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Abstract: Dengue fever is one of the life-threatening diseases transmitted by 
mosquitoes, specifically, the Aedes aegypti mosquitoes. It is mostly seen in the 
tropical regions of Africa and Asia, contributing to significant health burdens 
globally. Despite several efforts to control the disease and several studies in this 
area, the disease remains endemic in some places of the world. The increase in the 
endemicity of the disease is due to the increasing rate of mosquito-resistance to 
insecticide spray and absence of drugs for its treatment. These challenges 
underscore the need for researches to suggest better ways of controlling the disease. 
In this work, a system of nonlinear ordinary differential equations is used to model 
Dengue fever in a disease-endemic region. This new model incorporates vaccination, 
preventive measures such as use of mosquito treated bed-nets and mosquito repellent, 
use of insecticide spray and fogging as well as encouraging regular testing for the 
disease since a large proportion of infected humans are usually asymptomatic. The 
model is first shown to be epidemiologically and mathematically well-posed before 
obtaining the equilibrium points of the system as well as the control reproduction 
number. The conditions for local and global stability analysis of the equilibrium points 
of the system are established. Sensitivity analysis is also carried out to show the 
parameters that affect the endemicity of the disease. Numerical simulations are 
employed to show the effects of the proposed controls. The controls were seen to be 
very effective in reducing the spread of the disease and it is recommended that in any 
region where Dengue is endemic, employing the proposed controls can help reduce 
or eliminate the spread of the disease.  

 Keywords: dengue; vaccination; sensitivity analysis; bifurcation; stability analysis 

1. Introduction 

Dengue fever (break-bone fever) is a viral infection that is predominantly spread from mosquitoes to human 
[1,2]. It is more common in tropical and subtropical regions than in temperate climates [1]. Most people who get 
dengue do not have symptoms. Some develop severe dengue and need care in a hospital. In severe cases, dengue 
can be fatal [1]. The dengue virus (DENV) is transmitted to humans through the bites of infected female 
mosquitoes, primarily the Aedes aegypti mosquito [3,4]. Mosquitoes can become infected by people who are 
viremic with Dengue fever. This can be someone who has a symptomatic dengue infection, someone who is yet 
to have a symptomatic infection (those who are pre-symptomatic), and also someone who shows no signs of illness 
(those who are asymptomatic). Dengue fever has four serotype viruses responsible for the disease transmission 
and they are; DENV-1, DENV-2, DENV-3 and DENV-4 [1,5]. It is reported that about 400 million new cases 
occur annually in the world with over 3.9 billion humans at risk [2,6]. There were 6 million cases across 92 
countries in 2023 alone [7]. 

https://crossmark.crossref.org/dialog/?doi=10.53941/ams.2026.100012&domain=pdf
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Most people with dengue have mild or no symptoms and will get better within 1–2 weeks. Dengue can rarely 
be severe and lead to death.  Symptoms usually begin 4–12 days after infection and last for 2–7 days when they 
occur [8,9]. Symptoms may include: high fever (40 °C/104 °F), severe headache, pain behind the eyes, muscle and 
joint pains, nausea, vomiting, swollen glands, rash [1,10]. Severity of the disease is usually associated with 
reinfection with symptoms such as severe abdominal pain, persistent vomiting, rapid breathing, bleeding gums or 
nose, fatigue, restlessness, blood in vomit or stool, being very thirsty, pale and cold skin, feeling weak [10]. People 
with these severe symptoms should seek care immediately. After recovery, people who have had dengue may 
experience fatigue for several weeks. There is evidence, however, of the possibility of maternal transmission (i.e., 
from a pregnant mother to her baby). At the same time, vertical transmission rates appear low, with the risk of 
vertical transmission seemingly linked to the timing of acquiring the dengue infection during pregnancy. When a 
mother does have a dengue infection when she is pregnant, babies may suffer from pre-term birth, low birthweight 
and fetal distress [2]. Currently, one vaccine (QDenga) is available and licensed in some countries. However, it is 
recommended only for those aged 6–16 years in high transmission settings. Several additional vaccines are under 
evaluation (11). 

There are several literatures on modelling the control of Dengue fever such as [1] which proposed a Dengue 
fever model with data from West Java Province, Indonesia where optimal control analysis was employed to show 
the effects of fumigation and prevention on the dynamics of the disease. The authors in [11] proposed the use of 
Wolbachia-infected mosquitoes to control the population of Aedes aegypti mosquito responsible for Dengue fever. 
In [12], the authors worked on a model for Dengue fever which classified sex in mosquitoes. [13] discussed a 
model with two different serotype infections and vaccination as control. The authors in [14] proposed a model for 
the control of the disease in Jakarta, Indonesia. In [15], the authors incorporated isolation, asymptomatic 
occurrence and vigilance in an optimal control model of Dengue fever. In this work, a new mathematical model 
for the disease is proposed. The model incorporates vaccination, use of insecticides spray and fogging, preventive 
measures against mosquito bites such as use of mosquito repellent and mosquito treated bed-nets as well as periodic 
testing of possible infection and isolation as control measures. The authors in [5] explored on the effects of vector, 
sexual and vertical transmission on the dynamics of a Dengue fever model. Similar approach was adopted in the 
works of [16–18]. The authors in [6,19,20] however concentrated on climate variability, vector control and human 
behaviour. Several works on mathematical modelling of Dengue fever disease include the works in [4,21–24]. 

In this work, a new mathematical model for the disease is proposed. The model incorporates vaccination, use 
of insecticides spray and fogging, preventive measures against mosquito bites such as use of mosquito repellent 
and mosquito treated bed-nets as well as periodic testing of possible infection and isolation as control measures. 
Regular testing was employed to help detect possible asymptomatic occurrence and manage it. The model is set 
up to control the spread of the disease in a region where the disease is endemic, hence the suggested controls. All 
the works considered in literature did not incorporate regular testing of susceptible humans for possible infection 
and isolation neither did they focus mainly on endemic regions of the disease. It is expected that as humans in an 
endemic region undergoes regular testing for possible infection, some asymptomatic cases will be identified and 
managed to reduce the spread of the disease. The rest of this work is arranged thus; in section two, the model is 
introduced and shown to be well-posed. Also, the disease-free equilibrium point and control reproduction number 
are obtained. In section three, stability analyses are carried out while in section four, sensitivity analysis is done. 
Numerical simulation is carried out in section five while the work is concluded in section six. 

2. Model Formulation 

The new mathematical model proposed in this work for the control of Dengue fever is developed using a 
system of ordinary differential equation made up of seven (7) compartments; five (5) compartments for human 
population and two compartments (2) for vector population. The human compartments are; susceptible humans, 
𝑆௛, traced and tested humans, 𝑇௛; vaccinated humans, 𝑉௛; infectious humans, 𝐼௛ and recovered humans, 𝑅௛. 
The mosquito population is divided into the susceptible mosquitoes, 𝑆஽  and infectious mosquitoes, 𝐼஽ . The 
system variables and parameters are described in Table 1 and Figure 1. 

2.1. Model Assumptions 

To set up the mathematical model, the following assumptions were made; 

 A proportion of susceptible humans go for regular testing and those detected with Dengue fever are isolated 
for treatment. 

 A proportion of susceptible humans are vaccinated at the rate, 𝜃 and loses their immunity as the vaccine 
wanes with time at the rate, 𝜙. 
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 Vaccination does not grant permanent immunity to the disease; hence the vaccinated humans can get infected 
though at a lower rate than unvaccinated humans. 

 Four controls are incorporated into the system which are; vaccination, use of mosquito repellent, use of 
mosquito treated bed-nets and regular testing for possible infection. 

Regular testing was introduced since there is more occurrence of asymptomatic infections than symptomatic 
infections. It is expected that the controls will reduce or eliminate the spread of Dengue fever in the system. 

The model equation is given by; 

ௗௌ೓
ௗ௧

ൌ 𝜋௛ ൅ 𝜙𝑉௛ െ ሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑆௛,  

ௗ்೓
ௗ௧

ൌ 𝜌𝑆௛ ൅ 𝜅𝐼௛ െ ሺ𝜈ଵ ൅ 𝜇௛ሻ𝑇௛,  

ௗ௏೓
ௗ௧

ൌ 𝜃𝑆௛ െ ሺ𝜙 ൅ 𝜆ଶ ൅ 𝜇௛ሻ𝑉௛,  

ௗூ೓
ௗ௧

ൌ 𝜆ଵ𝑆௛ ൅ 𝜆ଶ𝑉௛ െ ሺ𝜇௛ ൅ 𝜇஽ ൅ 𝜈ଶ ൅ 𝜅ሻ𝐼௛,  

ௗோ೓
ௗ௧

ൌ 𝜈ଵ𝑇௛ ൅ 𝜈ଶ𝐼௛ െ 𝜇௛𝑅௛,  

ௗௌವ
ௗ௧

ൌ 𝜋௠ െ ሺ𝜆ଷ ൅ 𝜇௠ ൅ 𝜇௖ሻ𝑆஽,  

ௗூವ
ௗ௧

ൌ 𝜆ଷ𝑆஽ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝐼஽,  

(1)

where 𝑆௛
଴,𝑇௛

଴,𝑉௛
଴, 𝐼௛

଴,𝑅௛
଴, 𝑆஽

଴ , 𝐼஽
଴ are the initial conditions of the Equation (1). The total human population is given by 

𝑁௛ ൌ 𝑆௛ ൅ 𝑇௛ ൅ 𝑉௛ ൅ 𝐼௛ ൅ 𝑅௛ (2)

and the total mosquito population is given by 

𝑁஽ ൌ 𝑆஽ ൅ 𝐼஽. (3)

The forces of infection in the Equation (1) are 

𝜆ଵ ൌ
𝛼𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝐼஽

𝑁௛
, 

𝜆ଶ ൌ
𝛼𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝐼஽

𝑁௛
, 

𝜆ଷ ൌ
𝛼𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝐼௛

𝑁௛
. 

The state variables ሺ𝑆௛,𝑇௛,𝑉௛, 𝐼௛,𝑅௛ሻ lies in the region Ω௛  while ሺ𝑆஽, 𝐼஽ሻ lies in Ω஽  with the entire 
solution space defined by Ω ൌ Ω௛ ൈ Ω஽ where 

Ω௛ ൌ ൜ሺ𝑆௛,𝑇௛,𝑉௛, 𝐼௛,𝑅௛ሻ ∈ ℛା
ହ :𝑁௛ ൑

𝜋௛
𝜇௛
ൠ 

and 

Ω஽ ൌ ൜ሺ𝑆஽, 𝐼஽ሻ ∈ ℛା
ଶ :𝑁஽ ൑

𝜋௠
𝜇௠ ൅ 𝜇௖

ൠ. 
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Table 1. Description of Variables and Parameters in the model. 

Variables Descriptions Values Source  
𝑆௛ Susceptible humans 1000 Assumed 
𝑇௛ Tested and isolated humans 80 Assumed 
𝑉௛ Vaccinated humans 120 Assumed 
𝐼௛ Infectious humans 280 Assumed 
𝑅௛ Recovered humans 60 Assumed 
𝑆஽ Susceptible mosquitoes 10000 Assumed 
𝐼஽ Infectious mosquitoes 370 Assumed 

Parameters Descriptions   
𝜋௛ Rate of human recruitment  100 Assumed  
𝜋௠ Rate of vector recruitment 500 Assumed 
𝜙 Rate of waning of vaccine 0.01 Assumed 
𝜃 Rate of vaccination 0.05 Assumed 
𝜇௛ Natural mortality rate in humans 0.00004 [25] 
𝜇஽ Disease-induced death rate 0.002 Assumed 
𝜇௠ Natural mortality rate in vectors 0.0556 [26] 
𝜇௖ Mosquito death rate due to insecticide 0.2 Assumed 

𝜌 
Proportion of 𝑆௛ tested, infected and isolated 

for treatment 
0.01 Assumed 

𝜈ଵ Rate of recovery of isolated infectious humans 0.25 Assumed 

𝜈ଶ 
Rate of recovery of non-isolated  

infectious humans 
0.1 Assumed 

𝜅 Proportion of 𝐼௛ hospitalized for treatment 0.15 Assumed 
𝛽ଵ Probability of transmission from 𝐼஽ to 𝑆௛ 0.3632 [27] 
𝛽ଶ Probability of transmission from 𝐼஽ to 𝑉௛ 0.1312 Assumed 
𝛽ଷ Probability of transmission from 𝐼௛ to 𝑆஽ 0.3252 [27] 
𝑐ଵ Rate of use of mosquito treated bed-nets 0.1 Assumed 
𝑐ଶ Rate of use of mosquito repellent 0.05 Assumed 
𝛼 Biting rate of mosquitoes 0.4 [25] 

 

Figure 1. Disease Transmission diagram. 

2.2. Positivity of Solutions and Invariant Region 

In this subsection, the model is shown to be well-posed mathematically and epidemiologically to guarantee 
that the system is well-defined and can be analyzed. 

Theorem 1. Given that the initial conditions of the system ൫𝑆௛
଴,𝑇௛

଴,𝑉௛
଴, 𝐼௛

଴,𝑅௛
଴, 𝑆஽

଴ , 𝐼஽
଴൯ ൐ 0 at 𝑡 ൌ 0 lie in the 

interval Ω, then the solution set ሺ𝑆௛ሺ𝑡ሻ,𝑇௛ሺ𝑡ሻ,𝑉௛ሺ𝑡ሻ, 𝐼௛ሺ𝑡ሻ,𝑅௛ሺ𝑡ሻ, 𝑆஽ሺ𝑡ሻ, 𝐼஽ሺ𝑡ሻሻ to the system remains positive, for 
all 𝑡 ൐ 0. 

Proof. From Equation (1); 
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ௗௌ೓
ௗ௧

ൌ 𝜋௛ ൅ 𝜙𝑉௛ െ ሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑆௛,  ⟹  
ௗௌ೓
ௗ௧

൒ െሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑆௛, 

⟹  
ௗௌ೓
ௌ೓

൒ െሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑑𝑡, ⟹ ׬
ௗௌ೓
ௌ೓

൒ െ׬ሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑑𝑡, 

⟹         ln 𝑆௛ ൒ െනሺ𝜆ଵ ൅ 𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ𝑑𝑡 ൅ 𝑐, 

𝑆௛ሺ𝑡ሻ ൒ 𝑒ି׬ሺఒభାఏାఘାఓ೓ሻௗ௧ ൈ 𝑒௖ ൌ 𝐴𝑒ି׬ሺఒభାఏାఘାఓ೓ሻௗ௧. 
At 𝑡 ൌ 0, 𝑆௛ሺ0ሻ ൌ 𝑆௛

଴, then 𝐴 ൌ 𝑆௛
଴. This implies that 

𝑆௛ሺ𝑡ሻ ൒ 𝑆௛
଴𝑒ି׬ሺఒభାఏାఘାఓ೓ሻௗ௧ ൐ 0, ∀ 𝑡 ൐ 0. 

Similarly, 

𝑇௛ሺ𝑡ሻ ൒ 𝑇௛
଴𝑒ሺఔభାఓ೓ሻ௧ ൐ 0,∀ 𝑡 ൐ 0.  

𝑉௛ሺ𝑡ሻ ൒ 𝑉௛
଴𝑒ି׬ሺథାఒమାఓ೓ሻௗ௧ ൐ 0, ∀ 𝑡 ൐ 0. 

𝐼௛ሺ𝑡ሻ ൒ 𝐼௛
଴𝑒ି׬ሺఓ೓ାఓವାఔమା఑ሻௗ௧ ൐ 0, ∀ 𝑡 ൐ 0. 

𝑅௛ሺ𝑡ሻ ൒ 𝑅௛𝑒ିఓ೓௧ ൐ 0, ∀ 𝑡 ൐ 0.  

𝑆஽ሺ𝑡ሻ ൒ 𝑆஽
଴𝑒ି׬ሺఒయାఓ೘ାఓ೎ሻௗ௧ ൐ 0, ∀ 𝑡 ൐ 0.  

𝐼஽ሺ𝑡ሻ ൒ 𝐼஽
଴𝑒ିሺఓ೘ାఓ೎ሻ௧ ൐ 0, ∀ 𝑡 ൐ 0. 

Hence, all the solutions will remain positive for all 𝑡 ൐ 0.  □ 

Theorem 2. Every solution to the Equation (1) lies within the region Ω. That is, the region Ω is bounded. 

Proof. In this section, the region, Ω is shown to be positively invariant by showing that all the solutions to the 
model system will enter and remain in the region Ω. The total human population is given by 

𝑁௛ ൌ 𝑆௛ ൅ 𝑇௛ ൅ 𝑉௛ ൅ 𝐼௛ ൅ 𝑅௛, 

and satisfies the differential equation 

𝑑𝑁௛
𝑑𝑡

ൌ
𝑑𝑆௛
𝑑𝑡

൅
𝑑𝑇௛
𝑑𝑡

൅
𝑑𝑉௛
𝑑𝑡

൅
𝑑𝐼௛
𝑑𝑡

൅
𝑑𝑅௛
𝑑𝑡

. 

Thus, 

𝑑𝑁௛
𝑑𝑡

ൌ 𝜋௛ െ 𝜇௛𝑁௛ െ 𝜇஽𝐼஽. 

But,  
ௗே೓
ௗ௧

൑ 𝜋௛ െ 𝜇௛𝑁௛  and  
ௗே೓
ௗ௧

൅ 𝜇௛𝑁௛ ൑ 𝜋௛. 

By integration, 

𝑁௛ሺ𝑡ሻ ൑
𝜋௛
𝜇௛

൅ 𝑐𝑒ିఓ೓௧ . 

As 𝑡 ⟶ ∞, we have 𝑁௛ሺ𝑡ሻ ൑
గ೓
ఓ೓

, showing that the human population is bounded and the set, Ω is positively 

invariant and is an attractor of all positive solutions to the system described by the human population. 
Similarly, the total vector population is given by 

𝑁஽ ൌ 𝑆஽ ൅ 𝐼஽, 

which satisfies the differential equation 

𝑑𝑁஽
𝑑𝑡

ൌ
𝑑𝑆஽
𝑑𝑡

൅
𝑑𝐼஽
𝑑𝑡

. 

Thus, 

𝑑𝑁஽
𝑑𝑡

ൌ 𝜋௠ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝑁஽. 

By integration, 𝑁஽ሺ𝑡ሻ ൑
గ೘
ఓ೘

൅ 𝑐𝑒ିሺఓ೘ାఓ೎ሻ௧. As 𝑡 ⟶ ∞, we have 𝑁஽ሺ𝑡ሻ ൑
గ೘

ఓ೘ାఓ೎
, showing that the vector 

population is bounded and the set, Ω஽ is positively invariant and is an attractor of all positive solutions to the 
system described by the vector population. If 𝑁௛ and 𝑁஽ are bounded, then 𝑁 ൌ 𝑁௛ ൅ 𝑁஽ is also bounded and 
Ω ൌ Ω௛ ൈ Ω஽  is positively invariant and is an attractor of all positive solutions to the system. The proofs of 
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Theorems 1 and 2 show that the system is well-posed mathematically and epidemiologically. This is a sufficient 
condition for the system to be studied and analyzed [25,26]. □ 

3. Stability Analysis of the Disease-Free Equilibrium Point 

3.1. Disease-Free Equilibrium Point 

The model system admits only one disease-free equilibrium point, 𝐸଴ ൌ ሺ𝑆௛
଴,𝑇௛

଴,𝑉௛
଴, 0,𝑅௛

଴, 𝑆௠଴ , 0ሻ, which is 
the steady-state solution to 𝐹ሺ𝑥ሻ ൌ 0, when there is no dengue infection in the human population and no mosquito 
is infected with the virus. Here, 𝐹ሺ𝑥ሻ is the column vector of the right-hand side of the model system, 𝑥 are the 
state variables. Also, we have that 

𝑆௛
଴ ൌ

𝜋௛ሺ𝜙 ൅ 𝜇௛ሻ

𝜙ሺ𝜌 ൅ 𝜇௛ሻ ൅ 𝜇௛ሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ
,  𝑇௛

଴ ൌ
𝜋௛𝜌ሺ𝜙 ൅ 𝜇௛ሻ

ሺ𝑣ଵ ൅ 𝜇௛ሻሺ𝜙ሺ𝜌 ൅ 𝜇௛ሻ ൅ 𝜇௛ሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻሻ
,𝑉௛

଴ ൌ
𝜋௛𝜃

𝜙ሺ𝜌 ൅ 𝜇௛ሻ ൅ 𝜇௛ሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ
,  

𝑅௛
଴ ൌ

గ೓ఘ௩భሺథାఓ೓ሻ

ఓ೓ሺ௩భାఓ೓ሻሺథሺఘାఓ೓ሻାఓ೓ሺఏାఘାఓ೓ሻሻ
, 𝑆஽

଴ ൌ
గ೘

ఓ೘ାఓ೎
.  

3.2. The Control Reproduction Number 

The relevant equations in the determination of the control reproduction number are the equations for the 
infected compartments. In this case, we have only two equations, 

𝑑𝐼௛
𝑑𝑡

ൌ 𝜆ଵ𝑆௛ ൅ 𝜆ଶ𝑉௛ െ ሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ𝐼௛, 

𝑑𝐼஽
𝑑𝑡

ൌ 𝜆ଷ𝑆௠ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝐼௠.  

Application of the Next-Generation Matrix method gives the control reproduction number, ℛ଴  as the 
spectral radius of the of the Next-Generation Matrix 𝐹𝑉ିଵ. In this work, the matrices 𝐹 and 𝑉 are the Jacobian 

matrices of ൬
𝜆ଵ𝑆௛ ൅ 𝜆ଶ𝑉௛

𝜆ଷ𝑆஽
൰ and ൬

ሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ𝐼௛
ሺ𝜇௠ ൅ 𝜇௖ሻ𝐼஽

൰, respectively, evaluated at the dengue-free equilibrium 

point. Hence, we have 

𝐹 ൌ ൬
0 𝑎ଵ
𝑎ଶ 0 ൰  and  𝑉 ൌ ൬

𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅 0
0 𝜇௠ ൅ 𝜇௖

൰, 

where 𝑎ଵ ൌ
ఈఉభሺଵି௖భሻሺଵି௖మሻௌ೓

బ

ே೓
బ ൅

ఈఉమሺଵି௖భሻሺଵି௖మሻ௏೓
బ

ே೓
బ , 𝑎ଶ ൌ

ఈఉయሺଵି௖భሻሺଵି௖మሻௌವ
బ

ே೓
బ . 

The eigenvalues of 𝐹𝑉ିଵ are േට
௔భ௔మ

ሺఓ೘ାఓ೎ሻሺ௩మାఓ೓ାఓವା఑ሻ
. Hence, the control reproduction number of dengue 

fever in this model is ℛ଴ ൌ ට
௔భ௔మ

ሺఓ೘ାఓ೎ሻሺ௩మାఓ೓ାఓವା఑ሻ
. This represents the average number of persons that can be 

infected with dengue by a single infectious person throughout their infectious lifetime when present in a purely 
susceptible population. 

In the control reproduction number, ℛ଴, if there are no controls in the system, that is, 𝑐ଵ ൌ 𝑐ଶ ൌ 𝜌 ൌ 𝜅 ൌ
𝜃 ൌ 𝜇௖ ൌ 𝜈ଵ ൌ 𝜈ଶ ൌ 0, then ℛ଴ becomes 

ℛ଴
∗ ൌ ඨ

𝑎ଵ
∗𝑎ଶ

∗

𝜇௠ሺ𝜇௛ ൅ 𝜇஽ሻ
, 

where 𝑎ଵ∗ ൌ
ఈఉభௌ೓

బ

ே೓
బ  and 𝑎ଶ

∗ ൌ
ఈఉయௌವ

బ

ே೓
బ . 

The value of ℛ଴  using the parameter values in Table 1 is 0.05798145  while the value of ℛ଴
∗  is 

0.7741646 using the same parameter values. This shows that ℛ଴ ൏ ℛ଴
∗ , a proof that the proposed controls 

significantly reduced the average number of persons that can be infected by one Dengue infectious human in an 
entirely susceptible population. 

3.3. Local Stability Analysis of the Disease-Free Equilibrium Point 

Establishing local stability of the disease-free equilibrium point is essential to show whether the disease will 
die out or not when the control reproduction number is less than one, depending on the initial sizes of the  
infected population. 
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Theorem 3. The disease-free equilibrium is locally asymptotically stable if ℛ଴ ൏ 1, and unstable, otherwise. 

Proof: At the disease-free equilibrium, the right-hand side of the model system admits a Jacobian matrix of the form 

𝐽ሺ𝐸଴ሻ ൌ

⎝

⎜
⎜
⎜
⎜
⎛

െሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ 0 𝜙 0 0 0 െ𝑏ଵ
𝜌 െሺ𝑣ଵ ൅ 𝜇௛ሻ 0 0 0 0 0
𝜃 0 െሺ𝜙 ൅ 𝜇௛ሻ 0 0 0 െ𝑏ଶ
0 0 0 െሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ 0 0 𝑏ଷ
0 𝑣ଵ 0 𝑣ଶ െ𝜇௛ 0 0
0 0 0 െ𝑏ସ 0 െሺ𝜇௠ ൅ 𝜇௖ሻ 0
0 0 0 𝑏ସ 0 0 െሺ𝜇௠ ൅ 𝜇௖ሻ ⎠

⎟
⎟
⎟
⎟
⎞

, 

where 𝑏ଵ ൌ
ఈభఉభሺଵି௖భሻሺଵି௖మሻௌ೓

బ

ே೓
బ , 𝑏ଶ ൌ

ఈభఉమሺଵି௖భሻሺଵି௖మሻ௏೓
బ

ே೓
బ ,  𝑏ଷ ൌ

ఈభఉభሺଵି௖భሻሺଵି௖మሻௌ೓
బ

ே೓
బ ൅

ఈభఉమሺଵି௖భሻሺଵି௖మሻ௏೓
బ

ே೓
బ ,  

𝑏ସ ൌ
ఈభఉయሺଵି௖భሻሺଵି௖మሻௌವ

బ

ே೓
బ . By considering that the matrix 𝐽 has known eigenvalues, we obtain the submatrix 

𝐽ଵ ൌ ൮

െሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ 𝜙 0 െ𝑏ଵ
𝜃 െሺ𝜙 ൅ 𝜇௛ሻ 0 െ𝑏ଶ
0 0 െሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ 𝑏ଷ
0 0 𝑏ସ െሺ𝜇௠ ൅ 𝜇௖ሻ 

൲, 

which can be written in the block-triangular form 𝐽ଵ஻ ൌ ቀ𝐴 𝐶
𝟎 𝐵

ቁ, where 

𝐴 ൌ ൬
െሺ𝜃 ൅ 𝜌 ൅ 𝜇௛ሻ 𝜙

𝜃 െሺ𝜙 ൅ 𝜇௛ሻ
൰ , 𝟎 ൌ ቀ0 0

0 0
ቁ , 𝐵 ൌ ൬

െሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ 𝑏ଷ
𝑏ସ െሺ𝜇௠ ൅ 𝜇௖ሻ

൰  and  

𝐶 ൌ ൬
0 െ𝑏ଵ
0 െ𝑏ଶ

൰. Since the matrix 𝐽ଵ஻  is in upper-triangular form, its eigenvalues are the eigenvalues of the 

diagonal block matrices, 𝐴 and 𝐵. The eigenvalues, 𝜆 of 𝐴 satisfies the characteristic equation 

𝜆ଶ ൅ ሺሺ𝜃 ൅ 𝜌 ൅ 𝜇௛)+ሺ𝜙 ൅ 𝜇௛ሻሻ𝜆 ൅ ሺ𝜃𝜇௛ ൅ 𝜌𝜙 ൅ 𝜌𝜇௛ ൅ 𝜙𝜇௛ ൅ 𝜇௛
ଶሻ ൌ 0. (4)

The solution to Equation (4) are all negative since there is no change of sign in the coefficients. Hence, all the 

eigenvalues of 𝐴 are negative. For the matrix, 𝐵, its eigenvalues satisfy the characteristic equation 

𝜆ଶ ൅ ሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅 ൅ 𝜇௠ ൅ 𝜇௖ሻ𝜆 ൅ ሺ𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻሺ𝜇௠ ൅ 𝜇௖ሻሺ1 െ ℛ଴
ଶሻ ൌ 0, (5)

whose solution will all be negative if ℛ଴ ൏ 1. This shows that the disease-free equilibrium will be locally 
asymptotically stable if ℛ଴ ൏ 1. □ 

3.4. Bifurcation Analysis 

Here, we use the Center Manifold Theorem to determine the possibility of bifurcation in the model at the 
critical points. That is the investigate the existence and stability of equilibrium points bifurcating from the disease-
free equilibrium at ℛ଴ ൌ 1. If we choose 𝛼ଵ to be the bifurcation parameter in the model, then we must have 

𝛼ଵ∗ ൌ
ே೓
బ

ሺଵି௖భሻሺଵି௖మሻ
ට
ሺఓ೘ାఓ೎ሻ ሺ௩మାఓ೓ାఓವା఑ሻ

ఉభఉయௌ೓
బௌೡ

బାఉమఉయ௏೓
బௌವ

బ  so that ℛ଴ ൌ 1. Let 𝐽ሺ𝛼ଵ∗;𝐸଴ሻ denote Jacobian matrix evaluated at 𝐸଴ 

with 𝛼ଵ ൌ 𝛼ଵ∗. With this, the model, the model system has a hyperbolic equilibrium point. This means that the 
Jacobian matrix 𝐽ሺ𝛼ଵ∗;𝐸଴ሻ has a simple eigenvalue with zero real part, and the remaining six eigenvalues have 
negative real part. This is due to the loss of stability of 𝐸଴ through transcritical bifurcation. Hence, the Center 
Manifold Theorem can be applied to analyse the dynamics of the model (1) near the bifurcation parameter, 𝛼ଵ ൌ
𝛼ଵ∗. Using the method of Castillo Chavez and Song [28] requires finding the right and left eigenvectors of the 
Jacobian matrix 𝐽ሺ𝛼ଵ∗;𝐸଴ሻ. 

𝐽ሺ𝛼ଵ∗;𝐸଴ሻ ൌ

⎝

⎜
⎜
⎜
⎛

െ𝑘ଵ 0 𝜙 0 0 0  െ𝑏ଵ
𝜌 െ𝑘ଶ 0 0 0 0 0
𝜃 0 െ𝑘ଷ 0 0 0 െ 𝑏ଶ
0 0 0 െ𝑘ସ 0 0 𝑏ଷ

∗

0 𝑣ଵ 0 𝑣ଶ െ𝜇௛ 0 0
0 0 0 െ𝑏ସ 0 െሺ𝜇௠ ൅ 𝜇௖ሻ 0
0 0 0 𝑏ସ 0 0 െሺ𝜇௠ ൅ 𝜇௖ሻ  ⎠

⎟
⎟
⎟
⎞

, 

where in this case, 𝑏ଵ ൌ
ఈభ
∗ఉభሺଵି௖భሻሺଵି௖మሻௌ೓

బ

ே೓
బ , 𝑏ଶ ൌ

ఈభ
∗ఉమሺଵି௖భሻሺଵି௖మሻ௏೓

బ

ே೓
బ ,  𝑏ଷ ൌ

ఈభ
∗ఉభሺଵି௖భሻሺଵି௖మሻௌ೓

బ

ே೓
బ ൅

ఈభ
∗ఉమሺଵି௖భሻሺଵି௖మሻ௏೓

బ

ே೓
బ ,  

𝑘ଵ ൌ 𝜃 ൅ 𝜌 ൅ 𝜇௛ , 𝑘ଶ ൌ 𝑣ଵ ൅ 𝜇௛ ,𝑘ଷ ൌ 𝜙 ൅ 𝜇௛, 𝑘ସ ൌ 𝑣ଶ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅. 
The right eigenvector 

𝑤෥  ൌ ሺ𝑤ଵ,𝑤ଶ,𝑤ଷ,𝑤ସ,𝑤ହ,𝑤଺,𝑤଻ሻ் of 𝐽ሺ𝛼ଵ∗;𝐸଴ሻ satisfies the system 
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െ𝑤ଵ ൅ 𝜙𝑤ଷ െ 𝑏ଵ𝑤଻ ൌ 0, 

𝜌𝑤ଵ െ 𝑘ଶ𝑤ଶ ൌ 0, 

𝜃𝑤ଵ െ 𝑘ଷ𝑤ଷ െ 𝑏ଶ𝑤଻ ൌ 0, 

െ𝑘ସ𝑤ସ ൅ 𝑏ଷ𝑤଻ ൌ 0, 

𝜈ଵ𝑤ଶ ൅ 𝜈ଶ𝑤ଶ െ 𝜇௛𝑤ହ ൌ 0, 

െ𝑏ସ𝑤ସ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝑤଺ ൌ 0, 

𝑏ସ𝑤ସ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝑤଻ ൌ 0. 

So that in terms of the component, 𝑤଻, we obtain other components as 

𝑤ଵ ൌ
ሺథ௕మି௕భ௞యሻ

௞భ௞యାథఏ
𝑤଻,  𝑤ଶ ൌ

ఘሺథ௕మି௕భ௞యሻ

௞మሺ௞భ௞యାథఏሻ
𝑤଻, 𝑤ଷ ൌ ቀ

௞భ௕మାఏ௕భ
௞భ௞మାథఏ

ቁ𝑤଻, 𝑤ସ ൌ
௕య
௞ర
𝑤଻, 

𝑤ହ ൌ ቀ
ఔభఘሺథ௕మି௕భ௞యሻ

ఓ೓௞మሺ௞భ௞యାథఏሻ
൅

ఔమ௕మ
ఓ೓௔ర

ቁ𝑤଻, 𝑤଺ ൌ െ
௕య௕ర

ሺఓ೘ାఓ೎ሻ ௞ర
𝑤଻, 𝑤଻ ൐ 0. 

On the other hand, the left eigenvector 𝑣෤ ൌ ሺ𝑣ଶ,𝑣ଷ,𝑣ସ, 𝑣ହ,𝑣଺, 𝑣଻ሻ் satisfies the system 

െ𝑘ଵ𝑣ଵ ൅ 𝜌𝑣ଶ ൌ 0, 

െ𝑘ଶ𝑣ଶ ൅ 𝜈ଵ𝑣ହ ൌ 0, 

𝜙𝑣ଵ െ 𝑘ଷ𝑣ଷ ൌ 0, 

െ𝑘ସ𝑣ସ ൅ 𝜈ଶ𝑣ହ െ 𝑏ସ𝑣଺ ൅ 𝑏ସ𝑣଻ ൌ 0, 

െ𝜇௛𝑣ହ ൌ 0, 

െሺ𝜇௠ ൅ 𝜇௖ሻ𝑣଺ ൌ 0, 

െ𝑏ଵ𝑣ଵ െ 𝑏ଶ𝑣ଷ ൅ 𝑏ଷ𝑣ସ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝑣଻ ൌ 0. 

The only non-zero components of the left eigenvector, are 𝑣ସ and 𝑣଻, since they are the components that 

corresponds to the infected states in the model, where 𝑣ସ and 𝑣଻ are related by 𝑣଻ ൌ
௕య

ሺఓ೘ାఓ೎ሻ 
𝑣ସ, with 𝑣ସ ൐ 0. 

Therefore, the bifurcation variables 𝑎, 𝑏 in [1] are 

𝑎 ൌ 𝑣ସ ෍ 𝑤௜𝑤௝
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥௜𝜕𝑥௝

଻

௜,௝ୀଵ

൅ 𝑣଻ ෍ 𝑤௜𝑤௝
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥௜𝜕𝑥௝

଻

௜,௝ୀଵ

, 

𝑏 ൌ 𝑣ସ෍𝑤௜
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥௜𝜕𝛼ଵ

∗

଻

௜ୀଵ

൅ 𝑣଻෍𝑤௜
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥௜𝜕𝛼ଵ

∗

଻

௜ୀଵ

, 

where 𝑓ସ ൌ 𝜆ଵ𝑆௛ ൅ 𝜆ଶ𝑉௛ െ ሺ𝜈ଵ ൅ 𝜇௛ ൅ 𝜇஽ ൅ 𝜅ሻ𝐼௛,  𝑓଻ ൌ 𝜆ଷ𝑆௠ െ ሺ𝜇௠ ൅ 𝜇௖ሻ𝐼௠ , 𝑥ଵ ൌ 𝑆௛, 𝑥ଶ ൌ 𝑇௛, 𝑥ଷ ൌ 𝑉௛, 𝑥ସ ൌ
𝐼௛, 𝑥ହ ൌ 𝑅௛, 𝑥଺ ൌ 𝑆௠, 𝑥଻ ൌ 𝐼௠. 

For the variable, 𝑎, the nonzero second order partial derivatives of 𝑓ସ are 
డమ௙రሺ଴,଴ሻ

డ௫೔డ௫ళ
, 𝑖 ൌ 1,2,⋯ ,5, with 

𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝑥ଵ

ൌ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଵ𝜕𝑥଻

ൌ
𝛼ଵ𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻሺ𝑁௛

଴ െ 𝑆௛
଴ሻ

ሺ𝑁௛
଴ሻଶ

െ
𝛼ଵ𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑉௛

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝑥ଶ

ൌ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଶ𝜕𝑥଻

ൌ െ
𝛼ଵ𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆௛

଴

ሺ𝑁௛
଴ሻଶ

െ
𝛼ଵ𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑉௛

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝑥ଷ

ൌ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଷ𝜕𝑥଻

ൌ
𝛼ଵ𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻሺ𝑁௛

଴ െ 𝑉௛
଴ሻ

ሺ𝑁௛
଴ሻଶ

െ
𝛼ଵ𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆௛

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝑥ସ

ൌ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥଻

ൌ െ
𝛼ଵ𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆௛

଴

ሺ𝑁௛
଴ሻଶ

െ
𝛼ଵ𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑉௛

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝑥ହ

ൌ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ହ𝜕𝑥଻

ൌ െ
𝛼ଵ𝛽ଵሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆௛

଴

ሺ𝑁௛
଴ሻଶ

െ
𝛼ଵ𝛽ଶሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑉௛

଴

ሺ𝑁௛
଴ሻଶ

, 

whereas for 𝑓଻, we have 
డమ௙ళሺ଴,଴ሻ

డ௫೔డ௫ర
, 𝑖 ൌ 1,2,⋯ ,6 as 
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𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥ଵ

ൌ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଵ𝜕𝑥ସ

ൌ െ
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥ଶ

ൌ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଶ𝜕𝑥ସ

ൌ െ
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥ଷ

ൌ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଷ𝜕𝑥ସ

ൌ െ
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ

ଶ ൌ െ2
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥ହ

ൌ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ହ𝜕𝑥ସ

ൌ െ
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

ሺ𝑁௛
଴ሻଶ

, 

𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥଺

ൌ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥଺𝜕𝑥ସ

ൌ െ
𝛼ଵ𝛽ଷሺ1 െ 𝑐ଵሻሺ1 െ 𝑐ଶሻ𝑆஽

଴

𝑁௛
଴ . 

On the other hand, for the variable 𝑏, the nonzero second order partial derivatives of 𝑓ସ  and 𝑓଻  are 
డమ௙రሺ଴,଴ሻ

డ௫ళడఈభ
∗ ൌ

ఉభሺଵି௖భሻሺଵି௖మሻௌ೓
బ

ே೓
బ ൅

ఉమሺଵି௖భሻሺଵି௖మሻ௏೓
బ

ே೓
బ ൐ 0 , 

డమ௙ళሺ଴,଴ሻ

డ௫రడఈభ
∗ ൌ

ఉయሺଵି௖భሻሺଵି௖మሻௌವ
బ

ே೓
బ ൐ 0 . So that the bifurcation 

variables become 

𝑎 ൌ 2𝑣ସ𝑤଻ ቈ𝑤ଵ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଵ𝜕𝑥଻

൅ 𝑤ଶ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଶ𝜕𝑥଻

൅ 𝑤ଷ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ଷ𝜕𝑥଻

൅ 𝑤ସ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ସ𝜕𝑥଻

൅ 𝑤ହ
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥ହ𝜕𝑥଻

቉

൅ 𝑣଻𝑤ସ ቈ2𝑤ଵ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଵ𝜕𝑥ସ

൅ 2𝑤ଶ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଶ𝜕𝑥ସ

൅ 2𝑤ଷ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ଷ𝜕𝑥ସ

൅ 𝑤ସ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ

ଶ ൅ 2𝑤ହ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ହ𝜕𝑥ସ

൅ 2𝑤଺
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥଺𝜕𝑥ସ

቉ 

𝑏 ൌ 𝑣ସ𝑤଻
𝜕ଶ𝑓ସሺ0,0ሻ
𝜕𝑥଻𝜕𝛼ଵ

∗ ൅ 𝑣଻𝑤ସ
𝜕ଶ𝑓଻ሺ0,0ሻ
𝜕𝑥ସ𝜕𝛼ଵ

∗  

All the partial derivatives 
డమ௙రሺ଴,଴ሻ

డ௫೔డ௫ర
, 𝑖 ൌ 1,2,⋯ ,6 are negative except 

డమ௙రሺ଴,଴ሻ

డ௫భడ௫ళ
 and 

డమ௙రሺ଴,଴ሻ

డ௫యడ௫ళ
 which may be 

positive or negative so that the quantities 𝑤ଵ
డమ௙రሺ଴,଴ሻ

డ௫భడ௫ళ
 and 𝑤ଷ

డమ௙రሺ଴,଴ሻ

డ௫యడ௫ళ
 are either positive or negative, whereas 

other quantities in the bifurcation parameter are negative. Hence, we can conclude that 𝑎 ൏ 0. On the other 𝑏 ൐

0 since 
డమ௙రሺ଴,଴ሻ

డ௫ళడఈభ
∗ ൐ 0, and 

డమ௙ళሺ଴,଴ሻ

డ௫రడఈభ
∗ ൐ 0. This shows that the model exhibits forward transcritical bifurcation, 

indicating that the model has a unique stable endemic equilibrium when ℛ଴ ൐ 1. Since no endemic equilibrium 
exists when ℛ଴ ൏ 1, we conclude that the disease-free equilibrium is globally stable if ℛ଴ ൏ 1. 

4. Sensitivity Analysis 

The sensitivity analysis is carried out by means of the normalized forward sensitivity index approach [25]. 
Given that the control reproduction number of the Equation (1) is denoted by ℛ଴ then, the sensitivity index of any 
parameter 𝑞 in ℛ଴ is given by 

𝒮௤
ℛబ ൌ

𝜕ℛ଴

𝜕𝑞
ൈ

𝑞
ℛ଴

. 

Sensitivity analysis helps to understand the parameters that causes the disease to be endemic so as to inform 
intervention measures. Parameters with positive sensitivity index increase the endemicity of the disease and should 
be reduced while those with negative sensitivity index reduce the endemicity of the disease and should be 
increased. The sensitivity analyses are presented in Figures 2–7 and Table 2. The sensitivity analysis shown in 
Table 2 and Figure 2 showed that the probabilities of infection, 𝛽ଵ,𝛽ଶ and 𝛽ଷ, mosquito biting rate, 𝛼 as well as 
rate of recruitment of humans and mosquitoes, 𝜋௛  and 𝜋஽  into the same system increases the endemicity of 
Dengue fever. This is further highlighted by the 3-D surface plots in Figures 4 and 5. This shows that the values 
of these parameters must be reduced to effectively control the spread of the disease. epidemiologically, it means 
that for Dengue fever to be controlled effectively in the system, efforts should be made to ensure that humans and 
mosquitoes are not recruited into the system to co-exist. This informs the use of insecticide spray and fogging to 
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control the population of mosquitoes. Reducing the population of mosquitoes will also cause the biting rate of 
mosquitoes and probability of infection to consequently reduce too. 

The sensitivities indices for the control parameters introduced into the system such as rate of vaccination, 𝜃, 
preventive measures by use of mosquito treated bed-nets and repellent, 𝑐ଵ and 𝑐ଶ, rate of testing and isolating 
infectious humans, 𝜌 and 𝜅 are all negative showing that these parameters does not increase the endemicity of 
the disease but rather reduce it. Hence, they must be increased in order to reduce the endemicity of the disease. 
This means that improving the rate of vaccination, use of preventive measures, testing and isolation of infectious 
humans will definitely help reduce the spread of Dengue fever in the system. This is also further highlighted by 
the 3D surface plots in Figures 3, 6 and 7. 

Table 2. Sensitivity indices for parameters of ℛ଴. 

Parameters Values Sensitivity Indices 
𝜋௛ 100 0.5 
𝜋௠ 500 0.5 
𝜙 0.01 0.3104 
𝜃 0.05 െ0.3116 
𝜇௛ 0.00004 െ0.0130 
𝜇஽ 0.002  െ0.0040 
𝜇௠ 0.0556 െ0.2175 
𝜇௖ 0.2 െ0.7825 
𝜌 0.01 െ0.4883 
𝜈ଶ 0.1 െ0.1983  
𝜅 0.15 െ0.2976 
𝛽ଵ 0.3632  0.1786 
𝛽ଶ 0.1312  0.3214 
𝛽ଷ 0.3252 0.5 
𝑐ଵ 0.1  െ0.1111 
𝑐ଶ 0.05  െ0.0526 
𝛼 0.4 1 

 

 
(a) 
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(b) 

Figure 2. (a) Sensitivity plots for parameters of ℛ଴. (b) Sensitivity plots for parameters of ℛ଴. 

 

Figure 3. Effect of 𝑐ଵ and 𝑐ଶ on ℛ଴. 

 

Figure 4. Effect of 𝛽ଵ and 𝛽ଶ on ℛ଴. 
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Figure 5. Effect of 𝛽ଷ and 𝛼 on ℛ଴. 

 

Figure 6. Effect of 𝜈ଵ and 𝜈ଶ on ℛ଴. 

 

Figure 7. Effect of 𝜌 and 𝜅 on ℛ଴. 

5. Numerical Simulations 

The effects of the various controls incorporated into the system are investigated in this section using the 
parameter values in Table 1. The numerical simulations are carried out using the in-built ODE programme in 
MATLAB. The controls whose effects are investigated here include: preventive measures against mosquito bites 
such as use of mosquito treated ben-nets and mosquito repellent; vaccination; testing and isolating infected 
humans; use of insecticide spray; and improving rate of recovery of humans. 
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5.1. Effect of Preventive Measures on the System 

The preventive measures suggested in this work against mosquito bites are use of mosquito treated bed-nets 
and mosquito repellent. The result of the simulation is shown in Figures 8–10. In Figure 8, the infectious human 
population is seen to reduce as the rate at which the preventive measures employed are increased. The reduction 
in the susceptible population causes a corresponding decrease in the recovered human population and infectious 
mosquito population as seen in Figures 9 and 10. The recovered human population reduced because as more 
humans are protected from getting bitten and infected, the number of infectious human population are reduced. 
The number of infectious mosquito population also reduced since there are fewer infectious humans that can infect 
the mosquitoes. 

 

Figure 8. Infectious humans under preventive measures. 

 

Figure 9. Infectious mosquitoes under preventive measures. 

 

Figure 10. Recovered humans under preventive measures. 
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5.2. Effects of Vaccination on the System 

In Figures 11–13, the effect of improving the rate of vaccination in the system is shown. The susceptible 
human population is reduced as seen in Figure 11 as more humans are protected from the disease. Also, the tested 
and isolated human population as well as the infectious human population (Figures 12 and 13) reduced as well as 
there are few humans that can be infected. Vaccination reduces the number of humans who can be infected by 
providing immunity against the disease in them. The result of the simulation has shown that vaccination plays a 
vital role in controlling the spread of the disease. 

 

Figure 11. Susceptible humans under vaccination. 

 

Figure 12. Tested and Isolated humans under vaccination. 

 

Figure 13. Infectious humans under vaccination. 

5.3. Effects of Testing and Isolation on the System 

This work proposed that in a dengue-endemic region, humans should voluntarily go for testing to check their 
status since most cases are usually asymptomatic. This will ensure early detection of infection, isolation and 
treatment. The effect of this control is seen in Figures 14–16. In Figure 14, the infectious human population is 
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reduced as the rate of the testing and isolating infected humans increases. By isolating this infected group, the 
number of humans who can contribute to the circulation of the disease is reduced thus ensuring that the disease 
will be controlled within a short period of time. This also causes a corresponding decrease in the number of 
infectious mosquitoes as seen in Figure 15. In Figure 16 however, the recovered human population increases as 
isolation and treatment improves the rate of recovery from the disease. 

 

Figure 14. Infectious humans under testing and isolation. 

 

Figure 15. Infectious mosquitoes under testing and isolation. 

 

Figure 16. Recovered humans under testing and isolation. 

5.4. Effects of Use of Insecticide Spray on the System 

In Figures 17–19, the effect of using insecticide spray to control the spread of mosquitoes in the system is 
investigated. The simulation results showed that as more mosquitoes are eradicated due to increasing the rate of 
application of insecticide spray, the infectious human and mosquito populations reduce too. The reduction in the 
infectious populations is because there are small number of mosquitoes that can carry on the cycle of infection. 



Duru et al.   Appl. Math. Stat. 2026, 3(2), 12 

https://doi.org/10.53941/ams.2026.100012  16 of 19  

 

Figure 17. Infectious humans under use of insecticide spray. 

 

Figure 18. Susceptible mosquitoes under use of insecticide spray. 

 

Figure 19. Infectious mosquitoes under use of insecticide spray. 

5.5. Effects of Improving Recovery Rate on the System 

Implementing steps that will help improve the recovery rate of humans such as treatment also ensured that the 
infectious population is reduced with time. As shown in Figures 20 and 21, improving the rate of recovery helped to 
reduce the infectious human and mosquito populations. This means that the faster humans recover from the disease, 
it reduces the period of infectiousness and the possibility of infecting mosquitoes is reduced. Though there are 
currently no treatment for Dengue fever, but efforts that will help infectious humans recover faster are encouraged. 



Duru et al.   Appl. Math. Stat. 2026, 3(2), 12 

https://doi.org/10.53941/ams.2026.100012  17 of 19  

 

Figure 20. Infectious humans under improved recovery rate. 

 

Figure 21. Infectious mosquitoes under improved recovery rate. 

6. Conclusions 

This work presents a new model for the control of Dengue fever in a disease-endemic region. The model 
incorporates vaccination, preventive measures such as use of mosquito treated bed-nets and mosquito repellent, 
use of insecticide spray and fogging as control measures. The model also incorporates periodic testing by humans 
to know their status since most infectious humans with Dengue fever are asymptomatic which is the novelty in 
this work. The model was shown to be well-posed mathematically and epidemiologically by establishing that the 
solutions to the system will always remain positive and in the invariant region. The disease-free equilibrium was 
shown to be both locally and globally asymptomatically stable when the control reproduction number is less than 
one and unstable otherwise. The parameters that affect the endemicity of the disease or not were identified through 
the normalized sensitivity index approach. It was shown that to control the disease, the biting rate of mosquitoes 
and probabilities of infection must be reduced by ensuring that the number of mosquitoes which co-exist with humans 
are reduced drastically. This informs the choice of using insecticide spray and fogging. The sensitivity analysis also 
showed that improving the rate of vaccination, periodic testing and isolation of infectious humans as well as 
increasing the preventive steps against mosquito bites will help reduce the spread of the disease. this result is further 
validated by the numerical simulations carried out which are presented in Figures for easy understanding. All the 
controls employed were seen to be effective in collectively reducing the spread of the disease in the system. Further 
works in this regard will consider performing optimal control analysis, data fitting and parameter estimation as well 
as further possible extensions of the model to incorporate other control measures and fractional derivatives.  
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