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1. Introduction

Over the past several decades, the stability research of stochastic differential equations (SDEs) have already
become a hot spot and have received extensive attention from mathematical researchers [1,2]. Among the various
types of stability, finite-time stability has drawn significant attention [3—5]. Unlike the stability in probability, and
the asymptotic stability, which primarily describe the asymptotic behavior of stochastic systems as time approaches
infinity, Finite-time stability focuses on whether the state of a system can reach and remain within an equilibrium or
a desired region within a finite period. This type of stability offers practical advantages—including predictability
and robustness to uncertainties—making it valuable for both theoretical research and real-world applications [6—8].

The finite-time stability of SDEs and the corresponding Lyapunov criteria were systematically introduced in [3,4],
providing a new theoretical path for solving the stability problems of stochastic systems. Subsequently, Yin et al. [9]
extended the research to the dynamic characteristics of SDEs and further improved the theoretical system of
finite-time stability for SDEs. Later, Yu et al. [10,11] proposed a new theoretical perspective in this field, presenting
an innovative method for stability analysis and expanding the application conditions of the differential operator LV .
Recently, Yuan et al. [12] proposed a fast finite-time stability theorem, significantly reducing the convergence time by
improving the Lyapunov criteria, and achieving good application results in the control of stochastic nonlinear systems.

Fixed-time stability, introduced by Andrieu et al. [13], represents a stronger version of finite-time stability. In
this framework, the settling time function is characterized by having a uniformly bounded upper limit. In contrast to
finite-time stability, the upper bound estimate of the settling time function here is independent of the system’s initial
conditions, leading to improved convergence speed and enhanced control precision. Further advancements in the areas
of finite-time stability and fixed-time stability can be found in studies including [5] and the references cited therein.

The presence of time delays is an unavoidable characteristic in real-world applications, particularly in
engineering systems Time-delay is frequently encountered in theoretical research and practical issues. Usually,
Stochastic delay differential equations (SDDEs) are widely applied in domains such as communication networks
and biomedical engineering. In numerous stability analyses, assumed that 7(¢) is differentiable and satisfies the
derivative constraint 0 < 7/(¢) < 1 (see references [14—16]). However, this condition is overly strict in practical
applications, as many time-delay functions do not satisfy the differentiability condition. To address this issue,
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Dong and Mao et al. proposed new assumptions for the time-delay function in [17], which is weaker than the traditional
differentiability assumption. This implies that more non-differentiable time-delay functions can be applied.

To make our research more proximate to the real models, it is essential to consider the impact of Lévy
noise [18,19]. When there exist considerable external disturbances like the fluctuations in the financial market,
random noise might present jumping phenomena, which cannot be precisely depicted by Brown motion [2,20].
Lévy noise is commonly employed to model random disturbances characterized by jumps [2,21]. However, the
discontinuity of its sample paths [22] significantly increases the complexity of the analysis.

Although finite-time stability results for SDEs have been established, see [23]. Stability results that account
for the effects of Lévy noise and time delays have yet to be developed. This situation results in a limited availability
of mathematical tools for conducting stability analysis on certain stochastic systems that exhibit delay effects in
engineering control applications.

This study aims to tackle this challenge and establishes new criteria for finite-time and fixed-time stability. In
comparison to earlier works, the contributions of this paper are highlighted in the following three key aspects.

(i) Compared with the SDDEs without jump terms, the SDDEs with Lévy noise have stronger universality and a
broader application background. Therefore, extending the finite-time stability theory from SDDEs without
Lévy noise to the case including Lévy noise is of great theoretical significance.

(i) Inspired by the works of [1,24], the time-delay function we consider does not need to satisfy the differentiability
condition. In [2, 17], Dong and Mao highlighted that the time-delay function, despite being the simplest
piecewise function, fails to satisfy the conventional time-delay requirements. (that is, the time-delay function
is differentiable and its derivative is less than one).

(iii) This paper presents two criteria for finite-time stability. The first criterion can ensure that the SDDEs is
finite-time stable. The second criterion improves the existing Razumikhin-type theorem and generalizes it to
address the fixed-time stability of SDDEs.

To clearly illustrate the limitations of existing methods and highlight our contributions, Table 1 contrasts
representative stochastic finite/fixed-time stability criteria with our proposed result.

Table 1. Comparison of stochastic finite/fixed-time stability criteria.

Study Assumption on LV (+) Result Type Convergence Time Bound
The Lyapunov . -
Finite-t tabilit -
Yin et al. [3] function V' (x) satisfies o ebutt)l.(;ts ity Exists a sequence E[T}] < %
in probabili -
LV < —c(V(z))",~ € (0,1) P y
Exist a continuous
Min et al. [6] differentiable function Generalized Fixed-time E[T] < M, where M satisfies
inetal. [6 -
v(v) > 0 and V (x) satisfies stability in probability Jo 5(eyds < M forany 0 < 7 < oo
LV < —(V(z))
Th ti ly differentiabl
£ etc-on guouj yﬁ HHerentiable Finite-ti tabilit The settling-time satisfies
unction Us satisfies inite-time stability v Us (0)
W tal. [25 E < 2220 wh
angetal 1251 1 (@) < —ky, where in probability (§6) < =53, where

. . k = min ko.
ko > 01is a finite constant. gEN e

The Lyapunov function V' (z) The settling-time

;l:;l;s paperl) satisfies LV (z, 4, 1) < lete;ll;-;}-:tablhty (14— |[¢] [P0
eorem in probabili ac
—a(V(z, )bV (y, t+7(t)) P ¥ E[Te] < o

The structure of the remaining part of this paper is as follows: Section 2 presents the necessary symbol
definitions and basic assumptions for the research; Section 3 proposes two core judgment criteria for evaluating
finite-time stability and fixed-time stability; Section 4 verifies the main theoretical results through a numerical
simulation example; finally, Section 5 summarizes and concludes the research content of the entire paper.

2. Preliminaries

In this paper, R denotes the set of all realnumbers, R? represents the d-dimensional Euclidean space,
R, represents the set of nonnegative real-numbers, (-, -) denotes the inner product on R, R™*™ denotes the
space of m x n matrices with real entries. For a matrix X, X Tdenotes the transpose of a vector or matrix,
|X| = [trace(XTX)]z. K denotes s the set of all functions that are strictly increasing, continuous and vanish at
the origin. C([—, 0]; R¢) represents the set of all continuous functions ¢ mapping from the interval [—7, 0] to R?
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equipped with the uniform norm defined as |[¢|| = sup_, <4< |¢(0)|. L, ([—7,0]; R?) refers to the family of
all o measurable, C([—, 0]; R¢)-valued stochastic variables ¢ with E||¢||F < occ. L% ([=7,0]; R?) refers to the
collection of all Fy-measurable stochastic processes ¢ taking values in C'([—7,0]; R?), such that E|[p||? < oo.

As with the works in [26-28], we also consider the SDDEs without large jumps,

dz(t) =f(x(t),z(t + 7(¢)), t)dt + g(x(t), z(t + 7(t)), t)dB(t)

+ Hy(z(t)",z(t 4+ 7(t) ", t, 2)N(dt,dz) x4, =&, t € [0,00]. M

|z|<e

where —1 < 7(t) < 0, z(t)” = limy_- 2(s), 20 = § = {£(0),—7 < 0 < 0} € L% ([-7,0];R?), the
mappings f : R? x R x Ry — R%, g : R? x R? x R, — R¥*™_ denote the space of all real-valued d x m
matrices, H; : R? x R x R, x R® — R, and the constant ¢ € (0, 00| represents the upper bound on the
allowable jump magnitude. 7(¢) satisfies —7 < 7(¢) < 0. B(-) represents a Brownian motion. Let N be a Poisson
random measure with the compensating measure N and intensity measure v. Here, v is a Lévy measure satisfying
the relation N (dt,dz) := N(dt,dz) — v(dz) and the integral condition fRd\{O}(\zP A 1v(dz) < oco. Usually,
the pair (B, N) is called a Lévy noise, the functions f, g are called drift and diffusion coefficients respectively.
f|2\<c Hy(z(t)~,z(t 4+ 7(t))~,t, 2) N(dt, dz) is called “small jump”. More detail see [18].

Assume f, g, H; are continuous coefficients. Moreover, f(0,0,¢) = 0, g(0,0,¢) = 0, H1(0,0,t,2) = 0Vt €
R . This indicates that the stochastic differential equation (SDE) (1) admits a trivial solution at zero. As noted in
Yin et al. [4], a stochastic nonlinear system that exhibits finite-time stability typically does not possess both locally
Lipschitz continuous coefficient functions f and g. Therefore, when investigating finite-time stochastic stability, it is
sufficient to assume the existence of solutions for such systems. For further details, refer to [29].

For simplicity, denote x(t) as = and z(t + 7(t)) as y. Let C**(R? x [—7, 00); R ) represent the class of all
nonnegative functions V (z,t) defined on R? x [—7, 00), such that they are twice continuously differentiable with
respect to x and once differentiable with respect to ¢. For Lyapunov function V' (x,t) € C>!(R? x [~7,00); R,),
the operator LV (x,y,t), from R? x R? x R, to R

1
LV (2,y,t) = Vt(w,t)+Vz(x,t)f(x,y7t)+5““@66[9?(937y,t)Vm(x,t)g(x,y,t)]
|z|<c
where

_ OV (x,t) OV (x,t) oV (z,t)

V@) = S Vel t) = (g S,

OV (z,t
Vo (2, 1) = ( 833;; ]))dxd

(A1) Assume the function7(-) is Borel measurable,

—7':= inf (t+7(t)) > —o0,

0<t<o0
and
Leb(I
7T :=limsup sup M < 00,
Aot s>—r A

where Leb(Is o) is the Lebesgue measure of the set I, o = {t € Ry : t +7(¢) € [s,s + A)}.

(A2) E|z(t;£)P is continuous with respect to ¢ > 0.

Lemma 1. (see [24], Lemma 2.7) If the Assumption( A1) hold, and that exhibits at most a finite number of jumps
within any bounded time interval, there exist U(t) : [—7',00) = R be a cadlag function with at most a finite
number of jumps over any finite time interval, satisfies

T T
/ (T + 7(t))dt < ?/ W(t)dt, VT > 0.
0

—T!
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Lemma 2. (see[2], [Lemma 3]) If exists a right-continuous function h(-), the following condition holds:

h(t) — h(u) < — /t ah(s)® + bh(s)ds, Y0 < u < t. )

u

where a, b > 0and 0 < d < 1. Then there exists T' > 0, such that

1

h(t) < [R(0) 4 + —(1 — =D T=a 70 vt € [0, 7).

a
b
Remark 1. In [12], it was demanded that the h(-) in inequality (2) satisfy the continuous condition. However,

through the analysis of the proof process, we noticed that the continuous condition could be weakened to the
right-continuous condition, and the result still remained valid.

Definition 1. (Finite-time stability [3]). The SDDE:s (1) is said to be finite-time stability, if V ¢ € L% ([—,0]; RY), have:

(i)  Finite-time attractiveness in probability: ¥ § € LY ([—7,0];R?), Tz = inf{t > 0;z(t;§) = 0} is finite a.s.,
meaning that P{T; < oo} = 1.

(ii)  Stability in probability: There exists a positive constant 6 = (e, r) for alle € (0,1) and r > 0, it follows that
P{lz| <r, ¥t >0} > 1 — ¢, where ||¢]| < 6.

Definition 2. (Fixed-time stability [30]). The solution of SDDEs (1) is said to be fixed-time stable if it is finite-time
stable and there exist a positive constant Tiax such that supg¢ LE ([—7,0};R) T(€) < Trnax < 0.
o (=700

Now, we introduce a few notations for the next lemma regarding probability stability. Choose a constant
h > 0 satisfying h > 2c, and define the set S;, = {z € R? : |2| < h} Fix h > 0 such that h > 2¢, and
S, ={x eRe: |z| < h}.

Lemma 3. If there exist V(x,t), such that
LV (x,y,t) <0,
is satisfied for all (x,t) € S, X [—T,00), then the SDDEs (1) is stable in probability.
Proof. Note that V'(z, t) is positive definite function, There exists a function j(-),
V(z,t) > p(|z]), Y(z,t) € Sp x [—T,00).

Lete € (0,1), r > 0. Without loss of generality, Suppose that 0 < r < % Since V' is continuous and satisfies
V(0,0) = 0, it follows that for any & > 0, there exists a corresponding 6 = d(g,r) > 0, Ve > 0, such that

sup V(z,0) < u(r)e. 3
TESs

Now fix the initial value £ arbitrarily, with ||| € Ss, Define the stopping time
a=inf{t >0:|z@)| >r},
which is the first exit time of 2(t) from S,.. Applying It6’s formula,

V(z(tAa),tAa)
tAa

= V(2(0),0) + ﬁV(x(S)_»S)dSﬂL/O aVz(w(S),S)g(ﬂc(S),x(s+T(8))78)d3(8)

0
+/0 /Z|<C[V(JS(S) + H(z(s) ,x(s+7(s))7,8,2),8) = V(x(s)7,s)]dN(ds, dz).

tAa

Obviously, [y V., (x(s), 8)g(w(s), #(s+7(s)), )dB(s) and [ [ _ [V (x(s)”+H(x(s) ", x(s+7(s))
.8, 2),8) — V(z(s)~, s)]dN (ds, dz) are two martingales.
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From condition £V < 0 and taking the expection,
E[V(z(tAa), t Aa)] < V(IE]],0). )

The solution z(-) of the SDDEs possesses cadlag paths, r < |z(7)] < r+ ¢ <
V(z,t) > p(|x]), it follows that

|

+% = h. Since

Viz(a), @) = u(lz(r)]) = pu(r).
From the previous relations we deduce that
V(I[EN, 0) = B[V (z(t A a), t Aa)] > EBllaciV (2(a), )] = Pla < t)u(r).
Together with (3) and (4), we have

Pla <t)u(r) < V([I€]],0) < sup < p(r)e < p(r)e,

which implies
Pla<t)<e.
Taking the limit as ¢ — oo, we obtain P(a < c0) < g, which implies
P{lz| <r, ¥Vt >0} >1—c¢.
Therefore, the SDDEs (1) is stable in probability. O
To prove the subsequent theorems, we present the stable in probability in Lyapunov-Razumikhin approach.

Lemma 4. Consider the SDDEs (1), if there exist positive definite function V (x,t) € C*1(S), x [-7,00);R})
such that

(1) ax () < V(a,1),
(id) LV (2,y,t) <0,
whenever BV (z(t + 7(t)),t + 7(t)) < EV(x(t),t), forallt e Ry,

then the SDDE:s (1) is stable in probability.
Proof. Define ¢; (possilbly infinite) by
ty =inf{t > 0:EV(x(t+7(t)),t +7(t)) < EV(x(t),t)},
This implies that
EV(2(0),0) <EV(x(0 +7(0)),0 + 7(0)), ¥0 € [0,t1).
Recursively applying this estimate, we can obtain
EV(z(0+7(0)),0 +7(0)) <EV(z(@+7(0) +7(0+7(9))),t+7(0) +7(6 + 7(0))),
and
EV(x(0),0) <EV(z(0 +7(0) +7(0 +7(0))),0 + 7(0) + 7(0 + 7(9))).
By constant recursion and induction, it could be sum 6 + 7(8) + 7(60 + 7(0)) + - -- < 0 for 6 € [0,¢1).i.e.,
EV(x(0),0) <EV(£,0), )

forall 8 € [0,11).
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On the other hand, define ¢, (possilbly infinite) by
to =inf{t > t1 : EV(x(t + 7(¢)), t + 7(¢)) > EV(xz(t),t)},
This implies that for all ¢ € [t1,t2), have
EV(z(0+7(0)),0 +7(0)) < EV(2(9),6).
Under the assumptions stated in the lemma,
LV (z,y,t) <O0.
By Lemma 3, the following result holds:
EV(2(0),0) <EV(x(t1),t1),

for all 6 € [ty,t2). Consequently, it follows that estimate (5) holds for all ¢ € [0, ¢2). The analysis above can be
iterated for all ¢ > 0.
Let us demonstrate by contradiction that the estimate (5) is actually valid for all £ > 0. Let us define the ¢3 as follows:

t3 = mf{t > 1o EV(ZZJ,t) > EV(&,O)}

This implies that EV (z,t) < EV(&,0) Vt € [0,t3) holds. In particular, it holds that EV (x(t3 + 7(t3)),
ts + 7(t3)) < EV(x(t3),t3). Then EV (z(t),t) < EV(E,0). This contradicts the definition of ¢3. Therefore, the
estimate (5) is valid for all ¢ > 0. According to the Lemma 3, the SDDEs (1) is stable in probability. ]

3. Main Result

In this section, the stable criterion theorems for stochastic SDDEs (1) are given.

Theorem 1. Under Assumption (Al), let c1, ca, p, a, b be positive constants and 0 < d < 1. If there exists a
positive difinite Lyapunov function V (x,t) € C>1(R? x [—7,00); R..), such that

alzlP <V(x,t) < colx|?, (6)
LV (2,y,t) < —a(V (2, 1)) = bV (y, ¢ +7(t)), t > 0, ™

then the SDDEs (1) is finite-time stable in probability.

Proof. Since the functions f, g, H; satisfy £(0,0,¢) =0, g(0,0,¢) = 0, H1(0,0,¢,2) = 0 hold for all t € R and
|z| < ¢, which indicating that the SDDEs (1) has the trivial zero solution x(t) = 0.

Note that LV (2, y,t) < 0, from Lemma 3, one can shows that for V¢ € C%, ([—,0]; R?), the SDDEs (1) is
stable in probability. We next prove that the SDDEs (1) is finite-time stable in probability.

When & = 0, it follows that 2(t) = 0, Vt > —7. When £ # 0, there exists an integer k € {2,3,-- -} such
that ||€|| € (4, k). Let us introduce the 3j, = inf{t > 0 : [z(t;€)| ¢ (+,k)}, This indicates the moment when the
absolute value of the system state first exceeds the interval (%, k). Define the stopping time sequence S

B = nf{t2 0 2(5)] ¢ (1B}

which is the first exit time of x(t; £) from (1, k). where k € {2,3,---}. Itis easy to prove that jj, is an increasing

stopping time, S = limg_, oo Bk. Applying the 1td’s formula to V for arbitrary ¢ > u > 0, the following expression
is obtained:

tABk tABk

LV (z,y,s)ds + / Va(z, s)dB(s)

uA Bk

V(z(tABr), tABr) =V(x(uABr),uA Br)+ /

uA B

tABr }
+ / V()" +H(z ",y ,s,2),8) — V(x(s)",s)N(ds,dz).

ABrk
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Let = ¢ A By ,taking expectation for both sides, one can verify that

t
E[V(z(t A Br),t A Br)]l — B[V (z(u A Br), u A Br)] < / El(s<p) LV (2(s), y(s), s)ds. ®)
It is straightforward to observe that

E[V(z(t A Br),t A Br)] — E[V(z(u A Br), u A B)]

E[l<p,)V(@(t), )] = E[l(u<p)V(@(w), w)] + Ell1<p) - u<pn) V(@(Br), Br)]
Ellt<p)V (z(t), )] — E[l(u<p,)V (2(u), u)]

aE[lu<pyz®)"] — aE[lu<p,)lz(w)]?].

AV

On the other hand, applying (7) together with Holder’s inequality, we can get

Els<p) LV (2(5),y(s),s)] < —aE[Is<p,)V (x(s), s)d] —bE[I(s<p)V (y(s),s +7(s))]
—a{E[I(s<p,)V (2(5),8)]} = 0E[L(s<p,)V (y(s), s + 7(s))]

—ac{B[Is<p)|x[P1}* = ber B s<p,)lyl7).

IN N IA

Combining this with Lemmas 1 and 2, the following result is derived:
t t
/ EI(sgﬁk)LV(x(s), y(s),s)ds < — acf/ {E[I(sgﬂk)|:17|p]}dd5

t
—bc?/ E[l, z|P]ds
T L(s<pp)lzl’] )

t
< [ actiElieza oty
u
+ berTE[L(5<p,) |2|"]ds

According to (8) and (9), shows that

t
AE[Ii<ppla )] — B[ uepy lz(u)|P] < — / aci{B[I(s<p)|x[P1}* + ber TE[I(s< g, |2[P]ds  (10)

Let h(t) = E[I3<p,)|2(t)|P], shows that

h(t) = h(u) < — / a1 h(s)? + brh(s)ds.

u

Next, we proceed to demonstrate the right-continuity of h(t). Recall that

h(t) = Ellz(t A Bi)l"] = E[I> g, l2(Bx) 7]

It is evident that E[|z(¢ A i) |?] is a right-continuous function. Based on the definition of (), we can express
E[I>p0)|2(Be)[P] as P(t > By)|z(t)[P, where |z(t)| takes the value + or k. Since P(¢ > fy) is right-continuous,
it follows that h(t) is also right-continuous. Applying Lemma 2, we derive the following inequality:

d—1
acy

B(t) < [R(0)' ™ + = (1 — DT e e e [0, T)

where

In(1 + S [[¢]PC )

T= ( —d)br

Then,

h(T) = E[l g, l=(T)|"] =0,

which also impliesP(3; < T) = 1. Let k — o0, by the dominated convergence theorem, we have P(f,, < T) = 1.
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Define a stopping time T = inf{¢t > 0;z(¢;£) = 0}, then we have
PT¢ <T)=PBss <T)=1.

Then the SDDEs (1) is finite-time stable in probability. O

Remark 2. In our results, it is not required that the time-varying delay 7(t) satisfies the assumptions of being
differentiable and having a derivative less than a certain value.

The Theorem 1 can obtain the finite-time stability of the SDDESs (1), The settling time T, of Theorem 1 is
related to the initial condition &. Although the conditions of the theorem that we will present next is stricter than the
Theorem 1, it can be shown that the SDDEs (1) is fixed-time stable, while the settling time is independent of the
initial state & of the SDDEs (1).

Theorem 2. Assume that there exists V (x,t), along with k(s) € (Ry;Ry) and ay, as € K, satisfying the following
conditions:

(1) ar(z) < V(x,1) < ax(x), (11)

(1i) LV (z,y,t) < —c1k(V(z,t)) + c2k(V (y,t + 7(t))), (12)

(122) k(V(y, t + 7(t))) < qk(V (2, 1)), ¥Vt >0, (13)

(iv) K'(s) > 0,Vs > 0, (14)

(v) /p Lds < M < o0, Vp € (0,00), (15)
o k(s)

where c1, co, M > 0and c; — qco > 0, then the SDDEs (1) is fixed-time stable in probability.

Proof. By Lemma 3 and condition (12), the SDDEs (1) is stable in probability. When ¢ = 0, it holds that

z(t) = 0Vt > —7. When £ # 0, there exists an integer k € {2,3,---} such that ||| € (3,k). We define

a1k, Qiok, agi as follows:

g = inf{t > 0: 2(5)] ¢ (1.9},

ao = inf{t 2 0+ [a(:6)| ¢ 0, 1}

agp = inf{t > 0:|z(t;&)| ¢ [k, o]}

The stopping times a1, ok, rgi are all non-decreasing and a1, = i A asg. Since exist a solution z(t) of
SDDE:s (1) is defined on [0, 00), @300 = limy—y00 g = 00. Note that iy = limg—ye0 @1 = limg 00 Gor = Q200.
According to (14) and (15), the function is defined as follows:

V(z,t) 1
F(z,t) := /0 wds. (16)

Applying It6’s formula, we have

F(z(t A oag),t Aaqg) =F(2(0),0) +/O o Mder/o o mf(x,y,s)ds

1 tAak 1
w3 mytrecels” o )Vl (.. 9)ds

1 [ihaw By i
— ,/ (g/((x );gtTCLCfiGVx(x,S)g(z,y75)| )ds an
/ I/K T H @) y(s) 0 2),8) = Fals) " 8)
H(xz(s)",y(s)",s,2)Fe(x(s)”, s)v(dz)ds
+ C(t),
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where

tAa1g Vz
et = [ —))g@c 1, 5)dB(s)
tAa g 5
/ / T+ H(x(s)",y(s)7,8,2),8) — F(x(s),s)N(ds, dz).
|z|<e
Where we have used Taylor’s formula,

/< F(ZL"I’H(SB,]J,S,Z),S) 7F(‘T,S) *H(IIZ,@/,S,Z)FZ(Z,S)”U(CZZ)

= H(z,y, s, z)T(/O (1=0)Fyu(x+0H(z,y,s,2))d0)H (z,y, s, z)v(dz)

|z <c
/ / (1— 7))H(x, Y, 8,2) Voo (x + 0H (,y, 5, 2), s)H(z,y, 5, 2)

| |<c .
— kQV( ,s))) W+ 0H (2,9, ,2),8)H(z,y, s, 2)|*]|d0}v(dz)

1
= m g KC[V(JJ + H(z,y,8,2),8) — V(z,s) — H(z,y, s, 2) Va(z, s)]u(dz)

,S

B k;2V (@, 5) /<C/ (1 —0)|Va(z + 0H(z,y, s, 2), s)H(z,y, s, 2)|*dOv(dz).

According to &'(V (x, s)) > 0, it follows that the second term on the right side of (18) and the fifth term on
the right side of (17) are both less than 0. Substitute (18) into (17), and then take expectation for both sides of (17),
we have

e LV (1, 5)
K(V(2,5)

EF(x(t A a1i), £ A arg) < EF(JIE]],0) +E/0
From (12) and (13),
EF(z(t A aqg), t Aaqg) <EF(]]],0) — (e1 — gea) E(t A aqg). (19)
Given that F'(z,¢) > 0, we have

EL([Ell, 0)

E(t A agg) < p—

)<JEF(H£H70)< M
- C1—qc2 €1—qgc2

Lett — oo and k — oo, from the Fatou Lemma and (15), we have E(ags) = E(@100
We now define T; = inf{t > 0;(t;£) = 0}, It is clear that T = 0. Hence

M

b
C1 —(gc2

E(Tg) <

which also implies P{T; < co} = 1.

Finally, we will prove that x(¢; {) = 0 V¢ > T,. Writing Ty = T simply, define an stopping time sequences
an = inf{t >;||z(t;€)|] > n}. Clearly, this is an increasing stopping time sequence and lim,, o @, = 00.
Combining (12), (13), V(z(T),T) = 0, we obtain

(t+T) Ay,

EV((t+T)Aay),t+T)ANay) <EV(z(T),T) + E/ LV (x,y,s)ds

IN

0.

Given that V' (z,t) is positive definite, it follows that V(x((t + T) A aw,), (t + T) A o) = 0 a.s., which
implies that z((¢t + T') A o) = 0. Taking the limit as n — oo, we have z(t +T) = 0Vt > 0.

In conclusion, the SDDEs (1) is finite-time stable and E(T¢) < - %] -~ Where M is a positive constant
that does not depend on the initial conditions. According to Definitions 2 and 1, we prove that the SDDEs (1) is

fixed-time stable. O
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Remark 3. Let us clarify that numerous functions exist that satisfy the requirements imposed on k(). For

example, let k(s) = as® + b, a > 1,a,b € Ry, it is easy to prove that k(s) = as® + b satisfies (14) and (15).
1 Vit) 1 ge
c1—qcs JO k(s)

According to the approach used in Corollary 3.2 of Ref. [5], we can obtain: E(T¢) <
LSiE(+ )

c1—qca b

Remark 4. To ensure that LV remains negative, we have to impose very strict constraints on the equation Such
conditions would limit the applicability of the results primarily to equations resembling stochastic diffusion equations.
Motivated by the Razumikhin-type theorem for SDDEs, we observe that it is not necessary to require LV (z,y,t) to
be negative for all t > 0. Instead, negativity of the operator can be imposed under specific relationships between

V(z(t+7(t)),t+ 7(t)) and V(z(t),1).
Theorem 3. Let d, M, A > 0 Suppose there exists V (x,t), along with k(s) € (Ry;R,) and a3, as € K, such that:
() ax(2) < V(2. ) < aala),

L |
(i) k' (s) > 0,Vs > 0 and / mds <M < o0, ¥p € (0,00),
0 S
V() t4r(0)

whenever E/ ——ds <dr, forallt € Ry,
V(a.t) k(s)

then the SDDEs (1) is fixed-time stable, and Ty < %
Proof. Step 1: According to the condition of theorem, the SDDEs (1) is stable in probability. Since we have an imolication

EV(z(t+7(t)),t +7(t)) < EV(z,t)

V(z(t+7(¢)),t+7(t)) 1 V(x,t) 1
:]E/ —ds<]E/ ——ds+dr
0 k(s) 0 k(s)

=SELV (z,y,t) < —=AEk(V(z,1)),

then the conditions of lemma 4 for stable in probability are satisfied.

Step 2: Construct a function Q(t) = E fov(w(t)’t) k(ls) ds. Let us define ¢; (possilbly infinite) by

t1 =inf{t>0:Q(t+7(t)) < Q(t) +dr},
Consequently, for every 6 € [0, 1), the following inequality holds:

Qt+7(t)) > Q) +dr
=Q(0) < Q0+ 7()) + dr(0).

Recursively applying this estimate, we can obtain
QO+ T7(0) <QO+T7(0)+7(0+7(0))) +dr(0+7(0)),
and
Q(0) QO +7(0) +7(0+7(0))) +d(r(0) +7(0 +7(0 4 7(0)))).

By constant recursion and induction, it could be sum 0 + 7(6) + 7(60 4+ 7(6)) + - -- < 0 for 6 € [0,%;), since
7(6), 7(60 + 7(6)), - -+ < 0. Eventually, it yields

Q(0) < max{0,Q(0) — c}

(20)
< max{0, M — min{}, d}6}.

for all § € [0,¢1). It should be noted that this estimation indicates that once x(n) = 0 for some 7 € [0,%;), then
x(t) = 0Vt € [n,t1). In addition, when ¢; = oo, the settling time T¢ must exist. In fact, assuming that T¢ = +o0,
we have z(t) # 0 for any large enough t. Conversely, we observe that Q(6) < max{0, M — min{}\,d}#} < 0 with
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t — 4-o00. It creates a contradiction. Therefore, T must exist and satisfied Ty = %.
Step 3: Define the stopping time ¢, (possilbly infinite) by

ty =inf{t > 1, : Q(t +7(t)) > Q(t) +dr},
This implies that
QO+ 7(0)) <Q(O) +dr. Vo € [t1,ta).
Under the assumptions of the theorem, it holds that
LV (z,y,t) < =AE(V(x,1)).
According to the Theorem 2, we have
Q(t) < max{0, M — min{\,d}(t — t1)}, Vt € [t1,t2).

Therefore, it follows that estimate (20) holds for all ¢ € [0,¢2). The analysis above can be iterated for all
t>0.

Step 4: Let us demonstrate by contradiction that the estimate (20) is actually valid for all ¢ > 0. We employ a
proof by contradiction to establish that the estimation formula (20) is valid V¢ > 0. Let us define 3 as follows:

ts = inf{t > to : Q(¢t) > max{0, M — min{\, d}t}}.

As aresult, it follows that V¢ € [0, t3), the inequality Q(¢) < max{0, M —min{\, d}¢} holds. This implies that
forallt € [0,t3), we have Q(t) < max{0, M —min{\, d}¢}. In particular, it holds that Q(t3+7(t3)) < Q(t3)+dr.
From the Step 3, we have Q(¢3) < max{0, M — min{\, d}¢s}. This contradicts the definition of ¢3. Therefore, the
estimate (20) is valid for all ¢ > 0. According to the estimate (20) and Q(t) > 0, we have T, = % O

Remark 5. The Theorem 3 is inspired by Ref. [31], the objective of the proof is to show that the V (x,t) will
fixed-time stable regardless of whether the relations between V (x(t + 7(t)),t + 7(t)) and V(x(t),t) given in
condition (iii) are satisfied or not.

4. Example

In this section, we show the finite-time stability for following SDDEs with Lévy noise.
Example 1. Consider the following SDDEs (1) with ¢ = 1,

de = [l = (14 5 )o — 29(0)|de + 2aB(e) on
+ [ wEea )N, 0
|z|<1

—0.1]sin(t)| with —7' = 0 and
Therefore, one can compute

where y = x(t + 7(t)), initial data & = {x(t) : t € (—=0.1,0)} = 2 and 7(t)
7 = 1.1111. Let Lévy measure v(-) satisfy v(dz) = ﬁ, s0 f\z\<1 ﬁ =

1, 5 dz T 9
7 e a—— R TES
/Z<12y|1+Z|2 ( 4)\yl

1 d
/ Mt T,
e 2 TR T
/ (yz —2)—Z T af?
z(yz —x)——— = ——|x
et T+ P 2

us
5"
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Now, choose Lyapunov function V (z,t) = %|x|?. Using Ité formula,

™
a(=fel® = (L4 o —29) + glaf’

1 1
[ el = Gl - (e - o)av(az)
|z]<1

LV (x)

< 2Vt - V),
which implies that the inequality (7) holds with a = 2%7 b=7%,d= %, 1 =c¢ = %
Based on Theorem 1, it holds that V(x) = 0, Vt > %. Note that V(z) = 3|z|%, we can get

5w
z(t) =0, t > %:18). Therefore, the SDDEs (21) is finite-time stable.

Computer simulations are conducted using the Euler-Maruyama method. (refer to, for instance, [32]) with
a step size of 1073. For the numerical experiments, the time-varying delay is set as 7(t) = —0.1|sin(t)|, and the
initial condition is given by £ = {x(t) : t € (—=0.1,0)} = 2.

Figure 1 displays the state trajectory corresponding to the SDDE (21).

2.5 4 — x(t)

2.0 1

1.5 1

X(t)

1.0

0.5 1

0.0 +

0.0 0.2 0.4 0.6 0.8 1.0
Time

Figure 1. The trajectories of solution of SDDEs (21)

5. Conclusions

This paper investigates the stability criteria for SDDEs with Lévy noise. The obtained results provide an
effective stability analysis method for the finite-time control. Based on this research and in combination with the
literature [33], the predefined-time stability problem of the SDDEs can be further studied in the future.
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