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1. Introduction

The Lotka-Volterra predator-prey system is a classic model in mathematical biology, using equations to reveal
the dynamic balance relationship between predator and prey populations in nature [1-8]. The Lotka-Volterra
predator-prey model not only reveals the periodic fluctuation patterns between predators and prey, but is also widely
applied in areas including biological resource management, pest control, and ecological stability assessment [9—11].
It provides important theoretical support for understanding community structure and guiding ecological conservation
and sustainable utilization. Therefore, the dynamic behaviors of the Lotka-Volterra system have aroused great
interest among scholars in various fields, and numerous research results have been achieved regarding its stability,
persistence, periodic solutions, and bifurcation [12—16]. Xu et al. conducted the first systematic analysis of the
case where the intrinsic growth rate vector ¢ # 0 for the anti-symmetric Lotka-Volterra systems in [12]. Chen et al.
investigated the stability of a Lotka-Volterra type predator-prey system with Allee effect in the predator and density-
dependent birth rate in the prey, considering both the non-delayed and delayed cases in [13]. Xia et al. considered
a symmetric Lotka-Volterra system and further analyzed the stability and direction of Hopf bifurcation by using
the normal form method in [14]. A stochastic non-autonomous predator-prey model was investigated, and the
existence of at least one positive periodic solution under certain simple and reasonable conditions was proved in [15].
Zhao et al. designed a controller for the Lotka-Volterra system and found that the critical value of time delay can be
modified by tuning the control parameters in [16].

In real biological systems, multiple time delays are usually involved, such as delays in predator gestation,
digestion, and resource regeneration. This implies that it is insufficient to only investigate the effect of a single
time delay on biological models. Therefore, studying predator-prey models with multiple time delays can reflect
real-world situations more accurately [17-19]. In particular, Xu et al. considered a model with two time delays
in [20] based on the existing framework.

(E(t) :x(t)[rl —anx(t—ﬁ) —algy(t—Tz)], (1)
y(t) = y(t)[=r2 + anx(t — 72) — azy(t — 1)},
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where x(¢) and y(t) respectively represent the population densities of prey and predators at time ¢. r; > 0 represents
the intrinsic growth rate of the prey, and r > 0 represents the mortality rate of the predator. a;;(ij = 1, 2) are all
positive constants. 71 is the gestation period of prey and predator. 75 is the hunting delay of predator to prey in the
first equation of system (1). 79 is the feedback delay of the predator to the growth of the species itself in the second
equation of system (1).

On the other hand, traditional integer-order differential equations are inherently limited in capturing memory,
hereditary, and nonlocal characteristics, which are common in real biological systems. As an extension of integer-
order differential equations, fractional-order systems introduce non-integer order differential operators and possess
distinctive memory and hereditary properties [21-23]. They have been widely applied in various scientific and
engineering fields, such as control engineering, neural networks, disease transmission, biological populations and
image processing [24—29]. Ma et al. combined higher-order interactions with discrete fractional dynamics to
construct a discrete fractional higher-order neural network model in [24]. The authors proposed the influence of
fractional orders on the dynamical characteristics of the proposed fractional-order SIR model in [25]. Zhang et al.
analyzed the bifurcation problem of a fractional-order disease spreading system in [26]. The authors upgraded the
traditional model SISUV and SIRUV to a fractional-order system with Caputo-type fractional derivatives, accurately
capturing the memory characteristics of disease transmission in [27]. Based on the GL fractional derivative, this
paper achieved the optimization of edge detection for colour images in [29]. Compared with integer-order models,
fractional-order predator-prey models can better describe realistic ecological scenarios, such as the cumulative
effects of environmental factors during population growth and the memory effects in the growth of biological
individuals. Therefore, fractional-order operators have been introduced into the predator-prey model [30-37]. For
example, Mu and Xu et al. introduced the distributed delay and discrete delay into the original system and extended
the system to the fractional-order case in [35]. The author considered a fractional prey—predator scavenger model as
well as harvesting by a predator and scavenger in [36]. Li and Wang et al. adopted a time-delay feedback controller
to regulate the stability of the fractional-order predator-prey system, achieving the desired effect and demonstrating
strong practical application value in [37]. However, most existing studies on fractional-order Lotka-Volterra models
focus on a single time delay.

Based on the above discussion, this paper investigates a fractional-order Lotka-Volterra predator-prey model
with two time delays

{anc(t) = ax(t)[r1 —anz(t — ) —ay(t — m2)] + Bla(t — 1) — a*), )
Diy(t) = ay(t)[—re + anz(t — 72) — axy(t —m)] + Byt — m1) — y*),

where ¢ € (0, 1] is the fractional order, « > 0, 8 € R are the control parameters, and (z*,y*) is the positive
equilibrium point of system (1).

The main contributions of this paper are summarized as follows: (1) In contrast to previous studies, we
extend the dual time-delay model to the fractional-order domain, which can describe the population dynamics more
accurately. (2) This paper considers dual time delays, treats each of them as a bifurcation parameter, analyzes
their effects on the system, and derives the corresponding bifurcation conditions. (3) Numerical simulations are
performed to plot the stability switching curves, and the coupling effect between the two time delays is illustrated.

The rest of this paper is organized as follows. In Section 2, the relevant definitions of fractional derivatives are
discussed. In Section 3, we discuss the existence and conditions of bifurcation. In Section 4, numerical examples
are provided to verify the theoretical results. In Section 5, we provide a brief conclusion.

Notation. In this paper, R denotes the set of real numbers. Z™* denotes the the set of positive integers. q € (0, 1] is
the fractional order. D? represents the fractional-order derivative. I'(-) stands for the Gamma function. x(t), y(t)
denote the state variables. E(x*,y*) is the positive equilibrium point. 71, 75 represent the time delays. The critical
value of 7 inducing Hopf bifurcation is expressed as 71, and wy is the corresponding critical frequency. The critical
value of 79 inducing Hopf bifurcation is expressed as 1o, and wy is the corresponding critical frequency.

2. Preliminaries

The common definitions of fractional derivatives include Riemann-Liouville derivative and Caputo derivative.
In this section, the definition of Caputo fractional derivative is introduced to prepare for the subsequent work.
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Definition 1 ([38]). The definition of Caputo fractional-order derivative is denoted as

D0 = e [ =9 ) s

wherel —1 < q<landl € Z+.

Definition 2 ([38]). The Laplace transform of the Caputo fractional-order derivative is defined as
=1
L{DIf(t);s} = s?F(s) — z:sq_k_lf(k)(O)7 L—1<qg<1eZ".
k=0

If f®(0)=0,k=1,2,...,n, then L{Df(t); s} = s7F(s).
3. Main Results

For the subsequent analysis, we first assume
H1. rias1 — r9aq1 > 0.

Under H1, we can calculate that system (2) has a unique positive equilibrium point E(z*, y*), where

« __ TiG22 + 72012 « _ T1Q21 — 72011

, .
a11022 + G12021 a11a22 + a12a21

Let uq(t) = x(t) — x*, ua(t) = y(t) — y*, then system (2) becomes

D%y (t) = auy (t) + 2*)[r1 — a1 (ur (t — 1) + 2*)
—aio(uz(t — m2) + y*)] + fur(t — 11),

3)
Dus(t) = aua(t) + y*)[—r2 + a1 (u1 (t — 72) + 2*)
—aga(uz(t —71) +y*)] + Buz(t — 71).
Linearizing system (3), we obtain
un1 (t) = mllul(t) —+ m12’u,1(t — ’7'1) + m13u2(t — Tg), (4)
DqUQ(t) = m21UQ(t) + mggul(t — Tg) + m23UQ(t — 7'1)7
where
mi1 = afry — anx” — apy*], mo = f — aanz”, miz = —aapz’,
Moy = =Ty + az1x™ — azy*], may = aay®, ma3z = B — aaxny”.
The characteristic equation of system (4) is
sT—mqyy — mage” " —myge "7
det : : =0. %)
—Mmagge” °7? s —maoy; —maze” "
By organizing and simplifying Equation (5), we have
§%1 — (ma1 4+ ma1)s? + miimar + [maz(mar — s7) + mia(meoy — s7)]e™ " ©)

—2sT1 —2579 =0

+ miagmage — Mmjizmage

3.1. 11 Is Used as the Bifurcation Parameter

In this subsection, we first fix 75 and investigate the effect of 7 on bifurcation in system (2). Moreover, we
provide the core theorem for determining the stability of the system equilibrium and the occurrence of Hopf bifurcation.

Theorem 1. If system (2) satisfies the conditions HI-HS5, then the following result holds

(i)  System (2) is locally asymptotically stable for 7y € [0, 1,).
(ii)  System (2) is unstable when 71 > 71, and it undergoes a Hopf bifurcation when 71 = 11,,.
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Where the assumptions are given as follows

H2. w is a common root of f(w) + f3(w) = 1 and g3 (w) + g3 (w) = 1.

H3. v; >0, v9 > 0.

H4. Equation Q% + Q3 — P? — P2 = 0 has no positive real root.

HS. Re[dd;l ](w:wm:ﬁo) # 0, where wy is the critical frequency and T, is the bifurcation point.

Subsequently, we perform key derivations to prove that Theorem 1 holds.
Equation (6) is rewritten as

Pi(s) + Py(s)e "™ + P3(s)e™ 2™ + Py(s)e” 2™ =0, @)
where

s) = — (m11 4+ ma1)s? + miymoy,

Py(

Py (s) = mi1mas + miamar — (ma2 + mas3)s?
ps(

Py

Let s = iw(w > 0) be a purely imaginary root of Equation (7). Separating the real part and the imaginary part,
we have
Ascos(wTy) + Basin(wry) + Azcos(2wr ) + Bssin(2wT)

= —A; — Aycos(2wTs) — Bysin(2wrsy),

(3)
Bsocos(wty) — Agsin(wty) + Bscos(2wry) — Assin(2wty)
= —Bj — Bycos(2wTs) + Aysin(2wrs),
where A;, B; are respectively the read and imaginary parts of P;(s)(: = 1,2, 3,4).
In accordance with the properties of trigonometric functions, Equation (8) becomes
kycos(wt) + kasin(wr) = k, 9)

where
kl = 2(A2A3 + B2B3), kg = 2(A2A3 — Bgflg)7

k=A24+B? - A2 - B? - A2 - B2+ A2+ B?
+ 2(A;1 Ay + B1By)cos(2wts)
—+ 2(A1.B4 — BlA4)SiTL(ZOJT2).

Due to sin(wn) +/1— cosQ(wn) we discuss the cases separately.

Casea sin(wr) = /1 — cos?(wTy), Equation (9) becomes
kycos(wty) + kay/1 — cos?(wm) = k. (10)

By Equation (10), it is easily obtained that

cos(wr) = f1(w), sin(wn) = fa(w).
Obviously,
i)+ f3w) = 1.
Thus, we have .
i} = —larceos fy(w) + 2kn], k=0,1,2,....
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Caseb sin(wr) = —y/1 — cos?(wt1), Equation (9) becomes
kycos(wty) — kay/1 — cos?(wm) = k. (11)

By Equation (11), it is easily obtained that
cos(wtn) = ¢1(w), sin(wn) = g2(w).
Obviously,
gi(w) + g3(w) = 1.
Thus, we have
. 1
Tl(j) = —[arccosgr (w) + 2kx], k=0,1,2,....
w
Under the condition H2, the bifurcation point is defined as
1o = min{r, 78}, k=0,1,2,.... (12)
We analyze the stability for 7; = 0, in which case the characteristic (7) becomes
P(s) + Q(s)e ™ =0, (13)
where

P =52 (mi1 4+ mo1 + maz + maz)s? + (M1 + ma2)(Ma1 + mag), @ = —mizmas.

If 5 = 0 and let A = s9, then Equation (13) becomes
N+ yA 472 =0, (14)

where
v1 = —(ma1 + maz + ma1 + mag),

Y2 = (ma1 + mi2)(ma1 + mag) — migmaa.

Let P = P1 +iP2, Q = Q1 + iQy, Equation (13) becomes
Py + Py + (Q1 +iQs)e ™ = 0. (15)

Assume that s = i¢(¢ > 0) is a root of Equation (15). Separating the real part and imaginary part, we have

Q1c08(2072) + Qasin(2¢12) = —P1,
Qoc05(2¢13) — Q1 5in(2¢13) = —Pa,

then
Q2+ Q2 -P?_PI=0. (16)

It is readily seen from H3 that all characteristic roots of the characteristic Equation (14) have negative real
parts. Combined with H4, we can directly draw the conclusion that the equilibrium point of the fractional-order
Lotka-Volterra system (2) is locally asymptotically stable when 7, = 0.

To prove the occurrence of Hopf bifurcation, it is necessary to verify the transversality condition, for which
Lemma 1 is presented.

Lemma 1. Assume that s(11) = ((71) + iw(11) is the root of Equation (7) near 71 = 11, and satisfies ((11,) = 0,
w(T1,) = wo, then the transversality condition holds

ds

dT1 7& 0-

re|

:| (UJZUJO sT1 =T10 )
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Proof. We differentiate Equation (6) with respect to 7y, then

dS dS dS ds
9 2g—1 %2 qg—1 2 N q—1 05 a—145 . o
qs an g(mi1 +moy)s e + [—gmass . qmias dﬁ}e
ds
+ [maz(mi1 — 87) + myz(may — s9)][—se ™ — Tle_sﬁﬁ]
1
d d
+ migmag[—2se 2T — 271" 2T —8] + 2my3mggTee 2572 a5 _
T1 dm
We obtain ]
as _ n(s>, )
dTl 6‘(8)
where
n(s) = [maz(miy — s9) + miz(mar — s9)]se ™ + 2miomozse 25,
0(s) = 2¢5*7 — q(mar +ma1)s” ! — q(maz +mag)sT e — 7 [mgg(ma — s%)
+ m12(m21 _ SQ)}e—sn _ 2m12m237'16_2$ﬁ + 2m13m237'26_2”2.
From Equation (17), the result is yielded
Re {ds} _ mb1+mbs (18)
dry (w=wo,T1=T1) 07 + 03

where 7)1, 12 are respectively the real and imaginary parts of 7)(s). 61, 05 are respectively the real and imaginary
parts of 6(s). The expressions of 11, 72, 01, 05 are provided in Appendix A.

According to the assumption HS, we can deduce that transversality condition hold. This completes the proof
of Lemma 1. O

3.2. 1o Is Used as the Bifurcation Parameter

In this subsection, we fix 7; and investigate the influence of 75 on bifurcation in system (2), and establish the
following theorem for stability and Hopf bifurcation.

Theorem 2. If system (2) satisfies the conditions Hl and H6—HY, then the following result holds
(i)  System (2) is locally asymptotically stable for 1o € [0, Ta,).
(ii)  System (2) is unstable when T3 > 1o, and it undergoes a Hopf bifurcation when m5 = T3,,.

Where the assumptions are given as follows
H6. Equation H? (@) + H3 (@) = 1 has at least one positive real root.
H7. ¢ > 0,( > 0.
HS. Equation Y3 (¢) + Y£(¢) = 1 has no positive real root.

HO9. Re[jjsz](@:@mm:mo) # 0, where &y is the critical frequency and o, is the bifurcation point.

Similarly, we perform key derivations to prove that Theorem 2 holds.
Let s = iw(w > 0) be a purely imaginary root of Equation (7). Separating the real and imaginary parts yields

—Aycos(200m9) — Bysin(2me) = Ay + Ascos(wry) + Basin(wr)
+Ascos(20m ) + Bssin(2wT),
—Bycos(2wms) + Agsin(2wte) = Bi + Bacos(wm) — Assin(wy)
+Bscos(2wT ) — Assin(2wT1),

19)

where A;, B; (i = 1,2, 3,4) are consistent with the above .
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Solving the Equation (19), we can obtain

cos(2wme) = 7_‘422?'3324}“ = H; (@),
. - B4h14+A44hz ~ (20)
SZTL(?WTQ) = W = HQ( ),
where
hl = A1 + AQCOS((I)Tl) + BQSZ.TL((I)Tl) + AgCOS(Z(DTl) + Bgsin(2d)7'1),
he = B 4+ Bacos(wry) — Agsin(wry) + Bscos(20m) — Azsin(2o71).
Obviously,
Hi (@) + Hi (@) = 1. 1)
It follows from the first equation of Equation (20) that
* _ 1 . _
Ty = %[arccosﬂl(w) +2krn], k=0,1,2,....
Under the condition (H6), the bifurcation point is defined as
P L) _
2 =min{ry '}, k=0,1,2,.... (22)
We analyze the stability for 7o = 0, in which case the characteristic Equation (7) becomes
Ti(s) + Ta(s)e ™ + Ty(s)e 2™ =0, (23)
where )
T1(s) = 571 — (ma1 + ma1)s? + miymar — mizmas,
Ty (s) = mi1maz + miamar — (M2 + ma3)s?,
Tg(S) = M12M23.
If ; = 0 and let A = s9, then Equation (23) becomes
M+ GA+ G =0, (24)
where
C1 = —(m11 +maz + ma1 + ma3),
G2 = (m11 + ma2)(ma1 + ma3) — mizmas.
Then, we multiply both sides of Equation (23) by e*™
Ti(s)e’™ + Ta(s) + T5(s)e”*™ = 0. (25)

Assume that s = (¢ > 0) is a root of Equation (25) and Ti(s) = E; + iFy, Ta(s) = Es + iF5,
T5(s) = E5 + iF3, we can get

(E1 + E3)COS(’¢T1) + (Fg — Fl)Sin(wT1) =—F,, 26)
(F5 + Fi)cos(ymi) + (B — E3)sin(ym) = —Fb.
From Equation (26), we have
_ —Ex(E1—E3)+F(Fs—F1) _
coston) = F2(€E%1+1;;§))_EE§2_]1§+F1) ~ o @7)
sin(yr) = =P = V().
Clearly,
YE(W) + Y5 (v) = 1. (28)

It is readily seen from (H7) that all characteristic roots of the characteristic Equation (24) have negative real
parts. Combined with (H8), we can directly draw the conclusion that the equilibrium point of the fractional-order
Lotka-Volterra system (2) is locally asymptotically stable when 75 = 0.

To ensure the occurrence of Hopf bifurcation, the transversality condition must be verified, as given in Lemma 2.
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Lemma 2. Assume that s(12) = ((72) + iw(72) is the root of Equation (8) near 7o = Ta, and satisfies ((72,) = 0,
@(T2,) = @o, then the transversality condition holds

ds
R -
€ |:d7'2

£0.

] (w=wo,T2=T2,)

Proof. We take the derivative of Equation (6) with respect to 75, then

ds ds ds s
2 2¢q—1 %2 qg—1 22 _ q—1>° q—1 "2 1 —sT1
qs dr q(ma1 + ma1)s dr + [—gmass dr qmi2s dTg]e
ds ds
— 71[mas(myy — s9) + mig(ma; — s9)]e "™ —— — 27 mygmage” 25—
7'1[ 23( 11 )+ 12( 21 )] dry T1112MM23 dry
d
— m13m22[725672”2 — 27’267287—2 78] =
dTQ
We have J
S S
-2 &7 (29)
drs  o(s)
where
p(s) = —2smizmage 2572,
0(8) = 2qs2q71 - Q(mu + m21)3q71 - qsqil(mgg + mlgefsﬁ)
— 71[maz(mi1 — s7) + mya(maor — s7)])e” ™
— 27’1m12m23€_25“ + 27’2(’/7113’”122)6_2572.
By Equation (29), we obtain
d
Re {S} _ /710;4—,02202’ (30)
dT2 (@:@0,7’2:7’20) 01 + 02

where p1, pa are respectively the real and imaginary parts of p(s). o1, o2 are respectively the real and imaginary
parts of o(s). And the p1, p2, 01, 02 are provided in Appendix B.

As aresult, the assumption (H9) implies that the transversality condition holds. This completes the proof of
Lemma 2. O

Remark 1. According to the Definition 1, when q = 1, the fractional-order model reduces to an integer order
model. Therefor, the conclusions obtained below are still valid for the integer-order system.

Remark 2. Since system (1) and system (2) have the same unique positive equilibrium, we denote them uniformly
as E(x*,y*).

Remark 3. Equations (14) and (24) have the same expression
PR (m11 + maig +ma1 + maz) A + [(m11 + ma2)(maor + masg) — migmag] = 0.

According to the Routh-Hurwitz stability criterion, system (2) is asymptotically stable if and only if all roots
of the above equations have negative real parts.

4. Numerical Simulations

To verify the validity of the theoretical results, we select the following fractional-order predator-prey model
with two time delays for numerical simulation

{Do.97x(t) = 2()[0.5 = 0.52(t —71) = y(t — )] + 0.1(x(t — 1) — %), 31)

D%y (t) = y(t)[—0.5 + (t — 72) — y(t — 71)] + 0.1(y(t — 1) — "),

where q = 097, o = 1, ﬂ = 01, T = 05, Tro = 05, aj; = 05, a12 = 1, a1 = 1, a9 = 1.
Since (H1) holds, system (31) has a unique positive equilibrium point £* (%, %)
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Selecting 72 = 1.5, we obtain critical frequency wy = 0.32896 and critical value 77, = 1.171. It is easy to
calculate that (H2) and (H5) holds. The equilibrium point £* of system (31) is stable when 71 = 0.8 < 7y,, which
is simulated in Figure 1. The system loses stability, accompanied by a bifurcation when 73 = 1.5 > 73, as shown
in Figure 2. Figure 3 shows that, within the considered region [0.6,1.8], as 7 increase (decrease), the critical value
71, decreases (increases) monotonically. This implies that the the system undergoes Hopf bifurcation at a smaller
(larger) value of 71, meaning that the bifurcation occurs earlier (later). Figure 4 further verifies this conclusion.

0.85

09 r

0.8

Zor

0.6 1

0.5 [

0.4

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000
t

1 1 1 1 1 1 1 1 1
0 100 200 300 400 500 600 700 800 900 1000

0.26

0.08

0.85

1
0.5 0.6 0.8 0.9 1

Figure 3. The value of 71,

relying on 72 in system (31).
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7,=0.8| |

11} =t ]
7,=1.5

/ﬂ@ﬂv@o@c ]

0.3+~ ]

0 20 40 60 80 100 120 140 160 180 200
t

Figure 4. The trajectory of system (31) with 7 = 1.6 for different 7.

4.2. 19 as the Bifurcation Parameter

We select 71 = 2, then wy = 0.39768, 72, = 1.0406. And assumptions (H7) and (H9) holds. The equilibrium
point E* of system (31) is stable when 75 = 0.8 < 73, which is illustrated in Figure 5. The system is unstable and
undergoes a bifurcation when 75 = 1.2 > 75, as shown in Figure 6. Figure 7 shows that, within the considered
region [1,2], as 7 increase (decrease), the critical value 75, decreases (increases) monotonically. This implies that
the the system undergoes Hopf bifurcation at a smaller (larger) value of 75, meaning that the bifurcation occurs
earlier (later). Figure 8 further verifies this conclusion. The switching curves are shown in Figure 9. These curves
are composed of numerous critical points (71,, 72, ) and exhibit a multi-branch structure.
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Figure 5. The trajectory and portrait diagram of system (31) with 7y = 2, 72 = 0.8 < 7, = 1.0406.
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Figure 6. The trajectory and portrait diagram of system (31) with 71 = 2, 72 = 1.2 > 15, = 1.0406.
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Figure 7. The value of 75, relying on 7; in system (31).
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5. Conclusions

In this paper, we have analyzed the bifurcation behaviors of a fractional-order Lotka-Volterra predator—prey
model with two delays. It is found that the proposed fractional-order system exhibits favorable stability when the
time delay (chosen as the bifurcation parameter) is relatively small. Once it exceeds the critical value, the system
loses stability and undergoes Hopf bifurcation. Furthermore, numerical simulations in this paper demonstrate that
increasing (decreasing) either time delay will decrease (increase) the bifurcation critical value corresponding to the
other delay, thereby weakening (enhancing) the stability of the proposed fractional-order model. In future research
work, there are still some interesting and important issues worthy of further exploration, for instance, how to use
system parameters or fractional order as bifurcation parameters to analyze the bifurcation problems of fractional-
order Lotka-Volterra predator-prey models with different delays. These research topics are more challenging.

Appendix A

Derivation of 61, 02, 11, n2 in Equation (18).

91(8) :LUo(m23m11 + mlgmglsin(woﬁo)) — wg+1(m23 =+ mgl)COS(q T — woﬁo)
=+ 2w0m12m235in(2woﬁo),
. q
02 (s) =wo(magmi1 + miamaicos(weti,)) — w8+1 (a3 + maq )sin( T — WoTl,)

—+ 2w0m12m23605(2wOT10),

_ 2g — 1 _ -1
n1(s) :qugq eos( q2 ) — qugd Ymyy + mgl)cos(q 5 )

-1

- q
— qwi 1(m12 + mag)cos( T — WoT1,) — T1p(Mazmi1 + miamar)cos(woTi,)

q
—+ Tlowg(ng + mlz)COS(§7T — woﬁo) — 27’10m12m23603(2w07'10) + 27’2’17’L13TTLQQCOS(QWO’TQ)7

2q—1 1 q—1

2q—1 5 ) — qwd” (ma1 + ma)sin(

N2(s) =2quwi?™ " sin(

7)

_ . ,.q .
— qwi 1(m12 + mag)sin( T — WoT1,) + T1, (Mazmiy + miamay)sin(weT,)

. ,.q . .
+ 11 ,wi (mas + mlg)sm(57r — WoT1,) + 271, M12Magsin(2wTy, ) — 2T2M13Ma2sin(2woTs).

Appendix B

Derivation of p1, ps, 01, 02 in Equation (30)

p1 = — 2@0m13m225@'n(2@07'20),
p2 = — 2&)0m13m22008(2@07'20),
_2g—1 2g — 1 -1

)

_g— q
) — qig 1(m11 + ma1)cos(

o1 =2qwy? " cos( g

-1

_g— q _ _
— qwd 1(m12 + mag)cos( T — w@oT1) — T1(Magmi1 + Mmiamaq )cos(woT )

_ q _ _ _
+ Twd(mes + m12)008(5ﬂ' — @oT1) — 2T1M12Mazcos(2w0T1) + 272, M13M22c08 (20072, ),

_ 2qg -1 _ . -1
—2q—1 q2 ﬂ_)_qa)g 1(m11+m21)szn(q2

o9 =2qwy’ " sin(

7)

_qg— . ,.q _ .
— qwd 1(m12 + mag)sin( T — @oT1) + T1(Magmi1 + miamay)sin(@e)

+ 71@8 (m23 =+ mlg)sin(gﬂ' — (I]OT]_) + 27‘177112’/71238271(2@07‘1) — 27'20m13m228m(2&10720).
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