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1. Introduction

The idea of thermofield dynamics (TFD) appeared for the first time in the 8th decade of the last century, with
the aim of explaining some temporal aspects related to non-equilibrium systems. It was due to Umezawa and
collaborators, who later extended the idea to collective thermal phenomena of condensed states [1,2]. Later, the
idea attracted the attention of other researchers who formulated the theory of thermal phenomena embracing the
formalism of coherent states [3]. In essence, TFD is a formalism in quantum field theory and in fields like high-
energy physics, quantum optics, and condensed matter physics that extends the theory formulated from zero-
temperature phenomena to corresponding phenomena involving finite temperatures. Later, the TFD used quantum
phase distributions [4], and Man and Revzen used TFD to define the thermal coherent states [3]. The thermal states
representation was suitable for introducing some thermal entities, e.g., the thermal Wigner operator, useful in
quantum optics [5]. The idea was revived a few years later when specific notions of TFD were used to obtain
Husimi’s thermo operator, widely used in squeezed states in quantum optics [6]. This enriched the use of the TFD
method and also opened a new path in solving master equations. Using the basic idea and notions of TFD, this
method was also formulated for time-dependent systems, both for bosons and for fermions [7]. Also, in the frame
of TFD were investigated some non-dissipative phenomena at certain finite low temperatures involving atoms in
the cavity mode which are initially in the thermal equilibrium state and thermal CSs [8]. The thermofield approach
can also be successfully applied in quantum chemistry [9]. A variant of generalized coherent states for the
harmonic oscillator system has also been formulated using the time-dependent TFD. This is based on Glauber’s
formulation of coherent states, where the authors introduce two types of time-dependent coherent states: coherent
thermal (CT) and thermal coherent (TC), which are related to each other [10].

All these listed applications, as well as others, in various fields of physics show that the TFD approach is
considered one of the most appropriate for the study of phenomena in which the quantities involved depend on
temperature or time.
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On the other hand, the foundations of the coherent states (CSs) formalism were laid as early as 1926 through
Schrodinger’s paper [11], with the intention of finding solutions of the Schrodinger equation that satisfy the
correspondence principle. After a period of reduced interest from researchers in this problem, a real informational
boom occurred around the middle of the last century. During that period, papers and books on CSs appeared.
Among them, we mention only the fundamental ones [12—16] and the references therein. These led to the
formulation of three different ways of defining CSs: (1) the Barut-Girardello way, in which CSs are eigenvectors
of the annihilation operator [17]; (2) Klauder-Perelomov way, in which CSs are defined as the result of the action
of the quantum displacement operator on a ground state (vacuum) [18], and (3) Gazeau-Klauder way, in which
CSs are parametrized by classical canonical action—angle variables [19].

For the linear quantum harmonic oscillator, all three definitions are convergent, leading to the same
mathematical expression for CSs, based on the result of the action of the canonical generation @ * and annihilation
a operators. For this reason, CSs associated with the linear quantum oscillator are also called linear CSs or
canonical CSs. However, since many physical phenomena have a nonlinear character, it has proven necessary to
construct appropriate CSs, called nonlinear CSs. For these kinds of CSs, so-called nonlinear or deformed
generalized creation A . and annihilation A" operators were used, which involved a real function that depends

on the particle number operator n , called the deformation function f (ri ) The deformation function is not unique,

but has different expressions for the various quantum systems studied. There are many papers related to nonlinear
CSs, some of the most relevant being [20-23]. Therefore, the synergistic approach between the two approaches,
TFD and CSs, is interesting, which is also one of the goals of this paper.

In this paper, we have limited ourselves to examining the TFD and CSs only to describe systems of deformed
bosons. Compared to the TFD formalism for the undeformed bosons, using g+ and a operators, in this paper we
have extended this formalism to systems of deformed bosons by introducing a new pair of creation/annihilation

operators, A _ and A _. These depend on an operator-valued deformation function f (ri ), having a strictly

positive function f (n) as the eigenvalues, where » 1is the principal quantum number. Consequently, this paper
demonstrates that the new computational technique employed—the Diagonal Ordering Operator Technique
(DOOT) (see [18] and the references therein)—yields interesting results and can also be applied to deformed
bosons within the TFD formalism. This is the main novelty introduced by the present paper, compared to those
examined in Ref. [18].

2. Preliminaries about the TFD

The thermofield dynamics (TFD) formalism is a theoretical framework for studying quantum field theories
at finite temperatures. In this formalism, the description of thermal effects and phenomena at temperature 7 — 0

is extended to respective phenomena at non- zero-temperatures 7 =0, 7 = (kB )’1, where k, isthe Boltzmann
constant, and [ = (k B T)_1 is the temperature parameter. This extension is done in such a way as to preserve the
structure of the operator algebra and operator’s commutation relations. In non-zero-temperature quantum
mechanics, the expectation value or thermal average of a “normal” operator O is expressed as an ensemble
average, using the normalized density operator (/)

1
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<0 >r=Ter(ﬁ)]=MZO:<”|O€ﬂH |n>=Z(ﬁ)§e P <n|O |n> (1)

On the other hand, in the TFD theory, the physical quantities at equilibrium are represented by their thermal
expectation values. The central idea in TFD is to express this ensemble average as an expectation value over just
one state | ‘I’(ﬂ ) >=| O(,B ) >, called the thermofield double vacuum state or the thermal vacuum state.

For any Hermitian operator dH acting in the physical Hilbert space H, the thermal vacuum is defined as [3].

In this context, the earlier expectation value can be written as

A

<O, >,= <0('B)|6H |O(ﬁ)>=Tr(0He’ﬁHﬂ )
o) )

The primary entity from which the TFD formalism starts is just this temperature-dependent state, called the
thermal vacuum state | O(ﬁ ) >e H, which belongs to an original or physical Hilbert space H . Takahashi and

@)

Umezawa defined the thermal vacuum | O(ﬂ ) > at finite temperature 7 # 0, such that the expected value of an
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operator OH with respect to the thermal equilibrium will be equivalent to the statistical mean value with respect
to the thermal state [1]:

<0(8)|0,10(8)>=<0, >, 3)

Although this condition seems to be of the orthogonality type, it is not satisfied by c-numbers. Consequently,
the thermal vacuum state |O(ﬁ)> cannot be an element of the original Hilbert space [24]. This was the reason
why Takahashi and Umezawa resorted to the idea of enlarging the Hilbert space, i.c., to introduce an additional
Hilbert space—called the “tilde space” which is the complex conjugate copy of the original zero-temperature
Hilbert space [1].

Since in TFD, in addition to dynamic degrees of freedom, thermal degrees of freedom are also examined,
then, in addition to ordinary particles, so-called tilde particles are also introduced. The ordinary particles possess
the dynamical degrees of freedom, while the fictitious (tilde) particles possess the thermal degrees of freedom.
The former represents the dynamic degrees of freedom, and those in the second category the thermal ones. For this
purpose, Y. Takahashi and H. Umezawa introduced an additional, “doubled” or fictitious Hilbert space (or called
a tilde-conjugate field) denoted H, coupled with the physical space through a direct product, so that the whole or

extended Hilbert space is a tensor product H,_, =H ®H [1]. The whole Hilbert space is spanned by the direct

tot

product of the eigenstates of the physical Hamiltonian HA and those of the new introduced tilde Hamiltonian

H which has the same energy eigenvalues as their counterpart H , i.e., H |7 >=E, |7 >. So, the original

optical field state | 7> in the space H is accompanied by a tilde state |77 > in H. The same correspondence

is also applicable to operators: any operator q acting on H has a corresponding or image Gﬁ in H.Ifthe H

and H are two separable Hilbert spaces associated with the subsystems S (of the real particles), respectively S
(of the tilde particles), which are uncorrelated, then the composite Hilbert space H of the whole system S|

total °

is given by the tensor product, H, . =H®H . The total Hamiltonian of the whole system Sew 18
H, =H ®H —H ol +I ®H - Consequently, exp('ﬂ H w/u/): exp(‘ﬁ H H) ® exp['ﬂHLHj'

By extending the usual Hilbert space with a “doubled” space, a thermal state (which is a mixed state) can be
represented as a pure state in the total space. Therefore, by calculating an expected value of a pure state created by
TFD, we can obtain a thermal average in usual statistical mechanics. Consequently, by using the TFD method, the
statistical average of an observable at finite temperature will actually be the expectation value of the pure state.

According to the quantum Liouville equation, a composite and isolated system with the whole Hilbert space
H®H isalways in a pure state with the corresponding density operator p, =|n, # ><n, i |5 n><n|® |7 ><7 |

. This always commutes with the Hamiltonian of the physical system Hence, the whole vector

H :ZE,”|m><m\'
m

basis in the composite system mustbe |n>® |7 >=|n, 1 >eH® H, and the double vacuum (or ground) state for
both physical and fictitious modes can be written as |0, 0>.

The thermal vacuum state | O(ﬂ) > being a pure (only!) state of the composite system, according to Schmidt

decomposition and purification, there is an orthonormal basis {| n>} for H and {| n >} for Fl, such that
10(8)>=>.C,|n>®| 7 >=).C,|n,7i >, @

where the Schmidt coefficients C, are real non-negative numbers, with ZC’f =1. So, the purification allows us
n

to associate pure states with mixed states. Consequently, for each Hilbert space, it exists the following density
operators, with identical eigenvalues

~ 2 2 ~ ~
pH=ZCn|n><n|,pH:ZCj]n><n]. 5)

Finally, for a single mode, in TFD the Schmidt coefficients are defined as ~ _ |¢ % [2] and the thermal
"\ z(p)

vacuum is
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)>= £Z|n}7>=z R (©)
2B N zp)

The explicit expression for the partition function in TFD is

Z(ﬂ):TrefﬁHA :z<n,ﬁ|eiﬁHA |n’ﬁ>zz<n,’ﬁ|eiﬁE” |n’ﬁ>’ (7)

n n

and this ensures normalization to unity of the states.
The complex conjugate expression for the thermal vacuum state is

—ﬂE
|—Z<nn|1/ Z <n|®<}7| ®)

The projector of the thermal vacuum double state is, therefore

-PE e PEn

o =10(8)> <0(p ”|n n>® ) <m,m|,|—— )
[0(B) ( ) Z Z Z(ﬂ)

The density operator corresponding to the dynamical degree of freedom is obtained by calculating the partial
trace over the whole thermal vacuum state, i.e., over the thermal vacuum projector f)‘ ooy =| O(ﬂ) > < O(ﬂ ) | [10]:

Trﬁ f’\O(ﬁ)> = z< mn |O(ﬂ)>< 0(13)| m>=

‘Z o PE efms,| o<l | Z > 5 () (10)
A AL 0 B I P

This is just the expression of the thermal density operator that corresponds to the thermal equilibrium state
of a quantum system, whose states are not pure but mixed. This result shows that a quantum mechanical system
which is in the state of thermal equilibrium at finite temperature 7 cannot be found in a pure state, but it is in a
mixed state described by a density matrix [25]. The normalization to unity of the thermal vacuum leads to the
expression of the partition function

<0(/3)|0(,8)>=n2/ / <m|®<m|(|n>®|n>=(—i =1 an

As we saw earlier, in TDF, the thermal vacuum | O(ﬂ ) >, at finite temperature, is defined in such a manner

that the vacuum expectation value of an operator, which acts on the physical Hilbert space H , <0( ﬁ')\dH 10(8)>>

is equal to their corresponding statistical (or thermal) average:

. ~pE, Y i )
0(5)|0, |0(ﬂ)>zz\/eZ(ﬁ) Z\/eZ(ﬁ) m|O, |n>®<m|i>=<0,>,. (12)

Therefore, a series of methods and results obtained for treating mixed states of systems at non-zero-
temperatures can also be implemented in the case of thermal vacuum, that is, in TFD.

In TFD, the temperature dependence of various quantities is achieved through a temperature-dependent
parameter ¢(7')= (). For a free (non-interacting) bosons system, this parameter is defined such that the vacuum

expectation value agrees with the statistical average [26].

coshﬁ(ﬂ):(l—e’““’)_% : sinh@(ﬁ)z(e/’hw—l)‘% (13)

or equivalently
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_phe
ano(p)=exf - 5% ) . o(p)= 3 im etp)=0 (19
l—e 2

This obtained expression is characteristic of a boson system associated with the one-dimensional harmonic
oscillator, because the quantum field for a harmonic oscillator is equivalent to a system of non-interacting bosons (e.g.,
photons), where each oscillation mode corresponds to a single boson. Since the energy of a one-dimensional harmonic

ho
oscillator is [ 1), the partition function is Z()=e 7 (1 _pPho )71 and the thermal vacuum becomes
E =ho|n+ 3

0,0> (15)

N - Mé*;* ’ I c St
|0(ﬂ)>:\/1—e_ﬁhw ZL(e d 2 j |0’0 >— 1 etanh&(ﬂ)a a

3. TFD for Deformed Bosons

After this general information about the TFD formalism, we are able to extend, as a natural way, the usual
definition of coherent states (CSs) to zero-temperature quantum fields and to obtain so-called thermal coherent
states (TCSs). The algebra of thermal operators is identical to that of operators at zero-temperature. This has the
consequence that between all the formal properties of the usual CSs and TCSs there is a natural correspondence.

Generalized coherent states (GCSs) are generated by a pair of adjoint creation A . and annihilation A _

operators, which differ from the corresponding canonical operators @’ and @ inthe sense that they also contain
a nonlinearity function f (rf ) depending on the particle number operator, n =a ‘a , where n |n >=n|n >:

A, =/fh)a", A =a./f(n). (16)

The nonlinearity function f (ri ) has different expressions for different systems. Sometimes, the GCSs are

also named nonlinear coherent states (NCSs) because of the presence of the function f (ﬁ) with eigenvalue
equation f(rf ) |n>= f(n)|n>. At the limit f(rf )—) 1, the NCSs turn into canonical CSs.

Let us consider that the dimensionless Hamiltonian H  of the original (physical) systemis H =A +A _,

and their counterpart in the tilde Hilbert space for the fictitious bosons is H = A +A _. Implicitly we consider

here i@w=1. The pairs of ladder operators A _ and A A , and A _, respectively their temperature-

dependent variants, act as vectors in Hilbert spaces, according to the scheme below:

N N A A ~ H,H 2 2 2 2 2 H, H
N NNy (P Y S e atD

This rule will ensure the normal ordering of operators, imposed by the DOOT technique. These operators act
on double Fock vectors in the following manner:

AA_|n,17>:1/e(n)|n—l,l7> , <n,17|AA+:1/e(n)<n—1,l7| ,
A |nii>=Je(n+1)|n+L,i> , <n,i|A_=Jeln+)<n+1,ii| , (18)
<n,17|AA+P:7|n,17>:e(n) , <n,ﬁ|;°:}:+|n,ﬁ>=e(n+l)

and similar for the tilde operators.

It can be noted that the operators A _ and A . (as well as their tilde and thermal-dependent counterparts)

do not have the Fock vectors as eigenvectors, and they are not Hermitian operators.

From the operational point of view, the Diagonal Ordering Operator Technique (DOOT), which uses the
symbol #... #, is the generalization of the normal ordered branch of the IWOP technique (Integration Within an
Ordered Product), introduced by Fan (see, [5] and references therein). However, the IWOP has only been applied

to problems involving the canonical operators " and @ . In our previous paper [27], we generalized this

https://doi.org/10.53941/ams.2026.100014 5 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

technique, making it applicable to any pair of normal-ordered operators, AA , and A _ . In this regard, we have

reformulated/generalized the following rules for DOOT:

(I) Inside the symbol # # the order of the operators K _and A, can be permuted like commutable operators,
so that finally will result an operator function that depends only on the powers of normally ordered operator
product A A _,ie.,

HA A #=H#A KN #=A A  #A YA )VH#=#(A ) A )H#=(AA), (19
(II) A symbol # # inside another symbol # # can be deleted.

(IIT) Inside the# # symbol the operators A s A and their normal ordered product A A can be treated

as c-numbers. These operators can be integrated or differentiated with respect to c-numbers, according to the

usual rules. In addition, the c-numbers can be taken out from the symbol # # .
(IV) The projector |0><0]| of the normalized vacuum state | 0>, in the frame of DOOT, has the following
normal ordered form:

: #
F,(af; {b/ }f ALA )

P 9q

|O><0|=# (20)

where pF q(... ;A +A _) is the generalized hypergeometric function having as argument the product of

normally ordered operators A A _

As a consequence of applying these rules, it can be said that DOOT generalizes and extends the considerations
and advantages of the IWOP technique to deformed algebraic structures and implicitly to generalized coherent
states (pure and mixed). Besides the applications related to anharmonic oscillators ([18,27,28] and references
therein), DOOT rules have also proven their usefulness in the construction of temperature-dependent coherent
states within the TFD model, as will be seen in this paper.

In the above relations, we used the notation e(n )E n, fq(n) and now let us choose that this has the

following general expression (which will be implicitly motivated below) [27]:

li[(bj—1+n)
,e,(m=n, f,(n)=nLt—-— n=1273,.., on

(a,~1+n)

1p|

This would mean that the deformation function has the expression

q

H(b —l+ri) )
pfq(ﬁ)zj:li’ lim pfq(ri)=1. (22)

pr=q

ﬁ(a —14+0) kbl

i=1

Here p and g are natural numbers, and in the next we use the notations a = {ai }f’ =a,,a,,..,4, and

b= {b 5 }f =b,b,,..., bq for two sets of real numbers. Consequently, the structure constants are
q q P

[16,), Hr a,) [Ir r(b, +n) l;Ir(ai)

Py )= Te()=ntE— == r(n+1) r(a/b)=-=——

A e, 1) ﬁ [1r6,)

i=1 =l J=l

(23)

where (x)n = F(x + n)/ F(x) is the Pochhammer symbol.

The function WP, (n) must be a strictly positive function, P, (n) >0, for any natural number 7 since it

appears in the definition of coherent states (specifically, as the quantity under the square root, as shown below)
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and therefore the function , (n) must also be strictly positive for any natural number 7 . Consequently, the
denominator of the function ., (n) must not be equal to zero, and the numerator must have—potentially—an

even number of negative roots.
The result of the repeated action of the raising operator on the vacuum state is

24

Consequently, for the original optical field |7 >, as well as for the tilde field |I7 > and their complex

conjugates, we can write

|n>:;(AAy|O> , <n|:%0|(AA_7 ,

o) ST Jop.(n)

n (25)
~ 1 ~ ~ ~ 1 Ao
|n>=—N(A+) 0> <n|=—N<O|(A7) ,
P, \7) V2, (7)
respectively for the entire Hilbert space
~ 1 A~ 2\ - ~ 1 A AY
ln,g>=—+—~|AA,|]0,0>, <n,n|=<0,0|——~|A A _|. (26)
WP, (n) pPyq (”)
The general expression of the pure thermal vacuum state will then be
(K *AN*j (A AN) @27)
>=2 0,0> B)l= Z 0> ——+—
n pq(ﬂ) ppq(n) P, q(ﬂ) qu(m)

Compared to the usual (from statistical thermodynamics) expression of the partition function z(), the
above expression Z (ﬂ ) =Z, q(a, b; 5 ) is a deformed partition function, due to the presence of the factor
oIy (n), in the dimensionless expression of the energy eigenvalues e, (n) Consequently, the expression of the
deformed partition function Z, q( ) is determined by the concrete expression of the factor o (n)> 0. In this

case, we will have

H( .—1+n)
a b,B Z ~phan, 1) Zexp —,Bha)n—’p1 : (28)

H a —1+n

i=1

q

The explicit expression for the partition function in TFD is

z,,B)=Tre™ =3 <niile ProR R it >=) e pronp i)
n

n

- S e -2(p)

The internal energy in TFD U va=U,, (a b ﬂ) has the corresponding definition

(29)
lim
f(n)>l1
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z”l f ﬂha)npfq )
ze—ﬂhwn,,fq(n)

n

U, ,(a.b; ,B)——%an ,(a,b;B)=hao

Zn e hen 5
lim U, (a,b:)= Z e =—£1n2(ﬁ)=U(ﬁ)

By specifying the values for p and ¢, as well as the sets of numbers a and b, different expressions

(30)

for zZ, q(ﬁ) and UM(IB) will be obtained. As an example, let us consider a gas of diatomic molecules whose

interactions are modeled by the continuously indexed family of Poschl-Teller potentials of the form

V(x)— Ui V(V_l) k(k_l) 0<x<ra

= 5 - ) : (€2))
8ma of @ .o 7
cos’ | —x | sin‘| —x
2a 2a

The dimensionless energy eigenvalues are e(n) = n(n +b), b=v+k>0, so we have p=0, g=1,
oy (n)=n!(b+1),, and the partition function will be (for calculation details see Ref. [18])

2
> 1 0 1
Zéﬁ’T)(b;,B):Z(;exp[—ﬂha)n(n+b)] exp _—ﬂha)[%j T (32)

or practical purposes, only the first terms of the exponential expansion will be retained, depending on the proposed
accuracy of the calculations. This procedure will also apply to the expression for internal energy:

5 in n+b exp ﬂha)n(n+b)]
UL 6: )= ho O )= e
8,Bha) Zexp[—ﬂha)n(n+b)]

n=0

As for the limits of f(n), we will examine two extreme cases. When b is very small (b <<), then the

Poschl-Teller potential tends to the potential of the infinitely high rectangular well, for which E =#hwn®.
Alternatively, when b is very large, (b >>), then E, =A@ bn, which corresponds to the one-dimensional
harmonic oscillator potential with angular frequency @, , =@ b, ie., in this case the infinitely high
rectangular well potential deforms.

The expected value of the normal ordered product of A +P: _ operators in the thermal vacuum state is

- ﬁEn

0B K K 008)>=F < nlK K |n>m 3 o) gfr) =
(ﬁ)| A (ﬂ)> ;2(13)< AA_|n> Z(ﬂ); () (34)
: :
=_Wln2(ﬂ)=

where U is the internal energy. Considering the limits l(lrg P:+ =a
£ (A )1

—u(p)

+

and fl(%iIEAAA _=a , the above

relations will correspond to a system of usual bosons having the well-known expression of the energy eigenvalues

E =h a,e(n)z A a)(n +1j. Let us emphasize that the limit f (ri )—>1 is achieved if p = ¢ and the sets of
n 2 P

numbers a={a,}’ and b= {bj }f are equal.

1
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o0

- (o] n+1
<0(B)la‘a|0(B) }: oref j<nuﬁm+ahuﬁ>=mm?ﬂﬂ) (35)

This result is identical to that obtained in [7].
The internal energy for a bosonic gas (or gas of one-dimensional harmonic oscillators) is

P 1
u,=N,U=-N, InZ =N _h 4+ —
o =Ny wnw)mwﬁrﬁ (36)

Now, if we consider a gas of deformed bosons, in thermodynamic equilibrium with the environment and
subject to canonical distribution, knowing the canonical partition function Z (,b’ ) , we will be able to define a series

of thermodynamic quantities.
E.g., let us indicate, as functions of the expected value of the normal ordered product of operators A A _

in the thermal vacuum state, the expressions for the internal energy U

0

U=—gmZ(p)=nw<0(5)AA_|o(g)> G7)
as well as the differential equation that the free energy F' satisfies
oF A A

ﬁ@”’ ho<0(B)|A A _|0(8)> (38)

Particularly, if the system under examination has a linear energy spectrum (e.g., a one-dimensional harmonic

oscillator, or pseudoharmonic oscillator), with energy eigenvalues En =hon+ E,, the expression of thermal

vacuum becomes

ho A "
(eﬁ2A+A J
10(B)>=1-e "y >~ 2 0,0>=1-¢""" F|a;b;e ﬂ* L 10,0>=
p 2, (n (39)
1

)qu(a ;b tanh@(ﬂ)AAJ-\LJm,a >

" cosh o(p

Using the newly introduced generalized operators, A , and A . » the thermal vacuum state can be defined

similarly as for the canonical operators [27].

Within the TFD theory, in the extended Hilbert space, the thermal vacuum equilibrium state for non-
interacting deformed bosons can be expressed in a compact exponentially squeezed form by a pure state related to
the zero-temperature standard vacuum |0, 0 >, as

oA 1 _pho N2 -
|0(ﬁ)>:;etanh9(ﬁ)A+A+ 0,0 >= (l_e—ﬂhw)g exp(e 73 A*A*Jw’ 0>. (40

cosh8()

Consequently, the thermal vacuum state projector is

10(8)><0(8)|= e

According to the DOOT rules (the motivation will be presented below), the projector of the double vacuum
|0, 6><0, 5| is, then

# tanh 19( ) tanh@ #

(41)

1 1
#qu(a; b;A A *)# #qu(a; b;ALJrAL_j# (42)

10,0><0,0[=(]0><0]) (|0><0])=

The final expression of the thermal vacuum state projector is
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1 etanh&(ﬁ)A:JrALJr o tanh6(B)A _A
10(8)><0(B)1=—= i)' s b;A:AA_)# # qu(a; b;AiAL)#. )
Let us note that the vacuum state 0,0 > is annihilated by either A_ or A :
K_Af_|0,6>=(K_|0>)®(f_|6>):o. (44)

By analogy with paper [8] where the canonical operators a* and @ intervene, for the TFD approach the
following considerations can be formulated.
Nonlinear operators have the following structure

A =a./fn), A, =/fln)a". (45)

We will choose the nonlinearity function in the following manner

ﬁ(bj_1+ﬁ) ﬁ(bj_l"'”)
fO)y=L—— f()|n>=Lt——|n>. (46)
(@,—1+n) (a,—1+n)

i=1 i=1

Also, we will perform the calculations using the DOOT technique (Diagonal Ordering Operator Technique),

~

in which the main feature is that the operators A , and A _ (and, consequently, A . and A ) commute

+
with each other inside the symbol #..#, to obtain directly ordered operator products. In addition, under the
integrations and derivations and other algebraic operations, the operators are treated as simple c-numbers [27].
Consequently, we have

N L N R L R

~

The same rules will also be applied to operators acting in dual Hilbert tilde space H
To simplify writing formulas, everywhere possible, we will write the hypergeometric functions without
mentioning the set of numbers @ and b and indicating only their argument, e.g., o F, (a;b;x)= JF, (x):

_ N A X X
DY e T “

One of the important advantages of using the DOOT technique (as well as the IWOP technique) is that it

allows us to express various entities in terms of creation/annihilation operators A , and A . Apart from the
thermal vacuum projector | 0(4)>< 0(4)| which is expressed as a function that depends on the normal ordered

product of creation and annihilation operators #A +A _# we will also use functions that have operators as

arguments and, in the integral calculations, these operators are viewed as simple c-numbers, if they are framed by
the symbols #...#.

So, essentially, expressions that obey the DOOT rules are enclosed within #...# symbols. Inside them, all
operators (both those acting in the physical space and those corresponding to the tilde space) must be placed in a
normal ordering: creation operators on the left, and annihilation operators on the right.

For zero-temperature quantum field theory, the corresponding CSs, defined in the Barut-Girardello manner [17],
have the following properties
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AA7|Z>:Z|Z> , <Z|AA7:0
<Z|P:+=z*<z| , P:+|z>:0 (49)

<z|A A _|z>=|z], <z|A A, |z>=0

The results in the right column are because | z > is the eigenfunction of the operator A | and at the same

time < z| is the eigenfunction of the operator A -

Another useful relation in which the ordered product of operators intervenes is
<z|F 4K A #)z>=F (|zF) (50)

which means that, if we have to calculate the expectation value, in the CSs representation, of a function that

depends on the ordered product of #A +A _# operators, the result is obtained simply by making the substitution
4N A _Ho|z].

The generalized thermal raising and lowering operators (i.e., operators which depend on the temperature T
or [3) are defined using the Bogoliubov transformation. Then, for a system with boson particles, the temperature

-dependent ladder operators are
A (B)=cosh6(B)A _—sinh O(B)A ,

A+(,3)= cosh 0(ﬂ)pf+ —sinh g(ﬂ)p:_ (51

The operators A +(ﬂ ) and A _(ﬁ ) which act in the Hilbert physical and tilde spaces satisfy the same

type of relations as A , and A _.

A _(B)|n, 7t >= cosh(B)Je(n)| n—1, ii > —sinh 6(B)Je(n+1)|n+1, 7 >
A (B)|n, i >=cosh@(B)Je(n+1)|n+1, 7 >—sinh O(8)Je(n) | n—1, 7 >

and similarly for the tilde operators.
In the frame of the DOOT technique, the creation and annihilation operators are commutative, i.e we have

(52)

#[Af_ A }#:#[& A }#:o : #[Af_ A }#:#[& A }#:0 (53)
This property is also transmitted to temperature-dependent operators

#[A_(ﬂ),&(ﬂ)]#Z#[&(ﬁ),P«L_(ﬁ)}#:O
(ﬁ)}#:o

As a consequence of the above properties, the thermal vacuum state | O(ﬂ) > is annihilated by either

Ai(ﬂ) or Agf(ﬂ), ie.,

. . (34)

4 A(5). A () p=+{ A (p). A

K _(B)0(B)>=A_(B)|0(8)>=0> (53)
This can be showed as follows, e.g.,
K (8)]0(8)>=|coshO(B)A —sinh0(H)A  [0>®|0 >=

N _ A - _ (56
= coshe(ﬁ)[A 10 >]®| 0 > —sinh e(ﬂ)[A L]0 >]®| 0>=0,0> :
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The second term in the second row cancels out because the operator A | has the bra vectors <...| as
eigenvectors and not the ket vectors |...>.

At the end of this section, let us calculate the expected value of the ordered normal product of thermal operators

A . (,3 )AA _ (ﬂ ) in the thermal vacuum state | O (,B ) > . Detailed calculations are given in Appendix A. The final

result is

<0(B)IA. (A _(8)0(8)>=—cosl? aﬂ>a(;mlnz<ﬂ>+smhw<ﬂ>zgﬂ);eM(")e{ml) 57)

The second term can only be evaluated if the relationship between e(n + 1) and e(n) is known, which

is not the case for the generalized energy spectrum, Equation (21).
For example, for systems with a linear energy spectrum

E =hwe(n)=ho n+ﬂ , e(n+l)= n+1+ﬂ =e(n)+1, (58)
ho ho
the final result is (see, Appendix A)

<0() A&, (B1& (8)|0g)>= sink? o)+ cosh2e() - U(4) o

Using the limits jm A +(ﬂ) =A , and lim A 7( ﬂ) A _ we will obtain the previous result, Equation (37).

6—0 -0
At the end of this section, let’s see how (or if) the generalized temperature-dependent vacuum state
10(8) >, ©an be defined by means of the thermal dependent operators A (p) and A _ (ﬂ) We will denote this
new temperature-dependent vacuum state with |O(ﬂ; g(&)) > en=| O(ﬂ; g) > - Here g(0) is some generalized

deformation factor whose expression we have to determine. For now, let’s write it in the form [g(g)]" .

We assume that the generalized vacuum temperature-dependent state is defined as

00818152 8O ==X (a0 > @

Let’s express the vector | 7,7 > as a result of the action of temperature-dependent operators on the double

vacuum state

AL(PA(9)] 10.05=eost 0], p, 1) m.i> 1)

Then we obtain

. (1 [ 20) g s } 5o
|0(ﬁ’g)>gen_; Z(ﬂ) ppq(n) cosh? A+(ﬂ)A+(ﬂ) 10,0 >=

" (62)

From here it follows that g(9)=1 , meaning |O(,B; g)> gen does not depend on the generalized

en

deformation factor, i.e., we have | O(ﬂ;g) > gen =1 O(,B) >

gen :

<k ()] KA
T [EeE ] e A
|0(ﬂ)>gen_’21 Z(ﬂ) ppq(n) COShZH |0,0>_2 Z(ﬂ) |0,0>
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In the limit for » fq (n)= 1, the generalized vacuum temperature-dependent state becomes equal to the usual

vacuum temperature-dependent state, that for a system of free bosons:

= | — _; tanh 6(4
lim 10(8)> gen—{lé{né}|0(ﬂ)>gen—|0(ﬂ)>—Coshe(ﬂ)e 100>

Creation and annihilation operators, both temperature-independent and dependent, logically lead to phase
space deformation. Consequently, the usual Heisenberg uncertainty principle will be modified, resulting in the
Robertson uncertainty principle [29]. Let us see what modifications the introduction of temperature-dependent
operators brings to the uncertainty relations.

The generalized dimensionless position and momentum temperature-dependent operators are defined as usual

X(0)= 51 (K () K (B[S (A

2maw o
B(5)=i\ "™ (& (5)-K (p))=1 " (& &}
)f2(ﬂ)=ﬁ(ﬂ+(ﬁ)+ﬁ_(ﬁ))@ﬁ(g++A_)ze—ze(p):xz ’
- - . (66)
ﬁz(ﬂ)=—m7w(A+(ﬂ)—A_(ﬁ))z= hmw(A & Jorn_p2

Their commutation relation is

X(5).P(g)=inls & |=ina ) -rG)aa ) )

In the whole coherent representation, the expectation value is

X (8). P (8))>. 5= —in| =" (68)

It is well-known that the standard Heisenberg-Robertson uncertainty relation is

6X (D)) o8P (8)..., > S]< [X (8) . B (B)]>. .., )
which, within the TFD formalism, finally result becomes
(AXA (ﬂ))z,&;ﬂ(APA(ﬂ))z,&;ﬂ = %‘< [Ai ; A+]> EI zf! (70)

Because | z |2 >(), this result applies to the entire complex space (otherwise, coherent states would not be
defined), the uncertainties in both position and momentum are always positive to entire complex space and would
never be zero. The quantity |z |2 represents the average number of particles in the system (or, in the case of the
quantum harmonic oscillator, the average energy, if we neglect the zero-point energy). It acts as a correction term.

For small values of | z |2 ~1 (and thus low energies), the results align with the quantum mechanics of the harmonic
oscillator. For large values of | z|>>>1 (and thus high energies), the value of the uncertainty product increases

parabolically with | z |2 , meaning that precise geometric localization of the particle becomes impossible.
This result simplifies for the case of no deformed bosons, for which f(n)—> 1, such that the commutation

relation for the canonical operators reduces to < n |[é ,a +]|n >=1 and

h

6X ()., (4P (). .o =2 a

that is, the canonical coherent states, characteristic of the harmonic oscillator, minimize the uncertainty relations
(for details, see [30], as well as the respective references cited).
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4. Generalized Coherent States in the Frame of TFD
4.1. Pure States

The thermal coherent states (TCSs) can be defined as a natural extension of the corresponding canonical CSs
in two ways: (a) in the sense of Barut and Girardello; (b) in the sense of Klauder and Perelomov. Generally, a

coherent state (CS) is labeled by a complex variable, e.g., z =| z |exp(i@), with | z [<R, < oo, where R, is
the convergence radius and @ €(0,27).
(a) Definition according to the Barut and Girardello procedure

Usually, the CSs in the Barut-Girardello manner (BG-CSs) are defined as the eigenvectors of the annihilation
operator, the eigenequation being [17].

Aﬂf zZ>,=z|z> (72)
BG BG

Simultaneously, CSs |z>. are not eigenvectors of the creation operator A , . Therefore,

A  |z>,.=0-|z>,.. The same is also satisfied by complex conjugate relations:
se<zZIA,=z"c<z| , z<z|A_=0-,.<Z (73)

Now, if we apply the temperature-dependent operators on the CSs of physical space | z; > 3G » We obtain,

successively

~

K _(B)] 23> =H#|cosh O(AIR_—sinhO(B)A , ¢ |2: B>,

A (74)
= [coshé?(ﬁ)A 7]]z;ﬁ’ >,o=2c0sh6(B) | z; B> 4,

A _(B)|z;8>50=zcoshO(B)| z; 8> (75)

so< 2 BIA (B)=2"cosh O(B) o< z: B (76)

so< PR (B (B 238 >, =| 2 cosh® 6(B) W

o< ziB|F (#A‘ +(ﬁ)/f(ﬂ)#j|z;ﬂ>BG=F (127 cosh’ () a8)

Absolutely similar relations can be written for the CSs of the tilde Hilbert space.
The whole coherent states (for the total space H®H) can be defined as a tensor product of the coherent states
for the individual spaces (original & tilde):

12, G B>p6=2 B>p6 ®10; B >4 (79)

where, for the tilde space, we used the complex variable &, to avoid confusion.
In fact, the whole CSs can be considered as two-mode CSs.
The whole CSs are the eigenvectors of the individual temperature-dependent operators A () and A™ (8):

A (B)|z, ;8 >45=2coshb(B) |z, &; 5>, (80)
o<z, 5 BIA (B)=z"coshO(B) o< z, & 3] (81)
6<2, 5 BIA (B)A _(B)|z, &3 8>45=| 2 cosh® 6(5) (82)
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A (B)|z,5:8>,,=5cosh0(B) 2, 5 8 >, (83)

wo< 2 FBIA (B)=5" coshO(B) o< 2, 51 54

K (BN ()2, 5:8>,=25cosh? 0(8) 2, 53 8 >, (85)

1< 2. G IA (DA (B)=2"& cosh 6(B) < 2. 5: (56)

Now, for the construction of TFD CSs, we apply the procedure of Man and Revzen [3], which consists of the
natural extension of the definition to thermal coherent states (TCSs). They defined coherent states in the sense of
Perelomov, that is, as the result of the action of the displacement operator on the vacuum state vector. Since in
TFD, the “normal” and “tilde” operators commute with each other, besides the usual Hilbert space of absolute

~

zero-temperature H , the so-called tilde space H also intervenes, in the form of a direct product, i. e.
H ®H ,the displacement operator will be written in the form, with respect to the DOOT rules

B(z, 5:8)=D(z A ®D(5;4) (87)

We have previously seen that the generalized CSs can also be obtained by applying the generalized
hypergeometric function pF;] (a; b;zA +) on the vacuum ket vector |0 >. This idea appeared for the first

time, for a particular case of pseudoharmonic oscillator, in Mojaveri and Dehghani’s paper [31].
Where no confusion can occur, we will henceforth omit writing a@; b in the expressions of generalized

hypergeometric functions » F p () , writing only the argument, but will not omit that these functions depend on
the sets of numbers @ and b.

Since A _|0>=]0> any function with the annihilation operator as argument, therefore also
G A )| 0>=| 0> leaves unchanged. Then it is obvious that a generalized displacement operator can be

1
~zf?

-
constructed, similar to the “usual” one D(z)=e > e = ¢

In this sense, the normalized generalized hypergeometric displacement operator is

A 1 ~
YR N )
] AVAEAN + (88)
RAHES
In zero-temperature quantum field theory, the generalized displacement operator is defined similarly
) . 1 . "
D(z; f) =———,F,|; zA .(B)). (89)
N (z:B

As in the zero-temperature case, coherent states are the result of the action of the displacement operator on
the whole vacuum state.

D(z, 5:)10,0>=

qu(z,(?;/i’)
(90)

= ———|z; 8>, ®|0; >
VN, (2. 5:8) " .

Let’s perform the calculations for the BG-CSs of the original Hilbert space.
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F; 2K (8)) 0>

|25 8 >56= /j—j

[A:(ﬂ)]” |0>= [zcoshé’(ﬂ)P:+ —zsinhe(ﬁ)p:_ ]" 10>=
1:0 [Zj [Z coshd(p)A . }Fk [—zsinh 6(B)A . T 10>

Since A _|0>=| 0 >, the equality remains valid only for £ =0, and we obtain

[K+(ﬂ)]" 10 >=|zcoshO(B)A . T|0>
Finally, the BG-CSs for the physical system become

1 ~
|z 8> 56 :N—z;/i’qu(a; b; zcosh 8(5)A +)]0>

P q

The normalization function is

N (z:8)= 2 [z C;Ij(f)(ﬂ)r = F (5|2 cosh’6(B))

so that the final expression of these temperature-dependent BG-CSs is

1 = [zcosh 6(B)]"
F,(5] 2 cosh’ H(ﬁ)); N

|n >

|28 >p6=
J

C2))

92)

93)

94)

95)

(96)

Since the variables Z and & are symmetric (i.e., “have the same rights”), each set of coherent states must

satisfy the completeness relation (i.e., the decomposition of the unit operator). For example, for the variable Z

this relation is

JdﬂBG(z;ﬂ)lz;ﬂ>BG <z PBl=1 C)
We suppose that the integration measure has the following structure
d
dtye(2: B)=52d( 2" (| 2 ") ©®)
2r
where the weight function /(| z |2) must be determined. So, we obtain
= [cosh 0(B)]' [cosh & )]m
N R e e
rFa rFq (99)
i h(|z[) rdo
d|| h* =1
x‘(!. |z |* cos (ﬂ)) qu(;|z|2cosh26’(ﬂ))J.27r ( )"
The angular integral is equal to (| z|*)" &, so that we have
z [n><n] Td(| z|* cosh? Q(ﬁ)) h(zl z ‘2) 5 (| z|* cosh? G(ﬁ))" =1 (100
=Gk ,F,(512F cosh? 6(B))
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To satisty the closure relation of the Fock vectors i| n><n|=1 Wemusthave the following equality satisfied

n=0

h(lz])
;| z|* cosh® @

[z cosh? o(p)) T 0 )[| P cosh®0(B)f = ,p2(n)  (on)
0 P q ﬁ

After changing the index, n =s—1 and writing the structure constant explicitly, we will arrive at a Stieltjes-
type moment problem:

A |2) li[r(bj _1+S)
z 2P cosh?6(8)| " =I(a/b)(s)
qu(;Izzcoshze(ﬂ))h P oot o(p)] " ~1(a )(S)ﬁr(a,._1+s) (102)

i=1

[d(z[ cosh’6(5))

The solution of this problem is expressed through the Meijer G-function [32]
2
h(z[")
. 2 2
,F, (512 cosh” 0(B))

Then, the final expression of the integration measure is

P> g+l

=T(a/b) G"] {|z|2 cosh® 6() 0 bt/

/ a-1J
(103)

duy.(z:8)=T(a/ b);l—jj d(z [ cosh® 0(B))x

/; o a-1 (104)
prq(;|z|2coshze(ﬂ))cgf;fl(uﬁcoshze(ﬂ)‘0 b’1. /J

Using the classical and generalized Meijer’s definite integral from one G function [33]

O O P Hf(a+b(,-)l:[1“(l—a—a,-) 3
!d” | R S S SV SO o : 70305
[Ir(@+a) [[T(-a-b,)

i=n+1 J=m+1
it is not difficult to show, as expected, that the integral of the integration measure is equal to unity:
[duy(z:8)=1.
For the variable & the expression is similar.
The whole CSs corresponding to the whole Hilbert space H,, = H®H is

~ 1 ~
, 0 = ; ®|o; =
|2, 058> \/qu(Z’ON_;ﬂ)|Zﬁ>BG 1538 >4
. F ;o coshd Ai (106)
qu(;ZCOShe(ﬁ)A+) ! q( ° (ﬂ) j 0,0 >

) \/qu(;|z|2 coshzﬁ(ﬂ)) \/qu(;|5|2 coshzﬁ(ﬂ)) |

Since the CSs depend on the variables Z and & have been previously normalized, the whole
normalization factor is obtained from the condition: ,.<z, &;f|z, G;f >,.=1

Consequently, N, (z, o;pB )= 1, and the normalized whole or global CSs are
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Fq(' zcosh@(/i’)A:) qu(;GCOShQ(ﬂ)Aij

12,63 >55=| —F 10,0 >=
L EEzF cosn?0(8)) | | L EE 15T cosh’ 0(B))
N (107)
F(;zcosh&(ﬂ)A:) qu(; 5C°Sh9(ﬂ)A+)
=| - — 10> ® — 10>
Vo E 1z cosh? 0(8)) S EG1G T cosh? 6(B))
or in an alternative manner:
~ 1 = [zcosh0(B)]'
12,858 >0 = 3 n>®
BG \/E,(;|Z|2 cosh’ & )n:O \/ppr(n)
(108)

1 = [&coshO(B)]
®\/qu(;|5|2 COShze(ﬂ))nZ: \/ BG (1)

Let us now verify the validity of this relationship, referring to the case of a system of harmonic oscillators,
for which p=¢g =0, when A =a , l-\A+ =a* and qu(/;/;x):ex

|n >

. The reason is that for the one-
dimensional harmonic oscillator, the Barut-Girardello coherent states have the same expression as the Klauder-
Perelomov coherent states (KP-CSs). Therefore, we will not write the indices BG and KP, respectively.

Lp 22 ~ ~ o,
- ——|z[*cosh? @(8)+zcosh&(B)d W\a\ cosh? 6(8)+& coshO(p)a
|z,0';ﬂ>={ 2 [0>® |e? [0 >

. A (109)
- ——|z[*cosh® 0(8)+zcoshO( 4 )d W|&|2cosh2a(ﬂ)+5cosha(ﬂ)5
<Z,O';ﬂ|:<0|{ez }@ <O|{ }
Then, the completeness relation of the CSs (the decomposition of the unity operator) is
[d(z.5:8) 12,88 ><z, 58|
- N - (110)
=[d(z:8)|2: 8 ><z: 81 ®[d(5: 8) |53 B ><53 BI=]
Let’s calculate the integral over the variable z.
[d(z:8)|z:8><z: 81
% d2 z 2 COSh2 12 —l\z\zcoshz 0(B)+zcosho(p)a * —7\z| %cosh® 0(B)+zcoshO(4)d
:I (l | (’3)) e’ |0><0]|e =
0 pa (111)
o g2 2 2
:Id (|Z| cosh e(ﬂ)):e—IZ\zcoshz 6(B)+zcosh&(B)a*+zcosh (5 |0 ><0 |_ e 1“ =1
0 V4 ea a
In ordering the operators, we applied the rules of the IWOP technique, which uses the sign : ... : instead of

the #...# sign. We used the IWOP expression for the vacuum projector |0 >< 0|, as well as the following

integral in complex space [5]:

2 —_
J'd Z AizP+BzeC :_le y (112)
V4 A

This obtained expression is characteristic of a boson system associated with the one-dimensional harmonic
oscillator, because the quantum field for a harmonic oscillator is equivalent to a system of non-interacting bosons
(e.g photons), where each oscillation mode corresponds to a single boson. Since the energy of a one-dimensional

https://doi.org/10.53941/ams.2026.100014 18 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

1 g he V!
harmonic oscillator is £, = ha)(n+§]’ the partition function is Z(ﬂ)ze 2 (I—e ph ) and the

expression of the thermal vacuum becomes

z |n =3
WZ( ““J <é+r|0>®<é+r ~

n=0 \/;
1 etanhé‘ | 0 0 >

" cosh 6(p)

(b) Definition according to the Klauder and Perelomov procedure

We define the coherent states in the Klauder-Perelomov manner (KP-CSs) in TFD similar as there for the
zero-temperature case, i.e., as the action of the exponential of the creation operator on the vacuum state (the so-

called Klauder and Perelomov procedure, having in mind that A _ | 0 >=| 0 >). Recalling the usual definition

1
JN(zF)

|2>gp=

in the TDF we can write

235 explA (5)]|0> s

NKP(Z;ﬂ)

Expanding the exponential in the power series and using the Newton binomial formula, we have

1258 > o= ————exp-A (8) ]| 0>

1
NKP z; 8 + mnon'[A )]"|()>:
m oZ kno( J[COShH(ﬂ)K 1 Fsimmo(g)A | 0>

Taking into account the result of the action of the annihilation operator on the vacuum state, the sum over the
k is different on zero only for & = 0. Then, we obtain

(116)

Analyzing this expression, we find that it has the same mathematical form. The only difference is in the
expression of the structure constants, which are now

(118)

From the normalization condition < z; /| z; f# >=1 we obtain the expression of the normalized function

NKP(Z;ﬁ)

https://doi.org/10.53941/ams.2026.100014 19 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

Z[|Z| C;Shz( )ﬂ)]n , p(b a;|z|? coshzﬁ(ﬂ)) (119)

Then, the normalized coherent state in “normal” Hilbert space becomes

1 [zcosh@(ﬂ)] In> (120,
Fp(b;a;|z|2 cosh” 4( n0 \/ P

| 258> =
J

It can be seen that, compared to BG-CSs, in the case of KP-CSs there is an interchange between the indices
p and ¢, as well as between the sets of numbers @ and D.

It is observed that, at the limit

0 n

lim |z;0>= |n>=z>,,

S s
P T A 2

that is, the usual expression of KP-CSs, independent of temperature, is obtained.
The coherent states connected with the tilde space have a similar expression, so that the whole temperature-
dependent coherent states is

|z, G5B >p =12 B>kp Bl G B >p=

12 : Z[ZCOSh )] n> |®

\/qu(b;a;|z| cosh H(ﬂ )no \/ppq ( ) (122)
1 [GcoshH(ﬂ)] ~
~ |2 2 | >

\/qu(b;a;\0'| cosh 0 \/ p n

The temperature-dependent CSs, above constructed, also fulfill all conditions imposed on an arbitrary set of
CSs, both of Barut-Girardello and Klauder-Perelomov. We will verify these properties for the Barut-Girardello
type CSs, because for the Klauder-Perelomov type the proofs are similar. This is a consequence of the dualism
that exists between the two types of CSs [28].

So, it is not difficult to prove that the temperature-dependent CSs, both for the individual spaces (physical
and tilde) and for the entire space, the following properties are satisfied:

(1) Continuity in the labels z and & .

(2) Normalization but non-orthogonality.
(3) Over-completeness or unity operator decomposition

The whole integration measure is a product of two individual integration measures corresponding to the
variables z and O . Moreover, the global integration measure is

dluBG(Z75;ﬂ) d:uBG( :B)@d/"BG(O- ﬂ) (123)

so the over-completeness integral becomes
jdﬂBG(Z;ﬂN Z3 > po<z: P ®J-d,u30(59:8)|5518 >56 36<0 s BI=1 (124)

Substituting into the integral above, after some straightforward calculations, it will be obtained that this
integral is indeed equal to unity.
Therefore, the set of global CSs |z, & ; > satisfies all the requirements imposed on coherent states [19].

4.2. Mixed States

In usual quantum mechanics, the quantum states of a system can be either pure or mixed. But these two types
of states do not benefit from the same type of description. While pure states are described by the state function
(vector), mixed states are described by the density operator (matrix). The thermofield dynamics (TFD) formalism
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comes to correct this “injustice”. In TFD, pure states and mixed states are treated equally, in the sense that each is
represented by a state vector in the so-called “extended” Hilbert space, H+H. It includes, in addition to the
physical Hilbert space H, also a virtual Hilbert space (or tilde) H.

However, in quantum mechanics, a pure state | ¥ > in Hilbert space H can also be described by a density

operator. But, in this case, the density operator is just the projector of this state '5\‘I‘> =¥ >< ¥ |. Consequently,

the expectation value of an observable O, is calculated as the following trace

A

<0, >W>=Tr((5H P> ):<‘P|(Z|n ><n| AH |V >:<‘P|C5H|‘P > (125)

So, the quantum statistics of a particle system (e.g., the bosons) in thermal equilibrium is described by the
density operator. The canonical equilibrium states of a system at some non-zero-temperature 7 are the mixed
states described by the thermodynamic density operator ﬁ(T ) = f)(ﬂ ) defined as

8

ﬁ(ﬂ)fﬁexp(—ﬂ# )=fﬂ);e‘”" |n><n| ,Z(ﬂ)=gexp(—ﬂEn) (126)

The thermal expectation value of an operator dH is given by
A - 1 & 4 A
<0, >T=Trh p(ﬁ)]=—Ze i <n |0y n> (127)
Z(ﬂ) n=0
_ -l _BE, . o . . .
where p, (ﬂ) = [Z(,B)] e "™ is the probability of finding the physical system in the state |7 >.
Consequently, the expectation values of an operator OH acting on the physical Hilbert space H  in a pure
state | 7 > is given by
<Oy >,=<n,n|0y|n,n>=<n|0Oy|n>®<n|n>=<n|O,|n> (128)
If the system is at the zero-temperature, 7 —> 0 (or £ —> ), we have pn( - OO)—) 5,1,0 and

f)(ﬂ - oo) — |0 >< 0, respectively f)IO(ﬂ)> = | 0,6 >< 0,6 | for the whole Hilbert space.

Consequently, at the zero-temperature limit, the system will be in the pure fundamental vacuum state.
As aresult of the repeated application of the creation operator on the vacuum state | 0 >, we will be able to

write that the projector on the state |7 > is

1 Y
# FLA A J¢ o0

|ln><nl|= (129)

This leads to the expression for the density operator corresponding to a mixed state

by(f)=— ! St M (130)

ZH(,B) #qu(;A:AAf)# =0 ppq(n)

Similar expressions can be written for the density operator for the tilde field:

L RATs
Pa(B)== e
" g(ﬂ)#pqu(;AN+AN_j#nZ_(; Py (1)

(131)

Then, the whole density operator, corresponding to both fields (original {| n >} and tilde {| n >}) will be

the tensor product of two individual density operators.
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Using the propertles of the tensor product, and assuming that the whole Hamiltonian,

~

H el = H y® H 5 corresponds to the combined Hilbert space H® H , then the whole density operator can

be written as

ﬁ,..@(ﬂ):z;(lmexpiﬂ# H@ﬁ]z

H®H

expl

1 n><n|® — is<il= (13
ZH(ﬁ') ﬂH ]Z\ ><n|® H(ﬂ)exp[ BH }Z| ><7i|=

=pu(B)®P4(8)

Previously we saw that the thermal vacuum state | O(,B ) >, which is a pure state of the whole or composite

o PE N o PE
0(B)>==>" m|n>®|n >=" m|n,n> (133)

The bases |7 > and |7 > are called the Schmidt bases for Hilbert space H, and Hrespectively, and

space, is defined as

consequently, the coefficients (called Schmidt coefficients) must be non-negative and real numbers which satisfy
-AE,

the condition e -1 [28].
Z{ zmj

The whole energy of the system is E,tloml =FE +E, . But, since each real particle in the physical space H

has a fictitious counterpart (an image) in the fictitious space H, having the same energy, the result is that the total
energy of the entire system is 2F .

Then, the whole density operator can also be expressed in terms of the normal ordered product of temperature-
dependent ladder operators:

A

Pri (B)=Pu(B) @5 (8) =

! L M#!AA!

- ZH(ﬂ)#qu(,A+A )#nO ppq(n)
- (134)
1 1 AR
®| = — e
Zg(ﬁ)#qu(;A+A)#m0 ppq(m)

The trace of the density operator in the whole CSs representation is
TrProgn(B) = [ dttsc (2. 538) so< 7, 53 B 1Bo(B) 2, 53 B >56= Trpu(B)®Tr 5(B)  (135)
where the individual traces are, e.g.,

TrﬁH(ﬁ):IdﬂBG(Z;ﬂ)BG< Z’ﬂlﬁH(ﬁN Z3 B> =

. A = 1 ix
=Jutno(:8) BB e ZH(ﬂ)F(a/b)Zn: Q) (136)
0 / ’ '1
x[d( z [ cosh® 0(B))( z | cosh 6(B)) Gg+;fl[| 2 cosh? 6’(,8)‘ 0 bt a / ]
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Since the result of the integration over the |z |2 is [F(a/ b) ]71p p,(n), finally we obtain that, as

expected, TI’[SH(ﬁ) =1, as wellas Tr, p(B)=1. Then, Tr P (B)=1.

Consequently, the expected value of an operator OH in a mixed state (the thermal average) in the tensor

product space, in the whole CSs representation |z, & ; 5 > BG > 18

56<2, 03B 104 12, G B>56=56<2: BI04 | 2; B >p56 ® 3s<T;BG; >4, =
-1
SR : : : (137)
=TrO, ®Tr(pﬁ(,b’))= TrOH=Z<n |0, |n >=<0y >

=1

It is known that in quantum optics the Q-distribution function (also known as Husimi’s Q-function) is defined
as being equal to the diagonal elements of the density operator in the representation of coherent states [34].
For the case of whole coherent states, we have

QP16 B)=<z. & B by, a(B) 2, &8 >4o=
=56<2: B soPulB) 25 8 >4 ® < &5 B155(B)1 53 B > o= (138)
=04(zP:p)00,(157:4)
The diagonal representation of the integer density operator in the CSs representation can be written as

Bt (B) = [dulz. 53 5)1 2. 515> 50 B 2PN G 1 B) o<z G181 (139)

Due to the symmetry of two variables, z and O , the whole P-quasi-distribution function

(| z|,| G ,ﬂ) can be split into two parts:

BoallzPAG Fip)=RzF:B)R(15:8) (140)

P

H&H

so that we obtain
Prsr (B)=Pu(B)® b ()= (141
= [dpz:8) | 2: 8 >56 Bl 2P 18) so< 2381 ® [du(G:5)16: B >56 B(1GF ) o )
On the other hand, the whole density operator can be expressed as

Pror (B)=Pu(B) ® p5(8)=

I & 5 1 & s~ ~
=|l—F=)De " |n><n|| ® | =—=D)e " |n><n]|
G ol

Equating the two expressions, we will have, for example, for the variable Z

(142)

1 2
[dulz: PR 2P 3 B) 28555 so<z 18] :mze PP ns<n| s
H n =0

Continuing the problem, i.e., finding the expression of PH(| z |2 ; ,B), can only be done if we know the concrete

expression of the energy eigenvalues, as functions of the principal quantum number # .
For example, for systems with a linear energy spectrum, E, =#/wn+ E,;, for which the partition function is

Z, ( ﬂ) = e Pho (1 —e’ h‘”)_l . Then, the solution process proceeds as follows:
Firstly, we denote the desired function with SH(| z |2 ; ,b’) and change the exponent. n=s-1:

/; a-1
SH(l z[? ;ﬂ)z GZf;fI@ z* cosh? e(ﬁ)‘ 0 b1 / ]@Q z|? ;ﬂ) (144)
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So, we have

Td(| z|" cosh’ H(ﬂ))SH(I z|? ;,BXI z|* cosh® 9(18)):_1 =

R . 1 1:1[ T, ~1+s) (45
me(e ! )fppq (”)=(€ﬁ —1) (eﬂhw)" r(s) f[ Fa,—1+5)

This is again a Stieltjes moment problem, the solution of which is

/; a-1
SH(|z|2;/3)=(eﬂh”—1)Gg*;fl(|z|2eﬂ”“’coshze(ﬂ)‘O o1 ] (146)

Finally, the P-quasi-distribution function is

R(zP:8)=

" w / a-1

/; a-1
thf{w cosh’ ﬁ(ﬂ)‘ J

(o1 (147)

0, b-1; /

In the limit, for H(ﬂ) — 0, the above expression is identical to Equation (90) of [27]. A similar expression
is obtained for the variable & , and the whole P-quasi-distribution function for the extended system with linear

energy spectra is, finally
N ENERY) S A EOVA B (148

The expected value of an operator (o) ,; acting on the physical Hilbert space H can be expressed using the

diagonal representation of the density operator

<0y >4=Trsl0,, pu(B)@Tr [, (A= [dulz': )R =P 8)< 1510, 1 238> (1a0)

The expected value of the operator OH in the coherent state | z'; /> can be written as

< B1G. | ot B 1 1 [zcosh(B)' [z cosh6(B)]'
DO o o) FIF cosh009)

Replacing in the previous relation, it will be obtained that m = n, we will be able to use the result of

<m|OH|n> (150)

Equation (PG int), and we will obtain the expression of thermal average, as we expected

1 & . .
=———> """ <n|0, |n>=<0, > (151)
IB)n:O

Let us now show that the expected value of the O y operator in the pure thermal vacuum state is identical

(equal) to the thermal average value of the O ; operator in the physical Hilbert space H [35].

Knowing that the calculation of the trace does not depend on the base used, for verification we will perform
the calculations in two different bases:

1. Using the Fock vector basis for the entire system, |n,7n >=|n >®|n >

https://doi.org/10.53941/ams.2026.100014 24 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

<0(B)|0, |0(8)>=> < n®<ii |p,, 5(8)O, |n>®|ii >=

=S <nlpa(B)O, | n> =———3 ¢ <n|O,, | n>=<0, >,

Zy(p)

(152)

So, finally
<0(8)|0, |0(8)>=<0,, >, (153)

2. Using the coherent states vector basis for the entire system (physical and tilde),

|z,6;8>=z;8>®|0;6>.

<0(B)10, |0(8)>= [du(z,5; B)< 2,5 B| P (8)O, | 2,55 f>=

5 R R (154)
= [du(=': p)R( 23 8) < 21 810, 2: f>=<0,, >

5. Concluding Remarks

The thermo field dynamics (TFD) has proven to be an important approach, due to its multiple applications in
different branches of physics, where temperature or time-dependent phenomena occur. On the other hand, the
formalism of coherent states (CSs), initially imagined only as the prerogative of quantum optics, over time has
found its place in other fields, to highlight just quantum computing. Therefore, the synergistic link between TFD
and CSs is a topic that is as interesting as it is exciting.

In the paper, we tried to show that the TFD rules, formulated for linear (canonical) operators, can be extended
to nonlinear or, as they are called—deformed operators, associated with systems of deformed bosons. Although in
the paper we only dealt with boson systems, the discussion can also be extended to fermion systems. We built sets
of temperature-dependent coherent states, both of the Barut-Girardello and of the Klauder-Perelomov type, these
two types being dual to each other. In calculations involving ladder operators, both independent and temperature-
dependent, we used the Diagonal Ordering Operator Technique (DOOT), which is a generalization of the
Integration Within an Ordered Product technique (IWOP) applicable to canonical operators associated with the
one-dimensional harmonic oscillator.

Before addressing the issue of coherent states, we highlighted the connection between the expected value of
the normal ordered product of operators in the thermal vacuum state and the value of the internal energy of the
bosonic “gas”.

The construction of the thermal coherent states (TCSs) was done through a natural extension, taking into
account that the algebras of the thermal operators and those at zero-temperature are identical. This was done within
the thermos field dynamics (TFD) formalism, which essentially represents an extension of the field theory from
zero-temperatures to finite temperatures. Because thermal coherent states (TCSs), in addition to physical degrees
of freedom, also contain thermal degrees of freedom, it was necessary to expand the physical Hilbert space H,
adding a virtual Hilbert space (or tilde) H. Consequently, we paid increased attention to the construction and
properties of the corresponding density operators, responsible for both pure and mixed quantum states.

The presented TFD formalism, formulated for temperature-dependent quantities, can also be extended to the
time-dependent phenomena, through the formal substitution —>i(%)'¢, so that exp(_ BH ) N exp(_ % H z) [36].

Finally, for informational purposes, let’s mention only one of the newest applications of TFD, namely how
this approach can be connected to quantum computing. If we consider the particular case of a two-level system,
the expression for the thermal vacuum will be

1 e*ﬂEn - e*ﬁEo ~ e_ﬂEl ~
|0(ﬂ)>:; m|n,n>: m|0,0>+ m|1,1> (155)

and the partition function is Z (,B) =5 1 5o that finally we have

https://doi.org/10.53941/ams.2026.100014 25 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

1 ~ 1 ~
1+e—/3(El—Eo) |0’0 - 1+e+ﬁ(E1—Eo) |1, 1 > (156)

10(8)>=

Since the sum of the squares of the coefficients is equal to 1, if we identify |O,6 >=|0> and
|1,T >=|1>, the expression for the thermal vacuum |0(ﬂ)> becomes identical to the newly defined
expression for the thermal vacuum qubit or thermal vacuum:

1W(B)>=c, |0>+¢, 1> , cl+ci=1 (157)

This clearly shows the connection between thermo field dynamics and quantum computing. For details, we
recommend the reader to the recent papers [37,38] (and references therein).

Finally, let us emphasize that the primary aim of this work was to provide an analysis of the potential
applications of the generalized coherent state formalism for deformed bosons within the TFD framework. Beyond
what has already been discussed, let us highlight just two areas where this approach could play a significant role.
Among other things, coherent states (both canonical and generalized) find applications in quantum dynamical
systems that utilize Krylov spaces (such as complex molecules, spin networks, etc.), while also leveraging the
capabilities offered by classical and quantum computers (for details, see Ref. [39]). We believe that the ideas
previously outlined regarding the extension of the generalized coherent state formalism to TFD—within the
framework of DOOT—may also find application in solving the equations governing closed string behavior. For
those interested, we recommend Ref. [40] and the references contained therein as a starting point.

We hope that the results presented here will constitute a step forward in diversifying applications involving
temperature- or time-dependent phenomena and systems, both for TFD and for CSs.
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Appendix A. Expected Values of Thermal Operators

The expected value of the normal ordered product of thermal operators A +(ﬂ)Al(ﬂ) in the thermal

vacuum state | O(,B ) > is obtained, successively

https://doi.org/10.53941/ams.2026.100014 26 of 29



Popov Appl. Math. Stat. 2026, 3(2), 14

<0(B)IA (BN (B z <nnvx (B ( z/ \mm>

e e’“’" R _ (A1)
:Zn:\/z(ﬁ)zm:\/ Z(ﬂ) <n,n|A+(ﬂ)A_(ﬂ)|m,m>

<n, n|A+(ﬂ)A (B)Im, i >=
=(<n| cosh9(B)A , —sinh O(B)A ])([coshe( )A _—sinh0(B)A +]|m>}a<ﬁ|n~1 >= (A2)
=cosh?® 6(f)e(n)+sinh? O(3)e(n +1)

<0(p)|A +(ﬂ)P:_(ﬁ)l 0(8)>= #Ze* 7% cost? A B)eln) +sinkt AB)eln +1)]=

(A3)
=cosht 9(,8 Z Phaeln e(n )+sinh’ &) —— 205 )Ze ﬂﬂha’e(”)e(n +1)
<0(p)|A (DA _(B)0(8)>=
=—cosf o) )1nz( B)+sintt H(ﬁ)% 3o Mol 1.1) (A9
For a systems with a linear energy spectrum
En:hwe(n):hw[n+f—;] e(n+l)=(n+1+f—2)}=e(n)+l (A5)

>

0
ﬁhwe n 1 ﬁh{ue n 1 — 1 _ 1 7
Z en+ Z n)+1]= W(pno) nZ(p) (A6)

Finally, we obtain
<0(8)| A (AR _(B)|0(8)>=sinl’ () |costt 6(p)+sink’ 9(/,»)] e 20

(A7)

= sinh’ 0(ﬂ)+cosh29(ﬂ)% u(p)
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