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Abstract: Charged dilaton black holes with a positive cosmological constant provide a
useful arena in which to test how scalar hair modifies semiclassical physics in a space-
time with two Killing horizons. The Gao–Zhang solution realizes such a geometry in
Einstein–Maxwell–dilaton theory by replacing a single Liouville potential, which is in-
sufficient for asymptotically de Sitter boundary conditions, by a three-Liouville dilaton
potential. Although the solution and several of its perturbative and optical properties
have been studied, its temperature and heat capacity have not been examined through
the same range of temperature prescriptions commonly considered for Schwarzschild–
de Sitter black holes, where the absence of global thermal equilibrium motivates several
inequivalent temperature definitions. We present this temperature-prescription compar-
ison for the four-dimensional, string-coupling member of the Gao–Zhang family. We
compare the standard surface-gravity temperature, the Bousso–Hawking-normalized
temperature, and two effective temperatures built from the black-hole and cosmological
horizons. The dilaton changes the areal radius, entropy, photon-sphere condition, and
greybody problem, while the de Sitter normalization ambiguity changes radiation
estimates by powers of the redshift factor. For representative parameters, the Bousso–
Hawking prescription can enhance a Stefan–Boltzmann estimate of the black-hole
power by one to two orders of magnitude relative to the unnormalized surface-gravity
prescription, whereas the entropy-sum effective temperature can suppress the same
estimate. These results identify a concrete gap in the thermodynamics of dilaton–de
Sitter black holes and provide a roadmap for a full greybody-factor calculation.

Keywords: dilaton–de sitter black holes; hawking radiation; effective horizon temperatures

1. Introduction

Dilaton fields arise naturally in low-energy string theory and in many effective descriptions of compactified
higher-dimensional gravity. Once the dilaton couples nonminimally to the Maxwell sector, the causal structure and
thermodynamics of charged black holes are changed in ways that are already visible in asymptotically flat Einstein–
Maxwell–dilaton solutions such as the Gibbons–Maeda and Garfinkle–Horowitz–Strominger black holes [1,2]. In
particular, the surface area of symmetry spheres is no longer simply 4πr2, the curvature singularity may be shifted
to a finite positive value of the radial coordinate, and the electric charge is tied to scalar hair.

The inclusion of a cosmological constant is subtler. In a simple Liouville-potential model, no static, spherically
symmetric, charged dilaton black hole with ordinary de Sitter or anti-de Sitter asymptotics exists, apart from
the trivial pure-cosmological-constant case. Gao and Zhang overcame this obstruction in four dimensions by
introducing a potential consisting of three Liouville terms and constructed exact charged dilaton black holes in
de Sitter and anti-de Sitter backgrounds [3]. Higher-dimensional analogues were subsequently obtained [4], and
related solutions have been used as backgrounds for particle motion and strong lensing [5], quasinormal modes [6,7],
thermodynamics of AdS dilaton branes [8,9], and generalized Einstein–Maxwell–scalar constructions with first-law
and Smarr analyses [10]. A more recent de Sitter thermodynamic treatment of topological dilaton black holes with
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nonlinear electrodynamics also emphasizes that the black-hole and cosmological horizons are thermodynamically
linked [11].

There remains, however, a specific missing piece. In de Sitter black-hole thermodynamics the timelike
Killing vector is not normalized at spatial infinity, because there is no spatial infinity inside the static patch. The
“temperature of the black hole” is therefore not a unique object. For Schwarzschild–de Sitter black holes, this issue
has led to several prescriptions: the bare surface-gravity temperature, the Bousso–Hawking temperature obtained by
normalizing the Killing vector at the geodesic static radius, and effective temperatures constructed from both the
black-hole and cosmological horizons [12–16]. Kanti and Pappas showed that these choices can lead to materially
different Hawking spectra and even different conclusions about relative emissivities [14]. The analogous comparison
has not, to our knowledge, been carried out for the Gao–Zhang dilaton–de Sitter black holes.

This paper formulates that comparison. We focus on the four-dimensional string-coupling case, for which
the metric takes a compact form and is the case most often used in perturbative studies. The generalization to
arbitrary dilaton coupling is straightforward at the level of principle but less transparent algebraically. Section 2
reviews the action, the solution, the horizon structure, and the entropy. Section 3 introduces the different temperature
prescriptions in a form adapted to the dilaton geometry. Section 4 discusses thermodynamic consequences, including
heat-capacity diagnostics and the role of the cosmological horizon. Section 5 estimates Hawking emission rates
and shows how strongly the predicted flux depends on the chosen de Sitter temperature. We work in units
G = c = ℏ = kB = 1.

2. Theory and Dilaton–de Sitter Geometry

2.1. Einstein–Maxwell–Dilaton Action

The four-dimensional Einstein–Maxwell–dilaton model may be written as

I =
1

16π

∫
d4x

√
−g
[
R− 2(∇Φ)2 − V (Φ)− e−2αΦFµνF

µν
]
. (1)

Here α controls the coupling between the scalar and electromagnetic fields. A single Liouville term in V (Φ)

does not generate the desired de Sitter or anti-de Sitter asymptotics for nonzero charge and nontrivial dilaton. Gao
and Zhang instead used a three-Liouville potential. In a common normalization, and setting an additive constant in
Φ to zero for notational simplicity, it can be expressed as

V (Φ) =
2Λ

3(1 + α2)2

[
α2(3α2 − 1)e−2Φ/α + (3− α2)e2αΦ + 8α2e(α−α−1)Φ

]
. (2)

For Φ = 0, this reduces to V (0) = 2Λ, so the action reproduces the Einstein–Maxwell theory with cosmologi-
cal constant in the nondilatonic limit.

The detailed analysis below specializes to the string value α = 1. The potential is then

V (Φ) =
Λ

3

(
e2Φ + e−2Φ + 4

)
, (3)

up to the harmless shift Φ → Φ− Φ0. The field equations following from Equation (1) are

Rµν = 2∂µΦ∂νΦ+
1

2
gµνV (Φ) + 2e−2Φ

(
FµλFν

λ − 1

4
gµνF

2

)
, (4)

∇µ

(
e−2ΦFµν

)
= 0, (5)

∇2Φ =
1

4

dV

dΦ
− 1

2
e−2ΦF 2. (6)

2.2. Metric, Fields, and Limits

For Λ > 0 the four-dimensional charged dilaton–de Sitter metric can be written as

ds2 = −f(r)dt2 + dr2

f(r)
+R2(r)dΩ2

2, (7)
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with
f(r) = 1− 2M

r
− Λ

3
r(r − 2Q), (8)

R2(r) = r(r − 2Q), (9)

e2Φ(r) = e2Φ0

(
1− 2Q

r

)
, (10)

Ftr =
qe2Φ0

r2
, Q =

q2e2Φ0

2M
. (11)

The coordinate r is not the areal radius; the area of a two-sphere at coordinate radius r is 4πR2(r). The
physical static region must lie outside the dilatonic singular surface

rs = 2Q, (12)

where the two-sphere shrinks and curvature invariants diverge. Thus a regular black-hole exterior requires the
black-hole horizon rb to satisfy rb > 2Q.

The two limiting cases are instructive. Setting Q = 0 removes the scalar hair and Equation (8) reduces to
Schwarzschild–de Sitter. Setting Λ = 0 gives the electrically charged stringy dilaton black hole, with event horizon
at r = 2M and singular surface at r = 2Q. The de Sitter case combines both features: a cosmological horizon
appears, but the black-hole area and entropy retain explicit dilaton dependence.

2.3. Horizons and Nariai-Type Endpoint

Killing horizons are roots of f(r) = 0. Multiplying Equation (8) by r gives the cubic

−Λ

3
r3 +

2ΛQ

3
r2 + r − 2M = 0. (13)

For appropriate (M,Q,Λ) there are two positive roots outside rs = 2Q; these are the black-hole horizon rb
and the cosmological horizon rc, with

2Q < rb < rc. (14)

Throughout the paper rh denotes a generic Killing-horizon radius. It can be replaced by rb when the formula
is evaluated at the black-hole horizon, or by rc when it is evaluated at the cosmological horizon. Thus rh is not a
third radius or an additional horizon; it is a placeholder used for expressions, such as the entropy or surface gravity,
that have the same form at either root of f(r) = 0. By contrast, rb always refers specifically to the smaller positive
root outside the singular surface and determines the black-hole area, temperature, and emitting surface. The mass
parameter may be expressed in terms of any horizon radius rh as

M(rh) =
rh
2

[
1− Λ

3
rh(rh − 2Q)

]
. (15)

The de Sitter black-hole and cosmological horizons coalesce when f(rN ) = f ′(rN ) = 0. For the present
metric this gives

rN =
2Q

3
+

√
4Q2

9
+

1

Λ
, (16)

MN =
Λ

3
r2N (rN −Q). (17)

For Q = 0 these formulas reduce to the usual Schwarzschild–de Sitter values rN = Λ−1/2 and MN = (3
√
Λ)−1.

The horizon entropy is one quarter of the area,

Sh =
Ah

4
= πR2(rh) = πrh(rh − 2Q), (18)

which vanishes as a horizon approaches the dilatonic singular surface. The electric potential measured relative to a
horizon may be chosen, up to a gauge constant, as
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Φe(rh) ≃
qe2Φ0

rh
, (19)

with the caveat that in de Sitter space thermodynamic potentials are usually defined quasilocally or by comparing
the two horizons.

3. Hawking Temperature Prescriptions

3.1. Bare Surface-Gravity Temperature

For the Killing vector χ = ∂t, the standard horizon surface gravity is

κ
(0)
h =

1

2
|f ′(rh)|, (20)

so that the corresponding “bare” temperature is

T
(0)
h =

|f ′(rh)|
4π

, f ′(r) =
2M

r2
− 2Λ

3
(r −Q). (21)

Using the horizon equation to eliminate M , one obtains

T
(0)
b =

1

4π

(
1

rb
− Λrb +

4ΛQ

3

)
, (22)

T (0)
c =

1

4π

(
Λrc −

1

rc
− 4ΛQ

3

)
, (23)

where the signs are chosen so that both temperatures are positive in the static region. These temperatures vanish at
the Nariai point. Away from special parameter values, T (0)

b ̸= T
(0)
c , so the static patch is not in ordinary thermal

equilibrium.

3.2. Tolman Temperature and Bousso–Hawking Normalization

Because the spacetime is not asymptotically flat, the normalization of χ is ambiguous. A static observer at
radius r measures the Tolman-redshifted temperature

T
(0)
h,loc(r) =

T
(0)
h√
f(r)

. (24)

The Bousso–Hawking prescription chooses a preferred observer at the point where the gravitational attraction of
the black hole and the cosmological repulsion balance. In the present geometry this geodesic radius r0 is defined by

f ′(r0) = 0, r30 −Qr20 −
3M

Λ
= 0, rb < r0 < rc. (25)

The normalized black-hole temperature is then

TBH
b =

T
(0)
b√
f(r0)

. (26)

One may analogously normalize T (0)
c , although much of the Schwarzschild–de Sitter radiation literature uses

TBH
b together with the bare cosmological-horizon temperature when forming effective quantities. The normalization

factor is physically important: as the horizons approach the Nariai limit, both T (0)
b and

√
f(r0) vanish, and their

ratio can remain finite.

3.3. Effective Two-Horizon Temperatures

The static patch contains two horizons with distinct entropies. This motivates effective temperatures that
encode the response of a combined horizon system. If Tb denotes the black-hole temperature used in the prescription
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and Tc ≡ T
(0)
c , two commonly used combinations are

T
(+)
eff =

TbTc
Tb + Tc

, (27)

T
(−)
eff =

TbTc
Tb − Tc

. (28)

The plus prescription is associated with adding horizon entropies, while the minus prescription appears when
the energy flow through one horizon is assigned the opposite sign to the flow through the other. A Bousso–Hawking
effective temperature can be defined by substituting Tb = TBH

b in Equation (28):

TBH
eff =

TBH
b T

(0)
c

TBH
b − T

(0)
c

. (29)

Equations (26)–(29) are the direct dilaton–de Sitter analogues of the temperature prescriptions compared for
Schwarzschild–de Sitter radiation spectra. The new ingredient is that Q affects the horizons, the normalization
point, and the entropy through the areal radius R(r).

4. Thermodynamic Consequences

4.1. Entropy and First-Law Bookkeeping

The individual horizon entropies are

Sb = πrb(rb − 2Q), Sc = πrc(rc − 2Q). (30)

Thus the dilaton shifts both the entropy and its variation,

dSh = 2π(rh −Q)drh − 2πrhdQ. (31)

This is already enough to show why a careful thermodynamic treatment cannot be obtained by copying
the Schwarzschild–de Sitter formulae with r2h left unchanged. If one varies the physical electric charge q, then
Q = q2e2Φ0/(2M) also varies; if instead one holds Q fixed, one is working in a useful but not fully canonical
slice of parameter space. A complete first law should therefore keep track of the electric work term and the scalar
contribution, or else use a quasilocal formalism adapted to the static patch.

For the purpose of isolating the temperature ambiguity, it is useful to consider fixed Q and Λ and use
Equation (15). Then

dM

drb
=

1

2

(
1− Λr2b +

4ΛQrb
3

)
=
rb
2
f ′(rb). (32)

The unnormalized heat-capacity diagnostic is

C0 ≡

(
∂M

∂T
(0)
b

)
Q,Λ

= −
2πr2b

(
1− Λr2b + 4ΛQrb/3

)
1 + Λr2b

. (33)

In the ordinary black-hole branch, where T (0)
b > 0, this diagnostic is negative. Other prescriptions replace

T
(0)
b by TBH

b or by an effective two-horizon temperature; because r0 and rc vary with M , their heat capacities can
develop different zeros and poles. Thus even before computing greybody factors, the choice of de Sitter temperature
changes the inferred stability properties.

4.2. Lukewarm and Near-Nariai Regimes

Equilibrium between the two bare horizons would require

T
(0)
b = T (0)

c ,
1

rb
+

1

rc
= Λ

(
rb + rc −

8Q

3

)
. (34)

This condition is not generic. The dilaton charge shifts the balance relative to Reissner–Nordström–de Sitter
or Schwarzschild–de Sitter black holes, and it should be tested against the requirement rb > 2Q.

Near the Nariai point, Equation (16), the bare temperatures tend to zero. In contrast, TBH
b need not vanish

because the normalization point also approaches a zero of f(r). This is precisely the type of regime in which the
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Bousso–Hawking normalization can qualitatively alter evaporation estimates. Since the dilaton reduces the areal
radius according to R2 = r(r − 2Q), the near-Nariai entropy and luminosity are additionally suppressed by the
scalar hair even when the normalized temperature remains finite.

5. Hawking-Radiation Estimates

5.1. Scalar Wave Equation and Greybody Factors

A massless scalar perturbation φ obeys
□φ = ξR, (35)

where ξ is the coupling parameter. In particular, ξ = 1/6 corresponds to the conformal coupling.
With the separation (see details in [17,18])

φ =
ψωℓ(r)

R(r)
Yℓm(θ, ϕ)e−iωt,

dr∗
dr

=
1

f(r)
, (36)

the radial equation takes the Schrodinger form

d2ψωℓ

dr2∗
+
[
ω2 − Vℓ(r)

]
ψωℓ = 0, (37)

where the effective potential may be written as

Vℓ(r) = f(r)

[
ℓ(ℓ+ 1)

R2(r)
+

1

R(r)

d

dr

(
f(r)

dR

dr

)
− ξR(r)

]
, (38)

where

R(r) =
2Q2f(r)

r2(r − 2Q)2
+

2Λ

3

[
r − 2Q

r
+

r

r − 2Q
+ 4

]
.

The greybody factor Γℓ(ω) is obtained by solving Equation (37) with the appropriate ingoing and outgoing
boundary conditions at the two horizons. The corresponding energy-emission spectrum for a temperature choice
TX is

d2EX

dt dω
=

1

2π

∞∑
ℓ=0

(2ℓ+ 1)
Γℓ(ω)ω

exp(ω/TX)− 1
. (39)

Equation (39) shows why the de Sitter temperature ambiguity matters: even if the same greybody factors are
used, the Planck denominator changes nonlinearly with TX .

At high frequencies, a useful geometric-optics estimate is obtained from the photon sphere. For the metric (7),
null circular orbits satisfy

d

dr

(
R2(r)

f(r)

)
r=rph

= 0,
f ′(rph)

f(rph)
=

2(rph −Q)

rph(rph − 2Q)
. (40)

The associated critical impact parameter is

b2ph =
R2(rph)

f(rph)
, (41)

so a geometric absorption cross section is σgeo ≃ πb2ph.
At low frequencies the behavior is qualitatively different from the asymptotically flat case. Because the wave

is scattered between two horizons rather than between a horizon and spatial infinity, the minimally coupled s wave
can approach a nonzero transmission probability as ω → 0. This constant can be obtained by a standard matched
zero-frequency argument. For ℓ = 0 it is useful to work with the unrescaled radial mode ϕ0(r), whose equation is

d

dr

[
R2(r)f(r)

dϕ0
dr

]
+
ω2R2(r)

f(r)
ϕ0 − ξR(r)R2(r)ϕ0 = 0. (42)

At zero frequency (ω = 0) and coupling (ξ = 0) this equation integrates to

R2(r)f(r)
dϕ0
dr

= C2, ϕ0 = C1 + C2

∫ r dr′

R2(r′)f(r′)
. (43)
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Near either horizon, dr∗/dr = 1/f implies∫ r dr′

R2(r′)f(r′)
≃ r∗
R2(rh)

, (44)

so the same integration constant C2 corresponds to different slopes in r∗, weighted by the two horizon areas. The
low-frequency scattering solution has the asymptotic form

ϕ0 ≃ Atre
−iωr∗ (r → rb), ϕ0 ≃ Aine

−iωr∗ +Aoute
iωr∗ (r → rc), (45)

where the wave is purely ingoing at the black-hole horizon and is a superposition of incident and reflected waves at
the cosmological horizon. Expanding Equation (45) for small ω and matching the constant and linear terms in r∗ to
Equation (44) for the minimal coupling (ξ = 0) gives

Atr = Ain +Aout,
AtrR

2(rb)

R2(rc)
= Ain −Aout. (46)

Therefore
Atr

Ain
=

2R2(rc)

R2(rb) +R2(rc)
. (47)

The radial flux carried by a horizon plane wave is proportional to the area factor R2(rh) times the squared
amplitude. The resulting zero-frequency greybody factor is therefore (cf. [19])

Γ0(0) =
Ftr

Fin
≃ R2(rb)

R2(rc)

∣∣∣∣Atr

Ain

∣∣∣∣2 =
4R2(rb)R

2(rc)

[R2(rb) +R2(rc)]
2 , (48)

which reduces to the usual Schwarzschild–de Sitter area formula when Q = 0. The dilaton enters this estimate
through the replacement of the areal factors r2h by R2(rh) = rh(rh − 2Q). Hence scalar hair suppresses the
low-frequency transmission whenever it reduces the black-hole area relative to the cosmological area, and the
suppression becomes strong as rb approaches the singular surface 2Q.

This result also clarifies the meaning of a low-frequency absorption cross section in a de Sitter static patch. If
one formally uses the partial-wave relation

σabs(ω) =
π

ω2

∞∑
ℓ=0

(2ℓ+ 1)Γℓ(ω), (49)

then the s-wave term behaves as σabs ∼ πΓ0(0)/ω
2 rather than approaching the black-hole horizon area. This

infrared growth reflects the finite cosmological horizon boundary condition and should not be confused with the
asymptotically flat universality result σabs(0) = Ab. In practical luminosity estimates the relevant quantity is
therefore the finite transmission probability in Equation (48), together with the emitting area or the geometric-optics
cross section used to normalize the flux.

However, for the nonminimally coupled scalar field in the asymptotically de Sitter spacetime it is possible to
show that the greybody factor for the ℓ = 0 mode generally vanishes in the zero-frequency limit [20]. The coupling
term in Equation (42) leads to the nontrivial logarithmic correction, and the matching conditions read:

Ain +Aout = Atr, iω(Aout −Ain) ≃ AtrB, (50)

where

B =
ξ

R2(rc)

∫ rc

rb

R(r)R2(r)ϕ0(r) dr. (51)

Although we do not give an explicit form of the integral in (51), it is finite and can be obtained perturbatively
in ξ by solving the corresponding Volterra integral equation.

The greybody factor in the zero-frequency limit approaches zero as

Γ0(ω) =
R2(rb)

R2(rc)

∣∣∣∣Atr

Ain

∣∣∣∣2 =
4R2(rb)

R2(rc)|B|2
ω2 +O(ω)2. (52)
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Consequently the s-wave absorption cross section is finite in the infrared limit,

σ
(0)
abs(0) =

4πR2(rb)

R2(rc)|B|2
=

4πR2(rb)R
2(rc)

ξ2
∣∣∣∣∫ rc

rb

R(r)R2(r)ϕ0(r) dr

∣∣∣∣2
. (53)

A more precise frequency-dependent cross section for the dilaton geometry requires solving Equation (37) in
the whole range of frequencies either numerically [21–23] or semi-analytically [24,25].

Calculations of greybody factors with the 6th order WKB accuracy for a scalar and Dirac fields have been
done in [26]. However, the WKB accuracy is usually insufficient for sufficiently accurate estimates of the Hawking
radiation [27–32].

5.2. Stefan–Boltzmann Estimates

A compact way to compare temperature prescriptions is to use a greybody-averaged Stefan–Boltzmann estimate

PX ≃ g∗ σSBAeff T
4
X , σSB =

π2

60
, (54)

where g∗ counts effectively massless degrees of freedom and Aeff is either the horizon area 4πR2(rb) or the
geometric-optics area πb2ph. The absolute value of PX is model-dependent, but ratios of estimates based on the
same Aeff obey

PX

P0
≃

(
TX

T
(0)
b

)4

. (55)

Thus the Bousso–Hawking prescription gives

PBH

P0
≃ 1

f2(r0)
, (56)

which can be large when f(r0) is small. The effective temperatures instead may either suppress or enhance the
power depending on whether Teff lies below or above T (0)

b .
Table 1 gives representative dimensionless estimates with M = 1, Q = 1/2, and three values of Λ. The

singular surface is at rs = 1, so the listed black-hole horizons cloak the singularity. The table is not a substitute for
a greybody computation; it isolates the temperature effect that any such computation would inherit.

Table 1. Temperature estimates for the dilaton–de Sitter black hole with M = 1 and Q = 1/2. The last column uses
Equation (56). The entropy-sum effective temperature T

(+)
eff is smaller than the bare black-hole temperature in all

three examples, while TBH
b is larger because the preferred static observer sits at a finite redshift.

Λ rb rc f(r0) T
(0)
b TBH

b T
(0)
c T

(+)
eff PBH/P0

0.02 2.028 11.659 0.471 0.0371 0.0540 0.0107 0.0083 4.50

0.08 2.139 5.379 0.195 0.0278 0.0630 0.0152 0.0098 26.2

0.12 2.255 4.122 0.094 0.0201 0.0654 0.0137 0.0082 112

The numerical trend is clear. Increasing Λ pushes the two horizons together, lowers the bare black-hole
temperature, and decreases f(r0). The Bousso–Hawking temperature grows relative to the bare temperature and
can therefore raise a T 4 luminosity estimate by orders of magnitude. Conversely, T (+)

eff remains tied to the colder
cosmological horizon and suppresses the black-hole emission estimate. The minus prescription T (−)

eff behaves
differently: it can become large when T (0)

b ≈ T
(0)
c , signalling that this effective temperature should be interpreted

as a thermodynamic response function rather than as an ordinary local bath temperature.

5.3. Evaporation Direction and Charge Dependence

At fixed Q, the bare black-hole temperature decreases as the black-hole horizon grows,

∂T
(0)
b

∂rb
= − 1

4π

(
1

r2b
+ Λ

)
< 0. (57)
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The dilaton charge also reduces the emitting area,

Ab = 4πrb(rb − 2Q), (58)

which suppresses the luminosity as Q approaches rb/2. These two effects compete with the normalization effect
in Equation (26). A full evaporation model should therefore evolve at least (M, q) rather than M alone, because
Q = q2e2Φ0/(2M) changes when mass and charge are radiated. The radiation channels should include neutral
scalar modes, charged modes, and possibly dilaton perturbations. The leading expectation is that the temperature
prescription controls the overall scale of the flux, while Q controls both the area and the greybody barrier.

6. Discussion and Outlook

The Gao–Zhang dilaton–de Sitter solution sits at the intersection of two well-developed subjects: dilaton
black holes and de Sitter horizon thermodynamics. The former literature has clarified the geometry, scalar hair,
and several perturbative properties of the solution; the latter has shown that Hawking radiation in a static de
Sitter patch is sensitive to the normalization of the timelike Killing vector and to the chosen effective two-horizon
thermodynamic description. The comparison carried out here indicates that these two facts cannot be combined by a
trivial replacement of the Schwarzschild areal radius. The dilaton modifies the entropy, the singularity condition,
the photon sphere, and the greybody potential, while the de Sitter temperature ambiguity changes the Planck factor
and the inferred evaporation rate.

Several calculations would turn this formulation into a complete quantitative study. First, one should compute
the greybody factors Γℓ(ω) numerically for the potential in Equation (38) across the allowed (M,Q,Λ) domain.
Second, the same calculation should be repeated for electromagnetic and dilaton perturbations, since the scalar hair
makes the radiated-channel bookkeeping more subtle than in Schwarzschild–de Sitter. Third, the first law should
be derived in a quasilocal ensemble that treats the two horizons, electric charge, scalar charge, and cosmological
pressure consistently. Finally, the evaporation equations should be integrated with different temperature prescriptions
to determine whether the endpoint is a Nariai configuration, a cold dilatonic remnant, or a naked singularity avoided
by charge loss.

The central conclusion is that the thermodynamics of these black holes has not been exhausted by assigning
T = |f ′(rh)|/(4π). In de Sitter space that assignment is one prescription among several, and for dilaton black
holes the differences are amplified by the scalar-dependent area and redshift structure. A dedicated study of the
Gao–Zhang geometry along these lines would therefore fill a genuine gap in the literature.
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