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Abstract: This study evaluates the simulation extrapolation (SIMEX) method as a
bias-correction approach for the distribution-weighted and difficulty-weighted root
mean square deviation (RMSD) item fit statistics. The results indicate that SIMEX
reduces the positive bias of the original RMSD statistic and can be applied in the context
of differential item functioning (DIF) analysis. Although the SIMEX-based RMSD
statistics showed slightly greater bias than previously proposed analytic corrections,
they yielded lower RMSE for items with DIF. For items without DIF, the analytic
bias-correction methods performed better with respect to both bias and root mean
square error (RMSE). An empirical example further showed that the SIMEX-based and
analytically bias-corrected RMSD statistics produced very similar estimates.
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1. Introduction

Item response theory (IRT) models [1–4] are multivariate statistical models for discrete multivariate random
variables. They are widely used in the social sciences, particularly in educational large-scale assessment (LSA; [5])
studies involving cognitive tasks.

The present article focuses on dichotomous (i.e., binary) random variables. Let X = (X1, . . . , XI) denote a
vector of I items, with Xi ∈ {0, 1}. A standard classical unidimensional IRT model [6] specifies the probability
distribution of X as

P(X = x; δ,γ) =

∫ I∏
i=1

[
Pi(θ;γi)

xi (1− Pi(θ;γi))
1−xi

]
ϕ(θ;µ, σ)dθ, (1)

where ϕ denotes the normal density with mean µ and standard deviation (SD) σ. The latent variable θ, often interpreted
as a trait or ability, has distribution parameters δ = (µ,σ). The vector γ = (γ1, . . . ,γI) contains the item parameters
for the parametric item response functions (IRFs) Pi(θ;γi) = P(Xi = 1|θ). The latent variable θ may be viewed as a
unidimensional summary of the contingency table of item responses X (see [7]). Larger values of θ are associated with
more able persons who solve more items, whereas smaller values are associated with less able persons.

The general IRT model in (1) encompasses a range of specific models that differ in the functional form of the
IRFs. In the present article, the two-parameter logistic (2PL; [8]) model is considered, for which the IRF is given by

Pi(θ;γi) = Ψ
(
ai(θ − bi)

)
, (2)

where ai and bi denote item discrimination and difficulty, respectively, and Ψ(x) = (1+ exp(−x))−1 is the logistic
function. The item parameter vector for the 2PL model is given by γi = (ai, bi).

The parameters of the IRT model (1) can be consistently estimated by marginal maximum likelihood (MML; [9]),
which is commonly implemented using the EM algorithm [10] on the basis of a sample of N individuals with
independent and identically distributed observations x1, . . . ,xN of X .
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In empirical applications, IRFs are typically modeled parametrically as in (1). A common assumption is
that item parameters are invariant across groups whose differences in θ are of interest. In practice, however, this
assumption may be violated when certain items systematically advantage or disadvantage specific groups. This
phenomenon is known as differential item functioning (DIF; [11,12]), although related terms such as measurement
bias or item bias are also used [13]. Because DIF can bias the estimation of group differences, identifying such
items is important for obtaining less distorted comparisons [14].

When DIF is present, the assumed IRF constitutes a slight misspecification of the true IRT model (1) for a
given group. The multivariate random vector X can then be expressed as

P(X = x; δ,γ) ≃
∫ I∏

i=1

[
P ∗
i (θ;γi)

xi (1− P ∗
i (θ;γi))

1−xi

]
ϕ(θ;µ, σ)dθ, (3)

where P ∗
i denotes the assumed IRF and Pi the IRF in the data-generating model for the group. Approximating Pi

by P ∗
i may distort the estimation of the distribution parameters µ and σ and thereby induce bias in these parameters,

under the assumption that the true parameters are defined based on the IRFs P ∗
i . In the misspecified IRT model (3),

the distribution parameter estimates converge, as the sample size tends to infinity, to pseudo-true parameters that
minimize the Kullback-Leibler distance between the specified and the true IRT model (see [15–17]).

Assessing the adequacy of parametric IRFs, that is, item fit [18–22], is therefore a central task in psychometrics.
This requires a measure that quantifies the discrepancy between the true IRF Pi and the assumed IRF P ∗

i and helps
identify items for which this discrepancy is substantial.

To quantify item-level discrepancies between the true and assumed IRFs, the present study focuses on the root
mean square deviation (RMSD; [23–35]) statistic, a widely used index in psychometrics. Let ωi denote a weighting
function for item i such that

∫
ωi(θ)dθ = 1 (see [36]). The weighting function may be item-specific or common

across items. The weighted RMSD statistic summarizes the discrepancy between the data-generating IRF Pi and
the model-assumed IRF P ∗

i as

RMSDωi,i =

√∫
[Pi(θ)− P ∗

i (θ)]
2
ωi(θ)dθ. (4)

If ω is chosen as the normal density with group mean µ and group SD σ and is the same across items, the statistic is
referred to as the distribution-weighted RMSD. If ωi is item-specific and chosen as the normal density with mean bi
and SD 1, the statistic is referred to as the difficulty-weighted RMSD [36, 37]. The assumed IRF P ∗

i typically
depends on item parameters that are either known or estimated.

The RMSD in Equation (4) is defined at the population level. For empirical applications, a sample-based version is
required. Let P̂i denote the observed IRF, a sample-based estimate of Pi, evaluated at a theta point θt (t = 1, . . . , T ) as

p̂it = P̂i(θt) =

N∑
n=1

hntxni

N∑
n=1

hnt

, (5)

where hnt denotes the estimated individual posterior distribution of person n at grid point θt. The posterior
distribution is typically obtained by fitting the IRT model via MML [9]. A discrete evaluation of the weighting
function ωi is then defined as

ωit =
ωi(θt)

T∑
s=1

ωi(θs)

for t = 1, . . . , T. (6)

The sample-based RMSD is defined as

̂RMSDωi,i =

√√√√ T∑
t=1

[p̂it − p∗it]
2
ωit, (7)

where p∗it = P ∗
i (θt).

As shown in [30], the estimator (7) is positively biased in small samples. Bias-corrected RMSD estimators
have therefore been proposed for improved performance under such conditions [31]. In the statistical literature, the
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simulation extrapolation (SIMEX; [38]) method has been developed as a data-driven approach to bias correction
under measurement error. In the present context, the difference between the population IRFs pit and the sample-
based IRFs p̂it is treated as measurement error, and SIMEX is applied as an alternative bias-correction method for
the RMSD statistic. The central aim of the present article is to compare this SIMEX-based approach with analytic
bias-correction methods for the RMSD statistic.

These considerations motivate a systematic investigation of SIMEX-based and analytic bias-correction methods
for the RMSD statistic. The remainder of the article is organized as follows. Section 2 reviews analytic bias-
correction methods for the RMSD statistic. Section 3 introduces the application of SIMEX to the RMSD statistic.
Results from the simulation study are presented in Section 4. An empirical example illustrating the application of
the different RMSD estimators is provided in Section 5. The article concludes with a discussion in Section 6.

2. Analytic Approach to Bias Correction in the RMSD Statistic

In this section, analytic bias-corrected RMSD estimators are reviewed [31]. The population RMSD is defined as

T = T (pi) =

√√√√ T∑
t=1

(pit − p∗it)
2
ωit, (8)

and depends on the true item response probabilities pit, which are not directly observable. Throughout this
section, p∗it and ωit are treated as fixed. In practice, pi is replaced by the estimated item response probabilities p̂i,
yielding the sample-based RMSD statistic

T̂0 = T̂0(p̂i) =

√√√√ T∑
t=1

(p̂it − p∗it)
2
ωit, (9)

Because T̂0 is based on p̂i rather than pi, it is subject to sampling error. Since the deviations are squared in (9),
this induces positive bias (see [29,30]).

To quantify this bias, the sampling variance Vi = Var(p̂i) of p̂i is derived using M-estimation theory [39].
The estimating equations for p̂it are

N∑
n=1

hnt(xni − pit) = 0 for t = 1, . . . , T, (10)

where hnt denotes the posterior probability of subject n at grid point θt. The variance of p̂it is

vt = Var(p̂it) =

N∑
n=1

h2
nt(xni − pit)

2

(
N∑

n=1

hnt

)2 , (11)

and, for s ̸= t, the covariance between p̂is and p̂it is

vst = Cov(p̂is, p̂it) =

N∑
n=1

hnshnt(xni − pis)(xni − pit)(
N∑

n=1

hns

)(
N∑

n=1

hnt

) . (12)

The formulas in (11) and (12) also appeared in [40].
These expressions imply that

E
(
T̂ 2
0

)
= E

(
T∑

t=1

(p̂it − p∗it)
2ωit

)
= T 2 + E

(
T∑

t=1

(p̂it − pit)
2ωit

)
= T 2 + B, (13)

where B denotes the positive bias in T̂ 2
0 induced by sampling error in p̂i − pi. A first bias-corrected estimator is

T̂1 =

√(
T̂ 2
0 − B

)
+
, (14)
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where (x)+ = max(x, 0). A related approach was proposed in [30], although without using the variance estimation
in (11) and (12).

A more accurate correction was derived in [31] using a second-order Taylor expansion:

Bias(T̂0) ≃
1

2T
Bias(T̂ 2

0 )−
1

8T 3
E
(
T̂ 2
0 − T 2

)2
. (15)

Retaining only the linear term in (15) yields

T̂3 =

(
T̂0 −

B
2T̂1

)
+

. (16)

Including the quadratic term leads to

T̂7 =

(
T̂0 −

B
2T̂1

+
C − D
2T̂ 3

1

)
+

, where (17)

C =

T∑
s=1

T∑
t=1

(p̂is − p∗is)(p̂it − p∗it)vstωisωit and D =

T∑
s=1

T∑
t=1

v2stωisωit. (18)

The next section introduces a data-driven SIMEX approach for bias correction of the RMSD statistic.

3. SIMEX Approach to Bias Correction in the RMSD Statistic

Section 2 showed that the RMSD statistic T̂0 is biased because it is computed from estimated IRFs p̂i rather
than true IRFs pi. That section also derived the variance matrix Vi of p̂i, which can be estimated directly from the
output of a fitted IRT model. Let ei = p̂i − pi denote the vector of estimation errors. Then ei has mean zero and
variance matrix Vi, so the bias of the RMSD statistic is determined by the sampling variance in ei.

In the present context, the central idea of SIMEX is to generate simulated deviations e∗i = (e∗i1, . . . , e
∗
iT ) with

variance matrix λVi, thereby adding controlled amounts of sampling variance. The RMSD statistic T ∗
0 under the

additional noise e∗i is then computed by replacing p̂i with p̂i + e∗i in (9), which yields (see [32] for an application
of the same approach to confidence interval computation)

T ∗
0 =

√√√√ T∑
t=1

(p̂it + e∗it − p∗it)
2
ωit. (19)

The resulting RMSD estimates from (19) are then used to infer bias through extrapolation [38, 41–43].
Specifically, S replicated datasets of deviations are generated, yielding an estimated RMSD statistic for item i,
denoted by β̂s(λ) for s = 1, . . . , S. This statistic is evaluated on a grid of λ values 0.5, 1.0, 1.5, and 2.0 [44,45].
SIMEX typically employs the quadratic extrapolation model [46]

β̂(λ) = E(β̂s(λ)) ≈ α0 + α1λ+ α2λ
2. (20)

Because β̂(λ) typically increases with λ, the SIMEX-based RMSD statistic is obtained by extrapolating
to λ = −1, which corresponds to the hypothetical absence of sampling variance in ei and thus in p̂i. Under
quadratic extrapolation, the resulting estimator is β̂(−1) = α0 − α1 + α2.

An advantage of SIMEX is that it provides a fully data-driven bias-correction method. By contrast, the analytic
corrections reviewed in Section 2 rely on asymptotic arguments. The comparative performance of the analytic
methods and SIMEX is examined in the simulation study presented in Section 4.

4. Simulation Study

4.1. Method

The 2PL IRT model was used for both data generation and analysis. The latent trait θ was assumed to follow a
normal distribution with mean 0 and SD 1. The simulation study considered a test with I = 50 items. Ten base
items were specified with discrimination parameters ai = 1 for all items and item difficulty parameters bi set to
−1.8, −1.4, −1.0, −0.6, −0.2, 0.2, 0.6, 1.0, 1.4, and 1.8. Each of these ten items was duplicated five times, yielding
a total test length of 50 items.

Exactly one of the 50 items was simulated to exhibit DIF. In the simulation, a constant DIF effect of δ = 0.6

was specified for item j when j = 1, j = 3, j = 5, j = 6, j = 8, or j = 10. The DIF effect size δ = 0.6 was
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selected to represent a moderate to large DIF magnitude [12].
The sample size N was varied across 125, 250, 500, and 1000 to reflect typical conditions in educational

assessment studies [4,5]. Across the 4 (sample size N ) × 6 (selected DIF item) = 24 simulation conditions, 4000
replications were conducted per condition. Item parameters were fixed at the values of the base items when fitting
the 2PL model. However, the distribution parameters µ and σ of the latent trait θ were freely estimated. The
presence of DIF was ignored during this scaling step.

Distribution-weighted and difficulty-weighted RMSD measures were computed, including the originally
defined statistic T̂0 as well as the bias-corrected statistics T̂3 and T̂7 (see Section 2). In addition, the SIMEX-based
RMSD statistics were computed using 1000 simulated draws. To reduce the Monte Carlo error of the SIMEX
method, a quasi-Monte Carlo approach based on a deterministic distribution designed to reduce simulation error
was employed. Specifically, the 1000 multidimensional data points from a multidimensional uniform distribu-
tion with independent components were generated using a Sobol sequence [47], implemented by the function
qrng::sobol() in R (Version 4.5.3; [48]) within the qrng package (Version 0.0-11; [49]). These multivari-
ate data points were then transformed coordinate-wise with the inverse standard normal distribution function to
approximate a multivariate normal distribution.

A true RMSD value was defined from the IRF and the item parameters of the data-generating model. Under
this definition, the item with DIF had a positive true RMSD value, whereas the remaining 49 items without DIF
had a true RMSD value of 0. The bias and root mean square error (RMSE) of the RMSD statistics were calculated
relative to the true RMSD values. A relative RMSE was defined by dividing each RMSD statistic by the value of the
RMSD estimate T̂7 and multiplying the result by 100.

All analyses were conducted using the open-source statistical software R (Version 4.5.3; [48]). The 2PL model
was estimated with the sirt::xxirt() function from the R package sirt (Version 4.2-133; [50]). Dedicated R
functions were developed to compute the different RMSD statistics. These functions, together with the replication
materials, are available at https://osf.io/8scpw (accessed on 4 May 2026).

4.2. Results

Table 1 presents the performance of the four RMSD estimators for items with DIF across sample sizes
and item difficulty levels. Overall, bias decreased as sample size increased for both the distribution-weighted
and difficulty-weighted RMSD statistics, and all methods were approximately unbiased at N = 1000. For the
distribution-weighted RMSD, the original statistic T̂0 tended to exhibit a small positive bias, whereas the SIMEX-
based estimator and the two bias-corrected estimators generally reduced this bias, although they often yielded
slightly negative values. Nevertheless, T̂0 showed the smallest relative RMSE across all conditions, followed by the
SIMEX-based estimator. The estimator T̂3 had a larger RMSE than T̂7 for the distribution-weighted RMSD, but in
some conditions it had a smaller RMSE than T̂7 for the difficulty-weighted RMSD statistic.

A similar pattern was observed for the difficulty-weighted RMSD, although biases were larger for the most
extreme item difficulties. In particular, for very easy and very difficult DIF items (e.g., bi = −1.8 and bi = 1.8), T̂0

exhibited substantial positive bias at small sample sizes, whereas SIMEX and the bias-corrected estimators reduced
this bias markedly. The largest bias was observed for the most difficult item, for which the difficulty-weighted T̂0

statistic had a bias of 0.106 at N = 125, compared with 0.072 for SIMEX, 0.040 for T̂3, and 0.044 for T̂7. For items
of moderate difficulty, the methods performed similarly, and bias was generally very small for N = 500 or 1000.
These findings are consistent with the definition of the RMSD statistics: the true values of the difficulty-weighted
RMSD statistic are less influenced by item difficulty, whereas the distribution-weighted RMSD statistic takes lower
values for items with more extreme difficulties.

Table 2 presents the bias and relative RMSE of the RMSD estimators for items without DIF. In this setting, all
true RMSD values were zero. Across item difficulties and sample sizes, the original RMSD statistic T̂0 showed the
largest positive bias for both the distribution-weighted and difficulty-weighted indices. The SIMEX-based estimator
reduced this bias, whereas the bias-corrected estimators T̂3 and T̂7 showed the smallest bias overall. Bias generally
decreased with increasing sample size, but remained non-negligibly positive for T̂0 and the SIMEX-based estimator.
For example, for the easiest first item (bi = −1.8), the distribution-weighted bias declined from 0.064 for T̂0 at
N = 125 to 0.023 at N = 1000, whereas the corresponding bias for T̂3 decreased from 0.017 to 0.005. For the
difficulty-weighted statistic, bias declined from 0.167 to 0.066 for T̂0 and from 0.098 to 0.025 for T̂3. In terms of
relative RMSE, T̂3 outperformed T̂7 for non-DIF items. The SIMEX-based estimator had smaller RMSE values
than the original statistic, but was inferior to the bias-corrected estimators T̂3 and T̂7.
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Table 1. Simulation Study: Bias and relative root mean square error (RMSE) of estimated distribution-weighted and difficulty-weighted RMSD statistics for items with differential item
functioning (DIF) as a function of item difficulty bi and sample size N .

Distribution-Weighted RMSD Difficulty-Weighted RMSD

Bias Relative RMSE Bias Relative RMSE

Item (bi) N T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7

1 (−1.8)

125 0.016 −0.001 −0.016 −0.007 79.2 84.2 107.3 100 0.063 0.032 0.004 0.006 88.8 86.2 96.8 100
250 0.008 −0.002 −0.008 −0.003 86.3 92.5 107.2 100 0.036 0.013 −0.010 −0.009 76.3 78.3 95.5 100
500 0.003 −0.002 −0.004 −0.002 94.1 98.6 103.9 100 0.018 0.003 −0.013 −0.012 67.9 73.0 93.3 100
1000 0.001 −0.002 −0.003 −0.002 96.5 99.7 102.3 100 0.008 −0.002 −0.008 −0.007 71.7 78.6 92.5 100

3 (−1.0)

125 0.016 −0.001 −0.013 −0.005 83.1 88.2 108.3 100 0.026 0.005 −0.012 −0.009 75.4 78.0 97.7 100
250 0.006 −0.003 −0.008 −0.003 90.6 96.8 106.6 100 0.011 −0.001 −0.010 −0.007 76.9 83.1 99.1 100
500 0.002 −0.003 −0.005 −0.003 95.2 99.5 103.4 100 0.004 −0.002 −0.005 −0.003 88.7 94.9 101.7 100
1000 −0.001 −0.003 −0.004 −0.003 96.1 99.8 102.3 100 0.000 −0.003 −0.005 −0.004 92.8 99.0 102.3 100

5 (−0.2)

125 0.015 −0.001 −0.012 −0.004 84.6 89.9 108.4 100 0.015 0.000 −0.011 −0.005 82.7 87.8 106.7 100
250 0.005 −0.003 −0.007 −0.004 91.7 97.8 106.7 100 0.005 −0.003 −0.007 −0.003 90.9 97.1 106.1 100
500 0.001 −0.003 −0.005 −0.003 95.2 99.6 103.3 100 0.001 −0.003 −0.005 −0.003 95.0 99.5 103.2 100
1000 −0.001 −0.003 −0.004 −0.003 96.5 99.9 102.1 100 −0.001 −0.003 −0.004 −0.003 96.4 99.9 102.1 100

6 (0.4)

125 0.014 −0.001 −0.012 −0.005 83.1 89.0 107.7 100 0.017 0.000 −0.012 −0.004 84.8 88.5 106.6 100
250 0.005 −0.003 −0.008 −0.004 90.6 97.3 106.6 100 0.006 −0.003 −0.008 −0.004 90.6 96.3 106.1 100
500 0.001 −0.003 −0.005 −0.003 95.0 99.5 103.4 100 0.002 −0.003 −0.005 −0.003 95.4 99.4 103.2 100
1000 −0.001 −0.003 −0.004 −0.003 96.1 99.8 102.2 100 −0.001 −0.003 −0.004 −0.003 96.1 99.8 102.2 100

8 (1.2)

125 0.014 −0.001 −0.013 −0.007 76.9 83.2 104.2 100 0.039 0.014 −0.010 −0.002 86.1 85.0 97.3 100
250 0.006 −0.002 −0.007 −0.004 87.2 94.4 106.4 100 0.021 0.004 −0.009 −0.003 85.1 86.1 98.6 100
500 0.002 −0.003 −0.005 −0.003 93.8 99.2 103.9 100 0.009 −0.001 −0.006 −0.002 92.8 94.9 100.6 100
1000 −0.001 −0.003 −0.004 −0.003 95.7 99.7 102.4 100 0.003 −0.002 −0.005 −0.003 96.4 99.0 101.3 100

10 (1.8)

125 0.016 0.001 −0.011 −0.008 72.5 77.3 100.3 100 0.106 0.072 0.040 0.044 95.9 93.8 97.1 100
250 0.007 −0.002 −0.008 −0.005 77.4 85.6 103.9 100 0.064 0.035 0.005 0.011 90.0 89.4 95.9 100
500 0.003 −0.002 −0.004 −0.002 89.7 96.6 104.8 100 0.037 0.016 −0.007 −0.001 85.2 86.1 94.9 100
1000 0.000 −0.002 −0.003 −0.002 94.4 99.4 103.1 100 0.018 0.005 −0.008 −0.003 85.4 87.1 94.2 100

Note. T̂0 = original RMSD statistic; SI = SIMEX-based RMSD statistic; T̂3 = bias-corrected RMSD statistic as defined by (16); T̂7 = bias-corrected RMSD statistic as defined by (17); Values of
absolute bias larger than 0.010 are printed in bold font.
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Table 2. Simulation Study: Bias and relative root mean square error (RMSE) of estimated distribution-weighted and difficulty-weighted RMSD statistics for items without differential item
functioning (DIF) as a functionof item difficulty bi and sample size N .

Distribution-Weighted RMSD Difficulty-Weighted RMSD

Bias Relative RMSE Bias Relative RMSE

Item (bi) N T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7

1 (−1.8)

125 0.064 0.038 0.017 0.020 182.7 126.0 89.7 100 0.167 0.127 0.098 0.102 119.3 104.7 96.2 100
250 0.045 0.026 0.011 0.013 189.2 126.9 86.7 100 0.125 0.090 0.064 0.070 122.2 105.0 94.0 100
500 0.033 0.019 0.008 0.010 188.4 126.1 85.6 100 0.093 0.065 0.042 0.049 125.8 105.1 89.9 100

1000 0.023 0.013 0.005 0.007 190.2 125.7 82.8 100 0.066 0.043 0.025 0.031 131.4 105.2 84.7 100

2 (−1.4)

125 0.068 0.040 0.018 0.021 183.5 125.7 88.5 100 0.131 0.093 0.064 0.069 128.0 106.9 94.2 100
250 0.048 0.027 0.011 0.014 191.5 128.0 86.4 100 0.093 0.062 0.038 0.043 134.0 107.9 90.9 100
500 0.034 0.020 0.008 0.010 189.8 126.5 84.4 100 0.067 0.043 0.024 0.029 139.4 108.4 86.5 100

1000 0.025 0.014 0.005 0.007 191.9 126.7 83.4 100 0.048 0.030 0.015 0.020 144.1 108.2 82.1 100

4 (−0.6)

125 0.072 0.042 0.017 0.021 191.7 128.8 86.5 100 0.083 0.051 0.025 0.030 163.6 117.6 87.7 100
250 0.050 0.028 0.010 0.013 204.6 133.2 84.7 100 0.058 0.034 0.015 0.019 173.3 119.4 83.3 100
500 0.036 0.020 0.008 0.010 197.2 129.1 83.7 100 0.042 0.024 0.010 0.013 175.8 120.0 82.4 100

1000 0.026 0.014 0.005 0.007 201.2 130.6 83.3 100 0.030 0.017 0.007 0.009 181.8 121.8 80.7 100

5 (−0.2)

125 0.072 0.042 0.017 0.021 194.1 129.6 86.2 100 0.075 0.044 0.019 0.023 184.8 125.7 86.5 100
250 0.051 0.029 0.011 0.015 197.2 130.0 84.9 100 0.053 0.030 0.012 0.016 191.9 127.9 84.8 100
500 0.036 0.020 0.008 0.010 200.0 130.1 84.0 100 0.037 0.021 0.008 0.010 196.0 128.3 83.5 100

1000 0.026 0.014 0.005 0.007 203.9 132.0 83.7 100 0.026 0.015 0.005 0.007 199.4 129.8 83.3 100

Note. T̂0 = original RMSD statistic; SI = SIMEX-based RMSD statistic; T̂3 = bias-corrected RMSD statistic as defined by (16); T̂7 = bias-corrected RMSD statistic as defined by (17); Values of
absolute bias larger than 0.010 are printed in bold font.
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For empirical applications, the simulation results indicate that the original RMSD statistics should be interpreted
with caution, particularly in small samples and for very easy or very difficult items, as they tend to overestimate
RMSD. Bias-corrected approaches substantially improve performance. Among these, SIMEX appears to be a
practically attractive option because it consistently reduces both bias and RMSE. However, the analytically bias-
corrected RMSD estimators may be preferable in most conditions with respect to bias and in some conditions with
respect to RMSE.

5. Empirical Example

The dataset MathExamp14W used in this Empirical Example is available in the R package psychotools (Ver-
sion 0.7-6; [51]). It comprises item response data from 729 students on 13 items from a written introductory mathematics
exam [52]. Gender was used as the grouping variable, with male students in Group 1 (N = 403) and female students in
Group 2 (N = 326). The same RMSD estimators as in the Simulation Study in Section 4 were computed.

A multiple-group 2PL IRT model was estimated using the R package TAM (Version 4.3-25; [53]). The
estimated group mean difference in θ was 0.322. The SD of θ was fixed to 1 in the male group and estimated as
1.234 in the female group.

Table 3 reports descriptive statistics and the estimated distribution-weighted and difficulty-weighted RMSD
values for this empirical example. Item difficulties ranged from relatively low values for elasticity (bi = −1.084),
hesse (bi = −1.040), and interest (bi = −0.965) to a high value for payflow (bi = 2.271). Item discrimination
parameters ranged from 0.575 for quad to 1.691 for hesse. Differences in item p-values between male and female
students were generally small, although somewhat larger differences were observed for the items annuity, matrix,
payflow, and planning. The mean item p-value difference was 0.044 (SD = 0.039), favoring female students, and
ranged from −0.032 for quad to 0.101 for annuity.

Across items, the original RMSD statistic T̂0 generally yielded the largest values, followed by the SIMEX-
based estimates, whereas the bias-corrected statistics T̂3 and T̂7 were often close to zero, suggesting that DIF was
frequently absent. This pattern is consistent with the simulation results, which indicated that the original RMSD
statistic tends to be positively biased, whereas SIMEX and the analytic corrections reduce this upward bias.

Based on the estimated RMSD statistics, the strongest evidence of potential item-level misfit or DIF was
observed for payflow, planning, and quad. For payflow, the distribution-weighted RMSD remained elevated across
all estimators (T̂0 = 0.048, SIMEX = 0.042, T̂3 = 0.040, T̂7 = 0.041), and the corresponding difficulty-weighted
values were the largest in the table (T̂0 = 0.085, SIMEX = 0.074, T̂3 = 0.064, T̂7 = 0.067). Planning also showed
comparatively large RMSD values, particularly for the distribution-weighted statistic (0.052, 0.043, 0.037, and
0.040, respectively), whereas quad showed moderate values for the original and SIMEX estimators but notably
smaller values after analytic correction. By contrast, several items, such as deriv, implicit, and lagrange, had
corrected RMSD estimates of zero or near zero, indicating little evidence of meaningful DIF after accounting for
estimation bias.

Overall, Table 3 indicates that most items showed little evidence of DIF once bias correction was applied,
whereas a small subset of items—especially payflow and, to a lesser extent, planning—remained potentially
noteworthy. Consistent with the simulation findings, interpretation should rely primarily on the bias-corrected or
SIMEX-adjusted statistics rather than on the original RMSD values alone, particularly because the uncorrected
statistic may overstate apparent DIF.
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Table 3. Empirical Example: Descriptive statistics and estimated distribution-weighted and difficultyweighted RMSD statistics.

Distribution-weighted RMSD Difficulty-weighted RMSD

Item pi0 pi1 ai bi T̂0 SI T̂3 T̂7 T̂0 SI T̂3 T̂7

annuity 0.608 0.709 1.178 −0.576 0.029 0.017 0 0 0.040 0.031 0.021 0.025
deriv 0.705 0.715 1.095 −0.905 0.017 0 0 0 0.024 0.001 0 0

elasticity 0.732 0.779 1.205 −1.084 0.020 0.006 0 0 0.030 0.010 0 0
equations 0.375 0.442 1.128 0.573 0.028 0.017 0 0 0.037 0.027 0.018 0.010

hesse 0.772 0.801 1.691 −1.040 0.016 0.003 0 0 0.021 0.004 0 0
implicit 0.610 0.675 1.395 −0.454 0.008 0 0 0 0.010 0 0 0
integral 0.474 0.525 0.944 0.148 0.022 0.005 0 0 0.022 0.005 0 0
interest 0.710 0.709 1.005 −0.965 0.032 0.021 0 0 0.038 0.024 0 0
lagrange 0.404 0.429 0.703 0.685 0.018 0 0 0 0.016 0 0 0
matrix 0.603 0.696 1.610 −0.437 0.020 0.008 0 0 0.021 0.008 0 0

payflow 0.136 0.221 0.856 2.271 0.048 0.042 0.040 0.041 0.085 0.074 0.064 0.067
planning 0.400 0.429 0.859 0.620 0.052 0.043 0.037 0.040 0.043 0.031 0.019 0.012

quad 0.541 0.509 0.575 −0.066 0.042 0.029 0.011 0.024 0.042 0.029 0.010 0.024

Note. pi0, pi1 = item p-values for male (Group 0) and female (Group 1) students; ai = estimated item discrimination; bi = estimated item difficulty; T̂0 = original RMSD statistic; SI =
SIMEX-based RMSD statistic; T̂3 = bias-corrected RMSD statistic as defined by (16); T̂7 = bias-corrected RMSD statistic as defined by (17).
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6. Discussion

The present study examined the SIMEX method as a bias-correction approach for the distribution-weighted
and difficulty-weighted RMSD item fit statistics. Overall, the results showed that SIMEX was effective in reducing
the positive bias of the original RMSD statistic, and its practical use was demonstrated in the context of differential
item functioning (DIF) analysis. However, the SIMEX-based RMSD statistics generally exhibited slightly greater
bias than previously proposed analytic bias-correction methods.

A more nuanced pattern emerged when estimator performance was evaluated across DIF conditions. For items
exhibiting DIF, the SIMEX-based estimators produced lower root mean square error (RMSE) than the analytically
bias-corrected RMSD estimators, suggesting that SIMEX may offer an advantage when the goal is to improve
overall estimation accuracy under item misfit. In contrast, for items without DIF, where the true RMSD values were
zero, the analytic bias-correction methods generally outperformed SIMEX with respect to both bias and RMSE.

The SIMEX approach is also expected to perform well when multiple items are affected by DIF, although the
simulation study considered only the case in which a single item showed DIF. More generally, the proportion of DIF
items influences the expected values of the RMSD statistics for all items, even in infinite sample sizes. This applies
to both DIF and non-DIF items. As the proportion of DIF items increases, the RMSD statistics for non-DIF items
tend to move further away from zero, whereas those for DIF items tend to be smaller than when the proportion of
DIF items is lower [30].

As SIMEX relies on numerical simulations, it is computationally more demanding than analytical approaches
to bias correction of the RMSD statistic. However, SIMEX is applied only to the computation of the RMSD statistics
after the IRT model has been fitted. In general, fitting the IRT model is computationally more demanding than
repeatedly computing the RMSD statistic in SIMEX. Hence, the computational burden of the SIMEX approach
remains quite low.

The SIMEX approach to bias correction of the RMSD statistic can be extended to polytomous IRT models
such as the generalized partial credit model [54] or the graded response model [55]. In this case, the discretized
IRF must be estimated separately for each category. More specifically, the sampling error associated with the
nonparametric IRF estimates p̂ik for item i and category k is required. A variance matrix for all estimates collected
in the vector p̂i = (p̂i1, . . . , p̂iK) is then derived, and SIMEX simulates noisy versions of this estimate by adding a
simulated vector e∗i . The SIMEX estimate of the RMSD statistic obtained by quadratic extrapolation is then derived
exactly as in the case of dichotomous items.

The results from the Simulation Study suggest that bias correction of the RMSD statistic can be important,
particularly for sample sizes less than or equal to 250. Such sample sizes occur in field trials of educational
large-scale assessment studies such as programme for international student assessment (PISA; [56]), which typically
report the RMSD item fit statistic. Therefore, the use of bias-corrected RMSD estimates, whether analytical or
SIMEX-based, may be advisable in empirical research. Of course, bias-corrected RMSD estimates exhibit greater
variability and may slightly reduce power, but they may also decrease false positive (i.e., type-I error) rates.

These findings suggest that the SIMEX approach may be especially valuable in situations where analytic
bias-correction formulas are not yet available, such as for polytomous items. More broadly, the results indicate
that SIMEX has the potential to serve as a general framework for reducing finite-sample bias in item fit effect size
measures. Nevertheless, when analytically derived bias-correction methods are available, they may remain the
preferred option because of their stronger performance in conditions where no item misfit is present.

7. Conclusions

The SIMEX approach has been proposed as an alternative procedure for correcting bias in the RMSD item-fit
statistic. Overall, it exhibited favorable performance and produced results comparable to those obtained using
analytical bias-correction methods. The SIMEX approach is particularly advantageous in settings where analytical
derivations of the bias are unavailable, as it is based entirely on computational procedures.
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