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Abstract: The bifurcation problems of the four-neuron fractional-order neutral-type
inertial neural network (FONTINN) are examined. We study the dynamic characteristics
of the system by viewing time delay as the bifurcation parameter. By exploiting the
Cramer’s rule, the results with regard to delay-dependent bifurcations are obtained.
Experimental results show that when time delay is less than the critical value, the
stability of system can be well maintained, and Hopf bifurcation occurs when time
delay exceeds its critical value. Furthermore, it also reveals that fractional orders are
instrumental in ameliorating the stability of systems in comparison with the traditional
integer-order models. The correctness of the discovered theories is ultimately verified
through numerical experiments.
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1. Introduction

Fractional calculus has recently developed a hot topic and numerous applications have been spotted concerning
physics and engineering [1–3]. As a matter of fact, a considerable number of studies have shown that incorporating
fractional calculus into dynamic systems can enhance the ability to characterize, design, and control these systems. Arti-
ficial neural network, abbreviated as neural network, is a mathematical model that simulates the processing mechanism
of the human brain’s nervous system for complex information, composed of a large number of interconnected neurons.
This model has high fault tolerance [4], intelligence [5], data fusion [6], and adaptive processing capabilities [7]. It is
an interdisciplinary field involving multiple fields such as neuroscience, cognitive science, artificial intelligence, and
computer science [8–11]. It has a high degree of nonlinearity, which can improve fault tolerance and storage capacity,
and can handle nonlinear relationships and complex patterns. In the theoretical research of neural networks, nonlinear
dynamics such as stability, bifurcation, and chaos are important components. The research on neural networks not only
helps us understand the mathematical theoretical basis of neural networks, but also provides great assistance for the
development, design, and application of neural networks. Currently, neural networks have been successfully applied in
research areas such as fault diagnosis [12], combinatorial optimization [13], and medicine [14].

The neural networks that are usually described by using first-order differential equations [15, 16]. Inertial
neural networks are special neural networks and characterized by second-order differential equations. They have
received much attention in recent years, and their stability, bifurcation, and chaos phenomena have become important
research objects. The inertial neural network models contain first and second derivative terms of the system state,
therefore they have more complex dynamic characteristics. Research demonstrated that for neural networks, the
introduction of inertia terms can more accurately characterize their dynamic characteristics [17], and can be further
applied to chaos and bifurcation control [18]. At present, many important achievements have been made in the
stability and bifurcation of inertial neural networks [19–21]. In [22], the stability and bifurcation of a Caputo delayed
fractional-order BAM neural network and inertia terms were conducted. In [23], the authors combined inertia terms,
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quaternions, and time-varying discrete and distributed delays into traditional neural networks, and mainly studied the
problem of adaptive finite time synchronization for quaternion-valued inertial neural networks with mixed delays.
For this reason, an adaptive controller with robustness, simple structure, and low cost was designed. A class of
fractional-order generalized reaction-diffusion inertial neural networks were investigated in [24], and their global
uniform stability conditions were obtained based on the Lyapunov comparison principle. There are concerns that the
inertial terms are carefully incorporated into fractional-order neural networks in this paper in comparison with the
developed model in [22]. Therefore, from the perspective of neural network dynamics, the model studied in this paper
is closer to the real neural network. This treatment is beneficial for the design and application of neural networks.

In addition, time delay may occur not only in the state of neurons, but also in the time derivative of neuron
states. Neutral-type neural networks are models that have time delay in both the neuron state and the time derivative
state [25]. At present, research on the dynamics analysis of neutral-type neural networks has also achieved fruitful
results. In [26], the authors studied a neutral-type Cohen-Grossberg neural network with mixed time delay, and this
was the first article to study the global robust exponential synchronization of neutral-type Cohen-Grossberg neural
networks with mixed time delays. There are many types of time delays, such as leakage delay, proportional delay,
and neutral delay. In order to comprehensively study neutral-type neural networks, the authors first investigated the
stability problems of quaternion neural networks with neutral delay, proportional delay, and leakage delay in [27].
Based on previous research, a novel type of neural network has emerged, namely the NTINNs. This model combines
multiple elements, making it more complex and therefore more valuable for research. Previously, scholars have also
conducted research on neutral-type inertial neural networks [28–32]. According to the search, there are not many
studies on FONTINNs at present, so the research of FONTINNs deserves attention. So, in this article, we will
conduct research on FONTINNs to enrich the study of this type of neural network.

Based on the foregoing discussions, the main objective of this article is to examine the stable characteristics of
FONTINN. The main contributions of this article are outlined as follows:

(1) Different from [33], inertial terms are introduced into fractional-order neural networks with neutral delays,
which is more closely related to real-world scenarios and precisely depict the dynamical behaviors of practical
fractional-order neural networks.

(2) Delay-induced bifurcation results of NTINNs are obtained by adopting Cramer’s rule. In comparison with
traditional method, the developed is neatly utilized to deal with the bifurcations in this article. This treatment
directly reduce the computational complexity for analyzing the characteristic equation.

(3) Based on comparative explorations, it detects that the stability performance of NTINNs can be significantly
enhanced compared with the corresponding neural networks. Moreover, the onset of bifurcation of NTINNs
can be postponed(advanced) by carefully regulating fractional order.

The structure of this article is outlined as follows: in Section 2, some preliminaries on fractional-order derivative.
In Section 3, the discussed model is constructed. Section 4 derives the outcomes of bifurcations. The correctness of the
results are confirmed by two numerical simulations in Section 5. In Section 6, the conclusions are provided.

2. Principal Conceptions

This section provides some preliminary concepts on fractional calculus.

Definition 1 ([34]). Regarding the Caputo fractional derivative, we define it as

Dνf(t) =
1

Γ(α− ν)

∫ t

0

(t− s)α−ν−1f (α)(s)dt,

where α− 1 < ν ≤ α ∈ Z+, Γ(·) is the Gamma function.

By utilizing Laplace transform, we can derive the following equation:

L{Dνf(t); s} = sνF (s)−
α−1∑
k=0

sν−k−1f (k)(0), α− 1 < ν ≤ α ∈ Z+.

If meet with the zero initial conditions f (k)(0) = 0, k = 0, 1, . . . , α− 1, then L{Dνf(t); s} = sνF (s).
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3. Model Formulation

The following FONTINN is developed in this article.

Dk1V1(t) = −h1D
k2V1(t)− q1V1(t) + α11F (V2(t− ι)) + µ1D

k3V2(t− ι),

Dk1V2(t) = −h2D
k2V2(t)− q2V2(t) + α21F (V3(t− ι)) + µ2D

k3V3(t− ι),

Dk1V3(t) = −h3D
k2V3(t)− q3V3(t) + α31F (V4(t− ι)) + µ3D

k3V4(t− ι),

Dk1V4(t) = −h4D
k2V4(t)− q4V4(t) + β11G(V1(t− ι)) + β12G(V2(t− ι)) + β13G(V3(t− ι))

+ µ4D
k3V1(t− ι) + µ5D

k3V2(t− ι) + µ6D
k3V3(t− ι),

(1)

where Dk1Vi(t)(i = 1, 2, 3, 4) denote the inertial derivative terms; Vi(t) are the state of i-th neuron at time t;
ki express fractional orders; hi > 0 signify the coefficients of damping terms; qi > 0 designate self-regulating
parameters; αυ1, β1υ(υ = 1, 2, 3) are connection weights; µj(j = 1, 2, 3, 4, 5, 6) represent the weight of neutral
connections; F (·) and G(·) mean nonlinear feedback and activation functions respectively; communication delay is
represented by ι.

For the sake of rigor in deduction, we adopt the following assumption.

Hypothesis 1 (H1). F (·), G(·) ∈ C(R,R), F (0) = G(0) = 0.

Remark 1. The model in this article is an extension of the model in article [33], and inertial derivative terms are
added to the model in [33], it is a FONTINN. FONTINNs have the characteristics of past state dependence and
inductance effect, which can accurately characterize the reaction process of neurons. Studying the dynamic behavior
of FONTINNs under the influence of time delay has important theoretical significance and potential application value.

Remark 2. It is not difficult to find that FONTINN (1) can be extended into three models: when hi = µj = 0, the
model becomes a fractional-order neural network; when µj = 0, it can be transformed into a fractional-order
inertial neural network; and finally, when hi = 0, the model becomes a fractional-order neutral-type neural network.
We have also achieved many important results in the study of the above models, laying a solid foundation for the
research of FONTINN.

4. Key Results

This section exploits the stability of system (1) with delay ι as the bifurcation parameter.
Apparently, according to Hypothesis 1, the origin is the equilibrium of FONTINN (1).
The linearized equation of FONTINN (1) at the origin can be described as

Dk1V1(t) = −h1D
k2V1(t)− q1V1(t) + ρ1(V2(t− ι)) + µ1D

k3V2(t− ι),

Dk1V2(t) = −h2D
k2V2(t)− q2V2(t) + ρ2(V3(t− ι)) + µ2D

k3V3(t− ι),

Dk1V3(t) = −h3D
k2V3(t)− q3V3(t) + ρ3(V4(t− ι)) + µ3D

k3V4(t− ι),

Dk1V4(t) = −h4D
k2V4(t)− q4V4(t) + η1(V1(t− ι)) + η2(V2(t− ι)) + η3(V3(t− ι))

+ µ4D
k3V1(t− ι) + µ5D

k3V2(t− ι) + µ6D
k3V3(t− ι),

(2)

where ρυ = αυ1F
′(0), ηυ = β1υG

′(0)(υ = 1, 2, 3).
Making use of the theorem in [35], the characteristic equation of system (2) can be obtained as∣∣∣∣∣∣∣∣

ℓ11 ℓ12 ℓ13 ℓ14
ℓ21 ℓ22 ℓ23 ℓ24
ℓ31 ℓ32 ℓ33 ℓ34
ℓ41 ℓ42 ℓ43 ℓ44

∣∣∣∣∣∣∣∣ = 0,

where
ℓ11 = sk1 + h1s

k2 + q1, ℓ12 = −ρ1e
−sι − µ1s

k3e−sι, ℓ13 = 0, ℓ14 = 0,
ℓ21 = 0, ℓ22 = sk1 + h2s

k2 + q2, ℓ23 = −ρ2e
−sι − µ2s

k3e−sι, ℓ24 = 0,
ℓ31 = 0, ℓ32 = 0, ℓ33 = sk1 + h3s

k2 + q3, ℓ34 = −ρ3e
−sι − µ3s

k3e−sι,
ℓ41 = −η1e

−sι − µ4s
k3e−sι, ℓ42 = −η2e

−sι − µ5s
k3e−sι, ℓ43 = −η3e

−sι − µ6s
k3e−sι,

ℓ44 = sk1 + h4s
k2 + q4.
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The above characteristic equation is equivalent to

Φ0(s) + Φ2(s)e
−2sι +Φ3(s)e

−3sι +Φ4(s)e
−4sι = 0, (3)

where

Φ0 = q1q2q3q4 + (q1q2q3 + q1q2q4 + q1q3q4 + q2q3q4)s
k1 + (h1q2q3q4 + h2q1q3q4

+ h3q1q2q4 + h4q1q2q3)s
k2 + (q1q2 + q1q3 + q1q4 + q2q3 + q2q4 + q3q4)s

2k1

+ (h1h2q3q4 + h1h3q2q4 + h1h4q2q3 + h2h3q1q4 + h2h4q1q3 + h3h4q1q2)s
2k2

+ (q1 + q2 + q3 + q4)s
3k1 + (h1h2h3q4 + h1h2h4q3 + h1h3h4q2 + h2h3h4q1)s

3k2

+ s4k1 + h1h2h3h4s
4k2 + (h1q2q3 + h1q2q4 + h1q3q4 + h2q1q3 + h2q1q4

+ h2q3q4 + h3q1q2 + h3q1q4 + h3q2q4 + h4q1q2 + h4q1q3 + h4q2q3)s
k1+k2

+ (h1h2q3 + h1h2q4 + h1h3q2 + h1h3q4 + h1h4q2 + h1h4q3 + h2h3q1 + h2h3q4

+ h2h4q1 + h2h4q3 + h3h4q1 + h3h4q2)s
k1+2k2 + (h1h2h3 + h1h2h4

+ h1h3h4 + h2h3h4)s
k1+3k2 + (h1q2 + h1q3 + h1q4 + h2q1 + h2q3 + h2q4

+ h3q1 + h3q2 + h3q4 + h4q1 + h4q2 + h4q3)s
2k1+k2 + (h1h2 + h1h3 + h1h4

+ h2h3 + h2h4 + h3h4)s
2(k1+k2) + (h1 + h2 + h3 + h4)s

3k1+k2 ,

Φ2 = −η3q1q2ρ3 − η3ρ3s
2k1 − η3h1h2ρ3s

2k2 − µ3µ6q1q2s
2k3 − (η3q1ρ3

+ η3q2ρ3)s
k1 − (η3h1q2ρ3 + η3h2q1ρ3)s

k2 − (η3µ3q1q2 + µ6q1q2ρ3)s
k3

− (η3h1ρ3 + η3h2ρ3)s
k1+k2 − (η3µ3q1 + η3µ3q2 + µ6q1ρ3 + µ6q2ρ3)s

k1+k3

− (η3h1µ3q2 + η3h2µ3q1 + h1µ6q2ρ3 + h2µ6q1ρ3)s
k2+k3 − (η3h1µ3 + η3h2µ3

+ h1µ6ρ3 + h2µ6ρ3)s
k1+k2+k3 − (µ3µ6q1 + µ3µ6q2)s

k1+2k3 − (h1µ3µ6q2

+ h2µ3µ6q1)s
k2+2k3 − (η3µ3 + µ6ρ3)s

2k1+k3 − (η3h1h2µ3 + h1h2µ6ρ3)s
2k2+k3

− µ3µ6s
2(k1+k3) − h1h2µ3µ6s

2(k2+k3) − (h1µ3µ6 + h2µ3µ6)s
k1+k2+2k3 ,

Φ3 = −η2q1ρ2ρ3 − η2ρ2ρ3s
k1 − η2h1ρ2ρ3s

k2 − (η2µ2q1ρ3 + η2µ3q1ρ2 + µ5q1ρ2ρ3)s
k3

− (η2µ2µ3q1 + µ2µ5q1ρ3 + µ3µ5q1ρ2)s
2k3 − µ2µ3µ5q1s

3k3 − (η2µ2ρ3

+ η2µ3ρ2 + µ5ρ2ρ3)s
k1+k3 − (η2h1µ2ρ3 + η2h1µ3ρ2 + h1µ5ρ2ρ3)s

k2+k3

− (η2µ2µ3 + µ2µ5ρ3 + µ3µ5ρ2)s
k1+2k3 − (η2h1µ2µ3 + h1µ2µ5ρ3

+ h1µ3µ5ρ2)s
k2+2k3 − µ2µ3µ5s

k1+3k3 − h1µ2µ3µ5s
k2+3k3 ,

Φ4 = −η1ρ1ρ2ρ3 − (η1µ1ρ2ρ3 + η1µ2ρ1ρ3 + η1µ3ρ1ρ2 + µ4ρ1ρ2ρ3)s
k3

− (η1µ1µ2ρ3 + η1µ1µ3ρ2 + η1µ2µ3ρ1 + µ1µ4ρ2ρ3 + µ2µ4ρ1ρ3

+ µ3µ4ρ1ρ2)s
2k3 − (η1µ1µ2µ3 + µ1µ2µ4ρ3 + µ1µ3µ4ρ2

+ µ2µ3µ4ρ1)s
3k3 − µ1µ2µ3µ4s

4k3 .

If ι = 0 in the characteristic Equation (3), then it follows that

σ0 + σ1s
k1 + σ2s

2k1 + σ3s
3k1 + σ4s

4k1 + σ5s
k2 + σ6s

2k2 + σ7s
3k2 + σ8s

4k2 + σ9s
k3 + σ10s

2k3

+ σ11s
3k3 + σ12s

4k3 + σ13s
k1+k2 + σ14s

k1+k3 + σ15s
k2+k3 + σ16s

k1+k2+k3 + σ17s
k1+2k2

+ σ18s
k1+2k3 + σ19s

k2+2k3 + σ20s
k1+3k2 + σ21s

k1+3k3 + σ22s
k2+3k3 + σ23s

2k1+k2

+ σ24s
2k1+k3 + σ25s

2k2+k3 + σ26s
2k1+2k2 + σ27s

2k1+2k3 + σ28s
2k2+2k3 + σ29s

k1+k2+2k3 = 0, (4)

where
σ0 = −η1ρ1ρ2ρ3 − η2q1ρ2ρ3 − η3q1q2ρ3 + q1q2q3q4,

σ1 = −(η3q2ρ3 + q1q2q3 + q1q2q4 + q1q3q4 + q2q3q4 + η2ρ2ρ3 + η3q1ρ3),

σ2 = −(η3ρ3 − q1q2 − q1q3 − q1q4 − q2q3 − q2q4 − q3q4),

σ3 = q1 + q2 + q3 + q4,

σ4 = 1,

σ5 = −(η2h1ρ2ρ3 + η3h1q2ρ3 + η3h2q1ρ3 − h1q2q3q4 − h2q1q3q4 − h3q1q2q4 − h4q1q2q3),
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σ6 = −(η3h1h2ρ3 − h1h2q3q4 − h1h3q2q4 − h1h4q2q3 − h2h3q1q4 − h2h4q1q3 − h3h4q1q2),

σ7 = h1h2h3q4 + h1h2h4q3 + h1h3h4q2 + h2h3h4q1,

σ8 = h1h2h3h4,

σ9 = −(η1µ1ρ2ρ3 + η1µ2ρ1ρ3 + η1µ3ρ1ρ2 + µ4ρ1ρ2ρ3 + µ5q1ρ2ρ3 + µ6q1q2ρ3 + η2µ2q1ρ3

+ η2µ3q1ρ2 + η3µ3q1q2),

σ10 = −(η1µ1µ2ρ3 + η1µ1µ3ρ2 + η1µ2µ3ρ1 + µ1µ4ρ2ρ3 + µ2µ4ρ1ρ3 + µ3µ6q1q2 + η2µ2µ3q1

+ µ2µ5q1ρ3 + µ3µ5q1ρ2 + µ3µ4ρ1ρ2),

σ11 = −(η1µ1µ2µ3 + µ1µ2µ4ρ3 + µ1µ3µ4ρ2 + µ2µ3µ4ρ1 + µ2µ3µ5q1),

σ12 = −µ1µ2µ3µ4,

σ13 = −(η3h1ρ3 + η3h2ρ3 − h1q2q3 − h1q2q4 − h1q3q4 − h2q1q3 − h2q1q4 − h2q3q4 − h3q1q2

− h3q1q4 − h3q2q4 − h4q1q2 − h4q1q3 − h4q2q3),

σ14 = −(η2µ2ρ3 + η2µ3ρ2 + η3µ3q1 + η3µ3q2 + µ5ρ2ρ3 + µ6q1ρ3 + µ6q2ρ3),

σ15 = −(η2h1µ2ρ3 + η2h1µ3ρ2 + η3h1µ3q2 + η3h2µ3q1 + h1µ5ρ2ρ3 + h1µ6q2ρ3 + h2µ6q1ρ3),

σ16 = −(η3h1µ3 + η3h2µ3 + h1µ6ρ3 + h2µ6ρ3),

σ17 = h1h2q3 + h1h2q4 + h1h3q2 + h1h3q4 + h1h4q2 + h1h4q3 + h2h3q1 + h2h3q4 + h2h4q1

+ h2h4q3 + h3h4q1 + h3h4q2,

σ18 = −(η2µ2µ3 + µ2µ5ρ3 + µ3µ5ρ2 + µ3µ6q1 + µ3µ6q2),

σ19 = −(η2h1µ2µ3 + h1µ2µ5ρ3 + h1µ3µ5ρ2 + h1µ3µ6q2 + h2µ3µ6q1),

σ20 = h1h2h3 + h1h2h4 + h1h3h4 + h2h3h4,

σ21 = −µ2µ3µ5,

σ22 = −h1µ2µ3µ5,

σ23 = h1q2 + h1q3 + h1q4 + h2q1 + h2q3 + h2q4 + h3q1 + h3q2 + h3q4 + h4q1 + h4q2 + h4q3,

σ24 = −(µ6ρ3 + η3µ3),

σ25 = −(η3h1h2µ3 + h1h2µ6ρ3),

σ26 = h1h3 + h1h4 + h2h3 + h2h4 + h3h4 + h1h2,

σ27 = −µ3µ6,

σ28 = −h1h2µ3µ6,

σ29 = −(h1µ3µ6 + h2µ3µ6).

By employing corollary from [35], we derive that all roots of Equation (4) have negative real parts. Therefore,
we directly determine that system (1) is asymptotically stable when ι = 0.

By multiplying Equation (3) by esι, e2sι and e3sι, respectively. Then we conclude that
Φ0(s)e

sι +Φ2(s)e
−sι +Φ3(s)e

−2sι +Φ4(s)e
−3sι = 0,

Φ0(s)e
2sι +Φ2(s) + Φ3(s)e

−sι +Φ4(s)e
−2sι = 0,

Φ0(s)e
3sι +Φ2(s)e

sι +Φ3(s) + Φ4(s)e
−sι = 0.

(5)

To facilitate the following deduction, we mark the real part and imaginary part of Φκ(s)(κ = 0, 1, 2) as ΦR
κ ,

ΦI
κ, respectively. Let s = w(cos π

2 + i sin π
2 )(w > 0) be a pure imaginary root of Equation (5). Then the following

equations are obtained.
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

ξ11 coswι+ ξ12 sinwι+ ξ13 cos 2wι+ ξ14 sin 2wι+ ξ15 cos 3wι+ ξ16 sin 3wι = ξ17,

ξ21 coswι+ ξ22 sinwι+ ξ23 cos 2wι+ ξ24 sin 2wι+ ξ25 cos 3wι+ ξ26 sin 3wι = ξ27,

ξ31 coswι+ ξ32 sinwι+ ξ33 cos 2wι+ ξ34 sin 2wι+ ξ35 cos 3wι+ ξ36 sin 3wι = ξ37,

ξ41 coswι+ ξ42 sinwι+ ξ43 cos 2wι+ ξ44 sin 2wι+ ξ45 cos 3wι+ ξ46 sin 3wι = ξ47,

ξ51 coswι+ ξ52 sinwι+ ξ53 cos 2wι+ ξ54 sin 2wι+ ξ55 cos 3wι+ ξ56 sin 3wι = ξ57,

ξ61 coswι+ ξ62 sinwι+ ξ63 cos 2wι+ ξ64 sin 2wι+ ξ65 cos 3wι+ ξ66 sin 3wι = ξ67,

(6)

where
ξ11 = ΦR

0 +ΦR
2 , ξ12 = ΦI

2 − ΦI
0, ξ13 = ΦR

3 , ξ14 = ΦI
3, ξ15 = ΦR

4 , ξ16 = ΦI
4,

ξ21 = ΦI
0 +ΦI

2, ξ22 = ΦR
0 − ΦR

2 , ξ23 = ΦI
3, ξ24 = −ΦR

3 , ξ25 = ΦI
4, ξ26 = −ΦR

4 ,
ξ31 = ΦR

3 , ξ32 = ΦI
3, ξ33 = ΦR

0 +ΦR
4 , ξ34 = ΦI

4 − ΦI
0, ξ35 = 0, ξ36 = 0,

ξ41 = ΦI
3, ξ42 = −ΦR

3 , ξ43 = ΦI
0 +ΦI

4, ξ44 = ΦR
0 − ΦR

4 , ξ45 = 0, ξ46 = 0,
ξ51 = ΦR

2 +ΦR
4 , ξ52 = ΦI

4 − ΦI
2, ξ53 = 0, ξ54 = 0, ξ55 = ΦR

0 , ξ56 = −ΦI
0,

ξ61 = ΦI
2 +ΦI

4, ξ62 = ΦR
2 − ΦR

4 , ξ63 = 0, ξ64 = 0, ξ65 = ΦI
0, ξ66 = ΦR

0 ,
ξ17 = 0, ξ27 = 0, ξ37 = −ΦR

2 , ξ47 = −ΦI
2, ξ57 = −ΦR

3 , ξ67 = −ΦI
3.

Accordingly, the determinant for the coefficient matrix of Equation (6) can be obtained as

Θ1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

ξ11 ξ12 ξ13 ξ14 ξ15 ξ16
ξ21 ξ22 ξ23 ξ24 ξ25 ξ26
ξ31 ξ32 ξ33 ξ34 ξ35 ξ36
ξ41 ξ42 ξ43 ξ44 ξ45 ξ46
ξ51 ξ52 ξ53 ξ54 ξ55 ξ56
ξ61 ξ62 ξ63 ξ64 ξ65 ξ66

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

By using Cramer’s rule and Equation (6), we promptly obtain the following equations:
cos 2wι =

Θ2

Θ1
= ∇1(w),

sin 2wι =
Θ3

Θ1
= ∇2(w),

(7)

where

Θ2 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

ξ17 ξ12 ξ13 ξ14 ξ15 ξ16
ξ27 ξ22 ξ23 ξ24 ξ25 ξ26
ξ37 ξ32 ξ33 ξ34 ξ35 ξ36
ξ47 ξ42 ξ43 ξ44 ξ45 ξ46
ξ57 ξ52 ξ53 ξ54 ξ55 ξ56
ξ67 ξ62 ξ63 ξ64 ξ65 ξ66

∣∣∣∣∣∣∣∣∣∣∣∣∣
,

Θ3 =

∣∣∣∣∣∣∣∣∣∣∣∣∣

ξ11 ξ17 ξ13 ξ14 ξ15 ξ16
ξ21 ξ27 ξ23 ξ24 ξ25 ξ26
ξ31 ξ37 ξ33 ξ34 ξ35 ξ36
ξ41 ξ47 ξ43 ξ44 ξ45 ξ46
ξ51 ξ57 ξ53 ξ54 ξ55 ξ56
ξ61 ξ67 ξ63 ξ64 ξ65 ξ66

∣∣∣∣∣∣∣∣∣∣∣∣∣
.

It can be derived from Equation (7) that

∇2
1(w) +∇2

2(w) = 1, (8)

cos 2wι = ∇1(w). (9)

To acquire the main results, we propose the following assumption:
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Hypothesis 2 (H2). Equation (8) has at least a positive real root.

According to Equation (9), we can clearly observe that expression of ι(κ)1 as

ι
(κ)
1 =

1

2w

[
arccos∇1(w) + 2kπ

]
, κ = 0, 1, 2, . . . . (10)

Therefore, the bifurcation points can be quickly deduced

ι0 = min{ι(κ)1 }, κ = 0, 1, 2, . . . , (11)

where ι
(κ)
1 is defined by Equation (10).

Remark 3. For the derivation of bifurcation critical values, we can adopt traditional derivation methods, that is
the direct method to solve the eigenvalues. However, in this article, we use the analytical method of characteristic
equations and Cramer’s rule to complete the derivation.

The following assumption is essential for more precise bifurcation conditions.

Hypothesis 3 (H3). ϑ1ϱ1+ϑ2ϱ2

ϱ2
1+ϱ2

2
> 0, where ϑ1,ϑ2, ϱ1,ϱ2 are characterized in Equation (14).

Lemma 1. Let s(ι) = δ(ι) + iw(ι) be the root of Equation (3) near ι = ι0 conforming to δ(ι0) = 0, w(ι0) = w0.
Based on this, the following horizontal condition hold true

Re
[ds
dι

]∣∣∣
(ι=ι0,w=w0)

> 0.

Proof. Using the implicit function theorem to distinguish ι in Equation (3), we confirm

Φ′
0(s)

ds

dι
+
[
Φ′

2(s)
ds

dι
e−2sι +Φ2(s)e

−2sι
(
− 2ι

ds

dι
− 2s

)]
+
[
Φ′

3(s)
ds

dι
e−3sι +Φ3(s)e

−3sι
(
− 3ι

ds

dι
− 3s

)]
+
[
Φ′

4(s)
ds

dι
e−4sι +Φ4(s)e

−4sι
(
− 4ι

ds

dι
− 4s

)]
= 0. (12)

Through Equation (12) , we can gain that

ds

dι
=

ϑ(s)

ϱ(s)
, (13)

where

ϑ(s) = s[2Φ2(s)e
−2sι + 3Φ3(s)e

−3sι + 4Φ4(s)e
−4sι],

ϱ(s) = Φ′
0(s) + [Φ′

2(s)− 2ιΦ2(s)]e
−2sι + [Φ′

3(s)− 3ιΦ3(s)]e
−3sι

+ [Φ′
4(s)− 4ιΦ4(s)]e

−4sι.

With the support of Equation (13) , it can be concluded that

Re
[ds
dι

]∣∣∣
(ι=ι0,w=w0)

=
ϑ1ϱ1 + ϑ2ϱ2

ϱ21 + ϱ22
, (14)

where
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ϑ1 = w0(2Φ
R
2 sin 2w0ι0 − 2ΦI

2 cos 2w0ι0 + 3ΦR
3 sin 3w0ι0 − 3ΦI

3 cos 3w0ι0

+ 4ΦR
4 sin 4w0ι0 − 4ΦI

4 cos 4w0ι0),

ϑ2 = w0(2Φ
R
1 cos 2w0ι0 + 2ΦI

1 sin 2w0ι0 + 4ΦR
2 cos 3w0ι0 + 3ΦI

3 sin 3w0ι0

+ 4ΦR
4 cos 4w0ι0 + 4ΦI

4 sin 4w0ι0),

ϱ1 = Φ
′R
0 + (Φ

′R
2 − 2ι0Φ

R
2 ) cos 2w0ι0 + (Φ

′I
2 − 2ι0Φ

I
2) sin 2w0ι0

+ (Φ
′R
3 − 3ι0Φ

R
3 ) cos 3w0ι0 + (Φ

′I
3 − 3ι0Φ

I
3) sin 3w0ι0

+ (Φ
′R
4 − 4ι0Φ

R
4 ) cos 4w0ι0 + (Φ

′I
4 − 4ι0Φ

I
4) sin 4w0ι0,

ϱ2 = Φ
′I
0 + (Φ

′I
2 − 2ι0ℜI

2) cos 2w0ι0 − (Φ
′R
2 − 2ι0Φ

R
2 ) sin 2w0ι0

+ (Φ
′I
3 − 3ι0Φ

I
3) cos 3w0ι0 − (Φ

′R
3 − 3ι0Φ

R
3 ) sin 3w0ι0

+ (Φ
′I
4 − 4ι0Φ

I
4) cos 4w0ι0 − (Φ

′R
4 − 4ι0Φ

R
4 ) sin 4w0ι0.

Under the condition of satisfying the Hypothesis 3, the proof of Lemma 1 is achieved.

The above has laid a solid foundation for proving the correctness of the following theorem.

Theorem 1. By establishing assumptions Hypothesis 1–3, the following key achievements are observed.

(1) If ι ∈ [0, ι0), system (1) can displays the asymptotical steadiness of its equilibrium origin point.
(2) When ι = ι0, system (1) undergoes a Hopf bifurcation at the origin.

Remark 4. For the analysis of case ι ̸= 0, in Section 5, we determine the bifurcation critical values based on the
Equation (11) . This verifies the establishment of the lateral condition for Theorem 1.

Remark 5. In order to visually observe the stability of the system based on bifurcation critical values, we draw
trajectories and phase graphs in both numerical simulations. When delay parameters are less than critical values,
systems are stable, but when parameters are greater than critical values, systems bifurcate. Moreover, we also find
that besides time delay, the variation of fractional orders also has effect on system stability. In Figure 1 in Example
1 and Figure 2 in Example 2, we depict the change of critical bifurcation value of the system with only a fractional
order is altered.
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Figure 1. Bifurcation point ι0 of FONTINN (15) depending on fractional orders.
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Figure 2. Bifurcation point ι0 of FONTINN (16) depending on fractional orders.

Remark 6. To make the research more valuable, we compare the bifurcation critical values of integer-order systems
and fractional-order systems. By calculating and drawing Figures 3–6 in Example 1 and Figures 7–10 in Example
2, it can be concluded that fractional-order systems have better stability.
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Figure 3. Comparisons on stability of FONTINN (15) between fractional-order case and integer-order case.

https://doi.org/10.53941/cssc.2026.100018 9 of 20

https://doi.org/10.53941/cssc.2026.100018


Huang et al. Complex Syst. Stab. Control 2026, 2(3), 7

0 100 200 300 400 500 600

t

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

V
2
(t

)

k
1
=0.91,k

2
=0.93,k

3
=0.95

k
1
=k

2
=k

3
=1

Figure 4. Comparisons on stability of FONTINN (15) between fractional-order case and integer-order case.
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Figure 5. Comparisons on stability of FONTINN (15) between fractional-order case and integer-order case.
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Figure 6. Comparisons on stability of FONTINN (15) between fractional-order case and integer-order case.
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Figure 7. Comparisons on stability of FONTINN (16) between fractional-order case and integer-order case.
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Figure 8. Comparisons on stability of FONTINN (16) between fractional-order case and integer-order case.
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Figure 9. Comparisons on stability of FONTINN (16) between fractional-order case and integer-order case.
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Figure 10. Comparisons on stability of FONTINN (16) between fractional-order case and integer-order case.

5. Experimental Verifications

To prove the correctness of the obtained theory, we conduct two numerical simulation experiments in this section.

5.1. Example 1

To start with, the first example to be considered as

Dk1V1(t) = −0.6Dk2V1(t)− 0.2V1(t)− 0.5F (V2(t− ι)) + 0.8Dk3V2(t− ι),

Dk1V2(t) = −0.4Dk2V2(t)− 0.3V2(t)− 0.2F (V3(t− ι))− 0.9Dk3V3(t− ι),

Dk1V3(t) = −0.8Dk2V3(t)− 0.4V3(t)− 0.4F (V4(t− ι)) + 0.5Dk3V4(t− ι),

Dk1V4(t) = −0.5Dk2V4(t)− 0.2V4(t) + 0.5G(V1(t− ι))− 0.5G(V2(t− ι)) + 0.4G(V3(t− ι))

+ 0.6Dk3V1(t− ι) + 0.6Dk3V2(t− ι) + 0.3Dk3V3(t− ι).

(15)

We stipulate the activation function asF (·) = G(·) = tanh(·), the initial value as (V1(0), V2(0), V3(0), V4(0)) =

(0.2,−0.2, 0.3, 0.4), and the fractional orders as k1 = 0.91, k2 = 0.93, k3 = 0.95. Using Equation (11), we can
accurately calculate that w0 = 0.2474, ι0 = 0.8456. The assumption Re

[
ds
dι

]∣∣∣
(ι=ι0,w=w0)

= 0.2184 > 0, which

is verified in Hypothesis 3. The asymptotic stability of the zero equilibrium point of FONTINN (15) when
ι = 0.65 < ι0 = 0.8456 is depicted in Figures 11 and 12. In addition, the volatility of the zero equilibrium point of
FONTINN (15) is illustrated and Hopf bifurcation occur when ι = 0.95 > ι0 = 0.8456 are displayed in Figures 13
and 14.
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Figure 11. Trajectories of FONTINN (15) with ι = 0.65 < ι0 = 0.8456.
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Figure 12. The portraits of FONTINN (15) with ι = 0.65 < ι0 = 0.8456.
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Figure 13. Trajectories of FONTINN (15) with ι = 0.95 > ι0 = 0.8456.
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Figure 14. The portraits of FONTINN (15) with ι = 0.95 > ι0 = 0.8456.

The critical bifurcation value of the system will change. By calculating, we obtain that w̃0 = 0.3237, ι̃0 =

0.1829 < ι0 = 0.8456. It is obvious that the bifurcation critical value of integer order system is smaller than
the value of fractional-order system. The difference with regard to stability between integer-order system and
fractional-order system can be more clearly observed in Figures 3–6. According to this discovery, fractional-order
neural networks have better ability to improve system stability compared with integer-order neural networks. It can
be noticed from Figure 1 that the impact of fractional order on system stability is illustrated.
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5.2. Example 2

Subsequently, the second example to be considered as

Dk1V1(t) = −0.4Dk2V1(t)− 0.3V1(t)− 0.2F (V2(t− ι)) + 0.2Dk3V2(t− ι),

Dk1V2(t) = −0.6Dk2V2(t)− 0.4V2(t)− 0.6F (V3(t− ι))− 0.2Dk3V3(t− ι),

Dk1V3(t) = −0.4Dk2V3(t)− 0.3V3(t)− 0.5F (V4(t− ι))− 0.4Dk3V4(t− ι),

Dk1V4(t) = −0.2Dk2V4(t)− 0.3V4(t) + 0.3G(V1(t− ι))− 0.4G(V2(t− ι)) + 0.6G(V3(t− ι))

+ 0.6Dk3V1(t− ι)− 0.7Dk3V2(t− ι)− 0.4Dk3V3(t− ι).

(16)

We stipulate the activation function as F (·) = G(·) = tanh(·), the initial value as (V1(0), V2(0), V3(0), V4(0)) =

(0.15, 0.2,−0.2, 0.1), and the fractional orders as k1 = 0.93, k2 = 0.96, k3 = 0.97. Using Equation (11), we can
accurately calculate that w0 = 0.4486, ι0 = 1.0135. We compute that the assumption Re

[
ds
dι

]∣∣∣
(ι=ι0,w=w0)

=

0.3512 > 0, which satisfies Hypothesis 3. Based on Figures 15 and 16, the asymptotic stability of the zero
equilibrium point of FONTINN (16) when ι = 0.85 < ι0 = 1.0135 is presented. The volatility of the zero
equilibrium point of FONTINN (16) and Hopf bifurcation begins to occur when ι = 1.1 > ι0 = 1.0135 are shown
in Figures 17 and 18.

By calculating, we obtain that w̃0 = 0.4984, ι̃0 = 0.7537 < ι0 = 1.0135. It is obvious that the bifurcation critical
value of integer-order system is smaller than the value of fractional order system. The difference with regard to stability
between integer-order system and fractional-order system can be more clearly observed in Figures 7–10. According
to this discovery, fractional-order neural networks have better ability to improve system stability compared to
integer-order neural networks. It can be directly spotted from Figure 2 that impact of fractional order on system
stability is evident.
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Figure 15. Trajectories of FONTINN (16) with ι = 0.85 < ι0 = 1.0135.
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Figure 16. The portraits of FONTINN (16) with ι = 0.85 < ι0 = 1.0135.
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Figure 17. Trajectories of FONTINN (16) with ι = 1.1 > ι0 = 1.0135.
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Figure 18. The portraits of FONTINN (16) with ι = 1.1 > ι0 = 1.0135.

6. Conclusions

This article has elaborated on the dynamic characteristics of the four-neuron fractional-order neutral-type
inertial neural network. Detailed discussions have been conducted on the stability of the system under two different
scenarios, one was that the system does not have time delay, and the other was that the system have time delay.
Important bifurcation results have been obtained in the end. Through two numerical simulations, the precise
bifurcation points have been figured out. The time history and phase diagrams of the system have been drawn. The
correctness of the conclusions drawn has been confirmed. Simultaneously, we also have found that time delay
not only can affect the stability of the system, but also fractional order changes have the function of delaying and
advancing the occurrence of system bifurcations. Therefore, we have analyzed the impact of changing only one
fractional order on the bifurcation results of the system and proved the above findings. Finally, we have compared
the original simulation with integer order systems and found that the bifurcation points of integer order systems are
relatively small. It has indirectly revealed that fractional-order neural networks improved the performance stability
of the system better.

Some valuable research directions are worthy of further exploration:

(1) Based on this paper, we find that fractional order has important influence on the stability of fractional-order
neutral-type inertial neural network. Thereby, fractional order-induced bifurcations will be studied.

(2) If the parameters of coefficients involve timed delays, how to decide the bifurcation conditions of fractional-
order neutral-type inertial neural network?

(3) Discrete fractional-order neural networks have become an active research topic. How to establish the conditions
of bifurcations of these neural networks?
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