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1. Introduction

In order to model the behavior of systems exhibiting inertial characteristics, such as mechanical systems
defined by mass, electrical circuits containing inductance, or biological systems affected by momentum, Badcock
and Westervelt [1,2] introduced the innovative concept of inertial neural networks (INNs). Their foundational work
integrated inertial components into neural network architectures, establishing what is now recognized as classical
INNs. However, real-world systems often encounter delays due to finite signal transmission times, processing
lags, or other constraints. This has driven the development of delayed inertial neural networks (DINNs), which
integrate time delays into the inertial framework to better reflect the dynamics of practical systems. Expanding on
this, NDINNSs have emerged, introducing neutral delays that influence not only the state variables but also their
derivatives. This advancement provides a more nuanced representation of systems where the rate of change of the
state depends on both historical states and their past rates of change. For a deeper understanding of NDINNS, readers
are encouraged to explore studies referenced in [3—16]. The research on NDINNSs has primarily focused on two main
approaches: the reduced order method and the non-reduced order method. The former approach [3—14] involves
converting inertial neural networks into first order differential equations by changing variables. This transformation
can lead to complex calculations and an expansion of system dimensions. To address these challenges, the latter
method, referred to as the non-reduced order method [15, 16], has received considerable attention. Nonetheless, both
methodologies heavily rely on the construction of Lyapunov-Krasovskii functionals (LKFs). Designing such LKFs
is particularly challenging and complex, frequently requiring the management of complex linear matrix inequalities
(LMlIs), usually solved using MATLAB toolboxes.

With the aim of surmounting the issues related to the earlier described methods and strategies, we present a
new scheme for evaluating the global exponential stability of the following NDINNs:

() = —Aii (t) — Bowi(t) + Y CaGu(wi(t)) + > DauGi(wi(t — ) + Y Eatin(t — o) + Ji, (1)

=1 =1 =1

wherei € N= {1,2,...,n},and w(t) = (wy(t),w2(t),...,w,(t))T € R™ symbolizes the state vector, while the
second derivative w; (t) represents the inertial term of the system. The positive constants .4; and ; are fixed, and
Ci1, Dy and &;; describe the connection strength between the 7th neuron and /th neuron. Both the transmission delay
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7; and the neutral delay o; are non-negative and do not exceed the upper bound 1, a positive constant, and .J; represents
the external input. The activation function G;(-) is assumed to satisfy the global Lipschitz condition, meaning there
exists a positive constant k; (for each | € N) such that for any x, y € R, the following inequality holds:

(A1) |Giz) = Gily) < kafe — .

The initial conditions for NDINNs (1) are defined as

w(s) = €&(s),w(s) = n(s), —p < s <0,€ € C([=p, 0, R"), 9 € C*([—p, 0] R"). @

In [3], the authors explored the global asymptotic stability of NDINNs (1) with 7; = 0; = u. However, their
method depended on the reduced order technique and the development of LKFs, that often results in complex
calculations, an expansion of the system’s dimensionality and the need to manage LMIs. Since minimizing
computational complexity has become a key priority in the neural network dynamics, there is an urgent demand to
study the global exponential stability of NDINNSs (1) without resorting to reduced order strategy or designing LKFs.

This paper contributes in two key aspects: First, we utilize the characteristic method to investigate NDINNs
(1), thereby bypassing the need for either the reduced order method or the creation of LKFs. Second, the suggested
conditions can be easily verified through a set of linear scalar inequalities, removing the reliance on MATLAB
toolboxes for resolving LMIs.

Below is an outline of the structure of this paper. Section 2 presents essential definitions and preliminary
formulations. We derive three sufficient conditions to guarantee the global exponential stability of NDINNs (1)
in Section 3. Section 4 includes some practical examples, each backed by numerical simulations, to illustrate
the validity of our theoretical outcomes. The paper concludes with Section 5, which offers a summary of the
contributions highlighted in this research.

2. Preliminaries

For simplicity, NDINNSs (1) can be represented in the following equivalent form:
W; (t) + A;w; (t) + Bw; (t) =F; (t) + Ul (t), 3)

where F;(t) = ZCuGl(wz( ) + ZDzlGl(wl(thl))+J- and U;(t) = Zé'zlwl(tfal)

Widely recognlzed is the fact that the homogeneous version of NDINN s as described in (3), can be formulated
as ; (t) + A (t) + Biw;(t) = 0 and its can be represented as A% + A; A + B; = 0, where the discriminant is
given by A; = A7 — 43;. Following the approach in [17, 18], we derive the solution expressions of NDINNs (1)
under initial conditions (2) based on the signs of A;, as follows.

w;(t) = % [(aiebit — bie® Y wi(0) + (et — e')i (0) + /0 (et~ — PN (Fy(s) + Ui(s))ds|,  (4)

where A; > 0, a; = 7“41’% VAi and b; = 7““% VA

wi) = |14 50w + @) ¥ [0 FOUEG LU O
where A; = 0.
w;(t) = [\/Esin(vit—i—&)wi(()) + sinvitwi(o)] e 2 _y_/ol we— 29 (Fy(s) + Uy(s))ds, (6)

(% (% U;

where A; < 0, v; = 1v/=A; and 6; = arctan 2.
In addition, we employ integration by parts to obtain

Jo (eait=s) — hilt=9)) ], ( )ds— (b ebt—a e U;(0)

(it — em YU (0) — VAU (1) + [o(aZe®t=9) — 52ebit=9)\U,(s)ds

St~ s)e= =0T, (5)ds = —(10(0) + (1 — AU (0))e ¥+ + Ui(t)

— Jo(Ai = Lt = 9))e FIUi(s)ds

fot sinv;(t — s)e” 5 U, (s)ds = [v/Bisin(vit — 0;)U;(0)

—sinvitUi(O)} e~ 2t +uUs(t) + B; fo sin(v;(t — s) — 201-)@*%(“5)Ui(s)ds

A
2
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formulas (4)—(6) can be alternatively represented as

w;(t) = \/_—Ai [(aze — bie®it )wz(O) (e®t — ebt)ai; (0) + (biebit — a;e®t)U;(0)
—l—(eb’t—eait) ( )_ )_,'_f al(t s) —ebi(t_s))Fi(S)dS (7

+f()t 2 a,(t s) _ b2 b(t s)) (S)d}

A\ U3 (0) — tUi(O)] e~ 3t 4 Uy(t)

wit) = [(1+ % )wi(0) + ti(0) ~ ( "
+ It = 5)em FEIF(s)ds — [(A; — ALt — 5))e= T I Uy(s)ds,
and
w;(t) = L [VB;sin(vit + 6;)w; (0) + sinv;ta; (0) + /B; sin(v;t — 6;)U;(0)
. - _Aiy 1t . —ﬁ(t—s)
—sin UitUZ‘(O)} e HUi(t) + o fy sinvi(t —s)e™ Fi(s)ds )
Jr% f(f sin(v; (t — s) — 201-)6’%(“5)%(5)&9
For convenience, we introduce the following definition.
Definition 1. A vector w* = (wi, w3, ..., w:)7T is termed an equilibrium of system (1) provided that it satisfies
Biw; =Y CaGi(w)) + Y _ DaGi(w;) + J;. (10)
=1 =1

Definition 2. Let w* denote the equilibrium point of system (1). The NDINNs (1) are said to be globally exponen-
tially stable with decay rate k > 0, if there exists a positive constant L such that the following inequalities hold for
allt > 0andi € N

lw; (t) —wi| < Le™", i (t)] < Le

and ||H(w)|| — oo whenever ||w|| — oo.

Lemma 2. Suppose assumption (A1) is satisfied. System (1) possesses a unique equilibrium point provided that the
following inequality holds for all + € N
0,>0 an

where ©; = 23, — Z I<;l|Cil + ,Dil‘ — E ki|cli + Dli|~
=1 =1
Proof. Equation (10) can be equivalently expressed in matrix form as
Bw* — CG(w*) — DG(w*) —J =0 (12)

Based on (12), we introduce the mapping

H(w) = Bw — CG(w) — DG(w) — J, (13)
where B = diag(Bi, B, . . ., B,,) is a diagonal matrix, w = (w1, w, . .., w,)T, C and D are n x n matrices with
entries C;; and D;;, respectively. Furthermore, G(w) = (G1(w1), Ga(wa), ..., Gp(w,))T denotes a vector-valued

function, and J = (J1, Jo, ..., Jn)7T.

It is evident that any equilibrium point of system (1) or (12) coincides with a zero of H(w) = 0. Therefore, a
necessary condition for the uniqueness of this equilibrium is that #(w) constitutes a homeomorphism on R™. To
verify this property, we first demonstrate the injectivity of H(w). Consider two distinct vectors w, W € R™ where
w # wand W = (Wy, W, ..., w,)T. Substituting into (13) yields

H(w) = H(w) = B(w - w) = C[G(w) — G(w)] - D|G(w) - G(w)] (14)

Consequently, invoking assumption (A;) alongside (11) and (14) yields
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2w’ —w")(H(w) — H(w))
= 2(w—@)"B(w - ) - 2(w— )" (C + D)(G(w) - G(@))
- ; 2B, (w; — w;)? — ;l; 2(Cit + Dir) (w; — @;)(Gy(wy) — Go(@y))
> 52 2B~ )~ 3 3 20Cu + Dl — kb — s
> Ej:l 2B, (w; — w;)? — Ej;‘lli ki |Cit + Da|[(w; — @:)2 + (w; — @)?]
= 3 Ouw -
> 0.

This inequality implies H(w) # H(w) whenever w # @. thereby confirming the injectivity of H(w) on R™.
Furthermore, substituting w = 0 into (15) gives

2||w]|-[|H (w)=H(0
[|H(w) — H(0)]| I HHQ( )—H(0)|

]
20" (H(w)~H(0))
2MTwl]
min ©u|

iEN
2Tw]]

1. )
zriréane)leH.

Y%

(16)

Y

From (16), we deduce that ||H(w)|| > ||H(w) — H(0)|| — [|H(0)|] > mm ©;]|w]||, which ensures that

[|H(w)|| = oo as ||w|| — oco. According to Lemma 1, this property guarantees that H : R™ — R"™ constitutes a
homeomorphism over R™. Consequently, there exists a unique vector w satisfying H(w) = 0, corresponding to the
equilibrium of system (1). This concludes the proof of the existence and uniqueness of the equilibrium point for
system (1). [

3. Main Results

Within this section, based on the formulations provided in (7)—(9), we investigate three sufficient criteria for
achieving the global exponential stability of NDINNs (1).

Theorem 1. NDINNs (1) achieve global exponential stability with decay rate k, provided that all hypotheses of
Lemma 2 hold and the following inequalities are satisfied:

7

Ei(1+ A)+ w <1,

{A >0 ML_i_E(‘iL/l‘ilbD_i_E <1
VA

where E; = Z |Eit| and M, Z ki(|Cit| + |Dal). This means that there exist a r € (0, —% max b;) and a

positive constant L such that for all t >0andi €N,
wi(t) —wi| < Le™, |uy(t)] < Le™™ (18)

Proof. According to Lemma 2, there is a unique equilibrium point w* = (w}, w3, ..., w)T of system (1). Let
w(t) = (wy(t),wa(t),. .., w,(t))T indicate the solution of NDINNs (1) that meets the initial conditions in (2).
With A; > 0, and by taking the derivative of both sides of (7) with respect to ¢, we discover that

bi(t) = g [Bile! = e )wi(0) + (aze " — bic"")uii(0)
+(B2elt — a2e ) U3 (0) + (bie"! — a;e®)U3(0) — VAU;(t)
@~ BVt — ) + Ji et =) — b =00 F (s)ds
-|-f0 ajedit=s) b?ebi(t’s))Ui(s)ds} )

19)

which, combined with (7) and (10), suggests that
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wilt) —wi = ZAlaieh! —bie)(wi(0) = w]) + (e = )i 0)
Hlbie"t = ae ) (2 Euwi(=o0) = wf)) + (e = e )T(0)
~VA; (E En(wilt — o) = wp)) + fy (e =) — b (=9) Fi(s)ds
+ [y (aPei =) — bszbi(t_s))(lzl Ei(wi(s —o1) — wy))ds]
wilt) = FBie = e wi(0) —w;

wi) + (a;e?t — b;e’ )1 (0) (20)
wi (=

) -
(BRebit — aZenit )(Zé‘ (wi(—o1) — w})) + (bie"t — aze*)U;(0)
VAUt + (a? w%(i Ealwi(t — o) — wi))

=
+ [y (aie® %) — biebit=9)) Fy(5)ds

n

+ Jy (aders (=) — b3l =) (37 &y (wis — o1) — wy))ds],
=

—

—

where 7,(£) = 32 Ca(Gi(wi (1)) ~ Gi(wp) + 3 Da(Gilwn(t = ) = Gafu)).

From (17) 1t follows that there exist that is sufficiently small, where x € (0, —5 max b;), and a positive

€N
constant L that is sufficiently large, such that
(lai]+][bs |+2)(1+E) M Eje™ K
c Pen + (ai Tt VA (e +/-c| T +/$|) + Eie™ <1,
2B; +(\az\+\b D(A+E:)+(ai+b7)E MG (_lail [b: ]
LVA; Pen + 72 (ke T potar) 2D
+Eie (A + ol b ) 4 Bretn < 1,

la;+K]VA |bi+ﬁ\\/A¢

where M = Z ki (|Cit| + |Dir|e*) and Pe ,, = max{ rflax lw; (s) — wy|, IflaX . [ (8)]}-
E — —
Itis ev1dent that inequalities (18) apply for ¢ € [ 1, 0], @ € N. These inequalities are presumed to be valid for
all ¢ > 0. Should this presumption fail, at least one of the subsequent cases necessarily arises:

Case 1. There exist p1 € N and g1 > 0 for which it is true that

lw;(t) — wi| < Le " |y ()| < Le ™t €[0,q1), |wp, (q1) — wy | = Le ™. (22)
Case 2. There exist po € N and qo > 0 for which it is true that
lwi(t) — wi| < Le™, [i(t)] < Le™™,t € [0,q2), [y, (g2)| = L. (23)

Should Case 1 occur, based on assumption (A;) as well as (20)—(22), we can deduce that

prl (q ) = w;ill

—[(ap, e = by, ®)(wp, (0) = wp,) + ("1 — e ® )i, (0)

(b B — ay, D) (S Epyi(un(—07) —wf)) + (P — )T, (0)

=1
By (2 Epalwn(an — o) = wp) + i (et (19 — @9 F, (s
I @ e ) b (03 £, (s — 1) — w))ds]
F[<|ap1|+\bpl|+2><1+ VPl 4 [ e (35) — b (0-9)
(3 CnallGilun() = Galw) |+ 32 [Pyt [Grlwi(s = ) = Gulwi) s

+Jy lap, et (@) — bileb“(ql_s)l(l; Epuil|wi(s — o1) — wi|)ds]

AN

n
+ 20 1Epullwi(qr — 1) — wy|
=1
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= F[(\%J + [bp, |+ 2) (1 + By, )Pey + [ (b1 (179) — oo (@=9))ern
X(E Cpilkawi(s) —wi| + Z I Dpilkiwi(s — m) — wy|)ds
(e @) 412, =) (S €l L) ds] 4 3 € e
< S (a4 b+ 2D(1+ By Pey + e 079 — om0
(Z CprilkiLe™" + Z | DpyilkiLe™ 57))ds (24)
—I—EEple"“ o (a2, e(“m+’“”)(‘h 5) —i—b2 elbritR)(@1=9))qs) 4 B, Rt Lo
< Le*mh[(lam‘HbmﬁHi(lJrEm)Pén + P1 fql e(bpy +r)(q1—5) _ olap, +r)(q1— 5))d5
+EP1TE OQI(CLZ e(ap1+n)(q1 S)+62 (blern)( q1— S))d8]+Ep16H#£€ Kq1
_ _ﬁqf[aam\+\bp1|+2><1+Em>P (=@ )My,
2 £ Y Api ) 25’77 <(bap1++1:)(bp1+ﬁ)
E,, et jay (1—et*P17T4L) by, (1—ePP1TraL) P
+ A (P T ) B
where 6(t) = \/%[(bp1 + r)elar TR — (q, + k)elri TRt € [0, +00).

(ap
Given that ¢’(t) < 0 for all ¢ € [0, +00) is evidently satisfied, it implies that 6(¢) does not increase over
[0, 4+00), thus 0 = §(400) < d(q1) < 6(0) = 1. Combining this observation with (21), (22) and (24), we arrive at
the conclusion that

Le™r M = Jwp, (q1) — wp, |

_ (lapy |+1bp, [+2)(1+Ep, ) ME
Kq Pl P1 P Pl
< Lem] LA, Pen + taprmilmr i
E 6 a2 2
+ \;17 (IG‘P1+H’| + |bp1+”|) + Eple M]
< Le Fa,

Should Case 2 occur, from assumption (A; ) and the conditions stated in (20), (21) and (23), it can be concluded that

|’pr2 (C]2)|
= | =1 [sz(ebp2q2 — %292 ) (wp, (0) — w;;g) + (ap, et — bpzeb”qz)wpz (0)

+(b:l272€bp2q2 - agzeapzqz) Z gp2l<wl(_al) - wl*)) + (b ebra®z — apzellp2Q2)Up2 (O)

—/ B, Up, (g2) + (a2, )(Z Epyt(wi(g2 — o1) — wy))

+f0q2(CLp eam(q2 s) _ b 6 pz(qz S)) ( )dS

+fo (ap,etr2(27) — b7, ebraltz™ S))(Z Eps1(wils — 1) — wp))ds])|

< [<2Bp2+<|ap2\+|bp2\><1+Ep2> (a2, + b2,) Epy ) Pe el
+(a Z BRI Epatlun(ae = 00) = i)+ [ gy — by
x<li Coatl|Gu(uwi(s)) — Gu(wf)| + i 1Dyl Giwn(s — 7)) — Ga(awi))ds
+ Jo lad, etra(©279) — b3 ebrala2= ‘S)|(Z|5pzz||wz(8—01) wy|)ds]
+ i Eputllin (a2 — o)
< (B (apal + 10D+ Bpo) + (a3, + B2, Ep,)Pe el

% — by )(IZ:1 |Epyt| Le™ @271 4 [92(|ay, |e®2(27%) 4 |b), [ebra(279))
(2 Cpyilki|wi(s) — wi| + Z |Dpailki|wi(s — 1) — wyl)ds

+fq2 (lap, Pe apy(22—5) | by, |3 bpy (g2— s))(lg:l |gp2l‘£67n(sfdz))ds} +l;|5p2l|£e*n(fmfm)
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kg2

< \/7[(28172 + (|ap2| + |bp2|)(1 + Epz) + (a2 + b2 )Epz)P§ n+ (az - b2 )Epzﬁe”“
Jrf |ap2|6ap2(q2 s) + [bp, |e o (42— s)) HQ2(Z |Cpt |1 L™ + Z |Dypi|kiLe™ K(s— 'rl))d
=1
+f |(1 |3 Apy (q2— S)+|b |3 bpy (q2— s)) anE eﬁuﬁe ns) ]+Ep2enu£e Kqa

— ey 1 (2Boo +(lapy |+1bpy ) (14 Epy ) +(ad, +b2 ) Ep )pén ap,—
< Ee K(g2 2 2 2 2 P2 2 + P2 PQE eﬁu
o e [ L/ Apy VAp, P
+ 72 3 g, felers 6 )  [by, [eCra b 0229 s
Ep, e
B [ (ag[Pelera @) b, [Pt ds] 4 B, e Lo
_ 2B, +(|apy |+1bpy N(A+Ep, ) +(a? +b2 ) E
— Kq2 P2 P2 P2 p2 P2 P2 P2 K
L:e [ L Apz Pﬁﬂ? + Ap2 Epze
MZQ \a,,2| _ (ap,+K)g2 |bp2‘ _ (bpy+K)a2
+\/A—p2(‘am+#|(1 elap2 )+7\bp2+u|(1 elop2 )
Epye™  Jap,|® + |bpy |* by +
+ p2Ap2 (lap:2+u|(1 — elapytria) 4 \bp;ﬂiu\(l — elbpatr)a2)) + By, e
< Ee_m[26172+(\%|+\bp2\)(HEM)+(a?,2+b§2)EpzP5
L 5T
M;Z |ap2‘ |bp2|
t e (e tnl T B 1))
lap, |® |bps |
+E, e*H(A,, + P2 + 2 + E,, e
D2 ( P2 ‘ap2+’{|\/§ |bp2+n| /Ap2) D2 ]
<  Le Rz,

This case also results in a contradiction. As a consequence, the inequalities (18) are valid for every ¢ € [0, +00)
and ¢ € N. Hence, the proof of Theorem 1 is complete. O

Theorem 2. NDINNs (1) achieve global exponential stability with decay rate k, provided that all hypotheses of
Lemma 2 hold and the following inequalities are satisfied:

A;=0,4F; +4 1<1
(25)

Ei(1+A) + 7‘“ BB 1,

where E; and M, are as defined in Theorem 1. This means that there exist a € (0, i miél A;) and a positive
1€

constant L such that for allt > 0 and i € N,

lw; (t) —wi| < Le™,  |wi(t)] < Le ™. (26)
Proof. As stated in Lemma 2, system (1) possesses a unique equilibrium point w* = (w},w},...,w?)T. The
notation w(t) = (wy (t), wa(t), ..., w,(t))T represents the solution for NDINNs (1) that meets the initial conditions

laid out in (2). When A; = 0, if we differentiate (8) on both sides with respect to ¢, it follows that

wi(t) = [=Bitw;(0 ) + (1 - & t)wz( ) (A = B)U(0) — (1 — A0)Us(0)] e~ 7
ULt — )+ fo Ai(t — s))e~ (=9 Fy(s)ds 27)
+[l3 - «;7 (t—s))BZe S S)Uz( )ds,
which, together with (8) and (10), implies that
wit) —wi = [(1+ ) (wi(0) — wf) + ti(0) — (1 - %t)(lf: Ei(wi(—0o1) —wy))
=1

—tUi(O)]e_%t + > Eulwi(t — o) —wi) + fot(t — s)e_%u_s)fi(s)ds
=1

— A= AL = )em F (Y Ealwn(s — o) — w]))ds

=1
wit) = [~Bit(wi(0) —w]) + ( >wz<>+<Ai—8it><l;&z<wz<—oz>—w;*)) (28)

- %t)Uxone-%t FO(E) ~ AL Eulun(t = 01) — ui))
I = At - ) F o s)ﬂsgds

(Z &l(wl(s — Ul) —w ))ds

=1
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Equation (25) indicates the existence of a sufficiently little x, where s € (0, i mif\r{l A;), and a sufficiently large
1€

positive constant £, satisfying that

1 Eie™ A (3Ai—4n
{ LB (] 4 . 2+2n)e)7)5’7 4 Bett 4 (A 72’{)2 + = (zn)"‘ ) <1, (29)

(14 (1+ B (A + ZB520) B + Biet (14 Ay) + M S5, + BiEren G245 < 1.

Evidently, inequalities (26) are satisfied within the interval ¢ € [—pu, 0] for all i € N. We assert that these
very inequalities also apply when ¢ > 0. These inequalities are presumed to be valid for all £ > 0. Should this
presumption fail, at least one of the subsequent cases necessarily arises:

Case 3. There exist p3 € N and q3 > 0 for which it is true that
Jwi(t) — wi| < Le ™, s ()] < Le™,t € [0,q3), lwp, (g3) — wy,| = Le™ "%, (30)

Case 4. There exist py € N and q4 > 0 for which it is true that
|w; (t) — wi| < L&~ (1) < Le ™t €10,qu), [y, (qa)| = L& "%, (31)

If Case 3 occurs, using assumption (A;) along with (28)—(30) and the fact that max xe™* = %, we can

x>0
conclude that

|wps (g3) — wy, |

= |[( 2 g3) (wpy (0) — w,) + @3ty (0) — (1 — 22 CIS)(ETL: Epgi(wi(—01) —wy))

. A n . A
~g3Up, (0))e™ 72" + 121 Epsi(wi(gs — 01) — wi) + [ (g3 — s)e™ 2" (B F, (s)ds

2

_ras A 7.Ap3 _ ,Aﬂ(qs s " . )\
o (Apg (g3 —s))e” = (Z: psz(m(s 01) — wy))ds|
S (14 By e E I 4 (14 A guem (THEIn P o
A
+ Z |Epstllwi(gs — o1) — wy| + fo a3 — 8)6‘%(%‘5)
=1
X(lZ |Cpst |Gi(wi(s)) — Gl(wf)\ + 121 Dyt |Gi(wi(s — 1)) — Gi(wy)])ds
2 = n
+ fo |Aps — =12 (g3 — S)|e = (’“’_S)(l; |Epstlfwi(s — 1) — wy|)ds
< (1+ Epa)(l + (2_‘—%)7}5 ne "+ Z |8p3l|£€_ﬁ(q3_al)
+ Jo (g3 — s)em 2" (@a— s)(Z Cpstlki|wi(s) — wi| + Z | Dpsilkwi(s — 7)) — wy|)ds
+ o (Apg + 2 (%—8)) (s (Z |Epgil| Lo (=70 ds
< e (14 By, )(1+ g ) Pen + By
—l—f q3 — 8 T&(‘B—s)e”%(z |Cp31|kil£€_ﬁs + E ‘Dp3l|k‘l£€_ﬁ(s_”)d8
=1 =1
A
3 p3 (g3 — s))e—%(%—S)e"‘”Eme"‘“ﬁe_“)ds]
Ap
< ce*wa[HEH (1 + o 2+A;§)e)7>5,7, + Ep,ett + M5 [2(gs — s)e™ (T2~ (@=9) s

+Ep e [ ( (g3 — s))e” ]

P3
Apsg
_ (7—'@(13
- ce*”%[HE”B(H = 2*“1‘;1)6)P5,7+Mﬁ O =2
Apz
Apey (3 Ay — 4k — (3 Apy — Akt Ap, g3 (223 i)™ (720 —m)a3)
+Ep et = B - (Apg_p23,@)2 2 o + Epge]
_ 1+FE 24+
< Le B[ (14 gi)e)P&n + Epge™ + x5
.A (34 —4/4)
+EP365M zzipgfgﬁ)2 ]
< LeHas,

This case evidently leads to a contradiction.
If Case 4 occurs, utilizing assumption (A7) in combination with (28), (29), (31) and taking into account the
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fact max ze~* = L it follows that
x>0 €

|wp4(q4)| .
= |[=Bpiqa(wp, (0) — wy,) + ( p444)(z Epat(wi(—o1) — wy))

~( )Um(one#% + Up4<q4> — Ay, (li Epnt(wias — 01) —w}))
LI - et (gy - s))em TE @ €>f ((5)ds
+ LB (- >> L (3 mz(wl(s—oz) wp))ds|

=1

)ip, (0) + (A

}m
N

< [0+ T+ Ep,)Ap, e (1+ Ep,)(Bp, 2 +)qae” (%3 2 K)q4]P£,ne_KQ4
+ Z |Epatlln(qa — ou)| + Am(l; |Epatllwi(qa — o1) — wyi])
+f A“ (qa — s)le” 54 (aa—s)
X(Z |Cp4l||Gz(wz(S)) = Gi(w])| + l; Dpul|Gilwi(s — 1)) — Gi(wy)])ds
Ap n
+f (g4 — 5)|Bp,e” 4(‘“75)(2 |Epatllwi(s — o1) — wy|)ds
1=
n
< [ (14 Bp) Ay, + 1+ Em)(ﬂii’;z]%,new + 3 [Epul Lo =)
=1
A
p4(E [EparlCem(ar=an) 4 [14(1 4 Zga gy — 5))e FH(@i=9)
X(Z (Cputlrlwn(s) = wi] + 3 [Dpaulkileon(s — 7) — wi|)ds
=1
Ap n
B A (3 [€pul e =) ds
S _Rq4[(1 + (1 + Ep4)~’4p4 + (1 + Ep4)(28p4%)tp§ n + Ep4e Mﬁ + AP4E;D46 E
+ 1+ 2 (ga — s))e E @i ”6”‘“(2 |CpatlkiLe™" + Z Dpailki| Le 7)) ds
+ [+ p“ (g4 — S))Bp46 2t (@-s)e ’“”"‘“Eme"“ﬁef’”ds]
< cemn(e0 By, + Gt 50D P B (15 Ay)
+Mg, 3 ( (CI4 — ) (Frmm9gs
Ap
+BP4EP46KM 0Q4(3 + %(q‘l - 8))6 (T4iﬁ)(q4is)ds]
o 2By, +Ap, \\ P 5
= Le q4[(1+( +Ep4)("4p4+m)) . +EP4€ M(1+‘AP4)
. pa—F 4(Ap, —r)+Ap, (Ap, —25 _(Apa
+M ((Amimc))z — ey ()Ap4—42(ﬁ)24 )q4 (= )q4)
Ay, — Ap, —38)+Ap, (Ap, —2k)qs __ (A2
+Bp4Ep4ew(4((j pizj)? — 24y 3(42;:)24:4()2“ 2 )(Me 2 )
< Leru[(14 (14 Bp)(Ap, + G2t5m)) B + By e (1 + Ay,) + My, o855
K 2A,,—3kK
+Bp, Ep, ¢ “W]
< Le ra4,

Similarly, this case leads to a contradiction. Therefore, inequalities (26) hold true for all ¢ € [0, +00) and
1 € N. Consequently, the proof of Theorem 2 is completed. O

Theorem 3. NDINNs (1) achieve global exponential stability with decay rate k, provided that all hypotheses of
Lemma 2 hold and the following inequalities are satisfied:

AM;+48B, E;
{A <0E+ﬁ<l

(32)
Z( + Ai) 4\/7/\/1%246 1VBiE; <1,

where E; and M, are as defined in Theorem 1. This means that there exist a € (0, i miél A;) and a positive
1€

constant L such that for allt > 0 and i € N,
lw; (t) — w}| < Le™,  |wi(t)] < Le ™. (33)

Proof. As mentioned in Lemma 2, system (1) has a unique equilibrium point w* = (wj, w3, ..., w})T. The
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solution for NDINNS (1), denoted by w(t) = (wy (t), w2 (t), ..., w,(t))T, satisfies the initial conditions specified
in (2). If A; < 0, differentiating both sides of (9) with respect to ¢ yields the following result.

wi(t) = —U%[Bi sin v;tw; (0) + \ﬁsm(vlt — 0;)w;(0) + B; sin(v;t — 26,)U;(0)
—l-\/iSin(’Uz Z)Uz(O)] _7t + U ( ) .AZUl(t)

34
‘ﬁfo sin(v;(t — s) — 6;)e” S vS)Fi(s)ds (34)
— 5 \ﬁ fo sin(vi(t — s) — 30;)e™ 2" =) U, (s)ds,
which, in conjunction with (9) and (10), indicates that
wi(t) —w; = U%[\/Esin(vit +0;)(w;(0) — w}) + sinv;tw;(0)
+V/Bisin(uit — 0;)(32 Eq(wi(—o) — wi)) — sinv;tU;(0)] e~ 2t
=1
+ 3 Eu(wi(t —oy) —w)) + i fot sin v; (t — s)e_%(t_s)]:i(s)ds
=1
+E [Msin(vi(t — 5) — 260;)e” SH- €>(z Ea(wi(s — o) —w}))ds
wi(t) = =5 [Bisinuvit(w;(0 ) —wi)+ VB; sm(w 0;)u;(0) (35)

Ag

+B; sin(v;t — 20¢)(l§:1 Ei(wi(—a1) — wi)) + /B sin(vit — 0;)U;(0)]e~ 2

D) = A(E Eau(t = 1) —up))
‘ﬁfo sin(v;(t — s) — Hi)e_%(t_s)]-}(s)ds
-5 F fo sin(v;(t — s) — 360;)e” 5 (t*S)(é:l Ei(wi(s — o) — wy))ds.

Equation (32) suggests the presence of a sufficiently little , with « belonging to (0, mln A;), along with a
sufficiently large positive constant £, such that they fulfill the condition

e 133
2B (VBi +1)Pe + Bie™ +%<1, G6)
2(1+E; K 4\/7M?+4Bi\/BiiEi T
%2(3 +VBi)Pey + Eie™ (1 + A;) + =220 e— < 1

Clearly, inequalities (33) are satisfied for ¢ € [—p, 0], i € N. We assert that these inequalities also hold true
for all ¢ > 0. Should this assertion be incorrect, then one of the subsequent cases must arise:

Case 5. There exist ps € N and q5 > 0 for which it is true that
lwi(t) — wi| < Le™* s ()] < Le™™,t € [0,g5), lwp, (g5) — wy, | = Le™ P, 37

Case 6. There exist pg € N and qg > 0 for which it is true that
|w; (t) — wi| < L&~ ()] < Le ™t €1]0,qs), [thps(g6)| = Le"%. (38)
In the case where Case 5 happens, by applying assumption (A1) in conjunction with (35)—(37), it follows that

|uipo (g5) — o|
= I[\/Bps sin(vps g5 + Ops ) (wps (0) — w;5) + sin vp; g5tps (0)

Ups

. . . _Aps
++/Bps sin(vps g5 — '9p5)(2 Epsi(wi(—01) — wy)) — sinvpsgsUps (0)]e™ 2 %
=1

n . I
+ > Epi(wi(as — o7) —wjf) + i fot sinwvps (g5 — s)e” 2 (a5 )]_-ps (s)ds
=1

+f% Jo sin(vps (5 — s) — 26, )e—%”%—”(i Epsi(wi(s — o1) — wi))ds|
T (L4 B ) (v/Bpy + D)o (727 TR0 P ommas 2 |Epsillwi(as — o1) — wi|

+¢ Jos e*T“H)(l;l ICps |G (wi(5)) — Gy (w})]

+é Dyt l|G1(wi(s — 7)) — Gi(wi)|)ds

5 o o= (55 Il — o) — wi )ds
Ups U0 = psl 1YL l l

IN
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n
< (14 Bpy) (VB + DPe e + = |Epsi|Le™r(85=o0)
Aps (a5—5) n - n
Upo fOo 5 \45 (ZX:1|Cpsl|kl|’u)l(s)—wl*‘+l2:1 |Dp5l|kl\wl(s—n)—wl*\)ds
. = =
. 1+E —Ars
< e Nq"[ — 25 (/Bps + 1)735 n+ Eps Le™ + 54— ps e (455 ras
n
x(32 \Cpg,zlklﬁe_'“ + E |DpsilkiLe= (57T ds
=1 =1
+Bﬂ IQS *Aii(qS*S) mqup en,u‘cefnsds]
< Le *"“15[1+EP5 \/;"Fl YPe,n + Eps e + p; 0(15 e~
+BeaZeac” 5-2)ds)
_ _ 2(1+E,,5) 4Mgs+46p5EpseW 7(Aﬁﬂ€)q
= Le Nqs[i\/i V/Bps + 1)Pe  + Epge” +—\/ﬂé“41’572“)“ (1—e ‘72 5)]
—rqs 20 +Ep ) AME_ +4Bpg Epg e”
K5 5 5
< Le [\/TE v Bps + DPen + Epse™ + V=B (Apg —2r) ]
< Le M5,

In the case where Case 6 arises, by employing assumption (A;) together with (35), (36) and (38), we deduce that

IN

IN

IN

IN

<

|t (g6)
| - 7[ b6 S Upg g6 (Wpg (0) — w;6) + Bpa sin(Upggs — Opg ) tpg (0)

n . Apa
+Bpg sin(vpsge — (Z: Epst(wi(—01) —w[')) + /Bpg sin(vpggs — Opg )Upg (0)]e™ 3%
+Ups (g6) — APG(; Epgi(wi(gs —Ul) wy'))
VB0 6 Gin (1 (g6 — 5) — B e 30 Fyy (s)ds

F S sin(vpq (a6 — ) — 3ep6>e—’445ﬁ<%—8><li1 Ens(wr(s — o1) — w}))ds|
(1+Eps (Bys +v/Bps)e™ w96 Py e “%+Z|S stllwi(gs — o)l
Ay, (3 Epuln(as = ) = ) s o e
(Z ICpeil|Gr(wi(s)) — Gi(wy )| + El \Dp6l||Gl(wl(5 —7)) — Gi(w])|)ds

B n
Brev/Bro. a5 (=255 (0=) (37 |, wn(s — o) — wi |)ds
=1

1+Ep6 (Bp4 + BPG Pe e "0 + Z |8p6l|£eiﬁ(qﬁial) + ‘APG(Z |€pel‘£ein(q67q))

'Ups
\/B
+0 Jio em 2" (a0= S)(Z [Cpgilki|wi(s) — wi| + E [Dpsi|ki|wi(s — ) — wi|)ds
e S><Z|sp et ds

e_nqe[lJrEpG B Jr\/ P6 p£n+EpeeR#£+ApeEp6€ mL
1+ YBre s o= a0 o500 (3 |yl L + 3 Dyt luLe =) ds
=1 =1

VUpg

B \/B _ A _ —
Ppr6V °pr6 j‘QG 5 (a6 S)e'ﬂlﬁ Ep().e'i”ﬁe nsds]

Vpg
—k 1+ FE. K
Le q(’[ GPLG D4 +\/ ps)PE,n"‘Epae ¢! +AP6)
+\/Bi./\/lps O 7( Q N)(q67s)d8+ \/@Em; IQG ,(4& x) (g6 — S)ds}
v Upg

P66
—kqg2(1+Epg) K
Le %[ﬁ(Bm + v/ Bps ) Pen + Epge™ (1 + Apg)
4 pGMp6+4Bp6\/TGEPGENM 1_ —(A—p‘i—ﬁ)%
+ —Apg (Apg —2r) ( e 2 )]
ﬁefng[w(g + /B )P + FE. e””(lJr.A )
mﬁ D4 pe ) Em P6 P6
+4 BPGM;6+4BPGMEPGENH]
V=g (Apg —2k)
Le 796,

In the same manner, this case results in a contradiction. Hence, inequalities (33) are valid for every ¢ € [0, +00)

and ¢ € N. As a result, the proof of Theorem 3 is concluded. O

Remark 1. As far as we know, only a handful of scholars have studied the stability analysis of NDINNs (1),
with the exception of the authors in [3], who examined a simplified version of NDINNs (1) where T, = o; = L.

They derived delay-dependent criteria for ensuring global asymptotic stability through solving LMIs, utilizing
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both the reduced order method and advancements in LKFs. Despite this, applying the reduced order technique
frequently leads to intricate computations and heightened system intricacy. Additionally, constructing LKF's poses
significant difficulties and demands considerable effort, typically involving the handling of sophisticated LMIs.
These LMIs are generally addressed with the aid of MATLAB software (MATLAB R2022b) suites. On the other
hand, our approach avoids employing both the reduced order technique and traditional methods for constructing
LKFs. By utilizing the characteristic method, we propose a set of delay-independent criteria that are sufficient
to ensure the global exponential stability of system (1). One key benefit of our proposed method is its ability to
bypass the complexities associated with the reduced order method along with traditional LKF's formulation, thereby
sidestepping convoluted analyses and computationally intensive tasks. Several recent works [17,18,20] have utilized
the characteristic method for inertial neural networks. Importantly, unlike [ 18], which applies the characteristic
method to neutral-type inertial neural networks involving only the first order derivative w;(t — o), this study targets
the second order derivative W;(t — o). We compare these existing results with both [3] and our current findings;
the details are presented in Table 1.

Table 1. Comparison of the results and methods between this paper and related references

Comparison [3] [17] [18] [20] This Paper
Type of neural
Neutral Delayed Neutral Delayed Neutral
network
Wh.ether inertial terms Yes Yes Yes Yes Yes
are included
Reduced-order, Characteristic
T f method ’ CM CM CM
Jpe ot fetio LKFs, LMIs method (CM)

Delay-dependent (DD)
or delay-independent DD DI DI DI DI
(DI) criteria

Global exponential

Type of stability Global asymptotic (GE) GE GE GE
Improvement of this Avoiding the reduced order method, eliminating the need to construct LKFs, and bypassing the solution of
paper LMIs; Delay-independent criteria that can be readily verified as a set of linear scalar inequalities.

Remark 2. The three cases A; > 0, A; = 0 and A; < 0 correspond respectively to over-damping, critical-
damping and under-damping regimes. Theorems 1-3 enumerate conditions (17), (25) and (32) under which system
(1) achieves exponential stability. Crucially, E; and M; must remain bounded; this necessitates that the coupling
coefficients C;;, Dy, the Lipschitz constant k;, and the neutral delay coefficients &;; be sufficiently small.

4. Three Numerical Examples

The validity of our theoretical results is confirmed via three numerical simulations, corresponding to cases
where the discriminant A; = A? — 413; assumes positive, zero, and negative values respectively.

Example 1. Consider the NDINNs (1) with dimension n = 2 and the parameters specified below: A; = 5,
As =6, By =4, By =5,C11 =0.1,C15 = —0.1, Co; = 0.2, Coo = —0.2, D13 = —0.2, D15 = 0.2, Doy = 0.3,
D22 = —0.3, 511 = 0.01, 512 = —0.02, 521 = 002, 522 = —0.01, J1 = 12, J2 = —13, T = 1, Ty = 2, g1 = 2,
o2 =1, G1(z) = 0.3sinz + 0.7z, Ga2(x) = 0.7 cos x + 0.3x.

It is straightforward to confirm that both G and G satisfy the global Lipschitz condition (A;) with Lipschitz
constants k1 = ko = 1. Moreover, the following inequalities hold:

2 n
0.8= 3 ki|Cii +Dul + Y k1|Cin + Dun| < 2B1 =8,
=1 =1

2 n
1.6 = > ki|Cu + Dar| + >~ k1[Ciz + Di2| < 2B2 = 10,
=1

=1

A1 =9>0,A,=16 >0,

0.23 = 4 4 Ballaltind 4 py <1,
0.325 = 42 + 7&“@2%“’2“ + B <1,
2M1+E (a?+b?)
0.75 = E1(1 4+ A1) + %‘?21; 1,
- 2Mo+Fp (a5 +63)
0.905 = Eo(1 + As) + v <1
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Consequently, in accordance with Theorem 1, the NDINNs presented in Example 1 are proven to possess
a unique equilibrium point (2.9188, —2.2755) and demonstrate globally exponential stability with the decay rate
0.015. This theoretical conclusion is further validated by the computational results depicted in Figures 1-3.

6

0 2 4 6 8 10 12 14 16 18 20

Figure 1. Trajectories of state variables and their derivatives in Example 1 with initial values:
(51 (5)7 52(5)7 771(5)’ 2 (S)) = (57 -7,0, 0)’ (47 =5,0, O)’ (_3’ 2,0, 0)’ s € [_2’ 0]

1,2
o

In|w,

(
In|w,(
(
(

wy * |

wy * |

IS
:

Injuy
In|w,

)
)
)l
i

In|w;(t) — wf], Injw;(t)],i

Figure 3. Semilogarithmic plots of In|w;(t) — w; | and In|w;(¢)| in Example 1.

Example 2. The system parameters here are identical to those in Example 1, with the following modifications:
A; =4, Ay =25, Co1 = 0.1, C2o = —0.1, Dgy = 0.2, Doy = —0.2.
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We can readily check that

2 n
0.6 = E kl|Cu +'D11‘ + Z k’l‘Cu +D11| < 2By =8,
=1 =1
2 n
1= Z kl‘czl +D21| + Z k1|clz +D12| < 2By =10,
=1 =1

A=Ay =0,

0'3:4E1+4ﬁ/2[1 <17 03642:4E2+4%2 <1
! 2

0.99 = By (1+ Ay) + 8B

0.9691 = Ey(1 + Ay) + AMat8Baba o 1,

By Theorem 2, the NDINNSs in Example 2 are shown to admit a unique equilibrium point (2.9163, —2.3994)
with global exponential stability with the decay rate 0.013, a result validated numerically in Figures 4-6.

6

wy(

0 2 4 6 8 10 12 14 16 18 20

Figure 4. Trajectories of state variables and their derivatives in Example 2 with initial values:
(51 (5)7 52(5)7 771(5)’ 2 (S)) = (57 =7,0, 0)’ (43 =5,0, O)’ (_3’ 2,0, 0)’ s € [_2’ 0]

6 8 10 12 14 16 18 20

Figure 5. Errors of |w;(t) — w;] | and |w;(¢)| in Example 2.
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2 T
In|w; (t) — wy |
Infwy(t) — wy * |

] - Infain (t)] )
— Infas(t)|

Il .
e
—
Nkt J
8
£ ]
=

3 ,

I
=
= ot -
3
S

12 b
-14 = -
0 5 10 15 20 25

Figure 6. Semilogarithmic plots of In|w;(t) — w; | and In|w;(¢)| in Example 2.

Example 3. With the exception of By = 5 and By = 6, all remaining parameters in this case are identical to those
specified in Example 2.

It is straightforward to confirm that

2 n
0.6 = Z kil|cll + D11| + Z k1|C11 + D11| < 2By = 10,
=1 =1

2 n
1= ki|Cai + Day| + > k1|Ci2 + Dia| < 282 =12,
=1 =1

74:A1:A2<0,

0.405 = By + BB <

— AM A8y B
0.4783 = Ep + Bl <1
0.8958 = Ey (1 + Ay) + WEMUEIBLVEE,
0.9019 = E5(1 4+ Az) + 4@%%;@& <1

Consequently, as established by Theorem 3, the NDINNs in Example 3 are shown to admit a unique equilibrium
point (2.3445, —2.0280) with globally exponential stability with the decay rate 0.011. This theoretical assertion is
further validated through computational evidence provided in Figures 7-9.

Figure 7. Trajectories of state variables and their derivatives in Example 3 with initial values:
(51 (5)7 &2 (5)7 771(5)7 12 (8)) = (57 =7,0, 0)’ (47 —=5,0, O)’ (_3’ 2,0, 0)? s € [_27 0]'
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[wy (£) = wi
[w2(£) — w3
[t (£)]
[z (8)]

1,2

7|y Infi(t)], i
H

In|w;(t) — w;

0 5 10 15 20 25

Figure 9. Semilogarithmic plots of In|w;(t) — w;| and In|w;(t)| in Example 3.

Remark 3. Existing literatures lack any application of the characteristic method to analyze NDINNs (1). While [3]
addresses only the restricted NDINNs (1) with 7y = o7 = p, our methodology bypasses traditional order reduced
method and LKFs construction. This implies that approaches in [3—16] fail to generalize to Examples 1-3.

5. Concluding Remarks

By employing the characteristic method, we investigated the global exponential stability of a particular class
of NDINNs. Through a comprehensive analysis centered on the discriminant A;, we derived explicit solution
representations for system (1). Furthermore, we established several delay-independent criteria sufficient to ensure
globally exponentially stable dynamics. Three numerical examples accompanied by computational simulations were
provided to validate these theoretical results. Notably, this approach reduces the analytical complexity to solving
a series of elementary scalar inequalities, thus obviating the need for MATLAB LMI solver-based techniques.
Motivated by the methods in [20-24], future work will address the global exponential stability of NDINNs under
less restrictive activation function assumptions.
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