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Abstract: In our present paper, we have obtained approximate solutions of non-linear
quadratic Riccati differential equations using the Galerkin method. We considered
Fibonacci polynomials and then Lucas polynomials as basis functions i.e., we presented
two numerical methods: Fibonacci Galerkin method and Lucas Galerkin method. We
have given some applications of this method by solving some differential equations.
Then compare the approximate solution with the exact solution and approximate
solutions with other methods. From this comparison and error analysis we can say that
our method gives better results.
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1. Introduction

Fibonacci and Lucas sequences [1] are defined by second order recurrence relations. First two terms of
Fibonacci sequence are 0,1 and of Lucas sequence are 2,1. Next terms are obtained by adding the previous two
terms. These sequences are of great interest and have applications in many fields [2–10] like coding/decoding,
communication, cryptography, music, medicine and Diophantine equations. Fibonacci and Lucas sequences are
extended to Fibonacci polynomial and Lucas polynomial. These are continuous polynomials on R.

Fibonacci polynomials [11] are defined by the following recurrence relation

fn+2(x) = x fn+1(x)+ fn(x), ∀n ≥ 1 and f0(x) = 1, f1(x) = x.

Lucas polynomials [11] are defined by the following recurrence relation

ln+2(x) = xln+1(x)+ ln(x), ∀n ≥ 1 and l0(x) = 2, l1(x) = x.

Nalli et al. [12] defined generalized forms of Fibonacci and Lucas polynomials.
Galerkin method of weighted residuals is used to solve differential equations with the help of basis functions.

Galerkin method is named after the Soviet mathematician Boris Galerkin. It is a well known numerical method for
solving differential equations. Many researchers solved a variety of differential equations with different kind of
methods and basis functions.

Rannacher [13] solved partial differential equations with this method. In [14] Dogan et al. solved regularised
long wave equation

Ut +Ux + εUUx −µUxxt = 0
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where ε and µ are positive parameters and the subscripts t and x denote differentiation, with the physical boundary
conditions U → 0 as |x| → 0 using Galerkin method. Yan and Shu [15] solved time dependant partial differential
equations with local discontinuous Galerkin method.

For some linear and non-linear differential equations it becomes very difficult to find exact solutions, in these
cases we use numerical methods to find approximate solutions of these differential equations. Riccati equation is
one of these equations. Riccati equation is quadratic non-linear differential equation. It is one of the significant
equation from the class of non-linear quadratic equations. In literature several authors solved non-linear Riccati
differential equations(RDE) by different numerical methods [16–21].

Batiha [16] solved RDE by multistage variational iteration method (MVIM). Mishra and Rani [22] applied
modified Laplace Adomian decomposition method to approximate the solution of non-linear quadratic Riccati
differential equation. Roba et al. [23] solved Riccati differential equation by fifth order predictor-corrector method,
in which Newton’s backward difference interpolation formula is also used. In [24] Kassahun et al. used eighth order
predictor-corrector method to solve RDE.

Ghorbani et al. [18] presented piecewise-truncated variational iteration algorithm to solve RDE. Baizar and
Eslami [17] introduced differential transform method (DTM) to solve RDE. Allahviranloo et al. [25] solved RDE
by Adomian’s decomposition method (ADM), modified Adomian’s decomposition method (MADM), variational
iteration method (VIM), modified variational iteration method (MVIM), homotopy perturbation method (HPM),
modified homotopy perturbation method (MHPM) and homotopy analysis method (HAM). Khalid et al. [26]
introduced Perturbation iteration algorithm (PIA) to solve RDE.

Koonprasert et al. [27] solved linear and non-linear boundary value problems using Galerkin method with
basis functions as Fibonacci polynomials. They named this method Fibonacci Galerkin method.

In the current paper, we will approximate the solution of non-linear quadratic Riccati differential equations by
using Galerkin method. We will use Fibonacci polynomials as basis functions. We named this method Fibonacci
Galerkin method (FGM). We also approximate solution by using Galerkin method and Lucas polynomials as basis
functions, we call this method Lucas Galerkin method (LGM). Further, we give comparisons among exact and our
obtained solutions with the help of tables and graphs.

2. Methodology

Non-linear quadratic Riccati differential equation is given as

dy
dt

= q(t)y(t)+ r(t)y2(t)+ p(t), y(0) = a on the interval [0, t],

here y(t) is unknown function and q(t),r(t), p(t) are known scalar functions and a is arbitrary constant. Consider
the residual function

R(t) =
dy
dt

− (q(t)y(t)+ r(t)y2(t))− p(t)

and w j(t), j = 1 to n be the weight function, then by Galerkin method of weighted residuals∫ t

0
R(t)w j(t)dt = 0, for j = 1 to n

∫ t

0

(dy
dt

− (q(t)y(t)+ r(t)y2(t))− p(t)
)

w j(t)dt = 0, for j = 1 to n∫ t

0

dy
dt

w j(t)dt −
∫ t

0
[q(t)y(t)+ r(t)y2(t)]w j(t)dt −

∫ t

0
p(t)w j(t)dt = 0, for j = 1 to n

w j(t)y(t)|t0 −
∫ t

0
w′

j(t)y(t)dt −
∫ t

0
[q(t)y(t)+ r(t)y2(t)]w j(t)dt −

∫ t

0
p(t)w j(t)dt = 0, for j = 1 to n

w j(t)y(t)−w j(0)y(0)−
∫ t

0
w′

j(t)y(t)dt −
∫ t

0
[q(t)y(t)+ r(t)y2(t)]w j(t)dt −

∫ t

0
p(t)w j(t)dt = 0, for j = 1 to n∫ t

0
w′

j(t)y(t)dt +
∫ t

0
[q(t)y(t)+ r(t)y2(t)]w j(t)dt −w j(t)y(t)+w j(0)y(0)+

∫ t

0
p(t)w j(t)dt = 0, for j = 1 to n

Let the approximate solution of y(t)

y(t) =
N

∑
i=1

ciφi(t),

here φi(t) are basis functions and c′is are artbitrary constants then
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N

∑
i=1

ci

∫ t

0
w′

j(t)φi(t)dt +
N

∑
i=1

ci

∫ t

0
[q(t)φi(t)+ r(t)φi(t)

N

∑
k=1

ckφk(t)]w j(t)dt −
N

∑
i=1

w j(t)ciφi(t)+aw j(0)+
∫ t

0
p(t)w j(t)dt = 0,

where j = 1 to n.
This is a system of non-linear equations. We will solve these equations by Newton’s method and obtain

approximate solution.
In our present paper, we will use Fibonacci Galerkin method i.e., we will consider Fibonacci plonomials as

basis functions and w j(t) = Fj(t). Further, Lucas Galerkin method is also introduced by using Lucas polynomials
as basis functions and w j(t) = L j(t).

3. Numerical Examples

Example 1. To find the approximate solution by Fibonacci Galerkin method of the following non-linear quadratic
Riccati differential equation

y′(t) = 1+ y2(t), y(0) = 0

in the interval [0,0.1], whose exact solution is y(t) = tan t.

y′(t)− y2(t) = 1, y(0) = 0∫ t

o
[y′(t)− y2(t)]Fj(t)dt =

∫ t

0
Fj(t)dt

Fj(t)y(t)|t0 −
∫ t

0
F ′

j (t)y(t)dt −
∫ t

0
y2(t)Fj(t)dt =

∫ t

0
Fj(t)dt∫ t

0
F ′

j (t)y(t)dt +
∫ t

0
y2(t)Fj(t)dt = Fj(t)y(t)−

∫ t

0
Fj(t)dt

For n = 3 and basis functions as Fibonacci polynomials, let F1 = 1,F2 = t,F3 = 1+ t2

y(t) =
3

∑
i=1

ciFi(t), c′is are arbitrary constants

3

∑
i=1

ci

[∫ t

0
F ′

j (t)Fi(t)dt +
∫ t

0
Fi(t)(

3

∑
k=1

CkFk(t))dt

]
= Fj(t)y(t)−

∫ t

0
Fj(t)dt, j = 1 to 3

We will get the following non-linear equations

−c1 − tc2 − (1+ t2)c3 + tc2
1 +

t3

3
c2

2 +
( t5

5
+

2t3

3
+ t
)

c2
3 + t2c1c2 +

( t4

2
+ t2

)
c2c3 +2

( t3

3
+ t
)

c1c3 + t = 0 (1)

− t2

2
c2 −

2t3

3
c3 +

t2

2
c2

1 +
t4

4
c2

2 +
( t6

6
+

t4

2
+

t2

2

)
c2

3 +
2t3

3
c1c2 +

(2t5

5
+

2t3

3

)
c2c3 +

( t4

2
+ t2

)
c1c3 +

t2

2
= 0 (2)

− c1 −
(

t +
t3

3

)
c2 −

(
1+ t2 +

t4

2

)
c3 +

( t3

3
+ t
)

c2
1 +
( t5

5
+

t3

3

)
c2

2 +
(3t5

5
+ t3 +a

)
c2

3 +
( t4

2
+ t2

)
c1c2

+
( t6

3
+ t4 + t2

)
c2c3 +2

( t5

5
+

2t3

3
+ t
)

c1c3 +
( t3

3
+ t
)
= 0

(3)

We solve above equations for unkowns by Newton method and obtain approximate solution of y(t) shown in
Table 1.

Now for n = 4, F1 = 1, F2 = t, F3 = 1+ t2, F4 = t3 +2t

y(t) =
4

∑
i=1

ciFi(t)

4

∑
i=1

ci

[∫ t

0
F ′

j (t)Fi(t)dt +
∫ t

0
Fi(t)

4

∑
k=1

CkFk(t)dt

]
= Fj(t)y(t)−

∫ t

0
Fj(t)dt, j = 1 to 4
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Table 1. Comparison of exact and approximate solution of Example 1 for n = 3.

t Approximate Solution Exact Solution Error

0.01 0.010000334 0.010000333 9.9×10−10

0.02 0.020002675 0.020002667 8.0×10−09

0.03 0.030009050 0.030009003 4.7×10−08

0.04 0.040021494 0.040021347 1.5×10−07

0.05 0.050042072 0.050041708 3.6×10−07

0.06 0.060072865 0.060072104 7.6×10−07

0.07 0.070115981 0.070114558 1.4×10−06

0.08 0.080173557 0.080171105 2.4×10−06

0.09 0.090247757 0.090243790 3.9×10−06

0.1 0.100340780 0.100334672 6.1×10−06

We will get the following non-linear equations

− c1 − tc2 − (1+ t2)c3 − (2t + t3)c4 + tc2
1 +

t3

3
c2

2 +

(
t5

5
+

2t3

3
+a
)

c2
3 +

(
t7

7
+

4t5

5
+

4t3

3

)
c2

4 + t2c1c2

+2
(

t3

3
+ t
)

c1c3 +

(
t4

2
+2t2

)
c1c4 +

(
t4

2
+ t2

)
c2c3 +2

(
t5

5
+

2t3

3

)
c2c4 +

(
t6

3
+

3t4

2
+2t2

)
c3c4 + t = 0

(4)

− t2

2
c2 −

2t3

3
c3 −

(
3t4

4
+ t2

)
c4 +

t2

2
c2

1 +
t4

4
c2

2 +

(
t6

6
+

t4

2
+

t2

2

)
c2

3 +

(
t8

8
+

2t6

3
+ t4

)
c2

4 +
2t3

3
c1c2

+

(
t4

2
+a2

)
c1c3 +2

(
t5

5
+

2t3

3

)
c1c4 +2

(
t5

5
+

t3

3

)
c2c3 +

(
t6

3
+ t4

)
c2c4 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c3c4 +

t2

2
= 0

(5)

− c1 −
( t3

3
+ t
)

c2 −
( t4

2
+ t2 +1

)
c3 −

(3t5

5
+

5t3

3
+2t

)
c4 +

(
t3

3
+ t
)

c2
1 +

(
t5

5
+

t3

3

)
c2

2

+

(
t7

7
+

3t5

5
+ t3 +a

)
c2

3 +

(
t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c2

4 +

(
t4

2
+ t2

)
c1c2 +2

(
t5

5
+

2t3

3
+a
)

c1c3

+

(
t6

3
+

3t4

2
+2a2

)
c1c4 +

(
t6

3
+ t4 + t2

)
c2c3 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c4

+2
(

t8

8
+

4t6

6
+

5t4

4
+ t2

)
c3c4 +

(
t3

3
+ t
)
= 0

(6)

−
(

t4

4
+ t2

)
c2 −

(
2t5

5
+

4t3

3
+2t

)
c3 −

(
t6

2
+2t4 +2t2

)
c4 +

(
t4

4
+ t2

)
c2

1 +

(
t6

6
+

t4

2

)
c2

2

+

(
t8

8
+ t5 +

5t4

4
+ t2

)
c2

3 +

(
t10

10
+

3t8

4
+2t6 +2t4

)
c2

4 +2
(

t5

5
+

2t3

3

)
c1c2 +2

(
t6

6
+

3t4

4
+ t2

)
c1c3

+2
(

t7

7
+

4t5

5
+

4t3

3

)
c1c4 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c3 +

(
t8

4
+

4t6

3
+2t4

)
c2c4

+2
(

t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c3c4 −

(
t4

4
+ t2

)
= 0

(7)

In Table 2 and Figure 1, comparison between exact and approximate solution is shown by FGM and LGM.
Table 2 also shows comparison of errors by presented methods and Method in [22].
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Figure 1. Comparison of presented approximate solution with exact solution for Example 1.

Table 2. Comparison of exact and approximate solution of Example 1 for n = 4.

n = 4 n = 4
t Exact Solution for Fibonacci Polynomials for Lucas Polynomials Method [22]

Approximate Solution Error Approximate Solution Error

0.01 0.010000333346667 0.010000333346667 0 0.010000333346668 9.9×10−16 2.5×10−07

0.02 0.020002667093402 0.020002667093403 9.9×10−16 0.020002667093424 2.2×10−14 2.0×10−06

0.03 0.030009003241181 0.030009003241180 1.0×10−15 0.030009003241309 1.3×10−13 6.8×10−06

0.04 0.040021346995515 0.040021346995514 1.0×10−15 0.040021346995832 3.2×10−13 1.6×10−05

0.05 0.050041708375539 0.050041708375539 2.1×10−16 0.050041708376024 4.8×10−13 3.1×10−05

0.06 0.060072103831297 0.060072103831296 9.9×10−16 0.060072103827494 3.8×10−12 5.4×10−05

0.07 0.070114557872003 0.070114557872002 9.9×10−16 0.070114557886155 1.4×10−11 8.6×10−05

0.08 0.080171104708073 0.080171104708076 2.9×10−15 0.080171104683900 2.4×10−11 1.3×10−04

0.09 0.090243789909785 0.090243789909813 2.8×10−14 0.090243789825535 8.4×10−11 1.8×10−04

0.1 0.100334672085451 0.100334672085594 1.4×10−13 0.100334672012072 7.3×10−11 2.5×10−04

Example 2. Find the approximate solution of

y′(t) =
−1

1+ t
+ y(t)− y2(t), y(0) = 1, 0 ≤ t ≤ 1

and exact solution is y(t) =
1

1+ t∫ t

0
y′(t)Fj(t)dt =

∫ t

0

−1
1+ t

Fj(t)dt +
∫ t

0
y(t)Fj(t)dt −

∫ t

0
y2(t)Fj(t)dt

Fj(t)y(t)|t0 −
∫ t

0
F ′

j (t)y(t)dt =
∫ t

0

−1
1+ t

Fj(t)dt +
∫ t

0
y(t)Fj(t)dt −

∫ t

0
y2(t)Fj(t)dt

Fj(t)y(t)−Fj(0)−
∫ t

0
F ′

j (t)y(t)dt =
∫ t

0

−1
1+ t

Fj(t)dt +
∫ t

0
y(t)Fj(t)dt −

∫ t

0
y2(t)Fj(t)dt

By taking F1 = 1,F2 = t,F3 = 1+ t2,F4 = t3 +2t

y(t) =
4

∑
i=1

ciFi(t), c′is are arbitrary constants
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4

∑
i=1

ci

(
Fi(t)Fj(t)−

∫ t

0
F ′

j (t)Fi(t)dt
)
−Fj(0) =

∫ t

0

−1
1+ t

Fj(t)dt +
4

∑
i=1

ci

(∫ t

0
Fi(t)Fj(t)dt −

4

∑
k=1

ck

∫ t

0
Fi(t)Fj(t)Fk(t)dt

)
,

here j = 1 to 4
For j = 1

(1− t)c1 +

(
t − t2

2

)
c2 +

(
t2 +1− t3

3
− t
)

c3 +

(
t3 +2t − t4

4
− t2

)
c4 −1+ log(1+ t)+ tc2

1 +
t3

3
c2

2

+

(
t5

5
+

2t3

3
+ t
)

c2
3 +

(
t7

7
+

4t5

5
+

4t3

3

)
c2

4 + t2c1c2 +2
(

t3

3
+ t
)

c1c3 +2
(

t4

4
+ t2

)
c1c4

+2
(

t4

4
+

t2

2

)
c2c3 +2

(
t5

5
+

2t3

3
c2c4

)
+2
(

t6

6
+

3t4

4
+ t2

)
c3c4 = 0

(8)

For j = 2

−t2

2
c1 +

(
t2

2
− t3

3

)
c2 +

(
2t3

3
− t4

4
− t2

2

)
c3 +

(
3t4

4
t4 + t2 − t5

5
− 2t3

3

)
c4 + t − log(1+ t)+

t2

2
c2

1

+
t4

4
c2

2 +

(
t6

6
+

t4

2
+

t2

2

)
c2

3 +

(
t8

8
+

2t6

3
+ t4

)
c2

4 +
2t3

3
c1c2 +2

(
t4

4
+

t2

2

)
c1c3 +2

(
t5

5
+

2t3

3

)
c1c4

+2
(

t5

5
+

t3

3

)
c2c3 +2

(
t6

6
+

t4

2

)
c2c4 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c3c4 = 0

(9)

For j = 3(
1− t − t3

3

)
c1 +

(
t +

t3

3
− t4

4
− t2

2

)
c2 +

(
t4

2
+ t2 +1− t5

5
− 2t3

3
− t
)

c3

+

(
3t5

5
+

5t3

3
+2t − t6

6
− 3t4

4
− t2

)
c4 −1+

t2

2
− t +2log(t +1)+

(
t3

3
+ t
)

c2
1 +

(
t5

5
+

t3

3

)
c2

2

+

(
t7

7
+

3t5

5
+ t3 + t

)
c2

3 +

(
t9

9
+

5t7

7
+

8t5

5
+

t3

3

)
c2

4 +2
(

t4

4
+

t2

2

)
c1c2 +2

(
t5

5
+

2t3

3
+ t
)

c1c3

+2
(

t6

6
+

3t4

4
+ t2

)
c1c4 +2

(
t6

6
+

t4

2
+

t2

2

)
c2c3 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c4

+2
(

t8

8
+

2t6

3
+

3t4

4
+ t2

)
c3c4 = 0

(10)

For j = 4(
−t4

4
− t2

)
c1 +

(
t4

4
+ t2 − t5

5
− 2t3

3

)
c2 +

(
2t5

5
+

4t3

3
t3 − t6

6
− 3t4

4
− t2

)
c3

+

(
t6

2
+2t4 +2t2 − t7

7
− 4t5

5
− 4t3

3

)
c4 +

t3

3
− t2

2
+3t −3log(t +1)+

(
t4

4
+ t2

)
c2

1 +

(
t6

6
+

t4

2

)
c2

2

+

(
t8

8
+

2t6

3
+

5t4

4
+ t2

)
c2

3 +

(
t10

10
+

3t8

4
+2t6 +2t4

)
c2

4 +2
(

t5

5
+

2t3

3

)
c1c2 +2

(
t6

6
+

3t4

4
+ t2

)
c1c3

+2
(

t7

7
+

4t5

5
+

4t3

3

)
c1c4 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c3 +2

(
t8

8
+

2t6

3
+ t4

)
c2c4

+2
(

t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c3c4 = 0

(11)

See Table 3 and Figure 2.
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Figure 2. Comparison of presented approximate solution with exact solution for Example 2.

Table 3. Comparison of exact and approximate solution of Example 2.

n = 4 n = 4
t Exact Solution for Fibonacci Polynomials for Lucas Polynomials

Approximate Solution Error Approximate Solution Error

0.1 0.909090924268709 0.909090909090909 1.5×10−08 0.909090903094811 5.9×10−09

0.2 0.833333699041515 0.833333333333333 3.7×10−07 0.833333180955830 1.5×10−07

0.3 0.769232922713790 0.769230769230769 2.2×10−06 0.769229859137361 9.1×10−07

0.4 0.714292936198081 0.714285714285714 7.2×10−06 0.714282715494715 2.9×10−06

0.5 0.666684609942635 0.666666666666667 1.8×10−05 0.666659549297927 7.1×10−06

0.6 0.625037081201994 0.625000000000000 3.7×10−05 0.624986319721110 1.4×10−05

0.7 0.588303026158657 0.588235294117647 6.8×10−05 0.588212676612227 2.3×10−05

0.8 0.555668867223434 0.555555555555556 1.1×10−04 0.555522317262287 3.3×10−05

0.9 0.526771423454695 0.526315789473684 4.6×10−04 0.526271647535036 4.4×10−05

1 0.500573787270132 0.500000000000000 5.7×10−04 0.499946841991314 5.3×10−05

Example 3. Find the approximate solution of

u′(t) = 16t2 −5+8tu(t)+u2(t), u(0) = 1, 0 ≤ t ≤ 1

and exact solution is u(t) = 1−4t∫ t

0
u′(t)Fj(t)dt =

∫ t

0

(
16t2 −5+8tu(t)+u2(t)

)
Fj(t)dt

Fj(t)u(t)|t0 −
∫ t

0
F ′

j (t)u(t)dt =
∫ t

0

(
16t2 −5+8tu(t)+u2(t)

)
Fj(t)dt

Fj(t)u(t)−Fj(0)−
∫ t

0
F ′

j (t)u(t)dt =
∫ t

0

(
16t2 −5+8tu(t)+u2(t)

)
Fj(t)dt

By taking F1 = 1,F2 = t,F3 = 1+ t2,F4 = t3 +2t

u(t) =
4

∑
i=1

ciFi(t)

4

∑
i=1

ciFi(t)Fj(t)−Fj(0)−
4

∑
i=1

ci

∫ t

0
F ′

j (t)Fi(t)dt =
∫ t

0
(16t2 −5)Fj(t)dt +

4

∑
i=1

ci

∫ t

0

(
8tFi(t)+

4

∑
i=k

ckFi(t)Fk(t)

)
Fj(t)dt

where j = 1 to 4

https://doi.org/10.53941/nacs.2026.100009 7 of 12

https://doi.org/10.53941/nacs.2026.100009


Bala and Mishra Nonlinear Anal. Comput. Simul. 2026, 1(2), 9

For j=1

−1− 16t3

3
+5t +(1−4t2)c1 +

(
t − 8t3

3

)
c2 +(1−3t2 −2t4)c3 +

(
2t − 13

3
t3 − 8t5

5

)
c4

− tc2
1 −

t3

3
c2

2 −
(

t5

5
+

2t3

3
+ t
)

c2
3 −
(

t7

7
+

4t5

5
+

4t3

3

)
c2

4 − t2c1c2 −
(

t4

2
+ t2

)
c2c3

−
(

t6

3
+

3t4

2
+2t2

)
c3c4 −

(
t4

2
+2t2

)
c1c4 −2

(
t3

3
+ t
)

c1c3 −2
(

t5

5
+

2t3

3

)
c2c4 = 0

(12)

For j = 2

−4t4 +
5t2

2
− 8t3

3
c1 +

(
t2

2
−2t4

)
c2 +

(
−2t3 − 8t5

5

)
c3 +

(
t2 − 13t4

4
− 4t6

3

)
c4

−t2

2
c2

1 −
t4

4
c2

2 −
(

t6

6
+

t4

2
+

t2

2

)
c2

3 −
(

t8

8
+

2t6

3
+ t4

)
c2

4 −
2t3

3
c1c2 −2

(
t5

5
+

t3

3

)
c2c3

−2
(

t7

7
+

3t5

5
+

2t3

3

)
c3c4 −2

(
t5

5
+

2t3

3

)
c1c4 −

(
t4

2
+

t2

2

)
c1c3 −

(
t6

3
+ t4

)
c2c4 = 0

(13)

For j = 3

−1− 16t5

5
− 11t3

3
+5t +(1−2t4 −4t2)c1 +

(
t − 7t3

3
− 8t5

5

)
c2 +

(
1−3t2 − 7t4

2
− 4t6

3

)
c3

+

(
2t − 11t3

3
− 21t5

5
− 8t7

7

)
c4 −

(
t3

3
+ t
)

c2
1 −
(

t5

5
+

t3

3

)
c2

2 −
(

t7

7
+

3t5

5
+ t3 + t

)
c2

3

−
(

t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c2

4 −
(

t4

2
+ t2

)
c1c2 −2

(
t6

6
+

t4

2
+

t2

2

)
c2c3 −

(
t8

4
+

4t6

3
+

5t4

2
+2t2

)
c3c4

−
(

t6

3
=

3t4

2
+2t2

)
c1c4 −2

(
t5

5
+

2t3

3
+ t
)

c1c3 −2
(

t7

7
+

3t5

5
+

2t3

3

)
c2c4 = 0

(14)

For j = 4

−8t6

3
− 27t4

4
+5t2 +

(
−8t5

5
− 16t3

3

)
c1 +

(
t2 − 15

4
t4 − 4t6

3

)
c2 +

(
−22t5

5
−4t3 − 8t7

7

)
c3

+

(
2t2 −6t4 − 29t6

6
− t8 − 16t5

5

)
c4 −

(
t4

4
+ t2

)
c2

1 −
(

t6

6
+

t4

2

)
c2

2 −
(

t8

8
+

2t6

3
+

5t4

4
+ t2

)
c2

3

−
(

t10

10
+

3t8

4
+2t6 +2t4

)
c2

4 −2
(

t5

5
+

2t3

3

)
c1c2 −2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c3

−2
(

t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c3c4 −2

(
t7

7
+

4t5

5
+

4t3

3

)
c1c4 −

(
t6

3
+

3t4

2
+2t2

)
c1c3 −

(
t8

4
+

4t6

3
+2t4

)
c2c4 = 0

(15)

See Table 4 and Figure 3. In Table 4 comparison of errors in our methods and method in [21] is shown.

Table 4. Comparison of exact and approximate solution of Example 3.

n = 4 n = 4
t Exact Solution for Fibonacci Polynomials for Lucas Polynomials Method [21]

Approximate Solution Error Approximate Solution Error

0.1 0.6 0.600000000000001 9.9×10−16 0.600000000000000 0 2.3×10−04

0.2 0.2 0.199999999999999 9.9×10−16 0.199999999999994 6.0×10−15 3.7×10−12

0.3 −0.2 −0.200000000000000 0 −0.200000000000052 5.2×10−14 4.5×10−04

0.4 −0.6 −0.600000000001501 1.5×10−12 −0.600000012115453 1.2×10−08 4.7×10−04

0.5 −1.0 −1.000000013559188 1.4×10−08 −1.000000000000322 3.2×10−13 9.4×10−11

0.6 −1.4 −1.400000000000000 0 −1.400000000046840 4.7×10−11 4.7×10−04

0.7 −1.8 −1.800349707136145 3.5×10−04 −1.799999730208330 2.7×10−07 4.5×10−04

0.8 −2.2 −2.201167083285902 1.1×10−03 −2.199999167376733 8.3×10−07 1.6×10−10

0.9 −2.6 −2.599999999229953 7.7×10−10 −2.600000000323980 3.2×10−10 2.3×10−04

1 −3.0 −3.000000000268688 2.7×10−10 −2.999994452834936 5.5×10−06 0
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Figure 3. Comparison of presented approximate solution with exact solution for Example 3.

Example 4. Find the approximate solution of

y′(t) = 2y(t)− y2(t)+1, 0 ≤ t ≤ 1, y(0) = 0

and the exact solution is

y(t) = 1+
√

2tanh

(
√

2t +
1
2

log

(√
2−1√
2+1

))
∫ t

0

(
y′(t)−2y(t)+ y2(t)−1

)
Fj(t)dt = 0

Fj(t)y(t)|a0 −
∫ t

0
F ′( j)y(t)dt −

∫ t

0
2y(t)Fj(t)dt +

∫ t

0
y2(t)Fj(t)dt −

∫ t

0
Fj(t)dt = 0

Fj(t)y(t)−
∫ t

0
F ′( j)y(t)dt −

∫ t

0
2y(t)Fj(t)dt +

∫ t

0
y2(t)Fj(t)dt −

∫ t

0
Fj(t)dt = 0

y(t) =
4

∑
j=1

c jFj(t)

We will get the following equations

(1−2t)c1 +(t − t2)c2 +

(
1+ t2 −2t − 2t3

3

)
c3 +

(
t3 +2t − t4

2
−2t2

)
c4 + tc2

1 +
t3

3
c2

2 +

(
t5

5
+

2t3

3
+ t
)

c2
3

+

(
t7

7
+

4t5

5
+

4t3

3

)
c2

4 + t2c1c2 +

(
t4

2
+ t2

)
c2c3 +2

(
t3

3
+ t
)

c1c3 +2
(

t6

6
+

3t4

4
+ t2

)
c3c4

+2
(

t4

4
+ t2

)
c1c4 +2

(
t5

5
+

2t3

3

)
c2c4 − t = 0

(16)

− t2c1 +

(
t2

2
− 2t3

3

)
c2 +

(
2t3

3
− t4

2
− t2

)
c3 +

(
t2 +

3t4

4
− 2t5

5
− 4t3

3

)
c4 +

t2

2
c2

1 +
t4

4
c2

2 +

(
t6

6
+

t4

2
+

t2

2

)
c2

3

+

(
t8

8
+

2t6

3
+ t4

)
c2

4 +
2t3

3
c1c2 +2

(
t5

5
+

t3

3

)
c2c3 +2

(
t4

4
+

t2

2

)
c1c3 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c3c4

+2
(

t5

5
+

2t3

3

)
c1c4 +2

(
t6

6
+

t4

2

)
c2c4 −

t2

2
= 0

(17)
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(
1−2t − 2t3

3

)
c1 +

(
t − t2 +

t3

3
− t4

2

)
c2 +

(
1−2t +

t4

2
+ t2 − 2t5

5
− 4t3

3

)
c3 +

(
3t5

5
+

5t3

3
+2t − t6

3
− 3t4

2
−2t2

)
c4

+

(
t +

t3

3

)
c2

1 +

(
t5

5
+

t3

3

)
c2

2 +

(
t7

7
+

3t5

5
+ t3 + t

)
c2

3 +

(
t9

9
+

5t5

7
+

8t5

5
+

4t3

3

)
c2

4 +

(
t4

4
+ t2

)
c1c2

+

(
a6

3
+a4 +a2

)
c2c3 +2

(
t5

5
+

2t3

3
+ t
)

c1c3 +

(
t8

4
+

4t6

3
+

5t4

2
+2t2

)
c3c4 +

(
t6

3
+

3t4

2
+2t2

)
c1c4

+2
(

t7

7
+

3t5

5
+

2t3

3

)
c2c4 − t − t3

3
= 0

(18)

−
(

t4

2
+2t2

)
c1 +

(
t2 − 4t3

3
+

t4

4
− 2t5

5

)
c2 +

(
−2t2 +

4t3

3
− 3t4

2
+

2t5

5
− t6

3

)
c3

+

(
2t2 − 8t3

3
+2t4 − 8t5

5
+

t6

2
− 2t7

7

)
c4 +

(
t4

4
+ t2

)
c2

1 +

(
t6

6
+

t4

2

)
c2

2 +

(
t8

8
+

2t6

3
+

5t4

4
+ t2

)
c2

3

+

(
t10

10
+

3t8

4
+2t6 +2t4

)
c2

4 +

(
2t5

5
+

4t3

3

)
c1c2 +2

(
t7

7
+

3t5

5
+

2t3

3

)
c2c3 +2

(
t9

9
+

5t7

7
+

8t5

5
+

4t3

3

)
c3c4

+2
(

t7

7
+

4t5

5
+

4t3

3

)
c1c4 +2

(
t6

6
+

3t4

4
+ t2

)
c1c3 +2

(
t8

8
+

2t6

3
+ t4

)
c2c4 −

t4

4
− t2 = 0

(19)

See Tables 5 and 6 and Figure 4.
In Table 5 comparison of errors in our methods and method in [22] is shown.

Table 5. Comparison of exact and approximate solution of Example 4 for t = [0.01, 0.1].

n = 4 n = 4
t Exact Solution for Fibonacci Polynomials for Lucas Polynomials Method [22]

Approximate Solution Error Approximate Solution Error

0.01 0.010100329953180 0.010100329953180 0 0.010100329953176 2.9×10−15 2.5×10−07

0.02 0.020402611830266 0.020402611830267 9.9×10−16 0.020402611830263 3.0×10−15 2.1×10−06

0.03 0.030908718550429 0.030908718550430 9.9×10−16 0.030908718550431 2.0×10−15 7.1×10−06

0.04 0.041620431605239 0.041620431605241 2.0×10−15 0.041620431605239 0 1.7×10−05

0.05 0.052539435209824 0.052539435209838 1.4×10−14 0.052539435209834 9.9×10−15 3.4×10−05

0.06 0.063667310371906 0.063667310371965 5.9×10−14 0.063667310371964 5.8×10−14 6.0×10−05

0.07 0.075005528890499 0.075005528890711 2.1×10−13 0.075005528890710 2.1×10−13 9.7×10−05

0.08 0.086555447297052 0.086555447297694 6.4×10−13 0.086555447297694 6.4×10−13 1.5×10−04

0.09 0.098318300752784 0.098318300754494 1.7×10−12 0.098318300754494 1.7×10−12 2.1×10−04

0.1 0.110295196916962 0.110295196921082 4.1×10−12 0.110295196921086 4.1×10−12 2.9×10−04

Table 6. Comparison of exact and approximate solution of Example 4 for t = [0.2, 2.0].

t Exact Solution FGM LGM Method [16] Method [28]

0.2 0.2419767996 0.2419768010 0.2419768010 0.2396149017 0.2419778327
0.4 0.5678121663 0.5678126833 0.5678126823 0.5626231618 0.5678455132
0.6 0.9535662165 0.9535785307 0.9535785307 0.9468409011 0.9536660329
0.8 1.3463636554 1.3464357962 1.3464357969 1.3405640980 1.3463791062
1.0 1.6894983916 1.6896183957 1.6896183957 1.6863821450 1.6860271032
1.2 1.9513601180 1.9511451475 1.9511451469 1.9509491870 1.9150510260
1.4 2.1313266100 2.1299124125 2.1299123963 2.1325827440 2.1791315021
1.6 2.2462859590 2.2426924355 2.2426924356 2.2481414290 -50.98229780
1.8 2.3163247370 2.3098953077 2.3098953191 2.3181237490 -5338.782860
2.0 2.3577716530 2.3483247584 2.348324754 2.3592420980 -286352.7325
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Figure 4. Comparison of presented approximate solution with exact solution for Example 4.

4. Conclusions

In the present paper some non-linear quadratic Riccati differential equations are solved. We have given
numerical algorithms using Fibonacci and Lucas polynomials as basis functions and weight functions based on
Galerkin method. Some numerical examples are solved for n = 3 or 4 and tables and figures show comparison of
exact and approximate solutions for FGM and LGM. We see that results are highly accurate as errors are less. From
Tables 1 and 2, we observe that results for n = 4 are more accurate than result for n = 3. Accuracy increases as
value of n increases.
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