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the existence conditions of horizons and regularity, the allowed parameter domain and
the extremal bound are derived. Hawking temperature, shadow radius, photon-ring Lya-
punov exponent, and ISCO binding efficiency are then analyzed across the physically
allowed parameter space. We further extend the analysis to Novikov-Thorne thin-disk
accretion by deriving the flux kernel, effective-temperature profile, and bolometric lumi-
nosity scaling, and by providing representative numerical datasets for these quantities. A
coherent trend emerges: increasing the deformation parameter drives the solution away
from Schwarzschild behavior, reducing temperature, shadow size, and photon-orbit
instability rate while enhancing orbital binding efficiency and accretion luminosity; in-
creasing the exponent v suppresses deformation effects and restores Schwarzschild-like
observables. These results provide a compact phenomenological map linking hori-
zon structure, thermodynamics, optical signatures, dynamical instability, and thin-disk
accretion diagnostics in this regular black-hole family.
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1. Introduction

Regular black holes are valuable laboratories for testing how short-distance modifications of gravity can resolve
central singularities while preserving classical black-hole phenomenology at large radii. One of the approaches is
related to adding a higher curvature correction to the Einstein action [1-7]. In particular, an infinite series of higher
curvature corrections was used in quasi-topological gravity [8—12]. While those theories introduced non-trivial
corrections only in theories higher than four, non-polynomial quasi-topological gravity (NP-QTG) [13—17] leads to
corrections in four-dimensional spacetime.

Before introducing the metric ansatz, it is useful to summarize the essential structure of non-polynomial
quasi-topological gravity (NP-QTG). The theory extends Einstein gravity with carefully organized higher-curvature
contributions that remain dynamically nontrivial in four dimensions while avoiding the generic higher-derivative
structure expected in arbitrary curvature expansions. In particular, whereas purely polynomial quasi-topological
densities in four dimensions are typically topological or dynamically degenerate, non-polynomial completions can
yield genuinely new dynamics in the static spherical sector.

A convenient schematic form of the action is [13, 14]

1
- Az /=g [R+f(7z)} (1
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where R denotes a specific higher-curvature scalar built from Riemann-tensor contractions and JF is chosen so that the
physically relevant branch around maximally symmetric backgrounds does not introduce additional ghost-like tensor
excitations. Under static spherical symmetry, the field equations are reduced to a lower-order master relation for the
metric function (equivalently, a total-derivative structure in a suitable combination of equations), which is precisely
what makes analytic regular black-hole families tractable. The action (1) is a particular realization of non-polynomial
QTGs built purely from the curvature, whereas more general non-polynomial QTGs can involve curvature-derivative
terms as discussed in Ref. [17], in which case more general regular black holes can be constructed.
Within this framework, the asymptotically flat metric function analyzed in Refs. [18,19] is considered,

2MrH—1
(r + av/(2M)v/3)*"

flr)=1- )

The model is controlled by three effective parameters: a deformation scale « (or equivalently [3), a regularity
exponent p, and an additional exponent v that governs how rapidly the metric interpolates between near-core regular
behavior and asymptotic Schwarzschild form. From an observational perspective, a viable regular black-hole model
should satisfy four simultaneous requirements:

(i) geometric consistency (regular center and asymptotic flatness),
(i) a proper event-horizon sector,

(iii) realistic thermodynamics, and

(iv) measurable optical and orbital signatures.

This analysis maps these requirements onto the same parameter space (i, v, 3). This unified perspective is
important because each observable probes a different region of the effective potential: Hawking temperature is
tied to near-horizon gradients, the shadow and Lyapunov exponent are controlled by unstable null circular orbits,
and ISCO efficiency is determined by stable timelike dynamics. Interpreting all four together provides a robust
phenomenological characterization of the same underlying metric deformation.

2. Regular Asymptotically Flat Black Holes: Parameter Domain
Static, spherically symmetric geometries are considered:

dr?

ds* = —f(r)dt* + 0 + 7r2d0?, 3)
with metric function is given by Equation (2) (see [18, 19]). Introducing the metric parametrization
flr) =1=12)(r), “
the gravitational field equations can be reduced to a single generating relation,
d 3
2 (Ph(@) =0, (5)

where the function (1)) encodes the higher-curvature contributions of the theory and is fixed by the particular
choice of the non-polynomial function F. Suitable forms of (1)) allow one to construct asymptotically flat regular
black-hole geometries. The metric function f(r) is determined through the relation

h
= 6
v (14—ozh’Y)1/'Y ©

which is particular ansatz considered in [18].

In four-dimensional non-polynomial quasi-topological gravities, the fundamental algebraic relation takes the
form h(vp) ~ 2M /3, as discussed in Refs. [13, 14, 17]. Consequently, the lapse function f(r) given in Equation (2)
represents a valid solution within this class of theories, as demonstrated in [18, 19].

We define
« r g o

=@ “Sar T T @y
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so that
flz)=1- ——pr ®)
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For r — oo,

fir)y=1- ¥ +0(r '), )

therefore the spacetime is asymptotically flat for v > 0.

Near the center,
2M —1 u+rv—1
i()) =1 —rt + O()’l ) s (10)

which implies m(r) = 5[1 — f(r)] ~ r*. Finiteness of curvature invariants requires m(r) = O(r?), hence

w3 (1n
Horizons are given by f(z;,) = 0:
xu—l — (.’EV + BV)#/V — 61/ — ‘ru(u—l)/u - (12)
It is convenient to introduce the function
h(z) = gD/ gy (13)
its maximum occurs at ; )
—1\"" 1 —1\""
z, = (“ ) N (“ ) : (14)
2 H 2

so the critical deformation is

_ -1 1/v
R T

Thus
0 < B < B twohorizons (r_,r;) (nonextremal BH),
B =B, one degenerate horizon (extremal BH), (16)
B> B, no horizon.

Thus, we conclude that the regular asymptotically flat black-hole domain is
v >0, w=3, 0<p <P, )

or equivalently
1/v

o 1 /p—1\""
°<<2M>4/3§Mu) ] | "

This domain separates physically acceptable black holes from horizonless compact objects within the same
metric family. The condition pz > 3 guarantees central regularity, while 5 < (. guarantees existence of horizon.
Therefore, 5. acts as the organizing scale of the whole phenomenology: moving toward . corresponds to
approaching extremality, where thermodynamic and optical observables are expected to deviate most strongly from
Schwarzschild values. Notice that non-extremal regular black holes may also possess more than two horizons.
However, in a certain sense, the analysis of perturbations, optical phenomena, and horizon thermodynamics is
largely insensitive to the internal structure of the black hole.

3. Hawking Temperature: Analytic Form and Parameter Dependence

For the line element above, the Hawking temperature is

K fl(ry)
Tp=—= 1
H =5 P 19)
where « is the surface gravity, r is the outer horizon and
M rH=2 [V — (u—1)g¥

(r 4 g)
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Using the horizon equation
oMt = (4 4 g') Y @1)

one obtains the compact analytic result

1 —(p—1)g"

Ty = . 22
S T4 (Ti + g”) (22)
In dimensionless form (x4 = ry /(2M)),
B v o_ — 18"
T = M Ty = S~ =1 (23)

ENCEy TN

Equation (23) shows that T — 1 in the Schwarzschild limit B — 0, x4+ — 1), while T =0at extremality,
where 2% = (u —1)5".

For the parameter scans below, f(z) = 0 is solved numerically for the outer horizon x, and Equation (23) is
then evaluated.

These temperature trends are consistent with the existence domain from the previous section. For larger /3, the
outer horizon moves toward the extremal regime and the surface gravity decreases, so T is reduced and eventually
vanishes at extremality. By contrast, increasing v at fixed (u, ) suppresses the relative weight of the deformation
term 3* and restores Schwarzschild-like thermodynamics (see Figures 1 and 2). In this sense, [3 controls the strength
of regular-core effects, while v controls how efficiently those effects decouple in horizon-scale physics.

Reduced Hawking temperature vs (1 at fixed v = 2
1.0

0.8

0.6

8nMT,

0.4

02 — B=0.05

B=0.10
— B=0.15
0.0, 4 5 6 7 8 9 10 1 12

U

Figure 1. Reduced Hawking temperature 7' = 87 M Ty versus y at fixed v = 2, for selected 8. Increasing p lowers
T, and the suppression is stronger for larger deformation parameter /3.
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Reduced Hawking temperature vs v at fixed u = 3
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Figure 2. Reduced Hawking temperature T = 8t M Ty versus v at fixed = 3, for selected S. For fixed 1 and 3,
T increases with v and approaches the Schwarzschild value 7' — 1.

4. Shadow Radius: Analytic Conditions and Parameter Dependence

Black-hole shadows provide one of the most direct strong-field probes of spacetime geometry because their angular
size and shape are determined by unstable null orbits near the photon sphere rather than by weak-field dynamics. This
makes shadow observables complementary to thermodynamic or orbital diagnostics: they are sensitive to near-horizon
metric deformations and can be confronted with horizon-scale imaging measurements. Therefore, a large number of
recent publications has been devoted to calculations of black-hole shadows’ parameters [20—37]. In regular black-hole
models, the shadow is especially informative because it encodes how singularity-resolving corrections propagate
outward into the observable photon region.

For null geodesics in a static, spherically symmetric metric, the effective potential is Vog = L2f(r)/r%.
Circular photon orbits satisfy

d <M>=0 <~ 2f(rpn) = rpnf (rpn), 24

dr \ r?
where rp,), is the photon-sphere radius. For this metric, in dimensionless variables this condition can be written as

Ly _ g (25)

v (B + (3= p)B] = 2 (ap, + 5Y)
where zpn = rpn/2M.
The observable shadow radius for a static observer at infinity is the critical impact parameter,

Tph R _ Rsh _ Tph
Vi) T 2M T ()

The dependence of the shadow radius on the black hole parameters is shown in Figirues 3-5.

In the Schwarzschild limit (3 — 0), one recovers Rg, = 3v/3/2 ~ 2.598.

Numerically, for each parameter set, f(x4) = 0 is solved for the outer horizon x ., Equation (25) is then
solved for the outer photon sphere x;, > 7, and Equation (26) is finally evaluated.

Ry, = (26)
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Shadow radius vs mu at fixed nu=2
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Figure 3. Reduced shadow radius Re, = R /(2M) versus p at fixed v = 2, for selected /3. Larger p decreases the
shadow size, with a stronger effect at larger 5.

Shadow radius vs nu at fixed mu=3
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Figure 4. Reduced shadow radius Ry, versus v at fixed o = 3, for selected 3. Increasing v restores the Schwarzschild

value from below.
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Shadow radius vs deformation at fixed (mu,nu)=(3,2)
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Figure 5. Reduced shadow radius R, versus deformation parameter 3 at fixed (11, v) = (3, 2). The dashed vertical
line marks the extremal bound 8. = 0.385; approaching extremality reduces the shadow radius.

The shadow sector confirms the same hierarchy observed in thermodynamics. Stronger deformation (larger 3)
shifts the unstable photon orbit inward, shrinking both 7}, and the impact-parameter radius Rg,. Increasing v at
fixed (11, ) has the opposite effect, pushing the geometry toward Schwarzschild and raising Ry, toward 3v/3M.
The monotonic behavior across all scans indicates that shadow observables can serve as clean diagnostics of how
close the solution is to the extremal boundary.

5. Photon-Sphere Lyapunov Exponent and Instability Timescale

The instability rate of the outer photon sphere is measured by the Lyapunov exponent with respect to coordinate
time. For static spherical metrics, it can be written as

f(rpn) {Zf(rph) - Tghfﬂ(rph)}
A= 5 . (27)
2rph

In dimensionless variables (xpn = 7pn/2M), define

i F(@pn) [2f (@on) = a2, (zp)]

A=2M)\ = (28)

Qxf)h
In the Schwarzschild limit (5 — 0), one obtains

- 2
Aschw = —= =~ 0.3849. 29
Sch 33 (29)

Numerical values of the Lyapunov exponent as a function of black hole parameters are shown in Figures 6—8.
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Photon-sphere Lyapunov exponentvs u (v = 2)
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Figure 6. Reduced Lyapunov exponent X = 2M )\ versus w at fixed v = 2, for selected 3. Increasing p reduces the
photon-sphere instability rate, with stronger suppression at larger /3.

Photon-sphere Lyapunov exponentvs v (U = 3)
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Figure 7. Reduced Lyapunov exponent X versus v at fixed = 3, for selected 3. Increasing v drives A toward the
Schwarzschild value 2/(3v/3).
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Photon-sphere Lyapunov exponent vs B ((u, v) = (3, 2))
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Figure 8. Reduced Lyapunov exponent X versus deformation parameter 3 at fixed (i, ) = (3,2). The dashed
vertical line marks the extremal bound (. ~ 0.385; increasing (3 decreases the instability rate.

The Lyapunov sector is complementary to the shadow analysis because it measures not only the location of the
photon sphere but also the sharpness of the local potential barrier. Stronger deformation lowers A implying longer
instability timescales for null orbits and weaker eikonal damping rates. Increasing v reverses this trend and restores
Schwarzschild-like instability. In the eikonal limit, this has a direct correspondence with quasinormal modes, where
the real part is set by the photon-orbit angular frequency and the imaginary part by the Lyapunov instability rate:

wep = L, — i (n+ 3) A (30)

Consequently, the ringdown damping time is inversely controlled by the same instability scale,

R
[ Imwe,| (n—i—%))\’

€19

Ten

so a smaller \ near extremality implies longer-lived eikonal modes. The above relation holds in the eikonal regime
¢ > 1. Notice, that the correspondence may not hold for arbitrary theory of gravity, and there are exceptions
discussed in [38—41]. The cases when the correspondence does not hold can be catgorized as follows:

*  When the centrifugal barrier in the effective potential is not equal to g;+£(¢ + 1)r 2, but has more complex
form. This usually happens for a number of theories with higher curvature corrections [40]. As a result the
non-standard centrifugal term may lead non-standard eikonal limit, even to a catastrophic instability [42—44]
indicating the non-existence of the black hole, while the null geodesics characteristics (Lyapunov exponent
and orbital frequency) would have the same usual form.

*  When the effective potential is bad for usage the wkb method, for example once it has a double well shape [45,46]
or bad matching of the Taylor expansion with the WKB series [41].

*  The correspondence is restricted for asymptotically de Sitter black holes, as there appears a new de Sitter
branch of modes, and the correspondence continue working only for the Schwarzschild branch [39].

Our case clearly does not fall into any of these categories; therefore, the correspondence between particle
motion and quasinormal modes/scattering properties remains valid.

Therefore, the observed suppression of A toward extremality is consistent with more weakly damped ringdown
modes in the same parameter region. Together with Rgy,, this provides a two-parameter optical-dynamical diagnostic
of how close the solution is to extremality.
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6. Binding Energy of Massive Particles and ISCO Efficiency

Among geodesic observables, the ISCO binding efficiency is one of the simplest and most directly interpretable
characteristics of a black-hole spacetime. It gives a first-principles proxy for accretion efficiency, quantifying the
maximal fraction of rest-mass energy that can be released before matter plunges from the inner edge of a thin
disk [47].

For equatorial timelike geodesics, the radial equation can be written as

2
72 4+ Veg(r; L) = E?, Veg(r; L) = f(r) (1 + L) , (32)

where E and L are the specific energy and angular momentum.
For circular orbits (7 = 0 and dV,g/dr = 0), one obtains

o 260) s )

, L =——— . (33)
2f(r) = rf'(r) 2f(r) —rf'(r)
The innermost stable circular orbit (ISCO) is determined by the marginal stability condition
rf(r)f"(r) + 3f(r)f'(r) = 2rf'(r)* = 0. (34)

The marginal stability condition (34) can be derived from the determining condition d?V, ¢ /dr? = 0 after
substitution of L? from (33). The binding efficiency is defined as

n=1- Esco, Eisco =FE (35)
T=T1SCO
For Schwarzschild, Equation (35) gives
8
NSchw = 1 — 9= 0.05719. (36)

Again, for each parameter set (i, v, 3) in the black-hole domain, f(z) = 0 is numerically solved for the outer
horizon, Equation (34) is then solved for the outer timelike ISCO radius z15co > x4, and 7 is finally evaluated
from Equation (35). Numerical values of the binding efficiency are shown in Figures 9-11.

Binding efficiency vs mu at fixed nu=2

0.0644 — beta=0.05

beta=0.10

—— beta=0.15
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eta =1-E_ISCO
o
o
()]
=
1

0.059 A

0.058 A

0.057 A

Figure 9. Binding efficiency n = 1 — Ersco versus p at fixed v = 2, for selected /3. For fixed v, increasing p
increases 7, with a stronger enhancement at larger 3.

https://doi.org/10.53941/ijgtp.2026.200004 10 of 16


https://doi.org/10.53941/ijgtp.2026.200004

Malik Int. J. Gravit. Theor. Phys. 2026, 2(2), 4

Binding efficiency vs nu at fixed mu=3
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Figure 10. Binding efficiency 7 versus v at fixed p = 3, for selected . Increasing v reduces deformation effects
and drives 7 toward the Schwarzschild value.

Binding efficiency vs deformation at fixed (mu,nu)=(3,2)
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Figure 11. Binding efficiency n versus deformation parameter § at fixed (p,v) = (3,2). As 3 approaches the
extremal bound S, 7 increases above the Schwarzschild benchmark.

Unlike temperature and shadow size, the ISCO efficiency grows with stronger deformation. Physically, the
deformed geometry allows stable circular orbits to persist deeper in the potential well before the onset of instability,
lowering Eisco and increasing n = 1 — Ejgco. Therefore, in this model, near-extremal configurations are
simultaneously colder and optically smaller, yet more efficient at releasing orbital binding energy. Increasing v
reverses these effects by reducing deformation and returning the efficiency toward the Schwarzschild value.

7. Thin-Disk Accretion Process: Flux, Temperature, and Luminosity

To move from orbital diagnostics to an explicit accretion model, consider a stationary, geometrically thin,
optically thick disk in the Novikov-Thorne framework [47]. The disk is assumed to lie in the equatorial plane, to
radiate locally as a blackbody, and to have a stress-free inner edge at risco-
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For circular geodesic motion at the coordinate 7 in a static spherical metric (3), the angular velocity is

Qr) = % = f;(:) 37)

Using Equation (33), the specific energy and angular momentum may be written as

V2 f(r)

e
N ORI CEA EGEAG) 38

The radiative flux emitted from one face of the disk is

E(r) =

F(r)= D) (9)
with .
dQ/dr , Ny 4L
D(r)=— E(r) = Q") L(r")| — dr'. 40
v [Em—ﬂwnvﬁ®4[(> O v

Here M is the mass accretion rate and all orbital quantities are evaluated on circular geodesics of the same
metric. The effective temperature profile then follows from local blackbody emission,

Toa(r) = <F(T) ) " (1)
0SB
In dimensionless variables (z = r/2M), the flux takes the scaling form
F(r) = 16%\42 F(x; v, B), (42)
where
Flas v, )= DEAL0) (43)

Therefore, at fixed dimensionless parameters, F' o< M /M? and Tpg o< (M /M?)'/4, while (11, v, 3) determine
the shape function F(z) through f, f’, and the location of x15co.
The bolometric luminosity is

Laisk = 2 / 2mr F(r)dr =1 M, (44)

T1SCO

with 7 given in Equation (35). Relative to Schwarzschild,

Lg; .
disk 1 (for fixed M). (45)
LSchw 7)Schw
A useful inverse relation for data interpretation is
ar = Bk (46)
Ui

Hence, if an observed source luminosity is fixed, models with larger deformation parameter 3 require a smaller
mass inflow rate than Schwarzschild, while larger v reduces this difference. This gives a clear accretion-based
channel-complementary to shadow and ringdown constraints—to infer how close the metric is to the extremal
deformation bound.

To make the parameter dependence explicit, define the reduced flux profile

~ 167w M2
F(z) = ;,Fm=fmmum, @7)

and denote by Zpcax the radius where F is maximal. Representative numerical values are listed below: See
Table 1 for fixed (u,v) = (3,2) with varying deformation and Table 2 for fixed (u, 8) = (3,0.10) with varying
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interpolation exponent.
The previous ISCO analysis is directly connected to accretion observables:

. Increasing 3 (toward extremality) increases 7, so for fixed M the total radiative output is enhanced and the
inner disk spectrum becomes harder (higher peak Teg).

. Increasing v suppresses deformation effects, increases risco, and drives both luminosity and spectral shape
back toward Schwarzschild expectations.

»  Increasing p at fixed (v, 8) follows the same direction as the ISCO trends above: larger efficiency and stronger
concentration of dissipation near the inner edge.

Table 1. Illustrative accretion data for fixed (i, v) = (3, 2) and varying deformation 3. The luminosity ratio is for
fixed M, so Ldisk/LSchw = n/nSchw-

B8 TiSCOo n Lgisk/Lschw Tpeak Finax
0.00 3.000 0.05719 1.000 4775 6.88 x 10~
0.10 2.968 0.05773 1.009 4.725 7.08 x 107*
0.20 2.867 0.05946 1.040 4.570 7.80 x 107*
0.30 2.679 0.06296 1.101 4.278 9.39 x 10~*
0.36 2.504 0.06653 1.163 4.009 1.12 x 1073

Table 2. Illustrative accretion data for fixed (i, 5) = (3,0.10) and varying interpolation exponent v. Increasing v
drives the model back toward Schwarzschild-like flux and efficiency.

v TIsco n Lgisk/Lschw Tpeak Frax

1 2.002 0.08203 1.434 3.199 2.17 x 1073
2 2.968 0.05773 1.009 4.725 7.08 x 10~*
3 2.999 0.05721 1.000 4773 6.88 x 104
4 3.000 0.05719 1.000 4774 6.88 x 10~4
6 3.000 0.05719 1.000 4775 6.88 x 10~

These datasets quantify the analytical trends discussed above: stronger deformation increases both the peak
local dissipation and total radiative efficiency, while larger v suppresses these deviations and rapidly restores the
Schwarzschild benchmark.

8. Conclusions

Here we analyze various characteristics of regular black holes in non-polynomial quasi-topological gravity,
including the Hawking temperature, Lyapunov exponents, shadow radii, binding energy, and accretion-related
parameters. These quantities probe the spacetime geometry from the event horizon up to the radius of the innermost
stable circular orbit, providing insight into how observable properties depend on the parameters of both the theory
and the black hole.

The main conclusions are:

. The physically relevant black-hole sector is sharply delimited by v > 0, 4 > 3, and 0 < 8 < S, with 3,
setting the extremal boundary.

. The Hawking temperature decreases with stronger deformation and vanishes at extremality, while increasing v/
restores Schwarzschild thermodynamics.

. The shadow radius follows the same qualitative trend as temperature: stronger deformation shrinks the shadow,
whereas larger v drives it back to the Schwarzschild limit.

. The photon-sphere Lyapunov exponent is likewise suppressed by deformation and approaches the Schwarzschild
benchmark as v increases.

. The ISCO binding efficiency behaves oppositely, increasing with deformation and therefore indicating poten-
tially stronger accretion power in the deformed regime.

. In the Novikov-Thorne thin-disk model, this efficiency trend propagates directly to observables: larger
deformation enhances disk luminosity and hardens the inner thermal profile at fixed M, whereas larger v
restores Schwarzschild-like accretion signatures.
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Quantitatively, for (u,r) = (3,2) and 8 : 0 — 0.36, the efficiency increases  : 0.05719 — 0.06653, the
luminosity ratio rises Lqisk/Lschw : 1.000 — 1.163, the flux peak shifts inward zpeak : 4.775 — 4.009, and
the reduced peak flux grows Fmax 16.88 x 107% — 1.12 x 1073,

For fixed (11, 8) = (3,0.10), increasing v rapidly restores Schwarzschild-like accretion behavior: 7 and Flax
approach their Schwarzschild values by v 2 3.

Taken together, these observables define a consistent phenomenological pattern: S controls how far the

geometry departs from Schwarzschild behavior, while v controls how rapidly that departure is diluted. The
added flux and luminosity datasets make this pattern directly testable in accretion modeling, providing a practical
framework for confronting regular black-hole metrics with combined thermodynamic, optical, dynamical, and
disk-emission constraints.
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