, over time has 
found its place in other fields, to highlight just quantum computing. Therefore, the synergistic link between TFD 
and CSs is a topic that is as interesting as it is exciting. 

In the paper, we tried to show that the TFD rules, formulated for linear (canonical) operators, can be extended 
to nonlinear or, as they are called—deformed operators, associated with systems of deformed bosons. Although in 
the paper we only dealt with boson systems, the discussion can also be extended to fermion systems. We built sets 
of temperature-dependent coherent states, both of the Barut-Girardello and of the Klauder-Perelomov type, these 
two types being dual to each other. In calculations involving ladder operators, both independent and temperature-
dependent, we used the Diagonal Ordering Operator Technique (DOOT), which is a generalization of the 
Integration Within an Ordered Product technique (IWOP) applicable to canonical operators associated with the 
one-dimensional harmonic oscillator. 

Before addressing the issue of coherent states, we highlighted the connection between the expected value of 
the normal ordered product of operators in the thermal vacuum state and the value of the internal energy of the 
bosonic “gas”. 

The construction of the thermal coherent states (TCSs) was done through a natural extension, taking into 
account that the algebras of the thermal operators and those at zero-temperature are identical. This was done within 
the thermos field dynamics (TFD) formalism, which essentially represents an extension of the field theory from 
zero-temperatures to finite temperatures. Because thermal coherent states (TCSs), in addition to physical degrees 
of freedom, also contain thermal degrees of freedom, it was necessary to expand the physical Hilbert space H , 
adding a virtual Hilbert space (or tilde) H

~
. Consequently, we paid increased attention to the construction and 

properties of the corresponding density operators, responsible for both pure and mixed quantum states. 
The presented TFD formalism, formulated for temperature-dependent quantities, can also be extended to the 

time-dependent phenomena, through the formal substitution t1)(i   , so that   





 tHH ˆi

expˆexp



 

[36]. 

Finally, for informational purposes, let’s mention only one of the newest applications of TFD, namely how 
this approach can be connected to quantum computing. If we consider the particular case of a two-level system, 
the expression for the thermal vacuum will be 
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and the partition function is   10 EE eeZ    , so that finally we have 
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Since the sum of the squares of the coefficients is equal to 1, if we identify  0|0
~

,0|  and 

 1|1
~

,1| , the expression for the thermal vacuum   0|  becomes identical to the newly defined 

expression for the thermal vacuum qubit or thermal vacuum: 

  1,1|0|| 2
1

2
010  cccc  (157)

This clearly shows the connection between thermo field dynamics and quantum computing. For details, we 
recommend the reader to the recent papers [37,38] (and references therein). 

Finally, let us emphasize that the primary aim of this work was to provide an analysis of the potential 
applications of the generalized coherent state formalism for deformed bosons within the TFD framework. Beyond 
what has already been discussed, let us highlight just two areas where this approach could play a significant role. 
Among other things, coherent states (both canonical and generalized) find applications in quantum dynamical 
systems that utilize Krylov spaces (such as complex molecules, spin networks, etc.), while also leveraging the 
capabilities offered by classical and quantum computers (for details, see Ref. [39]). We believe that the ideas 
previously outlined regarding the extension of the generalized coherent state formalism to TFD—within the 
framework of DOOT—may also find application in solving the equations governing closed string behavior. For 
those interested, we recommend Ref. [40] and the references contained therein as a starting point. 

We hope that the results presented here will constitute a step forward in diversifying applications involving 
temperature- or time-dependent phenomena and systems, both for TFD and for CSs. 
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Appendix A. Expected Values of Thermal Operators 

The expected value of the normal ordered product of thermal operators      AA ˆˆ  in the thermal 

vacuum state   0|  is obtained, successively 
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Finally, we obtain 
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