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Abstract: This paper presents a numerical comparison between linearized and non-
linear models for compressible fluid flow in several configurations: a Cauchy-type
setting, a half-space model with prescribed free-surface velocity, a bounded-domain
model, and a pressure-dependent compressibility model. The purpose is to assess,
under identical initial and boundary data, when the linear approximation reproduces
the pressure response of the nonlinear formulation and when nonlinear effects become
significant. The governing equations are written in terms of the logarithmic density
variable σ = ln(ρ/ρ0) and the velocity field. A three-dimensional Lax–Wendroff
finite-difference discretization is used for the computations. The revision clarifies
the computational setup, including the grid 31× 31× 21, the dimensional time step
∆t = 600 s, the representative grid spacing ∆x = 6667 m, and the corresponding
Courant number 0.045 based on a maximum velocity magnitude of 0.5 m/s. The initial
temperature and pressure ranges used in the numerical setup are also stated explicitly.
The results indicate that the linear and nonlinear models are generally close in the
interior of the computational domain for the reported parameter regimes, while larger
discrepancies occur near boundaries and grow in time. The pressure-dependent com-
pressibility case exhibits the strongest mismatch, which is consistent with the stronger
nonlinear pressure-gradient scaling in that model. The paper also states the limitations
of the present computations: density is used locally as a diagnostic variable in the pres-
sure update, total mass is not tracked as a separate diagnostic, and no grid-refinement
study was performed in the reported simulations.
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1. Introduction

The study of compressible fluid dynamics remains a central topic in continuum mechanics and scientific
computing. In contrast with incompressible models, compressible models couple the velocity field, density, pressure,
and thermodynamic response of the fluid. This coupling produces nonlinear effects that may be small in some
parameter regimes but decisive in others, particularly near boundaries or when the equation of state produces a
strong pressure-density feedback [1,2].

A common practical question is whether a linearized compressible model is sufficiently accurate for a given
computational regime. Linear models are easier to implement and often less expensive to solve, but they may
neglect important information associated with the material derivative, density-dependent pressure-force scaling,
and pressure-dependent compressibility. Recent numerical investigations of Navier–Stokes and related fluid-flow
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systems have emphasized the importance of accurate pressure treatment, reliable spatial and temporal approximation,
nonlinear coupling, and stability analysis in reproducing physically meaningful flow behaviour [3–6]. In particular,
nonlinear effects may become increasingly important near boundaries, under strong forcing, or when the governing
parameters produce transitions between stable, oscillatory, and more complex flow regimes. The usefulness of a
linearized model therefore depends not only on the structure of the governing equations, but also on the boundary
conditions, parameter values, magnitude of the perturbations from the reference state, and duration of the simulation.

The objective of this paper is to compare linear and nonlinear compressible-flow models under common initial
and boundary data. The comparison is intentionally numerical and diagnostic rather than a proof of convergence for
a new scheme. We examine the pressure response and the pointwise difference between the two formulations for
several configurations. The revised presentation distinguishes clearly between what is computed and what is not
computed. In particular, the present simulations use one stated grid resolution and do not include a grid-refinement
study. Similarly, density is evaluated locally as a diagnostic quantity needed for the pressure update, but total mass
is not integrated or monitored over time.

The paper is organized as follows. Section 2 recalls the compressibility relation and the logarithmic density
variable. Section 3 gives the governing nonlinear and linearized equations. Section 4 describes the model
configurations. Section 5 treats the pressure-dependent compressibility case and clarifies its linearization. Section 6
gives the numerical discretization and computational parameters, including the CFL estimate. Section 7 presents the
numerical comparisons, and Section 8 summarizes the conclusions and limitations.

2. Compressible Fluids

We begin with a brief review of compressible fluids, following closely the presentation given in [7]. We assume
no temperature dependence in this work. Let p denote the pressure and ρ the density of the fluid. ρ is an increasing
function of p, and there is a one-to-one relation between p and ρ:

ρ = ρ(p) and p = p(ρ). (1)

Moreover, the specific volume V of an element of fluid decreases as p increases.
The compressibility β(p) is determined by the relative change in V with respect to changes in p, that is

− 1

V

dV

dp
= β(p) (2)

or, since the specific volume V = 1/ρ, Equation (2) can be rewritten in terms of ρ to get

1

ρ

dρ

dp
= β(p). (3)

See [8] for (2) where the minus sign is chosen so that β(p) is positive.
Let p0 and ρ0 be reference values for the pressure and density, which are chosen by the investigator and depend

on the problem at hand. Integrating (3) we find

ln

(
ρ

ρ0

)
=

∫ p

p0

β(q) dq. (4)

In the sequel, it will be convenient to make use of the function

σ = ln

(
ρ

ρ0

)
(5)

which was introduced by [9].

Example 1. β(p) = 0. Then from (4), ρ = ρ0 for all p, that is, ρ is constant and the fluid is incompressible. We
shall only be dealing with the case where β(p) is not identically zero.

Example 2. β(p) = β, a constant. This is an important special case, and we find for it:

σ = β(p− p0) and ρ = ρ0e
σ.
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3. Governing Equations

We work in three dimensions, so x = (x1, x2, x3) and y = (y1, y2, y3) are points in R3, and t, τ are time
variables. The notation is standard: if φ(x, t) is a generic function, then

φt(x, t) =
∂φ

∂t

is the ordinary partial derivative of φ with respect to t, and

d

dt
φ(x, t) = φt(x, t) + (v(x, t) · ∇)φ(x, t)

is the material derivative of φ, where ∇ is the gradient operator. The velocity field is denoted by v = (v1(x, t), v2(x, t),
v3(x, t)), and

v · ∇ = v1
∂

∂x1
+ v2

∂

∂x2
+ v3

∂

∂x3
.

The mathematical foundation for continuum mechanics and the derivation of these fundamental operators can
be found in [10,11].

The derivation of equation of conservation of mass follows the usual pattern and we find as before

ρt +∇(ρv) = 0.

Alternatively, we can write
ρt
ρ

+ v · ∇ρ

ρ
+∇ · v = 0.

Using σ from (5), we have ρt/ρ = σt and ∇ρ/ρ = ∇σ, leading to

σt + v · ∇σ +∇ · v = 0, (6)
dσ

dt
+∇ · v = 0, (7)

where dσ/dt = σt + v · ∇σ denotes the material derivative.
The stress tensor must be also modified. It is still symmetric representing conservation of momentum but is now

T = −pℑ+ 2µD + λ(∇ · v)ℑ

See [12] for a complete derivation. ℑ is the identity tensor and 2D = ∂vi

∂xj
+

∂vj

∂xi
is the rate of deformation

tensor. There are two viscosities here, the shear viscosity, µ, and the bulk viscosity, λ. µ ≥ 0 and λ+ µ ≥ 0. The
equation governing the conservation of linear momentum is

dv

dt
= −1

ρ
∇p+

µ

ρ
∆v +

λ

ρ
∇(∇ · v) + F, (8)

where ρF represents body forces. Typically, F = ±g, with the sign depending on the orientation of the x3-axis.
The β(p) has to be determined experimentally.
We begin by assuming that β(p) is a constant. The relationship between ρ, p, σ are

σ = β(p− p0), ρ = ρ0e
σ.

The complete systems to be solved are:
Nonlinear system:

dσ

dt
+∇ · v = 0, (9)

dv

dt
= e−σ

{
− 1

ρ0β
∇σ +

µ

ρ0
∆v +

λ

ρ0
∇(∇ · v)

}
+ F. (10)
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Linear system:

σt +∇ · v = 0, (11)

vt = − 1

ρ0β
∇σ +

µ

ρ0
∆v +

λ

ρ0
∇(∇ · v) + F. (12)

These equations must be solved with identical initial and/or boundary conditions.
The linear system is obtained by retaining the first-order terms about the reference state σ = 0 and by replacing

the material derivative by the ordinary time derivative. Thus the terms v · ∇σ, (v · ∇)v, and the density multiplier
e−σ are omitted in the linearized model. This observation is important for interpreting the numerical results: the
reported differences measure the combined effect of convective transport and density-dependent rescaling, not the
error of the finite-difference method alone.

4. Problem Configurations

4.1. Cauchy Problem in R3

For the Cauchy problem, we specify initial conditions throughout space:

v(x, 0) = u(x), x ∈ R3.

If one of the variables ρ, p, or σ is given initially, the others can be determined. For example, if p(x, 0) = q(x),
then

σ(x, 0) = β(q(x)− p0) and ρ(x, 0) = ρ0e
β(q(x)−p0).

We solve both systems (9)–(10) and (11)–(12) with the same initial conditions.

4.2. Half-Space Problem with Free Surface

Let G = {x ∈ R3 | x3 > 0} and B = {x ∈ R3 | x3 = 0}. This configuration is used as an idealized model
for a flow occupying a region above a flat free surface. The imposed velocity on B should be interpreted as a
prescribed kinematic forcing at the surface rather than a full dynamic free-surface model. We solve the systems for
v and σ in G, t > 0, subject to the conditions:

v(x, 0) = u(x), x ∈ G,

p(x, 0) = q(x), x ∈ G,

v(x1, x2, 0, t) = φ(x1, x2, t), (x1, x2) ∈ R2.

Note that p is not prescribed on B. The analysis of free surface problems and their well-posedness requires
careful mathematical treatment, as discussed in [13].

4.3. Space Problem with Bounded Surface

Let H be a bounded, open, simply connected set in R3. Initially, both v and σ will be given and on the
boundary, say, v will be given and σ will not. That is

• Velocity: v(x, y, z, t) = 0 for (x, y, z) on the boundary ,
• Sigma: ∇σ · n = 0 on the boundary where n is the unit normal.

We will use the same initial conditions as in the Half-space case.

5. Pressure-Dependent Compressibility Model

A second important constitutive choice is a compressibility depending explicitly on pressure,

1

ρ

dρ

dp
=

1

γp
, γ > 1.

Integrating from (p0, ρ0) gives

σ = ln

(
ρ

ρ0

)
=

1

γ
ln

(
p

p0

)
, p = p0e

γσ =

(
p0
ργ0

)
ργ .
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Substitution in the momentum equation yields the nonlinear pressure force

−1

ρ
∇p = −p0γ

ρ0
e(γ−1)σ∇σ.

Consequently, the nonlinear system may be written as

dσ

dt
+∇ · v = 0, (13)

dv

dt
= −p0γ

ρ0
e(γ−1)σ∇σ + e−σ

{
µ

ρ0
∆v +

λ

ρ0
∇(∇ · v)

}
+ F. (14)

The corresponding linearized model is obtained by expanding about σ = 0 and retaining only first-order terms.
Since e(γ−1)σ = 1+O(σ) and products such as σ∇σ are second order, the pressure force becomes −(p0γ/ρ0)∇σ.
Therefore,

σt +∇ · v = 0, (15)

vt = −p0γ

ρ0
∇σ +

µ

ρ0
∆v +

λ

ρ0
∇(∇ · v) + F. (16)

This derivation clarifies that the pressure-dependent model is not merely the constant-β model with a different
coefficient. The nonlinear pressure-gradient factor is e(γ−1)σ, whereas in the constant-compressibility case the
density feedback enters through e−σ multiplying the pressure-gradient coefficient. This stronger nonlinear pressure
scaling explains why the pressure-dependent case is expected to show a larger discrepancy when the solution departs
from the reference state.

The quantity c2 = p0γ/ρ0 has the units of velocity squared. In the inviscid, unforced, linearized limit, the
system reduces to the acoustic wave equation for σ,

σtt = c2∆σ,

which provides a useful consistency check for the linearization. The analysis of wave propagation in inviscid com-
pressible fluids and the formation of shocks has been extensively studied in [14]; stability issues for hydrodynamic
flows are discussed in [15].

6. Numerical Methods

For the numerical solution of the compressible-flow systems, we use an explicit Lax–Wendroff finite-difference
method. The method is second-order accurate for smooth solutions of hyperbolic conservation laws, although the
present systems also contain viscous and source terms. The purpose of the implementation is to compare the linear
and nonlinear models under the same discretization, initial data, boundary data, and time step.

For a generic balance law

∂U

∂t
+

∂F(U)

∂x
+

∂G(U)

∂y
+

∂H(U)

∂z
= S(U), (17)

the one-dimensional predictor-corrector form used in each coordinate direction is

U
n+1/2
i+1/2 =

1

2
(Un

i +Un
i+1)−

∆t

2∆x
(Fn

i+1 − Fn
i ) +

∆t

2
Sn
i , (18)

followed by

Un+1
i = Un

i − ∆t

∆x

(
F

n+1/2
i+1/2 − F

n+1/2
i−1/2

)
+∆tS

n+1/2
i . (19)

The three-dimensional update is implemented by applying the same finite-difference approximations in the x,
y, and z directions. Spatial derivatives in the viscous terms are approximated by centered finite differences. The
nonlinear convective terms v · ∇σ and (v · ∇)v are included only in the nonlinear model; the corresponding linear
simulations omit them by construction.

The state variable is taken as U = (σ, v1, v2, v3)
T . Pressure is recovered from σ by the relevant equation

of state. For constant compressibility, p = p0 + σ/β. For pressure-dependent compressibility, p = p0e
γσ. The

density ρ = ρ0e
σ is used locally as a diagnostic quantity in the pressure and momentum updates. The code used for

the reported computations does not integrate total mass over the domain and does not track its variation in time;
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therefore, no separate mass-conservation diagnostic is claimed.
The computational box is Ω = [0, L]3 with L = 1 in nondimensional plotting variables. The implemented

grid contains
nx = 31, ny = 31, nz = 21.

The simulations reported here use this single resolution. No finer or coarser grid runs were included in the
submitted computational data, and hence no grid-refinement or mesh-convergence claim is made.

The nondimensional parameters used in the displayed simulations are

ρ0 = 1.0, p0 = 1.0, µ = 0.01, λ = 0.01, γ = 1.4, T = 0.1.

The constant-compressibility tests use representative values of β, including 1.0, 0.1, and 0.01, as shown in
the error plots. These values are not intended to represent a single physical fluid; rather, they are chosen to test the
sensitivity of the linearization error to the strength of the pressure-density response.

For the dimensional scaling used in the computational setup, the maximum velocity magnitude is approximately
0.5 m/s, the time increment is ∆t = 600 s, and the representative grid spacing is ∆x = 6667 m. The corresponding
Courant number is

CFL =
max |v|∆t

∆x
=

0.5× 600

6667
≈ 0.045. (20)

This value is well below one and is consistent with a stable explicit update for the advective part of the
computation. The dimensional initial ranges used in the numerical setup are 293.0–305.1 K for temperature and
1.01× 105–2.02× 107 Pa for pressure. Temperature is not evolved as an independent variable in the present model;
it is part of the initialization and physical interpretation, while the pressure-density relation is advanced through σ.

The pointwise error plotted in the comparisons is

Ep(x, t) = |pNL(x, t)− pL(x, t)|, (21)

where pNL and pL denote the pressure obtained from the nonlinear and linearized models, respectively. Along a
line x = x0, y = y0, the displayed profiles show Ep(x0, y0, z, t) at selected time levels. When interpreting these
figures, boundary and interior behavior should be understood as pointwise pressure-difference behavior along the
plotted line, not as a separately computed global L2 or L∞ norm over the full grid.

7. Numerical Results and Comparison

The following comparisons use the same numerical scheme and the same data for the linear and nonlinear
models. The figures should be read as diagnostic comparisons between two model formulations. Since only one
grid resolution was used, the plots do not constitute a mesh-convergence study. The emphasis is on the spatial
distribution of the model discrepancy, especially the contrast between the interior and the boundary region.

7.1. Dirichlet Problem

For the Dirichlet problem, the system is initialized with:

v1(x, 0) =
10

1 + x2
1 + x2

2 + x2
3

e−(x2
1+x2

2+x2
3),

v2(x, 0) = 10 e−(x2
1+x2

2+x2
3),

v3(x, 0) = 10 e−(x2
1+x2

2+x2
3).

Figures 1 and 2 present the three-dimensional pressure distributions for the Dirichlet linear and nonlinear
models, respectively, at the reported time levels for β = 1.0. Both solutions exhibit comparable large-scale
propagation patterns, while the nonlinear solution retains the density-dependent and convective contributions
omitted by the linearized formulation. Such differences are expected to become more visible near boundary-
influenced regions, where sharp gradients and numerical boundary treatment can materially affect compressible-flow
calculations [16–20].

Figure 3 compares the corresponding pressure profiles along the z-axis at x = 0.5 and y = 0.5. The two
models remain close over much of the interior, indicating that the linearized approximation captures the principal
pressure evolution when the state remains close to the reference configuration. This behavior is consistent with the
use of linearized or preconditioned formulations in weakly compressible and low-Mach-number regimes [21].
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Figure 4 reports the pointwise pressure difference Ep along the same line. The error is spatially nonuniform:
it remains comparatively small through much of the interior but increases near the boundary layers generated by
the imposed data. This localization is consistent with the recognized sensitivity of high-order compressible-flow
computations to boundary closure and boundary reconstruction [19]. The dependence on β can be interpreted through
the equation of state and the associated density feedback. In the constant-compressibility case, σ = β(p − p0),
and the nonlinear momentum equation contains the multiplier e−σ. Hence, the difference between the nonlinear
coefficient and its linearized value is controlled by |e−σ − 1|. For small |σ|, e−σ − 1 = −σ +O(σ2), so the linear
and nonlinear models are expected to remain close when the computed state stays near the reference state. The
larger boundary errors indicate that this small-perturbation assumption is less accurate in the boundary-influenced
portion of the domain. More generally, robust high-order and invariant-domain-preserving methods are designed to
control numerical behavior in regions containing strong gradients or restrictive physical constraints [18,20].
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Figure 1. 3-D plot of pressure for the Dirichlet linear case along the z-axis at different time levels with β = 1.0.
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Figure 3. Comparison of pressure evolution along the z-axis for Dirichlet boundary conditions. Both cases show
similar wave propagation characteristics with x = 0.5 and y = 0.5 fixed .
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Figure 4. Dirichlet model: Error between linear and nonlinear solutions along the z-axis at different time levels for
various β values.

7.2. Half-Space Problem

For the half-space case, the initial conditions are

p(x, 0) = p0 + ρ0gx3, v(x, 0) = 0,

and the prescribed velocity components on the free surface are

v1(x1, x2, 0, t) = sin(x2t),

v2(x1, x2, 0, t) = sin(x1t),

v3(x1, x2, 0, t) = cos
(
(x2

1 + x2
2)t

)
.

Figures 5 and 6 show the three-dimensional pressure evolution for the half-space linear and nonlinear models,
respectively, at β = 1.0. The prescribed free-surface velocity drives the response from the boundary into the interior.
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The two solutions exhibit similar bulk propagation patterns, but differences develop near the driven surface because
the nonlinear model retains convective transport and density-dependent coefficients. Accurate boundary treatment is
particularly important in this setting because errors introduced at the surface can propagate into the computational
domain [19].

As illustrated in Figure 7, the discrepancy between the linear and nonlinear numerical solutions depends
on β and on the distance from the driven surface. The largest pointwise pressure differences occur near the part
of the domain most directly affected by the imposed surface motion, whereas the interior differences remain
smaller over the reported time interval. Thus, for these data, the linearized model reproduces the bulk pressure
response more accurately than the near-boundary response. This conclusion is consistent with the small-perturbation
character of linearized compressible-flow models and with the need for specialized treatment in low-Mach-number
or boundary-dominated calculations [19,21].
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Figure 5. 3-D plot of pressure for the Half-Space linear case along the z-axis at different time levels with β = 1.0.
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Figure 6. 3-D plot of pressure for the Half-Space nonlinear case along the z-axis at different time levels with
β = 1.0.
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(a) β = 1.0 (b) β = 0.1

(c) β = 0.01

Figure 7. Half-Space model: Error between linear and nonlinear solutions along the z-axis at different time levels
for various β values.

7.3. Bounded Domain

This section presents numerical results for the bounded-domain configuration using the same initial conditions
as in the half-space problem.

Figures 8 and 9 display the three-dimensional pressure evolution for the bounded-domain linear and nonlinear
models, respectively, at β = 1.0. The confinement imposed by the boundary conditions modifies the propagation
and reflection of the pressure response. Although the two formulations remain qualitatively similar in the interior,
the nonlinear model incorporates the full density feedback and convective effects and therefore develops more
visible differences near the boundary-constrained region.
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Figure 8. 3-D plot of pressure for the bounded domain linear case along the z-axis at different time levels with
β = 1.
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Figure 9. 3-D plot of pressure for the bounded domain nonlinear case along the z-axis at different time levels with
β = 1.

Figure 10 confirms this boundary sensitivity. The homogeneous velocity condition and the normal-gradient
condition for σ restrict the response near ∂H , where the pointwise pressure discrepancy becomes most pronounced.
The interior remains comparatively well approximated by the linearized model during the simulated interval.
This observation should not be interpreted as a global conservation result, because total mass was not evaluated
as a separate diagnostic in the present implementation. In future extensions, invariant-domain-preserving and
conservative discretizations may provide useful additional safeguards for compressible Euler-type calculations [20].

(a) β = 1.0 (b) β = 0.1

Figure 10. Bounded Domain model: Error between linear and nonlinear solutions along the z-axis at different time
levels for various β values.

7.4. Compressibility Pressure Dependence Flow Model

This section presents numerical results for the pressure-dependent compressibility model using the same initial
and boundary conditions as in the half-space configuration.

Figures 11 and 12 present the three-dimensional pressure fields for the linear and nonlinear pressure-dependent
compressibility models, respectively. The qualitative difference between the two fields is stronger than in the
constant-compressibility cases because the nonlinear pressure-gradient term contains the factor e(γ−1)σ, whereas
the linear model replaces this factor by unity and omits the convective terms.

As shown in Figure 13, this model produces the largest linear–nonlinear discrepancy among the reported
configurations. The boundary amplification should therefore be attributed to the combined influence of nonlinear
pressure scaling, density feedback, boundary-driven transport, and the numerical treatment of boundary gradients.
Similar sensitivity motivates the development of high-order adaptive schemes and stable boundary procedures
for compressible flows [18,19]. For this case, the linearized formulation is reliable only as a small-perturbation
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approximation near the reference state. Once stronger boundary-induced pressure variations develop, the nonlinear
formulation is required to represent the computed dynamics more faithfully.
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Figure 11. 3-D plot of pressure for the pressure-dependent compressibility model linear case along the z-axis at
different time levels.
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Figure 12. 3-D plot of pressure for the pressure-dependent compressibility model nonlinear case along the z-axis at
different time levels.
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Figure 13. Dependence flow model: Error between linear and nonlinear numerical solutions along the z-axis at
different time levels

8. Conclusions

This paper compared linearized and nonlinear compressible-flow models under identical computational settings.
The simulations indicate that the linearized equations can approximate the nonlinear pressure response in the interior
of the domain for the reported regimes, especially when the solution remains close to the reference state. The largest
discrepancies occur near boundaries, where imposed or constrained boundary data interact with convective transport
and density-dependent pressure scaling.

The analysis also clarifies the role of the nonlinear coefficients. In the constant-compressibility model, the
main density feedback enters through the multiplier e−σ in the momentum equation. In the pressure-dependent
compressibility model, the nonlinear pressure-gradient scaling is stronger, through e(γ−1)σ . This explains why the
pressure-dependent case exhibits a more pronounced mismatch between the linear and nonlinear computations.

The conclusions are intentionally limited to the diagnostics actually computed. The present code uses density
locally for the pressure and momentum updates but does not monitor total mass. The simulations were performed
at one grid resolution, 31× 31× 21, and therefore no grid-refinement or convergence-rate claim is made. Future
work should include systematic grid refinement, global error norms, conservation diagnostics, and a more detailed
comparison between the factor e−σ or e(γ−1)σ and its linearized value over the full computational domain.
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