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Abstract: Motivated by the recent evidence of a stochastic gravitational wave back-
ground found by pulsar timing array experiments, we focus on one of the prime
cosmological explanations, i.e., a supercooled first order phase transition. If confirmed,
it would offer a unique opportunity to probe early Universe dynamics and the related
physics beyond the Standard Model of particles and interactions. However, the predic-
tion of the gravitational wave spectrum from a given particle physics scenario requires
theoretically and computationally demanding methods. While several tools have been
put forward to reduce uncertainties and automatize these computations, we study here
the possibility to perform the full pipeline of computations semi-analytically in the 4D
theory for a U(1)′ conformal extension of the Standard Model, thus avoiding computa-
tionally intensive simulations. Our approach yields accurate results that can be used
in phenomenological studies and allow for an efficient exploration of the connection
between the particle physics models and their cosmological predictions.

Keywords: first order phase transitions; pulsar timing arrays; dark sectors; thermal
field theory; radiative symmetry breaking

1. Introduction

With the advent of gravitational wave (GW) detection, a novel observational window into the Universe
has been opened. The recent evidence for a stochastic gravitational-wave background (SGWB) in the O(nHz)
frequency, reported by several pulsar timing array (PTA) experiments [1–6], is particularly intriguing. Although
supermassive black hole binaries could explain the signal [7–9], this possibility requires strong deviations from
standard astrophysical expectations [10,11] and remains much debated [12]. The PTA signal could also have a
cosmological origin, such as first-order phase transitions (FOPTs), domain walls, or scalar-induced GWs, among
others [13–31], with recent analysis finding a mild preference for a FOPT [32].

Given that there are no FOPTs in the Standard Model (SM) [33,34], the observation of a SGWB from such a
process in the early Universe would represent a smoking gun signal for physics beyond the Standard Model (BSM)
(This conclusion requires that astrophysical uncertainties in the interpretation of the signal to be sufficiently under
control) . The FOPT is driven by a scalar field that induces the spontaneous symmetry breaking (SSB) of a symmetry
of the theory through thermal corrections to its effective potential in the early Universe. The transition proceeds
via tunneling from a metastable vacuum to a stable one, leading to the nucleation of true-vacuum bubbles in the
primordial plasma. These bubbles expand while interacting with the surrounding plasma, and eventually collide,
potentially generating GWs [35–38]. An observable SGWB compatible with the PTA signal has been generally
related to classically scale-invariant models [19,28,30,31], where strong enough supercooling allows for the release
of a large amount of latent heat, thus enhancing the resulting SGWB spectrum. Such a signal is typically explained
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by New Physics (NP) at the O(GeV) scale, pointing towards the existence of a light dark sector which interacts
weakly with the SM [39,40].

Gaining insight into the NP from the SGWB observation requires predicting the GW spectrum starting from
an underlying particle physics model, in particular from the effective potential of the new scalar field. This effective
potential contains non-local contributions that depend on the field-dependent masses of the particles running
in the loops, as well as on the renormalization scale [41]. As a result, the tunneling rate must be obtained by
numerically solving the bounce equations at each point in model parameter space. Since the allowed parameter
space can be very large, a comprehensive numerical scan is often computationally prohibitive. Furthermore, state-
of-the-art determinations of the temperature at which GWs are produced require additional numerically intensive,
multi-dimensional integrations.

Steps towards a (semi-) analytic description of the whole chain of necessary computations have been taken in
Refs. [42–45]. The common idea is to describe the effective potential as a polynomial up to quartic order, which
allows to perform a one-parameter fit for the bounce action that can be exploited universally, instead of relying on
numerical methods that need to be used explicitly in every point of the parameter space. While the extensively
used high-temperature (HT) expansion indeed allows to write the effective potential as a polynomial, it is not
accurate enough, as it is well-known that the convergence of the perturbative expansion is compromised at high
temperatures [46–49]. Indeed, in the HT limit, the resummation of Daisy diagrams results unavoidable [50,51].

In this work, we go beyond previous analysis by studying not only the well-known HT expansion, but
also the inclusion of Daisy contributions projected onto a basis of polynomials, allowing for a fully consistent
description of the effective potential in the HT limit relevant for the tunneling process. Moreover, working in the MS

renormalization scheme, we consistently take into account the running of the couplings and of the effective potential
given that the renormalization scale changes. In fact, the latter is related to the temperature of the plasma for small
field values. While state-of-the-art computations rely on the dimensionally reduced theory at next-to-leading order
(NLO) [52–56], we build upon recent results from Ref. [57] to choose the renormalization scale for which the best
agreement between the 4D description we adopt and the 3D effective theory is found.

In the analysis of FOPTs there are several key temperatures that need to be determined. In addition to the
extensively used critical and nucleation temperatures, the percolation one, which corresponds to the moment
when 29% of the Universe is already in the true vacuum phase, actually represents the most relevant one for GW
production [58]. Given that its determination is more involved, the nucleation temperature is often used as a proxy
for the moment of GW production, even though the two can differ considerably in supercooled FOPTs, and there
are even examples in which one finds percolation but no nucleation temperature [59]. Importantly, we propose
a new method to compute the percolation temperature. By deriving an analytical expression for the fraction of
the Universe in the false vacuum, the determination of the percolation temperature is reduced to a root-finding
problem, analogous to the procedure used for the nucleation temperature. This method is applicable to a broad class
of scenarios, not only the ones considered here. Taken together, the proposed approximations avoid computationally
intensive simulations while yielding results precise enough for phenomenological analyses.

This paper is organized as follows. In Section 2 we introduce the full pipeline of approximations that allow
us to write the effective potential, including Daisy contributions, in terms of a quartic polynomial. Additionally,
we discuss the renormalization scale dependence and our choice for its value as a function of the temperature. We
devote Section 3 to summarizing the basics of tunneling and previous semi-analytic results for polynomial potentials.
In Section 4 we introduce the different relevant temperatures in the FOPT evolution and our approximate analytical
solution for the fraction of the Universe in the false vacuum, allowing us to find the percolation temperature. We
apply these results to the study of the PTA signal in Section 5, for two different scenarios, and conclude in Section 6.

2. Effective Potential

Consider the most general Lagrangian, with gauge symmetry group G under which a complex scalar φ is
charged as well as some fermion fields ψi. The scalar potential is such that φ develops a vacuum expectation value
(vev), generating masses for gauge fields and other related particles. The Lagrangian for such a scenario can be
generally written as

L =− 1

4
F ′A
µνF

′Aµν + (Dµφ)
†
(Dµφ) + iψ̄i /Dψi −

(
ψ̄iYijψjφ+ h.c.

)
− Vtree(φ) , (1)

where Dµ is the covariant derivative, F ′A
µν the gauge field strength tensor, and Y is a Yukawa matrix.

In order to study the dynamics of spontaneous symmetry breaking in the early Universe, we study the effective
potential at one loop and at finite temperature [60], which is given by
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Veff(φ, T ) = Vtree(φ) + Vloop(φ) + VT(φ, T ) + VDaisy(φ, T ) , (2)

in terms of the background field, which we denote for simplicity as φ from here onward. Although uncertainties
related to renormalization scale or gauge dependence [58,61–65] impact the predictions for the GW spectrum in
this approach, their effect on parameter reconstruction from a given GW signal has been shown to be mild [66].
Our framework allows these dependencies to be explicitly incorporated by adjusting the polynomial coefficients we
introduce in the following. We stress that these uncertainties can be mitigated by going to NLO in the dimensionally
reduced theory [67–71], which is used in state-of-the-art computations of GWs.

The first term in Equation (2) corresponds to the tree-level potential, which we assume to be local and
renormalizable, such that it can be written in terms of polynomial operators up to dimension four. The second one is
the one-loop contribution to the effective potential at T = 0 [41], while VT corresponds to the finite temperature
one [46]. Finally, VDaisy includes the contribution from Daisy resummation [72]. This last term needs to be
included in order to improve the infrared (IR) behavior of the potential at high temperatures. Working in the MS

renormalization scheme and the Landau gauge, we can respectively write Vloop, VT, and VDaisy as

cVloop(φ) =
1

64π2

[∑
b

nbm
4
b(φ)

(
log

m2
b(φ)

µ2
− cb

)
−
∑
f

nfm
4
f (φ)

(
log

m2
f (φ)

µ2
− cf

)]
,

VT(φ, T ) =
T 4

2π2

[∑
b

nbJb

(
m2

b(φ)

T 2

)
−
∑
f

nfJf

(
m2

f (φ)

T 2

)]
,

VDaisy(φ, T ) =− T

12π

∑
b

n̄b

[(
m2

b(φ) + Πb(T )
)3/2 −m3

b(φ)
]
,

(3)

where mb (f)(φ) denotes the field dependent mass for bosons (fermions) and nb (f) is its corresponding number of
degrees of freedom. The constant cb (f) has values cb = 5/6 for vector bosons, and cb = 3/2 = cf for scalars and
fermions, while µ is the renormalization scale. Couplings entering in Equation (3) are implicitly evaluated at the
scale µ through their RG evolution, which we discuss in detail in Section 2.4. Regarding the temperature dependent
contributions to the effective potential in Equation (3), the thermal functions Jb (f)(x) are defined as [60]

Jb (f)(x) ≡
∫ ∞

0

dy y2 log
[
1∓ exp

(
−
√
y2 + x

)]
. (4)

At high temperatures or small field values, for which one expects x = m2
b (f)(φ)/T

2 ≪ 1, we can expand these
thermal functions to find

Jb(x) ≃− π4

45
+
π2

12
x− π

6
x3/2 − 1

32
x2 log

x

ab
,

Jf (x) ≃
7π4

360
− π2

24
x− 1

32
x2 log

x

af
,

(5)

where ab ≡ 16π2 exp (3/2− 2γE), af ≡ π2 exp (3/2− 2γE), and γE is the Euler-Mascheroni constant. We will
use this approximation extensively in the following. Lastly, we adopt the Arnold-Espinosa approach [51] to include
the Daisy contribution by resumming the zero-modes for bosons, VDaisy, for which one needs to compute the
thermal mass for bosons in the HT limit Πb(T ), and n̄b in Equation (3) corresponds to the number of degrees of
freedom which acquire a thermal mass. We choose this approach given that it matches the prediction obtained
at leading order from the dimensionally reduced theory [64,66]. One could resort to other methods, such as the
Parwani approach in which all the modes are resummed [50].

2.1. High-Temperature Approximation

Taking the HT expansion of the thermal functions from Equation (5), we find the following general expression
for the effective potential:
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Veff(φ, T ) ≃Vtree(φ)−
π2T 4

90

∑
b

nb +
7

8

∑
f

nf

+
T 2

24

∑
b

nbm
2
b(φ) +

1

2

∑
f

nfm
2
f (φ)


− T

12π

∑
b

nbm
3
b(φ) +

1

64π2

[∑
b

nbm
4
b(φ)

(
log

abT
2

µ2
− cb

)

−
∑
f

nfm
4
f (φ)

(
log

afT
2

µ2
− cf

)]
+ VDaisy(φ, T ) .

(6)

Note that the logarithmic terms in Vloop and those from VT in Equation (2) combine in such a way that the field
dependent mass always cancels between both contributions [56]. This will motivate us to choose µ2 ∝ T 2 in the
following in order to cancel potentially large logarithmic terms in the effective potential.

Leaving aside the Daisy contribution for the moment, it is clear from Equation (6) that, in the regime
mb (f)(φ)/T ≪ 1 and assuming mb(f) ∼ gb(f)φ (this is always the case for classically scale invariant scenarios),
one can always write the three first contributions to the effective potential from Equation (2) as a polynomial

Veff(φ, T ) ≃ V0 +
1

2
m2(T )φ2 − 1

3
K(T )φ3 − λ(T )

4
φ4 + VDaisy(φ, T )

≡ VHT(φ, T ) + VDaisy(φ, T ) .

(7)

In the second line of Equation (7) we have labeled the part of the effective potential that is expanded in the HT limit
as VHT, which will ease our subsequent discussions. The fact that the tunneling process falls naturally in the HT
limit [56], i.e., the relevant field values for bubble nucleation satisfy φ ≪ T allowing one to exploit a universal
expression to compute S3 [42], provides the motivation to describe Veff as a polynomial on φ and determine
semi-analytically the thermal parameters controlling the production of GWs.

We note that, while the HT approximation just discussed can always be applied for φ≪ T and for any scalar
potential, the case in which SSB already happens at tree-level, as in the SM, is slightly more convoluted. First, the
tunneling process is no longer dominated necessarily by the region near small field values φ≪ T , justifying the HT
expansion. Additionally, scalar masses prevent a direct description of the effective potential in terms of polynomials
even in the HT limit. We discuss some possible further approximations for this case in Appendix C.

In order to find explicit expressions for the coefficients m2(T ), K(T ), and λ(T ), it is necessary to specify a
tree-level potential and the particle content. For simplicity, we choose one realization of SSB giving rise to a GW
signal compatible with the recent NANOGrav observation [28,30,31]: a classically scale-invariant model with a
U(1)′ gauge symmetry and no fermions. This will allow us to write down explicitly Vtree(φ) and show the main
results of our analysis. The more general case with fermions can explicitly be found in Appendix B. However, our
results can also be adopted for other choices of the gauge group G.

2.2. U(1)′ Classically Scale-Invariant Model

The classically scale-invariant tree-level potential for the background field φ is given by

Vtree(φ) =
1

4
λφ4 , (8)

with covariant derivative Dµ ≡ ∂µ − ig′Z ′
µ, where Z ′

µ is the new U(1)′ gauge boson. While this scenario was
studied in Refs. [43–45] using an approach similar to the one we propose here, those works relied on truncating the
HT expansion of the thermal functions in Equation (5) before the logarithmic terms. As a consequence, additional
simplifying assumptions were introduced in order to handle the resulting field-dependent logarithms, leading to a
not sufficiently accurate approximation of the effective potential. Moreover, neither Daisy contributions nor the RG
evolution were included in the analysis of the tunneling process.

Considering the one-loop corrections from the Z ′ gauge boson as in Equation (3) at the renormalization scale
µ = µ0 (Given that couplings depend on the renormalization scale (see Section 2.4), we specify the couplings and
the vev evaluated at µ = µ0 with a subscript “0”), the scalar develops a non-zero vev φ0, while the Z ′ obtains a
mass given by m2

Z′,0 ≡ g′20 φ
2
0. We neglect the contributions of the scalar field and the Goldstone boson, since in

classically scale-invariant scenarios they are expected to be small [56], although it is straightforward to include
them [57]. It is customary to exchange the renormalization scale explicitly appearing in the one-loop contribution to
the potential with the scalar vev. Doing so, one arrives at the following shape for the effective potential at T = 0:
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Vloop(φ) =
3g′40
32π2

φ4

(
log

φ

φ0
− 1

4

)
, (9)

where, at the scale µ2 = µ2
0 ≡ m2

Z′,0, the equality λ0 = g′40 /(16π
2) needs to be satisfied such that φ0 is the

absolute minimum.
Nevertheless, motivated by the results in the HT limit from Equation (7), we are interested in keeping the

explicit dependence of the potential on µ2, so that in the following we consider the effective potential written as

Veff(φ, T ) =
λ

4
φ4 +

3

64π2
m4

Z′(φ)

(
log

m2
Z′(φ)

µ2
− 5

6

)
+

3T 4

2π2
Jb

(
m2

Z′(φ)

T 2

)
− T

12π

[(
m2

Z′(φ) + ΠZ′(T )
)3/2 −m3

Z′(φ)
]
,

(10)

where m2
Z′(φ) = g′2φ2, and we find ΠZ′(T ) = g′2T 2/3. For the specific example of the U(1)′ scale-invariant

scenario at hand, we then obtain the following polynomial coefficients that enter in VHT from Equation (7):

V0 ≡− π2T 4

30
, m2(T ) ≡ T 2

4
g′2 ,

K(T ) ≡3T

4π
g′3 , λ(T ) ≡ −λ− 3

16π2
g′4
(
log

abT
2

µ2
− 5

6

)
.

(11)

We show the comparison between the use of the full Jb(x) function in Veff (solid red line) and its HT
approximation from Equation (5) (dashed yellow line) in Figure 1. At this stage we neglect VDaisy. We plot results
for two reference values of the gauge coupling g′0, set at the scale µ0 = mZ′,0. We then compute Veff at the scale
µ2 = π2T 2, which is motivated by the comparison between the 3D-NLO effective potential [57] and the 4D result
we study. Accordingly, we run the relevant couplings from µ0 to µ by solving the RG equations discussed in
Section 2.4. The temperature is fixed at T = φ0/100. As can be seen in the upper panels, smaller gauge couplings
tend to displace the barrier to larger values of φ/T . We can estimate the width of the barrier φb by using the HT
expansion [45], finding

φb ≃ −2K(T )

3λ(T )

[
1−

√
1 +

9m2(T )λ(T )

2K(T )2

]
, (12)

which depends on the gauge coupling as φb ∼ 1/g′0.

−8
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e
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Figure 1. Effective potential without Daisy contributions using the full thermal function Jb (red line) or its HT
expansion from Equation (5) (dashed yellow line), for two different values of the gauge coupling g′0 at the reference
scale µ0 = g′0φ0. The lower part of the plots shows the relative error, which starts to be large for large values of
φ/T where the HT expansion is not justified. The vertical dotted silver line corresponds to the escape point of
the tunneling process, φsc (see Section 3). The temperature is set to T = φ0/100, which only affects the position
of φsc/T .

The vertical dotted gray line in Figure 1 corresponds to the field value at which tunneling takes place, φsc,
and from which it just “rolls down” to the true minimum. More details about the physical interpretation of φsc

can be found in Section 3. Beyond this point, the shape of the potential has no impact when computing the action
S3, quantity which drives the tunneling process. In the lower panels we show the absolute error committed by
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using the HT expansion, normalized by T 4, which clearly shows the excellent agreement between the full and
approximated solutions until the escape point φsc. Although the error grows quickly for large field values at which
the HT expansion is no longer justified, we stress that the relative error is at most O(2%) for the region of field
space we are interested in, i.e., φ ≲ φsc. This is clearly shown in the lower-right panel, where the larger value of g′0
drifts the potential barrier to smaller field values. Although there is poor agreement for φ/T ≳ 5, this region plays
no role in the tunneling process.

2.3. Daisy Contribution

It is fundamental to include Daisy resummation when considering the HT limit with boson species, as it cannot
be neglected when studying the tunneling process [56]. For classically scale-invariant scenarios, we can parametrize
the boson thermal mass as Πb(T ) = Cbg

′2T 2, which for the U(1)′ scale-invariant model we study specifies to
CZ′ = Cb = 1/3 at leading order. In order to use (semi-) analytical solutions for the bounce action S3, we wish to
write the full effective potential as a polynomial on φ. This means that we also need to find an approximation for
the following non-polynomial term

(m2
b(φ) + Πb(T ))

3/2 = Π
3/2
b (T )

(
1 +

φ2

CbT 2

)3/2

≡ Π
3/2
b (T )f(x) , (13)

where we have defined x ≡ φ/T and f(x) ≡ (1+x2/Cb)
3/2, such that we can write VDaisy(φ,T ) ∼

∑4
n=0 cn(T )φ

n.
Although extensively found in the literature, Taylor expanding f(x) assuming x≪ 1 is only valid for x≪ Cb. In
contrast to the HT expansion of the thermal functions we previously introduced, which is valid up to x ∼ 1/g′, the
Taylor expansion of the Daisy contribution would only be valid for x < CZ′ = 1/3. As already shown in Figure 1,
we need to study the effective potential up to x ≃ O(5), which renders this Taylor expansion unreliable to describe
the FOPT dynamics.

Instead, we advocate here for the projection of the non-polynomial Daisy term in Equation (13) into a basis of
orthogonal polynomials. We discuss two different possibilities in the following:

• Legendre polynomials:

We can decompose f(x) in terms of Legendre polynomials Pn(x), as f(x) ≃ fLeg(x) =
∑4

n=0 c
Leg
n Pn(t(x))

(The orthogonality condition for Legendre polynomials of order n, Pn(x), is given by
∫ 1

−1
dt Pn(t)Pm(t)

= 2
2n+1δnm). Note that we shift the polynomials from the interval t ∈ [−1, 1] in which they are defined onto

x ∈ [0, b], using the transformation t(x) ≡ 2x/b − 1. The constant b is chosen to be b ∼ O(5) to roughly
cover the relevant region for tunneling (see Figure 1). The coefficients are then given by

cLegn =
2n+ 1

2

∫ 1

−1

Pn(t)f(x(t))dt . (14)

Note that with this procedure a tadpole term is introduced, which is nevertheless removed by a field redefinition
we specify later, and also in Appendix A.

• Gram-Schmidt decomposition:

In this case we explicitly decompose f(x) ≃ fGS(x) = 1 +
∑4

n=2 c
GS
n xn. In contrast to the previous case,

this approach avoids the introduction of a tadpole, making its use straightforward. We can also find analytical
expressions for the cGS

n by minimizing the following quantity

d =

∫ b

0

dx (f(x)− fGS(x))2 , (15)

with respect to the coefficients cGS
n . Once again, we choose b ∼ O(5) to cover the relevant region for the

computation of the bounce action.

We write down the explicit expressions for both cLegn and cGS
n in Appendix A, and leave in the following their

numerical values taking b = 5 for the U(1)′ model with Cb = CZ′ = 1/3:

cLeg0 = 169.0 , cLeg1 = 298.6 , cLeg2 = 162.6 , cLeg3 = 32.32 , cLeg4 = 0.1066 ,

cGS
0 = 1.0 , cGS

1 = 0.0 , cGS
2 = 2.029 , cGS

3 = 4.614 , cGS
4 = 0.05503 .

(16)

Our results apply for Cb > 0, which is our case study. Nevertheless, the same procedure can be followed to obtain
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the coefficients for Cb < 0 (with the additional condition that b2 + Cb < 0), although we do not write these results
explicitly. For scalar contributions one would just need to change the particular value of Cb.

Using any of the two approximations, we can finally write the Daisy contribution as a polynomial

V Leg
Daisy(φ, T ) =VLeg,0 + ν3Legφ+

1

2
m2

Legφ
2 − 1

3
KLegφ

3 − 1

4
λLegφ

4 ,

V GS
Daisy(φ, T ) =VGS,0 +

1

2
m2

GSφ
2 − 1

3
KGSφ

3 − 1

4
λGSφ

4 .

(17)

The polynomial parameters in Equation (17), which depend on the temperature, are also written explicitly in terms
of cLeg (GS)

n in Appendix A. Choosing the Gram-Schmidt approximation for VDaisy, we can write the full effective
potential from Equation (7) simply as

V GS
eff (φ, T ) ≃ V0 + VGS,0 +

1

2
(m2 +m2

GS)φ
2 − 1

3
(K +KGS)φ

3 − λ+ λGS

4
φ4 , (18)

which can be directly used to compute S3 semi-analytically using the results of Ref. [42].
In contrast, by using V Leg

Daisy we introduce a tadpole term that needs to be removed. This can be achieved by an
appropriate field redefinition, φ→ φ̃− w, such that the effective potential in Equation (7), written in terms of φ̃,
does not present a linear term. The shift w is implicitly given by the solution to the following cubic equation, whose
explicit solutions are given in Appendix A:

ν3Leg − (m2 +m2
Leg)w − (K +KLeg)w

2 + (λ+ λLeg)w
3 = 0 . (19)

We choose the smallest field shift that removes the tadpole, such that the full effective potential is then

Ṽ Leg
eff (φ̃, T ) = ṼLeg,0 +

1

2
m̃2

Legφ̃
2 − 1

3
K̃Legφ̃

3 − 1

4
λ̃Legφ̃

4 , (20)

with the parameters given by

ṼLeg,0 ≡V0 + VLeg,0 − ν3Legw +
1

2
(m2 +m2

Leg)w
2 +

K +KLeg

3
w3 − λ+ λLeg

4
w4 ,

m̃2
Leg ≡(m2 +m2

Leg) + 2(K +KLeg)w − 3(λ+ λLeg)w
2 ,

K̃Leg ≡(K +KLeg)− 3(λ+ λLeg)w ,

λ̃Leg ≡(λ+ λLeg) .

(21)

The potential in Equation (20) can now also be used to compute the bounce action semi-analytically. The results,
which depend on the size of the interval for φ/T over which we perform the projection, are shown in Figure 2
for the U(1)′ model with CZ′ = 1/3 and two choices of b: we take b = 3 in the left panel, and b = 5 in the
right one. As expected, although the qualitative behavior is similar in both cases, the further away from the origin
we try to describe the Daisy contribution in terms of polynomials, the larger the error we make close to the false
vacuum. Moreover, although overall V Leg

Daisy (dash-dotted blue line) describes VDaisy (solid red line) better than
V GS
Daisy (dashed green line), the latter instead exactly reproduces the Daisy contribution close to the false vacuum.

This is because the basis of Legendre polynomials always has φ-independent terms that make it impossible to
exactly reproduce VDaisy(φ→ 0, T ). In contrast, V GS

Daisy is explicitly built to give the same result as the full Daisy
contribution at the origin.
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Figure 2. Comparison between the full Daisy contribution to the effective potential for the U(1)′ model, shown as a
solid red line, and the polynomial approximations. The lower panels show the relative error for each approximation,
for b = 3 (left) and b = 5 (right). The dashed green line corresponds to the Gram-Schmidt procedure, while the
dash-dotted blue line to the approximation in terms of Legendre polynomials.

2.4. Renormalization Scale

In our previous discussion, we highlighted the dependence of Veff(φ, T ) on the choice of the renormalization
scale µ2. As advocated in Ref. [56], and as justified when studying the HT expansion, we set the renormalization
scale to

µ = max
[
mZ′(φ),

√
κT
]
, (22)

where κ is just a proportionality constant, which we set to κ = π2. This value has recently been found to best
reproduce the behavior of the effective potential in the dimensionally reduced theory at NLO [57], which we take as
a reference given its milder renormalization scale dependence and its use in state-of-the-art computations. Note
that this is just a choice at this stage, and that other options could also be well motivated, such as κ = ab which
completely removes the logarithm in the HT expansion in Equation (11).

The choice of µ in Equation (22) means that for field values near the origin and the potential barrier, for which
φ ≲ T , we change the renormalization scale according to the temperature. Instead, for field values near the true
minimum φ0, and focusing for the moment on supercooled FOPT for which we expect T ≪ φ0 for the milestone
temperatures, the appropriate choice for the renormalization scale corresponds to the Z ′ mass. This distinction
naturally sets two scales at which we need to study the effective potential in order to describe FOPT dynamics [56].
It is therefore fundamental to study the full RGE-improved effective potential [73–76], which is equivalent to
studying the 3D effective field theory at leading order [66]. While the mitigation of the renormalization scale
dependence of Veff(φ, T ) is an important issue when precisely studying GW predictions [55,58,61,66,77], it goes
beyond the scope of our work. We highlight that the approximations we have introduced so far, as well as the ones
we will perform to compute the fraction of the Universe in the false vacuum, are independent of the method used to
handle the renormalization scale dependence and stress that these dependencies can be introduced in our framework
by adjusting the polynomial coefficients for the effective potential. Whichever method is adopted, its corresponding
uncertainty from renormalization scale dependence will always be present.

Next, we discuss in detail the RGE of the relevant couplings for the U(1)′ model that we use as an example.
Once we set the Z ′ mass and the U(1)′ gauge coupling at the reference scale µ0 = mZ′,0 = g′0φ0, it is easy to
check that the tree-level quartic coupling λ (see Equation (8)) needs to satisfy

λ0 =
g′40
16π2

, (23)

so that we have radiative symmetry breaking (RSB), and thus a minimum at φ0. In order to compute the value of
the couplings at different renormalization scales, we need to solve their RGE-flows, given by{

dg′

dt = 1
16π2

g′3

3 ,
dλ
dt = 1

8π2

(
3g′4 − 6g′2λ+ 10λ2

)
,

(24)

where t ≡ logµ/µ0 and we left the t-dependence of the couplings implicit. We have computed the β functions (and
anomalous dimension) using PyR@TE [78] and checked them against Ref. [31]. The exact analytic solutions to
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Equation (24) can be written as

g′2(t) =
24π2g′20

24π2 − g′20 t
,

λ(t) =
g′2(t)

60

19 +√
719 tan

tan−1

120
λ0
g′20

− 38

2
√
719

+

√
719

2
log

(
g′2(t)

g′20

)
 . (25)

Finally, the field renormalization is given by φ→ Z
1/2
φ (t)φ′, with

Zφ(t) = exp

[
−1

2

∫ t

0

dx γ(x)

]
, (26)

where γ(x) = −3g′2(x)/(16π2) is the anomalous dimension. We can once again perform the integration analytically
and find

Zφ(t) = exp

[
−9

4
log

(
g′20
g′2(t)

)]
. (27)

While we explicitly include the full running of λ(t) and g′(t) in our computations, we neglect the correction
arising from the field renormalization given that we find Zφ(t) ∼ O(1) at percent precision. However, we highlight
that its full inclusion is straightforward and would not prevent us from writing Veff(φ′, T ) as a polynomial, and thus
from exploiting the analytic results on S3. Including the field renormalization would be tantamount to making the
following replacements in the polynomial coefficients:

m2(T ) → m2(T )/Zφ(t) , K(T ) → K(T )/Zφ(t) ,

λ(T ) → λ(T )/Zφ(t) , S3(T ) → S3(T )Z
3/2
φ (t) ,

(28)

where the coefficients’ dependence on t is left implicit. The correction to the action arises because S3 is computed
assuming that the kinetic term for the scalar is canonically normalized, and therefore we need to shift its value.

3. Tunneling Action

In this section, we summarize previous semi-analytical results from Ref. [42] in which the bounce action for a
polynomial potential was analyzed. Neglecting the tunneling rate in vacuum, which is negligible for the regions of
parameter space we are interested in, namely those with g′ ≲ 1 [42], the probability to transition per unit volume
in the early Universe, from a metastable minimum φ+ to a deeper one φ0 with Veff(φ+) > Veff(φ0), is given
by [79,80] (See Ref. [71] for a state-of-the-art analysis of the nucleation rate including the explicit computation of
the fluctuation determinant and its impact on the subsequent GW predictions.)

Γ

V
= T 4

(
S3(T )

2πT

)3/2

e−S3(T )/T . (29)

In order to find the bounce action S3(T ), we need to solve the equations of motion for the scalar [81, 82] (An
equivalent formalism can be used in order to describe the tunneling process and which can be reduced to a
minimization procedure instead of solving an ODE [83,84], being numerically more stable.)

d2φ

dρ2
+
D − 1

ρ

dφ

dρ
=
dVeff
dφ

, (30)

with the appropriate boundary conditions

dφ

dρ

∣∣∣∣∣
ρ=0

= 0 , lim
ρ→∞

φ = φ+ , (31)

where ρ ≡ |x⃗|. We are interested in the transition at finite temperature, such that D = 3. In full generality, one
needs to solve Equation (30) numerically, using for example a shooting method which amounts to finding the initial
field configuration φ(ρ = 0) = φsc for which the boundary conditions in Equation (31) are met. Once the solution
φ(ρ) is found, the three-dimensional bounce action is given by
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S3(T ) = 4π

∫ ∞

0

dρ ρ2

[
1

2

(
dφ

dρ

)2

+ Veff(φ, T )

]
. (32)

Applying the results from Section 2, allowing us to write the effective potential in terms of a quartic polynomial
as Veff(φ, T ) = V0(T ) +m2(T )φ2/2−K(T )φ3/3− λ(T )φ4/4, we can now use the results of Ref. [42], where a
fit to S3(T ) in terms of κ ≡ −λ(T )m2(T )/K(T )2 was found. The following result was obtained

S3(T ) ≃

{
32π
729

m3

K2(κ−2/9)2B
+
3 (κ) , κ > 0

6πm
λ B−

3 (κ) , κ ≤ 0
, (33)

where the functionsB±
3 (κ) can be found in Ref. [42]. Thus, profiting from the approximations discussed in Section 2

for the effective potential, one can compute S3(T ) without solving Equation (30) numerically for each point in
parameter space. Note that κ = 2/9 corresponds to the case of exactly degenerate vacua, for which analytical
solutions are known in the thin-wall limit [81].

In the left panel of Figure 3, we compare how the different polynomial approximations for Veff impact the value
of S3(T ). We compute the action with the extensively tested shooting routine from CosmoTransitions [85] in
every case. In the right panel, we instead compare the results for S3(T ) from Equation (33) using the polynomial
approximations for Veff against the full numerical computation without approximations. The full numerical result is
shown as a solid red line, the result using the HT expansion together with the Gram-Schmidt (Legendre) approach
for Daisy terms as a dashed green (dash-dotted blue) line, and the result neglecting altogether the Daisy contribution
is presented as a dotted yellow line.
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Figure 3. Bounce action for the U(1)′ scale-invariant scenario using different approximations for the effective
potential and the computation of S3(T ). In both panels, the red solid line corresponds to the result using the full
effective potential and computing the bounce action numerically with CosmoTransitions. The green dashed
line corresponds to the effective potential in Equation (18), the dash-dotted blue one to Veff in Equation (20),
and the dotted yellow line neglects the Daisy contribution. In the left panel we compare the impact of different
approximations to Veff on S3, computed using the shooting method. In the right panel, we compare the values of S3,
obtained with the fit from Ref. [42], for the polynomial potentials against the full result.

The results shown in the left panel allow us to assess the quality of each polynomial approximation in
reproducing the full effective potential around the barrier, and consequently the tunneling action. As we already
argued, the tunneling process is mostly sensitive to small field values for supercooled FOPTs, naturally falling
in the HT regime. Therefore, it is critical to include Daisy resummation. This can be realized by comparing the
results that describe the Daisy term as a polynomial with respect to the case in which we completely neglect the
Daisy contribution. While V GS

eff and Ṽ Leg
eff tend to underestimate the action, introducing a relative error of at most

2%, we note that neglecting VDaisy roughly overestimates S3 by, at least, 2%. Note that S3 enters exponentially
in Equation (29), so that even a small relative error in S3 can result in a much bigger one in Γ/V . Moreover, we
can see how neglecting VDaisy becomes a worse approximation for smaller temperatures, which correspond to
larger supercooling linked to better observational prospects for GW detection. This is in contrast to our polynomial
approximations, which actually perform better in this region.

In the right panel we find a similar trend as in the left one. Neglecting Daisy terms worsens the quality of the
results for smaller temperatures, while our polynomial approximations are better in that region. However, we find

https://doi.org/10.53941/hihep.2026.100007 10 of 28

https://doi.org/10.53941/hihep.2026.100007


Pascoli et al. Highlights High-Energy Phys. 2026, 2(2), 7

that the analytical action in Equation (33), taken from Ref. [42], tends to underestimate the value of S3. Given that
both V GS

eff and Ṽ Leg
eff also underestimate to some extent the value of S3 (see left panel), the combination of both

approximations worsens the final result down to around O(5%). Nevertheless, comparing the left and right panels
showing the relative error, it is obvious that, for the region T ≲ 10−2φ0, our polynomial approximations to the
effective potential introduce a negligible error compared to the one arising from the adoption of S3 in Equation (33).
Instead, given that, neglecting the Daisy terms makes the potential barrier larger, thus overestimating the action, the
effect of using S3 for a polynomial potential in this case gets compensated and translates into a reduction of the
overall error for some temperatures. Nevertheless, for large supercooling the error grows when neglecting Daisy
contributions, regardless of whether we compute S3 numerically or using instead Equation (33).

4. Milestone Temperatures

We devote this section to the computation of the relevant temperatures for the study of the FOPT, namely
the critical, nucleation, and percolation temperatures. When studying the percolation temperature Tp, which
corresponds to the temperature at which GWs are produced, we will introduce an approximation that will allow us
to compute the fraction of the Universe in the false vacuum analytically, greatly simplifying the study of FOPTs for
phenomenological purposes. We highlight that, while we will study how well our polynomial approximation can
describe the FOPT and compute the milestone temperatures using it, the following discussion and approximations
are completely independent of the shape of Veff . They can be adopted in full generality once the tunneling rate,
Γ/V in Equation (29), is computed.

4.1. Critical Temperature

At the critical temperature Tc, the effective potential develops two degenerate vacua separated by a potential
barrier. Note that the position of both vacua depends on the temperature. The critical temperature determines the
onset of the FOPT, and can be easily obtained by directly studying the effective potential. At this stage in the history
of the FOPT, tunneling is not possible, and therefore Tc only provides information about the highest temperature at
which the FOPT could take place, but has little interest for the subsequent GW production.

4.2. Nucleation Temperature

The nucleation temperature is that at which approximately one bubble per Hubble volume has been nucleated.
It can approximately be found studying the condition

Γ(Tn) ≃ H(Tn) , (34)

with the Hubble expansion rate during the FOPT given by

H(T )2 =
1

3m2
Pl

(
g∗π

2T 4

30
+ ∆Veff

)
≃ ρrad(T )

3m2
Pl

(1 + α) . (35)

The first term in the parenthesis in Equation (35) corresponds to the radiation energy density, with g∗ taking
into account both the SM and the new U(1)′ relativistic degrees of freedom, while the second represents the
vacuum energy density with ∆Veff ≡ Veff(0, T ) − Veff(φ0(T ), T ), where we assume that at high temperatures
we have symmetry restoration and therefore one of the minima is at the origin. The second equality follows in
the case of supercooled FOPTs, such that ∂∆V/∂T ≪ ∆V/T at the relevant temperatures for GW production.
Finally, mPl = 2.4 × 1018 GeV is the reduced Planck mass. While Tn is broadly used as a proxy to study
GW production due to its simplicity, numerical simulations show instead that GWs are actually produced at the
percolation temperature [58] (see Section 4.3). Moreover, there are examples in which we do not find a nucleated
bubble per Hubble volume, i.e. there is no nucleation temperature, but still GWs are produced [59].

4.3. Percolation Temperature

The percolation temperature corresponds to the moment in the evolution of the FOPT when 29% of the
Universe is in the true vacuum, at which GWs are produced [58,59]. We thus need to study now the fraction of the
Universe in the false vacuum Pf (T ) = e−I(T ), with the exponent given by [58]

I(T ) ≡ 4πv3w
3

∫ Tc

T

dT ′ Γ(T ′)

T ′4H(T ′)

(∫ T ′

T

dT ′′

H(T ′′)

)3

. (36)
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Note that Equation (36) implicitly assumes that dT/dt = −TH(T ), and that the velocity at which the nucleated
bubbles expand, vw, is constant.

The percolation temperature Tp is then given by the condition I(Tp) = − log 0.71 ≃ 0.34. While obtaining
the nucleation temperature only requires to find the action, something which can already be numerically expensive,
computing the percolation temperature instead entails the double integral in Equation (36) with the unknown lower
integration limits for which the condition I(Tp) = 0.34 is satisfied. For fast FOPT we expect Tn ∼ Tp, such that
we can typically use the nucleation temperature. However, this does not need to be the case for a supercooled FOPT,
and therefore computing the percolation temperature becomes critical [58].

In the following, we will introduce some approximations that allow us to determine I(T ) analytically via a
Laplace approximation, reducing the computation of the percolation temperature from a double integration with
unknown limits to a root-finding problem, similar to what is done for the nucleation temperature in Equation (34).
Overall, we are interested in integrating Equation (36) analytically, for which we first need to perform the inner
integration. In order to ease the subsequent discussion, we define

f(T, T ′) ≡ 4πv3w
3

1

H(T ′)

(∫ T ′

T

dT ′′

H(T ′′)

)3

. (37)

Depending on the energy density dominating the expansion rate during the FOPT, the shape of f(T, T ′) will differ.
We consider the case of fast transitions, for which we expect radiation domination, supercooled FOPTs with vacuum
domination, and the intermediate case where both contributions are taken into account.

• Radiation domination:

If the free energy related to the effective potential is not very large, such that α≪ 1, the transition takes place
during radiation domination. In this case the Hubble expansion rate is given byH(T ) ≃ g

1/2
∗ πT 2/(3

√
10mPl),

such that we find
frad(T, T

′) =
4πv3w
3

8100m4
Pl

g2∗π
4

1

T ′2

(
1

T
− 1

T ′

)3

, (38)

which has a maximum at T ′ = 5T/2. Note that we assumed that g∗ is constant, which should be a good
approximation for fast transitions. Nevertheless, this result can be extended to include the temperature
dependence of g∗(T ) by splitting the integration interval over relevant temperature regions in which g∗ is
approximately constant.

• Vacuum domination:

During vacuum domination, which will be the case whenever α ≫ 1, we can approximate H(T ) ≃
∆V

1/2
eff /(

√
3mPl). As previously argued, in the presence of supercooling the temperature dependence of the

effective potential is not relevant when computing the energy difference between vacua, which makes the
integration of the Hubble expansion rate trivial using the T = 0 result. Using this approximation we can
identify in this case

fvac(T, T
′) =

4πv3w
3

9m4
Pl

∆V 2
eff

(T ′ − T )3 . (39)

• General case:

Neglecting the matter contribution, we write the Hubble expansion rate as H(T ) =
√
A+BT 4 by identifying

A ≡ ∆Veff/(3m
2
Pl) and B ≡ g∗π

2/(90m2
Pl). Even in this case it is still possible to perform the inner integral

in Equation (36) analytically. We find

g(T, T ′) ≡
∫ T ′

T

dT ′′

H(T ′′)
=

−i
(−AB)1/4

[
F

(
i sinh−1

((
−B
A

)1/4

T ′

)∣∣∣− 1

)

− F

(
i sinh−1

((
−B
A

)1/4

T

)∣∣∣− 1

)]
,

(40)

where F (x|m) is the incomplete elliptic integral of the first kind. Using the result in Equation (40), we arrive at

ffull(T, T
′) =

4πv3w
3

g(T, T ′)3

H(T ′)
. (41)

We show in Figure 4 the shape for the function fi(T, T ′) with i =rad, vac, and full taking into account only
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radiation (blue), only vacuum energy (red), and both (dash-dotted black), respectively. The dashed vertical gray
line represents the temperature at which vacuum energy starts to dominate the energy density of the Universe, and
therefore its expansion. The left panel corresponds to a case with strong radiation domination, while the right shows
an example where the contribution from ∆Veff slightly dominates the energy budget of the Universe. Even though
the full result interpolates very well between the cases of vacuum domination and radiation domination around the
equality temperature in the right panel, we find in general that it is a good approximation to consider either radiation
domination for fast FOPTs, or vacuum domination for the computation of Tp in supercooled ones.
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Figure 4. Comparison of the result for fi(T, T ′) assuming radiation domination (blue), vacuum domination (red) or
using the full Hubble expansion rate (black dash-dotted). The vertical dashed gray line represents the temperature
below which vacuum energy dominates the expansion of the Universe, given by (A/B)1/4 with A (B) defined
above Equation (40). In the left panel radiation dominates the energy density of the Universe, while in the right one
we have an intermediate case.

Once the shape of the function f(T, T ′) is known, we can turn to solve the final integration in Equation (36),
which we write as

I(T ) =

∫ Tc

T

dT ′f(T, T ′)
Γ(T ′)

T ′4 =

∫ Tc

T

dT ′e−G(T,T ′) , (42)

such that we can perform the integration independently of the particular form of f(T, T ′), and where we have
introduced, using Equation (29), the function G(T, T ′) given by

G(T, T ′) ≡ S3(T
′)

T ′ − log f(T, T ′)− 3

2
log

S3(T
′)

2πT ′ . (43)

The key point to take into account in the following is to notice that the function f(T, T ′) identically vanishes
when T ′ → T . For T ′ > T , we find that f(T, T ′) either has a maximum and again vanishes as T ′ → ∞, or that it
grows, at most, as a polynomial (The result using ffull(T, T ′) is less straightforward but should fall between the
limiting cases of vacuum and radiation domination). These properties, together with the fact that Γ(T ′)/T ′4 is
either monotonically decreasing, or again has a maximum for T ′ < Tc, translate into the existence of a maximum of
the integrand in Equation (42) at some temperature T∗ ∈ (T, Tc). Note that T∗ would instead be a minimum of
G(T, T ′). We can then approximate the integral by Taylor expanding G(T, T ′) to second order around its minimum
at T ′ = T∗, arriving at the following expression for I(Tp):

I(Tp) ≃e−G∗

√
π

2G′′
∗

[
erf

(√
G′′

∗
2

(Tc − T∗)

)
− erf

(√
G′′

∗
2

(Tp − T∗)

)]
, (44)

where primed quantities denote partial derivatives with respect to T ′, such that G∗ ≡ G(Tp, T∗) and G
′′

∗ ≡
∂2G(Tp, T

′)/∂T ′2|T∗ . We find that the term proportional to logS3(T
′)/T ′ in Equation (43) does not change

the results and could be directly evaluated at T ′ = T∗. Thanks to this approximation, we can now find the
percolation temperature just by finding the root to the equation I(Tp) = 0.34. Equation (44) can be further
simplified by extending the integration limits to Tc − T∗ → ∞ and Tp − T∗ → −∞. While of course this is not
physically possible, it greatly simplifies the expression for I(Tp), only introducing additional contributions that
are nevertheless exponentially suppressed and thus negligible. We indeed find that the difference in the resulting
percolation temperature using Equation (44) or the expressions in Equation (45) is below 1% for the parameter
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space of interest. The final expression we employ to find the percolation temperature is then

e−G∗

√
2π

G′′
∗
= 0.34 . (45)

When studying GW generation in supercooled FOPTs, it is fundamental to also check that the physical volume
of the Universe in the false vacuum is shrinking at the percolation temperature [58,59]. For this to be the case, one
finds that the following inequality needs to be satisfied at Tp:

T
dI(T )

dT

∣∣∣∣∣
Tp

< −3 . (46)

Using the expression for I(T ) from Equation (45) and noting that, from the definition of G(T, T ′) in Equation (43),
only f(T, T ′) depends on T , we rewrite Equation (46) as[

f(T, T∗)
−1 df(T, T∗)

dT
− 1

2G′′
∗

d

dT

(
f ′(T, T∗)

2

f(T, T∗)2
− f ′′(T, T∗)

f(T, T∗)

)] ∣∣∣∣∣
T=Tp

< − 3

TpI(Tp)
. (47)

We show the results for Tp in Figure 5, together with the relative error between the full numerical solution
and different approximations. In the left panels, we integrate I(T ) numerically, while in the right ones we use the
analytical result from Equation (45). In the upper panels, we compute S3(T ) numerically [85], while in the lower
ones we use the semi-analytical results from Equation (33) [42]. We use the same color code as before for all the
plots showing the dependence of Tp on g′0, while fixing φ0 = 1GeV and b = 5.

In order to highlight the quality of Equation (45) for the determination of Tp, we point the reader to the solid
red line shown in the upper right panel of Figure 5 for the relative error as a function of g′0. This line represents the
relative error between the percolation temperature found using the full effective potential and a shooting method
for S3, either integrating numerically I(T ), or using instead Equation (45). From this, we conclude that using
Equation (45) to find Tp is always an excellent approximation, at most O(5%) away from the full numerical result.

From Figure 5 it is also clear that smaller values of the gauge coupling translate into larger supercooling,
with percolation temperatures as low as Tp ∼ 10−7 GeV. To understand this fact analytically, we can study the
dependence of S3 from Equation (33) on the Lagrangian parameters. Indeed, we expect S3/T ∝ 1/g′3, such that
smaller gauge couplings tend to reduce the tunneling rate and thus delay the time at which 29% of the Universe is
already in the true vacuum. Obviously, such low percolation temperatures might face constraints from BBN and
CMB [86,87], but this goes beyond the scope of our work.

Regarding the precision of the approximations introduced in Section 2, it is clear in all panels that the inclusion
of Daisy terms (shown by dashed green and dash-dotted blue lines) is fundamental for large supercooling, as
neglecting these terms (dotted yellow line) introduces an error in the determination of Tp more than twice as large.
This can be seen in the upper panels where we compute S3 numerically. For mild supercooling, i.e. larger values
of g′0, we nevertheless note that neglecting Daisy terms is not as critical, as the results for Tp are comparable to
those where we include Daisy contributions as polynomial terms. The reason is that the position and width of the
potential barrier are inversely proportional to g′0 (see Equation (12) for the width), such that larger values of the
gauge coupling bring the barrier closer to the origin and consequently also the escape point φsc (cf. Figure 1). In this
region, Daisy contributions are well-described by a φ-independent term, which is irrelevant for the tunneling process.

Next, we focus on the lower panels to discuss the impact of Equation (33) to compute S3. As previously
discussed in Figure 3, the semi-analytical action tends to underestimate the value of S3, such that there is a
cancellation between the error introduced by the use of Equation (33) and that from neglecting Daisy terms. This
explains the better results for VHT in the lower panels of Figure 5 with respect to the cases where we explicitly
include Daisy resummation. Nevertheless, this is not the consequence of a controlled set of approximations, but just
the result of two opposite effects canceling each other. Instead, we note that for large supercooling this effect is
no longer there, and we consistently find again that including Daisy contributions (shown as dash-dotted blue and
dashed green lines) is necessary to reduce the overall relative error in Tp.

Finally, comparing the upper and lower panels, in which the only difference is whether we compute S3

numerically or with the semi-analytical result from Ref. [42], we conclude that the larger source of error in the
different approximations arises from the use of Equation (33), more than doubling the error committed in computing
Tp when including Daisy terms. Given that we find that Equation (47) is not satisfied for g′0 ≲ 0.5, such that
there are no successful FOPTs below g′0 = 0.5, we conclude that the approximations we proposed in Section 2,
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and the one used to compute Tp through Equation (45), introduce at most a O(5%) error (see the two upper-right
panels). Further adopting the semi-analytical action from Ref. [42] increases this up to O(20%), as shown in the
lower-right panels.
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Figure 5. Comparison between different approximations for the computation of the percolation temperature. The
red line corresponds to the full numerical computation in the plots showing Tp vs g′0. The different colored lines
correspond to the same approximations for the effective potential as in Figure 3. In the upper panels we compute
the action with a shooting method, while in the lower ones we use the action for the polynomial potentials from
Ref. [42]. In the left panels the percolation temperature is found by integrating Equation (36) numerically. Finally,
in the right panels we instead solve Equation (45) to find Tp. The solid red line in the plot for the relative error
compares the full solution found integrating against using Equation (45).

4.4. Completion Temperature

It is also important to assess whether the phase transition completes, i.e. that there are no remaining fraction of
the Universe in the false vacuum. This can be quantified by requiring that the fraction of the Universe in the false
vacuum is negligible,

Pf (Tcomp) = ϵ , (48)

with ϵ ≪ 1 [58]. For simplicity, and since its distinction is not relevant for our analysis, we we identify the
completion temperature with the percolation one, such that ϵ = 0.29. Nevertheless, thanks to our semi-analytical
estimate for the false vacuum fraction, Equation (45) can be straightforwardly generalized to determine Tcomp for
any choice of ϵ.

5. Gravitational Wave Spectrum

Once the bounce action has been determined as a function of the temperature, we can obtain the percolation
temperature as previously discussed, but also the FOPT inverse duration, which is another input parameter necessary
for the prediction of the GW spectrum. We refer the reader to Refs. [38,58,88] for details on the GW templates
and subtleties arising when trying to go from the particle physics model to the thermal parameters controlling the
generation of GWs, and just summarize here the main quantities that need to be taken into account in the analysis of
GW generation in FOPTs.
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• Percolation temperature Tp:

As already discussed extensively, this is the temperature at which 29% of the Universe is already in the true
vacuum and that at which numerical simulations find that GWs are produced. In our approach we compute it
using Equation (45).

• FOPT strength α:

While α generally depends on the effective potential at finite temperature, given that we focus on supercooled
FOPT, we can neglect temperature corrections and simply study the effective potential in vacuum, setting
µ2 = µ2

0 = m2
Z′,0 [56]. This allows us to compute the strength of the FOPT directly from the T = 0 potential

very precisely at the percolation temperature Tp

α =
1

ρrad(Tp)

[
Veff(0, T )− Veff(φ0, T )−

T

4

∂(Veff(0, T )− Veff(φ0, T ))

∂T

] ∣∣∣∣∣
Tp

≃ 1

ρrad(Tp)

(
−λ(t) + 5g′4(t)

32π2

) ∣∣∣∣∣
µ2
0

φ4
0

4
=

1

ρrad(Tp)

3g′40
128π2

φ4
0 ,

(49)

where the last equality follows from Equation (23).
• Reheating temperature Tre:

This is related to both the percolation temperature and the released energy by the FOPT, and it is the temperature
of the Universe after the FOPT is over and the scalar field has deposited all its energy in the plasma. It is
approximately given by

Tre ≃ (1 + α)1/4Tp . (50)

• Inverse duration of the FOPT β/H:

Approximating the nucleation rate near Tp as Γ(t) ≃ Γpe
β(t−tp), with tp being the corresponding time to the

percolation temperature, the inverse duration is given by

β

H(Tp)
≃ T

d

dT

(
S3(T )

T

) ∣∣∣∣∣
Tp

[
1− 3

2

(
S3(Tp)

Tp

)−1
]
− 4 . (51)

We adopt Equation (33) to compute the derivative of S3(T ) in β/H , and highlight that the second term in the
square brackets is subdominant. We note the subtleties regarding the description of the nucleation rate only in
terms of an exponential [58], but these are beyond the scope of our work.

• Bubble wall velocity vw:

We assume that the bubble wall quickly reaches relativistic velocities in the runaway regime, which is expected
in supercooled FOPTs. Therefore, we set vw → 1. However, the NLO pressure terms from gauge bosons can
prevent the bubble walls from accelerating indefinitely [89–91], such that they reach a steady state velocity
given by the Lorentz factor

γeq =
∆Veff − PLO

PNLO
. (52)

In the runaway regime we have ∆Veff > PLO, and P(N)LO are the (next-to-) leading order pressure terms
whose expressions can be found, for example, in Ref. [91]. Additionally, we need to compare γeq to the
Lorentz factor the walls would reach in the absence of PNLO, γ∗, in order to correctly understand the fraction
of energy from the FOPT that goes into the production of GWs from bubble collisions, sound waves, and
turbulence, respectively. Following Ref. [91], we compute

γ∗ =
Rp

3R0
, (53)

with Rp the bubble radius at collision which we compute following the approximation advocated in Ref. [38]

Rp ≡ (8π)1/3max(vw, cs)

β
, (54)

with cs = 1/
√
3 being the sound speed in the plasma, and where

R0 =

(
3S3(Tp)

2π∆Veff

)1/3

(55)
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represents the initial bubble radius at nucleation. With these ingredients we follow Ref. [88] in order to
compute the efficiency factors for each GW source.

After determining these thermal parameters, the GW spectrum can be computed using the templates of Ref. [38]
for each GW source, including the efficiency factors as prescribed in Ref. [88]. In order to assess the validity of
our approximations to find the viable regions of parameter space compatible with the NANOGrav signal [1,13],
we use PTArcade [92] to obtain the 1 (2)σ Bayesian posterior distributions for φ0 and g′0, adopting the default
configuration ceffyl [93] and neglecting contributions from supermassive black hole binaries. For convenience,
we summarize in Table 1 the minimal set of steps required to adopt our results for a generic particle-physics model.

Table 1. Summary of approximations and their related uncertainties for the full pipeline. Errors are relative to the
full numerical computation for the U(1)′ scale-invariant model with φ0 = 1 GeV. The percolation-temperature error
in the last row is independent of the Veff and S3 approximations above it. We highlight in bold the largest source of
error in the whole pipeline of approximations.

Step Approximation Assumptions Relative Error

VDaisy
Polynomial projection
(V GS(Leg)

Daisy )
φ/T ≲ b ∼ 5 O(1%) in Veff

Jb(f)(T ) HT expansion m2
b(f) ∝ φ2, mb(f)/T ≪ 1 O(2%) in S3

Polynomial Veff
VHT + V

GS(Leg)
Daisy ,

Equations (18)–(20)
Both conditions above O(2%) in S3

Renormalization scale µ = max[mZ′(φ), πT ]
Best agreement with 3D

EFT [57]
See Ref. [57]

Bounce action
Fit from Ref. [42],
Equation (33)

Polynomial Veff , g′0 ≲ 1
O(5%) in S3 (dominant
source)

Percolation temperature
Laplace approximation,
Equation (45)

Single maximum in integrand of
Equation (36)

≲O(1%) in Tp

(independent of rows
above)

We show the results in the left panel of Figure 6, comparing the full computation, shown as a red region, with
the full pipeline of approximations using the Gram-Schmidt (green) and Legendre (blue) decompositions for Daisy
contributions. We additionally show the result of neglecting completely Daisy contributions as a yellow region. While
the precise determination of the GW spectrum is indeed sensitive to a variation of the thermal parameters, we conclude
that our approximations are precise enough for phenomenological purposes in models which are not strongly constrained.
The results from the full computations or for the Gram-Schmidt and Legendre approaches shown in Figure 6 could now
be used to study the reach of laboratory experiments in probing this parameter space, with little impact from the small
differences in the preferred parameter space from PTAs. While this is also true even when using only the HT approach
and neglecting Daisy contributions [66], we went beyond these by including Daisy terms as polynomials and simplifying
the approach adopted to find the percolation temperature, improving the agreement with a full numerical analysis.

An important advantage of our proposed approximations is that they render the scan of complete parameter
spaces feasible: we go from running the necessary Markov Chain Monte Carlo (MCMC) algorithm in PTArcade
for weeks to doing so in hours when exploiting these approximations. This allows to assess the viability of a given
scenario to produce a signal in GW experiments, and its complementarity with laboratory searches without resorting
to heavy numerical computations. Additionally, writing the effective potential as a polynomial allowed for various
insights on the dependence of the results of the couplings and masses of the NP scenario under study.

One can now apply this methodology to study more involved scenarios predicting supercooled FOPTs,
assessing their viability and allowed parameter space. As an example, we consider the same U(1)′ scale-invariant
scenario, but including fermions. The most relevant consequence from the introduction of fermions is that now the
Yukawa terms as specified in Equation (A15) in Appendix B also play a role in the radiative symmetry breaking,
such that the following condition

λ0 =
1

16π2

[
g′40 − y40

(
1− log

y2o
2g′20

)]
, (56)

needs to be satisfied at the renormalization scale µ0 = mZ′,0. Given that fermion fields do not introduce new Daisy
terms in the effective potential, we can directly use all our previous results by only modifying VHT, as well as
taking into account the changes in the RG evolution with the new couplings involved. These modifications are
summarized in Appendix B. The results are shown in the right panel of Figure 6, using now solely our full pipeline
of approximations with V GS

eff (green region) and Ṽ Leg
eff (blue one). As can be realized, the inclusion of the fermion
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Yukawa coupling opens up the allowed values of g′0 explaining the NANOGrav signal at 1σ, while finding a strong
correlation between y0 and g′0. The latter is a consequence of Equation (56), and implies a hierarchy of masses
between the dark particles, that could have strong phenomenological consequences to be searched for.
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Figure 6. Posterior distributions for the allowed parameter space compatible with the NANOGrav signal, found using
PTArcade [92]. We show the 68% and 95% posterior distribution with dark and lighter hues, respectively. The left
panel corresponds to the minimal scenario we study in Section 2. The red region corresponds to the full numerical
computation. Green and blue regions correspond to our full pipeline of approximations, using the Gram-Schmidt and
Legendre approximations for Daisy terms, respectively, while the yellow one is the result found neglecting Daisy
terms. The right panel shows the posterior distribution in a non-minimal model, specified in Appendix B, using the
polynomial potentials V GS

eff and Ṽ Leg
eff .

6. Conclusions

In this work we have studied the possibility to perform the full pipeline of computations pertaining to the
prediction of GW production during cosmological FOPTs semi-analytically in classically scale-invariant scenarios.
While the starting point is common to previous studies, namely the HT expansion of the effective potential allowing
to write it down in terms of a polynomial, we have gone beyond this by consistently introducing Daisy contributions
as well. To the best of our knowledge, the latter possibility had never been investigated in detail, even though it is
known that Daisy contributions play a critical role in the HT limit of the effective potential.

Once the effective potential is described as a polynomial, the semi-analytical results from Ref. [42] for S3 can
be exploited, avoiding to solve numerically the equations of motion for the bounce in every point of the parameter
space. A crucial point we also investigated is the inclusion of the RG evolution, given that the natural choice for
the renormalization scale at small field values, which is the relevant region for tunneling, is proportional to the
temperature of the Universe. While the proportionality constant is somewhat arbitrary from the perspective of
the 4D theory, we set it to the value for which the 4D effective potential agrees the most with the corresponding
3D-NLO result [57]. The latter represents the state-of-the-art approach for the study of the effective potential
in FOPTs.

Next, and independently from previous approximations on the effective potential or S3, we have obtained
an analytical estimate for the fraction of the Universe in the false vacuum, greatly simplifying the computation
of the percolation temperature. This is important given that, while the nucleation temperature is usually adopted
as a proxy for the moment at which GWs are produced, it is instead the percolation temperature the one that sets
the time for GW production, as found in numerical simulations. Instead of relying on computationally expensive
numerical integrations, we performed the full double integral analytically, allowing to reduce the computation of the
percolation temperature from a fully numerical double integration to a root-finding routine, similar to what is done
for the nucleation temperature.

Our method allowed us also to assess the error introduced in each approximation with respect to the full
numerical computation. For the relevant region of parameter space, we found that our description of the effective
potential including Daisy terms introduces a O(2%) error in the determination of the bounce action, being even
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smaller for large supercooling. This translates into at most a O(5%) error in the percolation temperature when
compared to a full numerical determination, in contrast to the O(20%) error in the same region of parameter space
when neglecting Daisy terms altogether. Nevertheless, we note that not including Daisy resummation does not
represent such a bad approximation to the full effective potential for small supercooling. In general, we find that the
semi-analytical result on S3 for polynomial potentials [42] represents the biggest source of error with respect to the
full numerical computation in our approach. Instead, the analytical estimation of the fraction of the Universe in
the false vacuum we proposed, simplifying the determination of the percolation temperature, introduces at most a
O(1%) error, resulting in an excellent estimation of the percolation temperature regardless of the method adopted to
compute S3.

We applied our results to the most minimal scenario known to account for the SGWB observed in PTAs,
namely a classically scale-invariant model with a new U(1)′ gauge symmetry, the associated gauge boson and a
scalar that breaks it spontaneously. We find that indeed our approximations can be employed not only to avoid
the use of computationally intensive methods, but also to gain some insights on the impact of different particle
masses and couplings in the final results. We obtain very good agreement between the allowed parameter space
found using the full numerical procedure or our pipeline of approximations, while doing so in much less time in the
latter case. Finally, profiting from the relatively cheap computational cost of the use of our approximations, we have
also studied a second scenario including fermions. Their inclusion impacts the radiative symmetry breaking, and
enlarges the allowed parameter space while potentially offering a very rich phenomenology that could be searched
for in experiments.

All in all, these results could open the window to efficient parameter scans compatible with GW signals that
could then be used for phenomenological purposes, enhancing the synergies between laboratory experiments and
potential GW observations.
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Appendix A. Polynomial Coefficients for the Daisy Contribution

We give the explicit expressions for the polynomial coefficients obtained when decomposing the Daisy
contribution from Equation (13) in terms of orthogonal polynomials. For the decomposition in terms of Legendre
polynomials in an interval x ∈ [0, b], and remembering that we parametrize the thermal and vacuum masses of the
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relevant boson as Πb(T ) = Cbg
′2T 2 (assuming Cb > 0) and m2

b(φ) = g′2φ2 respectively, we find
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(A3)
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cLeg3 = (80b4Cb)
−1
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(
2
√
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√
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√
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(A4)

cLeg4 =
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√
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(A5)

The Daisy contribution to the effective potential is then given by

V Leg
Daisy(φ, T ) = VLeg, 0 + ν3Legφ+

1

2
m2

Legφ
2 − 1

3
KLegφ

3 − 1

4
λLegφ

4 , (A6)
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with the following polynomial coefficients:

VLeg,0 =−
C

3/2
b g′3T 4(cLeg0 − cLeg1 + cLeg2 − cLeg3 + cLeg4 )

12π
,

ν3Leg =−
C

3/2
b g′3T 3(cLeg1 − 3cLeg2 + 6cLeg3 − 10cLeg4 )

6πb
,

m2
Leg =−

C
3/2
b g′3T 2(cLeg2 − 5cLeg3 + 15cLeg4 )

πb2
,

KLeg =
g′3T

(
20C

3/2
b (cLeg3 − 7cLeg4 )− b3

)
4πb3

, λLeg =
70C

3/2
b g′3cLeg4

3πb4
.

(A7)

Given that this procedure introduces a tadpole that needs to be removed in order to use previous results on S3, we
shift the field as φ→ φ̃− w and find the shifts that solve Equation (19). The solution is given by (Note that there
are three possible solutions, but we take the one with smallest absolute value)

wk = − 1

3(λ+ λLeg)

[
−(K +KLeg) + ξkC +

∆0

ξkC

]
(A8)

with k = 0, 1, 2, and where we have defined

∆0 =(K +KLeg)
2 + 3(λ+ λLeg)(m

2 +m2
Leg) ,

∆1 =− 2(K +KLeg)
3 − 9(λ+ λLeg)(K +KLeg)(m

2 +m2
Leg)

+ 27(λ+ λLeg)
2ν3Leg ,

C =

(
∆1 ±

√
∆2

1 − 4∆3
0

2

)1/3

,

ξ =
−1 +

√
−3

2
.

(A9)

The sign of the square root in the third line in Equation (A9) is arbitrary. In the case in which one choice of sign
makes C = 0, the other option should be taken.

Instead, for the Gram-Schmidt decomposition we find
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,

(A10)
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(A11)
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(A12)

In this case, we can directly write the Daisy contribution as a polynomial without introducing a tadpole term,
given by

V GS
Daisy(φ, T ) = VGS,0 +

1

2
m2

GSφ
2 − 1

3
KGSφ

3 − 1

4
λGSφ

4 , (A13)

with the polynomial coefficients given by

VGS,0 =−
C

3/2
b g′3T 4

12π
, m2

GS = −
g′3C

3/2
b T 2cGS

2

6π
,

KGS =
g′3T

4π

(
C

3/2
b cGS

3 − 1
)
, λGS =

g′3C
3/2
b cGS

4

3π
.

(A14)

Appendix B. Non-Minimal RSB

While we studied in detail the minimal case with RSB, it could be the case that there are other fields that
couple to the scalar field undergoing the FOPT. Here we consider the case that some dark fermions also acquire
their masses thanks to the generation of the scalar vev. We include a left and a right-handed dark fermion, νD,L and
νD,R respectively, with opposite charges under the new U(1)′ gauge symmetry. We take the charge of the scalar
field to be 1, while the absolute value of the fermion fields charge is 1/2. The Lagrangian for such case is given by

L =− 1

4
F ′
µνF

′µν + (Dµφ)
†
(Dµφ) + iν̄D,L /DνD,L + iν̄D,R /DνD,R

− (ν̄D,LyνD,Rφ+ h.c.)− λ

4
(φ†φ)2 .

(A15)

The RGE-flows one needs to take into account are
dg′

dt = 1
16π2

2g′3

3 ,
dλ
dt = 1

8π2

[
10λ2 − 6g′2λ+ 3g′4 + 2λ|y|2 − |y|4

]
,

dy
dt = y

16π2

(
2|y|2 − 3

2g
′2) , (A16)

where we have left the dependence of the couplings on t = log µ/µ0, with µ0 = mZ′,0, implicit to ease the notation.
In contrast to the minimal scenario in Section 2.4, we now need to solve these equations numerically. Moreover, the
scalar anomalous dimension now also receives further contributions, for which we find

γ =
1

16π2

[
−3g′2 + |y|2

]
. (A17)

Regarding the polynomial approximations for Veff in this case, we note that Daisy contributions are not
affected by the presence of fermions, such that V GS (Leg)

Daisy from Equation (17) can still be used. Instead, for VHT in
Equation (7) the polynomial coefficients are given by

V0 ≡ −13π2T 4

180
, m2(T ) ≡ T 2

12

(
3g′2 + |y|2

)
, K(T ) ≡ 3T

4π
g′3 ,

λ(T ) ≡ −λ− 1

16π2

[
3g′4

(
log

abT
2

µ2
− 5

6

)
− |y|4

(
log

afT
2

µ2
− 3

2

)]
.

(A18)

Finally, the fermion fields would also have an impact in the FOPT strength, which is in this case given by

α ≃ 1

ρrad(Tp)

3g′40 − y40
128π2

φ4
0 . (A19)
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Appendix C. Tree-Level SSB

We comment here on the possibility to write down the effective potential as a polynomial for the case of a
scalar potential with SSB at tree-level, as is the case in the SM. The tree-level potential for a single field leading to
SSB is

Vtree(φ) = −1

2
m2

0φ
2 +

1

4
λφ4 , (A20)

which has a minimum at φ2
0 ≡ m2

0

λ . In this case, we cannot neglect the scalar and Goldstone contributions to the
effective potential. Their field-dependent masses are respectively given by

m2
φ(φ) = λ

(
3φ2 − φ2

0

)
, m2

G(φ) = λ
(
φ2 − φ2

0

)
, (A21)

while the scalar thermal mass is given by

Πφ (G)(T ) =
T 2

12

(
3g′2 + 4λ

)
. (A22)

Neglecting again possible contributions from fermions, we can apply the HT expansion from Equation (6) to
find the following shape of VHT:

VHT(φ, T ) =V0 +
1

2
φ2

[
−m2

0 +
T 2

12

(
3g′2 + 4λ

)
− λ

4π2
m2

0

(
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2

)]

− T

4π
g′3φ3 − T

12π
λ3/2

[(
3φ2 − φ2

0

)3/2
+
(
φ2 − φ2

0

)3/2]
+
1

4
φ4

[
λ+

1

16π2

[
3g′4

(
log

abT
2

µ2
− 5

6

)
+ 10λ2

(
log

abT
2

µ2
− 3

2

)]]
.

(A23)

It is obvious here that the HT expansion does not automatically render the potential as a polynomial because of the
structure of the scalar and Goldstone masses. We note two possibilities here:

• Hierarchical spectrum: If there is a hierarchy between the gauge boson mass and the scalar masses, such that
g′2 ≫ 2λ, then the scalar contributions can be neglected altogether. This case then reduces to our discussion
in the main text on RSB where, by construction, one finds λ ∼ g′4 ≪ g′2 for perturbative couplings. In this
case however this would only allow to study a particular region of parameter space.

• Polynomial decomposition: One could go beyond the HT expansion and use the same approach we introduced
for Daisy resummation by projecting the non-polynomial terms into a basis of orthogonal polynomials.

On top of this, one should additionally consider Daisy resummation in order to study the tunneling process,
which in this case explicitly reads as

VDaisy(φ, T ) =− T

12π

[(
g′2φ2 +

g′2

3
T 2

)3/2

− g′3φ3

+

(
3λφ2 − λφ2

0 +
3g′2 + 4λ

12
T 2

)3/2

− λ3/2
(
3φ2 − φ2

0

)3/2
+

(
λφ2 − λφ2

0 +
3g′2 + 4λ

12
T 2

)3/2

− λ3/2
(
φ2 − φ2

0

)3/2 ]
.

(A24)

We consider that performing the polynomial decomposition in this case would need to introduce different scales
b (see the discussion in Section 2.3) for each term, considerably degrading the approximation. More importantly,
in this case the potential barrier does not necessarily appear at small field values φ ≪ T , such that the HT
approximation is not as justified as in the classically scale-invariant scenario we studied in the main text. For these
reasons, we consider that scenarios with SSB at tree-level cannot be consistently studied as a polynomial potential
with our current approximations, for which we can use the results of Ref. [42] to find S3 reliably.
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