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1. Introduction

Fractional calculus finds extensive applications across numerous scientific and engineering domains, including
mechanics, physics, biology, and cybernetics. In recent years, fractional derivatives have been utilized to analyze
the memory and hereditary properties of complex systems within diverse application areas. For example, Sadek [1]
defined the trigonometric g-derivative and g-integral in the quantum framework, combined them with the Caputo
fractional derivative, and proposed a new trigonometric Caputo g-fractional calculus; the corresponding g-fractional
differential equations are solved using the g—Laplace transform. For related research, one can refer to the work of
Yang et al. in references [2]. For more detailed information on fractional differential equations, monographs [3—6]
can be consulted.

In practical problems, systems may be subject to various internal or external disturbances, leading to delays
in system responses and complicating the relationship between system inputs and outputs. To more accurately
describe and analyze such systems with time-delay characteristics, the introduction of time-delay systems has
become inevitable. Time-delay differential systems can more truly reflect the dynamic behavior of actual systems,
reveal their inherent complex features, and facilitate an in-depth understanding of the laws governing the dynamic
evolution of systems. For example, Yong-Ki et al. [7] investigated the approximate controllability of fractional delay
integrodifferential systems of order 1 < r < 2 using multivalued functions, Sobolev-type operators, cosine families,
fractional analysis, and Martelli’s fixed point theorem. Li et al. [8] constructed fractional delay Mittag-Leffler matrix
polynomial functions and systematically studied their related properties. Using these fractional delay Mittag-Leffler
matrix polynomial functions, combined with the method of variation of constants and the superposition principle,
they derived the exact expression of the solution for Caputo-type fractional delay linear homogeneous differential
systems and proved the finite-time stability of the system solutions. In [9], the authors obtained relative controllability
results for fractional delay differential systems by constructing Gram matrices and corresponding control functions.
Furthermore, within the Banach space framework, they studied the existence, uniqueness, and finite-time stability of
solutions for nonlinear fractional delay differential systems using the contraction mapping theorem [10]. In addition,
delay differential systems have important theoretical significance in engineering fields such as communication systems,

power systems, and network transmission systems. For related research, please refer to the references [11-14].
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Stochastic differential equations play a pivotal role in numerous branches of science and industry, such
as biology, physics, economics, engineering, and financial markets. In fact, these applications rely heavily on
the stability of the system, and system stability is the primary factor to be considered in the process of system
performance analysis and synthesis, relevant research can be found in references [15-18]. For example, in
reference [19], Itd’s and Nishimura developed a tool based on Lyapunov functions to explore the stability and
robustness of cascaded non-linear stochastic systems. Zhao and Deng discussed the stochastic stability and
instability of stochastic systems in reference [20]. In reference [21], Zhu adopted the proof by contradiction to
investigate the p-th moment exponential stability of a class of stochastic delay differential equations driven by
Lévy processes, thereby deriving several novel stability theorems. In reference [22], Ruili Song et al. By devising
new Lyapunov functions, employing M-matrix techniques, and addressing non-differentiable delay functions, the
existence, uniqueness, asymptotic boundedness, and exponential stability of nonlinear mixed neutral stochastic
delay differential systems wit Lévy jumps and distinct structures were successfully established. Li [23] proposed
an averaging inequality with fractional conditions, and used this inequality to handle the singular integral kernel
problem in Caputo-type fractional stochastic differential systems. Finally, he obtained the averaging principle for
the solution of the following system:

(OD%5ey)(t) = Ay(t) + By(t — b) + F(t.y(w) + 0(t,y(1) = =, t € (0,11, 0
y(H) = (D), —h <t <0,

where « € [0.5,1], h > 0, A,B € R"*", f € C([0,T],R"),§ € C([0,T],R"*"™). Based on the research
of Li [23], we conducted exponential stability studies for system (1). In reference [24], Xiao et al. Explored
the stochastic stability as well as stochastic asymptotic stability of Caputo fractional stochastic differential
equations. Through the establishment of the Caputo-adapted It6’s formula, they successfully obtained the results
regarding almost exponential stability and p-th moment exponential stability. For more research results, readers are
recommended to refer to the books in [25, 26] and the review paper [27].

It is worth noting that the research works in references [21, 22] merely focus on the stability of integer-order
stochastic differential equations. However, time delay is also a crucial factor in determining the stability of a system.
Although the stability of fractional stochastic differential systems was studied in reference [24], the discussion of
delay effects was lacking. This paper conducts an in-depth study on a class of Caputo-type fractional stochastic
differential equations with pure time delay, and explores their p-th moment estimation and p-th exponential stability.
The main innovations are as follows:

1. We established an It6’s differential formula associated with the Mittag-Leffler type matrix polynomial
function. 2. We rigorously derived the p-th moment estimation for the system solution, providing a theoretical
basis for the boundedness and non-explosion of the system. 3. By constructing the operator £V, we established the
conditions under which the system solution satisfies p-th moment exponential stability.

The remaining part of this paper is structured as follows. In Section 2, the symbols and relevant concepts will
be introduced. In Section 3, will demonstrate the derivation process of the It6’s formula involving the Mittag-Leffler
type matrix polynomial function. In Section 4, presents our main research results. Under several sufficient
conditions, we derive the p-th order estimation formula of the system and prove the exponential stability of the
system in the sense of the p-th order. Finally, in Section 5, we illustrate the effectiveness of the obtained conclusions
through examples.

2. Preliminaries

Let (2, F, P) be a complete probability space with a filtration {F, }.>¢ satisfying the usual conditions, E(-)
denotes the expectation regarding the measure P, L%(§, F.,R"™) denotes the Hilbert space of F,-measurable
square integrable random variables with values in R™. We are concerned with Caputo fractional stochastic delay
differential equations:

(CDETI(E) = AX(S) + BT (s = ) + (s, X6)) + (6, Y P9, s €0, 71,

Y(s) = ¥(s), s € [-v,0],

(@)

where o € [$,1], v > 0 denotes the time delay and A, B € R™*™ are any matrices, Y(s) € R™ is a stochastic
process. ¢ : [0, T] X R™ = R™, ¢ : [0, T] x R™ = R"*"™. {w(s),s € [0, T]} is the given n-dimensional standard
Brown motion on a complete probability space (2, F, P). The initial function ¥ € C?([—v,0], R") satisfies
E((s)P?) < .
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Definition 1 (see [28]). The Riemann-Liouville fractional derivative of order 0 < « < 1 for a function T :
[0,00) — R can be written as

L [ s, < >0
- < — S s)as .
'l —«)ds Jo N S

Definition 2 (see [28]). The Caputo derivative of order 0 < v < 1 for a function T : [0,00) — R can be written as

(" DET)(s) =

1 * —annt
F(l—a)/o(gs) T'(s)ds, ¢ > 0.

Definition 3 (see [28]). The fractional integral of order 0 < o < 1 for a function Y : [0,00) — R can be written as

(“DgT)(<) =

1 S
1306 = o [ (6= 9% T(s)ds, <> 0
o I'(a) Jo
Definition 4 (see [1 1]). The coefficient matrices Q;(s1,- -+ ,<n), @ = 1,2, - - -, satisfies the following multivariate

determining matrix equation

Qiri(s) = AQi(s) +BQi(s —v),
Qo(<) Qi(—v) =0, Q:(0) =1
0} 0,1,2,---,¢=0, h, 2h,---,

where O is a zero matrix, 1 is an identity matrix.

Remark 1. The specific values of the coefficient matrix Q;1(jv) are given in the following Table 1:

Table 1. Specific forms of the coefficient matrices Q;+1(jv).

J Q1 (jv) Q2 (jv) Qs(jv) Qa(jv) cee Qit1(gv)
0 I A A2 A3 oy Al

1 C) B AB + BA A(AB + BA) + BA?

2 C) C) B2 AB? + B(AB + BA)

3 <) S) <) B3

i €] €] S) €] e B

Definition 5 (see [11]). Delayed perturbation of two parameter Mittag-Leffler type matrix function .’{U o ﬂ( )
generated by A, B is defined by

0, ¢ <€ [-v,0),
L ¢=0,
A,B _ giath—1 iatp—1
Xy aslS) = E Qi+1(0) tarsy + Z Qit1(v )W 3)
v ia+pB—1
ot Z Qi+1(pv)%, (p—1v <¢ < pv.
i=p

Lemma 1 (see [5]). The function Xffﬁ() is continuous on [0, +00).

Lemma 2. The function f{f f 5(s) is uniformly convergent on [0, +00).

Proof. When ¢ = 0, %;4 f 5(s) = I, which is obviously convergent. When (p — 1)v < ¢ < pv, we have

XUAfﬁ( ) = Z Z Q1+1(‘7’U)%. For real matrices A, B € R"*"™, there exist two positive constants
i=0 =0
M 4 and Mg such that |A|* < MY, |B|" < Mj. When j > i, one has Q;+1(jv) = ©. When j < 4, one has

|Qis1(jv)| < (M4 + Mp)®. Since (p — 1)v < ¢ < pu, it follows that 0 < ¢ — jv < pv. Thus, we have
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0o 1 00 i _
Z/’ZQ +1 ‘ C —j’U wz+ﬁ 1 Z M.A + MB ( )wc+5 1.
=0 j=0 (ZO&-Fﬁ =0 za—l—ﬁ)

Furthermore, since I'(ia + ) ~ (i)™ A3 =@\ /2iq exhibits super exponential growth, we can conclude

oo i iatB—1 . . .

that > (M““ng.)a(fg)) is convergent. Finally, according to the Weierstrass M-test, we can conclude that
i=0

oo p—1

> Z QZ+1(jv)% is uniformly convergent on (p — 1)v < ¢ < pv. In conclusion, .’{U " B(g) is
=0 j=

umformly convergent on [0, +00). O
Definition 6. The derivative of %U L 5( ) is defined as:
G)a S € [77]5 O]a
5 (io+f—1)s"*H7 =2 | I3 (ia+B—1)(s—v)"**+7~2
248 () = { 2 Qn (O rais— + L Q)™ 1Garp) @
1= 1=

v,a,8
&, ia+B— —(p—1)v)iath—2
+ "+ZQZ‘+1(PU)( +8 1)(15(1_;161)) ) , (p—Dv << pv.
i=p

Lemma 3 (see [5]). Foranys>0,0<a<1,0< 8 <1landa+ 8 > 1, we have

X5 < P LA+ IB])s®)

v,a,f -

= "B, 5(ns%), o)

o0 .

E,z(s) = Z (ja—Hi) , ¢ € R is the Mittag-Leffer function.

where n =

Lemma 4 (see [29]). For any ¢ > 0, we have
(i) Leta>0, then JLEq1(s) = L Eqal(s),
(i) Leta>0,8€R, then £Eqp(s) = LEqarpi1(s) + 2 Eq arp(c).

Lemma 5. Forany¢>0,0< a <1, 8>0,and o+ 8 > 1 then the following holds true:

d
228 (9)] S<f*-2[<

v.,8(S dgEaﬁ(??ga) + 5Ea,/3(77§a)} : (6)

Proof. By (4), without loss of generality, for (p — 1)v < ¢ < pv,p=1,2,... we have

1248 (¢ — (a4 B = 1)(s — ju)eth?
IS g L(ia + B)
s (ia + B —1)gioth=2 & (io+ B —1)(s —v)' i
< ) 1Qiga(0 a1 ) + Y 1Qir1(v)| T(ia + B)
00 (ia + B —1)(s — (p — Dv)irtF2
+ ~+Z|Qi+1(PU)| T(ia + B)
_ N i (it p)ererim
= D4+ a5
= SR A B Z A8
- 1=0
[ d
= 7 fox LBQA 4B + BB+ 1857
= gﬁ_Q ¢ X %E(Uga) +ﬂEa,ﬂ(n§a):| .
The proof is complete. -
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Remark 2. For 0 < a < land 8 = 1, we have |Z;4a31( ) < e x LB, a(ne®) + Eml(nc”‘)} For

[0

0<a=p<1, wehave |Zfa6a( ) < g2 *Ea2a-1(ns%) + ME'047204(7]§0‘) + aana(ngo‘)].

Lemma 6. The function ZU o B( <) is uniformly convergent on [0, +00).
Proof. Its proof process is the same as that of Lemma 2, so we will not elaborate on it in detail. O

Lemma 7. A R"-value stochastic process {Y(s) : —v < ¢ < T} is called a solution of (2) if Y (<) satisfies the
integral equation of the following form

X8 (s +0)U(—v) + [0 XAB (¢ = s)[(CD*,  W)(s) — AU(s)]ds
T(6) =1 + [ xAB (- s> (5,0(s))ds + [ LB (s — 8)i(s, Y(s))dw(s), s € [0,T], (7)
\Il( )a S € [71)70}7

where Y (<) is F.-adapted and E(f:} IT(s)]?ds) < o0

Definition 7 (see [26]). The system (2) is deemed to have an exponentially stable trivial solution in the p-th moment
if two positive constants \ and C' exist, satisfying the inequality:

E(IT(9)I) < CE[T(0)]e™.

3. Ito’s Formula of Caputo Version

In this section, we present the Caputo fractional Itd’s formula, which specifies the differentiation rules for
functions of Caputo fractional stochastic processes. We first derive the one-dimensional form of this formula and
subsequently extend it to the multi-dimensional scenario.

Let V € CL2(R™ x RT, R) denotes the set of all real-valued functions V (s, Y(c)) defined on R™ x R* such
that they are continuously twice differentiable in ¢ and once in Y. We defined

v . %V
OY10Y1? ’9YT10Y,
vV o (e v\ e : -
<*8g7 T — oY1’ » 9, y VXY — : : )
o’V . v
Y, 0’ » 97,0,

Clearly, when V € C12(R x R, R), we have Vy = % and Vyy = g?ﬁ.

Theorem 1. Let Y(s) be an Ité process on s > 0 with (2), letn = 1 and V € CY3(R x R*,R), then V (¢, T (<))
is again an Ito process with (2) given by

V6 = V(0,7(0)+ / [v;<s,r<s>>+;vm<s7r<s>>w2<s,r<s>> s
+ / < Vy<s,r<s>>{szl<s 0B ()
0
+ / ZAB (s — w)[(CD . B)(w) — AV (u)]du
(s, X (8)) + / ZAB (s — u)p(u, Y(u))du

/ Z{f‘aBa (s — u)z/J(u,T(u))dw(u)}ds

/ Vr (s, Y(s))(s, Y(s))dw(s).
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Proof. Let 0 = ¢y < <1 <+ < G =6, Ak = Skr1—Sks AV = V(1) —Y(s), T1 = o max Agy, Ty =
max ATY(sx). According to Taylor’s theorem, we have o
0<k<m-—1
m—1
V(s T(5) = V(0,7(0) = [vml, T(oe1)) — Vs, T<<k+1>>}
k=0
m—1
30 V6 Tlatn) - Vi Ya)|
k=0
=V +Va. (8)

First, perform a univariate Taylor expansion of V; with respect to . Set T = Y (sx1) and expand it at ¢ = ¢,
we have

V(sk+1, Y(sk+1)) = V(Sk T(skt1)) + (Skt1 — ) Ve (S, T(Sht1))-

‘We can obtain

[

-1

> V(6 T6) = Vi Tin)| = 3 (6 = Vil Tlser)
k=0 k=0
m—1
= Ve (i T(Sk41)) A
k=0
When 77 — 0, one can get
m—1 <
Vi (60 Y sha1)) Dk — / Vi (s, T(s))ds. ©)
k=0 0

Then, conduct a univariate Taylor expansion of V5 regarding Y. Set ¢ = ¢, constant and perform the expansion
at T = T(c), and thus we get

V(s Tlors1)) = Vsks Tlor)) + [T(ske1) = Do) Vi (o, Tsk)
+%[T(§k+1) = T (s)]* Var (i, T(sk))-
We can obtain

-1

3 V(6 Do) = Vi 1) = X [Flewen) = T(6ulVrles, T(6)
k=0 =0

3

o

—1

3

+
]
N |

(Y (shr1) = T(sk)]*Var sk, Tlsk))

el
Il

0
-1

3

|
(]

Vr (e, Y(sk)) AT (k)

k=0
m—1
+ Vo (Sk, T (1)) A2 (s3).
k=0
When 7> — 0, one can get
m—1 S
V(s Tlcir)DAT(60) > [ Vals, T(s)a (o) (10)
k=0 0
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By (7), we has an equivalent form

dY(s) = Y'(s)ds
0
- fol<<+v>w—v>d<+( / zfa3a<<—s>[<CDiU+W><s>—A%))]ds)dc
wple T+ ([ 288~ 0. (s ) s
w AB — S S S wIlS .
sols YN dule) + ([ 248~ s Xedus) )
Therefore
AT() = ZF (o4 + 0)U(—0)Agy + / ZAB (o - 9)[(CD%,. W)(s) — A(s))Jds Aok

Jrap(qc,T(%))chJr/o§ Z,f‘fa( Sk — 5)@(s, T(s))ds gy
gk Tlor)) Atw(si) + / ZAB (6 — s)i(s, Y(5))dw(s) Ay,

Based on dsds = 0, dw(s)ds = 0, dw(s)dw(s) = , one can get

(AT (5))? = 9% (s, Tlsi)) L.

When T> — 0, one can get

,_.

m—

Ve (k, V(1)) AT () = ZVT S TSk 1)) 0 (k, T (s)) A
k=0

— / V’r S, T Ck,T( ))ds

Substituting (9)—(11) into (8), we obtain that

Vs, Y(s)) = V(O,T(O))+/(:Vs(s,'f(s))der/Og Vr(s,Y(s))dY(s)

b [V T T
0

_ V(O,T0)+/O<X/S(S,T(s))ds+/0< Vi (s, Y () Z245, (5 + 0) T (—v)ds

S 0
/ Vie(s, T (s)) / ZAB (s~ u)[(CD%, U)(u) — AU (u)]duds

/ Vr (s, T(s / ZAB (s — w(u, T (uw))dw(u)ds
by [ Ve T, (s

The proof is now complete.

(11)
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We proceed to extend the 1-dimensional Itd’s formula to the multi-dimensional setting. Let w(s) =
(w1(s),w2(s), -+ ,wp(s)) be an n-dimensional Brown motion defined on the complete probability space (2, F, P),
which is adapted to the filtration {F }.>o. Given that the proof follows a similar line of reasoning as the
1-dimensional case, it is omitted herein.

Theorem 2. Let Y (<) be an It6 process on s > 0 with (2), let V € CH2(R™ x R, R), then V (s, V(<)) is again
an Ité process with (2) given by

V(GTE) = V(O,TO)+/OCVS(S,T(S))ds—i—/OCVT(S,T(S))Z£&§1(3+U)‘Il(—v)ds

N / Va5, Y(5)pls, Y(5))ds
v /0 Vi (s, T(s)) /0 Z o5 = we(u, T (u))duds
+ / Ve (s, T (5)) (s, T(5))du(s)

+% /g trace(y " (s, (s)) Ve (s, T(s))i(s, Y(s)))ds.
0

4. LP-Estimstes and p-th Exponential Stability

The p-moment estimation of the solutions of stochastic differential equations is of great significance for the
study of their stability. In this section, we will present two p-th moment estimation formulas for system (2) and
investigate its exponential stability.

For the convenience of subsequent stability analysis, we denote y;(s) = [(“D* , ¥)(c) — A¥(s)]. We
introduce the following assumptions:

Assumption 1. My = [F5 (Ea 20-1(nT%))* + 52 (Ea.2a (1T))* + 0 (Ea,o (nT%))?]
Assumption 2. Exists two positive constants K1, K, such that |p(s, Y(<))| < K1 and |¢(s, Y(¢))| < Ka.
4.1. LP-Estimstes

In this section, we will derive two p-th moment estimation formulas through It6’s formula.

Theorem 3. Let p > 2, and assume that Assumptions 1 and 2 hold, there exists positive constants K3, K, such that
AB 0
T ()| 200 (s +0)¥(—v) + / Z38 (s — sy (s)ds| < Ks(1+ Y (<)), (12)

—vU

TT(O)p(6, 1) + L (6 TOIP < Kall + [T(©)P) (13)

Then we obtain the p-th moment estimation formula

E|T(<)]” < 257 (1 + E[T(0)")e ",

~ T2a71
C = |:p(K3 + K4) +p\/3M1m7_1(K1 -+ KQ):| .

where
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Proof. By It6’s formula of Caputo version and Equation (12), we can derive that

v,a,l

A4ITORE = @+ [TOPE +p [ 0+ TP 248 s+ ) w(-)ds
o [P0 [ 28806 - WD, ) 0) ~ AV()duds
i [0+ BT 0) [ 288~ el Y () duds
[ 0+ XERETT (ol Yo ds

* - T(s)(s,Y(s))?
£ [asie )1<“’ A I s, 16 s

L4+ [Y(s)[?
+p/ (14 X)) 17T (s / Z;‘tfa (s — wp(u, T(u))dw(u)ds

T / T4 TR ELT (sppls, T(s))daos)

IN

(1+[T )% +p/;(1+IT(S)2)5_1TT( )| 25k (s + ) (-v)

/_U Z8 (s — )y (u )du] ds
o [ EERE YT (0006, () + L5 ol TP s
+p/(1+|T 25177 (5 /z;‘fas—u w, Y (u))duds
i [ TERET() [ A8 - 0t ) ot ds
[ TR (6, T

S

< (@O +prs [ (14 [T(5) )R ds + pKs | asrremtas
+p/0(1—|—|T 2)5-17T (g /z;‘fas_u w, T (w))duds
+p/(1+|T 2817 T (g /z;‘fas—u (1, T () o () ds
4 [ 0 ORI (90 Y (9)duls),

Set G(s) =[5 288, (s — weo(u, Y(w)du, G(s) = [; 245, (s — wp(u, T(u))dw(u). According to
Assumptions 1 and 2 and Equation (6), it can be obtamed that

2 S
EIG(s)? < E / Z3B (s —uw)p(u, T(u))du §K12M1/ (s — )2 2du
0 0
2a 1
= 3K1M12 —
~ s 2 s
ElG(s)? < E / ZB (s — u)y(u, T(u))dw(u) SKng/(S,u)zafzdu
0 0
2a 1
= KMy —
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Therefore, we can get
B(1+TOR) < 251+ BTOP) +pla+ Ki) [ B+ [TP)ds
<8 (p [0+ TERETE) [ 2486 - 0l Tw)duas )
48 (p [+ TERETE) [ 248, 6 - wvln Y)du(uas
<2 (p [0+ PP (6l T(9)duts) )

< 25V 1+ E[T(0)P) + p(Ks + Ky) /g E(1+|Y(s)*)%ds
<8 (p [0+ TER TGS )
+E(p/0§(1+|’r(s)| VE-17T (4) ds)

< 25" Y14ET(0 )\p)+p(K3+K4)/ E(1 4 [Y(s)[*) 2 ds

T / "R+ () 25T (5) R EIGs)[2ds
o "R TR T ()2 EIG(s)ds

IN

2511+ E[T(0)|P) + p(Ks + K4) / E(1+|Y(s)]>)%ds

2a71

+p/ \/ ((1+ [0 () [2)P=2[ YT (5)?)3K My o —ds
200 —

200—1

ds

o [ B @R R

IN

251(1 4 BTPP) + p(Is + Ku) / CE(1L+ Y (s)2)Eds

2a 1

+pKy 3M1 / (1+ [T (s)[*)2ds

2a 1

+pK 3M1 E(1 + |Y(s)|?) % ds

IN

S E[TO)P) + [p(K3 Ky

2a0—1

+p 3Af18

oK1+ KQ)} /;Eu + 7 (s)?) 5 ds

< 25 TY 1+ ET(0)) +C‘/§E(1 +|7(s)]?) 2 ds.
0

By virtue of Gronwall’s inequality, it can be obtained that

P _
2

E((1+[T(c)[*)%) < 251 (1 + E[T(0)[P)e
Thus, we obtain the p-th moment estimation formula

E[T(s)[” < 287 1(1 + E|T(0)[”)e

The proof is now complete. O
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Theorem 4. Let p > 2, if the following conditions hold
(s TPV (e, TP < Ks(1 4 [T(s)["). (14)

where K5 a positive constant. Then there is a p-th moment estimation formula

E( sup_|T(QP) < (1+Cr)e,

0<¢<T
where
p W pa—1 p
e = WP (Eaa T +0)%)) +W(Ea,a<n<7+h>a>) I
P 7—%+1 p—1 Tpf’+1 =
1 = s
b 2o +1 "\ 22 41
0 » p—1
Wi = ([ i) <o

- pp-i-l Z
& = (2(p—1>p—1> '

Proof. By using the inequality |a + b + ¢ + d|P < 4P~ Y a|P 4 4P~ L[p|P + 4P~ 1|c|P + 4P~ 1|d|P for any p > 1, we
can obtain the following result:

E( sup |T(5)P) < 4P'EIXS (¢ +0)¥(—v)P
0<t<T

0
PR / XAE (o — )[(CD, W)(s) — AU(s)]ds

)

P
+4P7'E

[ xAE = st T

+r (s \ [ x4 - vt T auts)

0<¢<T
= O+ Qo+ Q3 + Q.

By (5) and Holder’s inequality, we have
M = 4 1E|xva1(g+v)‘y( U)|p
P
< 0 (EarlT +0)%))

o = o / TAB (= 9)[(CD2,, ¥)(s) — AU(s)]ds

< wg( / D) - v fas)

< 0 (Baatu+0)) B( [ - O n(s)as)

< 0 (Baatu o) ([ OU <—s|P<“>ds)’l’XpE( / e )M8>pm
<

B T+o p(a—1)+1 N P
4P 1W1(p(a—)1)+1(Ea’O‘(n(T+ v) )) ,
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and

P

p
ds)

Qg = 4P~ 1E‘/ %ﬁfagfs Yo(s, Y(s))ds

- E( / ‘x;j‘fa ¢ — 5)p(s, X (5))

IN

< oo a,mm) ([ g(g_s)mS)p_lE< [ et sy pas)

p T%Jrl p—1 rg
< 4P—1K5<Ea,a(nT“)> <> /(HE( sup [T (s)|")ds
0

P
p—1 +1 0<s<g¢

By applying the Burkholder-Davis-Gundy (BDG) inequality and Hdélder’s inequality, we can obtain

S p
Q = 4”1]E< sup .'fﬁfa(gfs)qp(s,T(s))dw(s) >
0<¢<T
2 \3
< wricE( [ ldsac v )| as)
0
< 06 (Baata) ( [T16= 9 sr<s>>|2ds)2
0
P L\ L\ E%5
< 07 (Bualat™) ([l -sPortas) 7B ( [ ot veRtas)
0
p Pzz
< 6y (Baatr) ([ |<—s|wds) B [ s x(s)las)
0 0
p Tp 2B 4+1 S
< 07Ky (BurT)) ( ) / (1+ECsup [Y(5))ds
Jrl 0 0<s<g
then
E( sup |T(?)[")
0<t<b
P (—1)+1 p
Pl ()P o p—1 % a
< ol (BT + 0 )+ T EE T (BT )
D 2N P-Ll pe
+4P1K5<Ea,a(n7'“)> (pa> /(1+E( sup |Y(s)[?))ds
-1 1 0 0<s<s
PR IN T s
+4p1K50p<Ea7a(nTa)) (zap> /(1+]E( sup |Y(s)["))ds
st 1 0 0<s<s
p pa—1 p
= o (Batr+ o)+ T (B o) |
) PI/T RS Pl T35 +1 G
4PV ( By o (T ) s (i /1+IE T(s)|P))ds.
() () (22 ] o o
Based on

S
1+E( sup |T(9))P) < 1+C4 —|—C2/ (1+E( sup |Y(s)P)ds
0<e<T 0 0<s<¢

S (1 =+ 611)602g .
Finally, we obtain the p-th moment estimation formula

E( sup_ [T(6)7) < (1+Cp)eC™.
0<¢<T

The proof is now complete.
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4.2. p-th Exponential Stability

In this section, we will establish the exponential stability theorem for the solutions of system (2). We define an
operator £V from R” x R* to R by

LV = Vi X)) X)) + V(s T() 25 (< + ) ¥ (-v)
6T [ 2886~ IED, ) — AU
+Vr(<,T(<))sD(_<TT(<))
+tracelus” (s, X () Ve (s, T)) (s, X(5))]. 15)

Theorem 5. Assume Assumptions 1 and 2 hold and fot the function V € C2(R™ x R, R) exists four positive
constants r;(i = 1,2,3) and Kg, for all T € R™ and ¢ € R such that

(i) TP <V(,T(s)) <2 Y()P,
(ii) LV (s,Y(s)) < —r3V (s, Y(s)),
(ii)  [Vr (s, Y(9))] < Ke(1 +[Y(5)[P),

(iv) 2Kgy/3M1 T (K + Ka) < 13,

Then, the trivial solution of system (2) is p-th moment exponentially stable.

Proof. For each sufficiently large integer n > |¥(0)], define the stopping time sequence 7, = inf{¢c > 0: |T(s)| >
n}. This localization procedure is introduced to ensure that the stochastic integrals involved in the subsequent It6’s
formula are true martingales with zero expectation. Then, for the stopped process at ¢ A 7,,, it follows from the It5’s
formula of Caputo version that

eEATIV (G AT, T(s ATn))

SATp SATh
- v<o,r(o>)+/ r36T3SV(s,T(s))ds+/ €TV (5, T (5))ds
. 0 0
*/ € Ve (5, V(8) 211 (s + 0) ¥ (—v)ds
i o

SNATn, 0
[ e e T [ 2k - (D2 ) () — V() duds

SATn

+ eV (s, T(s))p(s, Y(s))ds

+

v,0,0

o eV (s, 1(s)) /OS ZAB (s —u)p(u, T(u))duds

SATp,

€™ Vy (s, T (s))w(s, T(s))dw(s)

+
s — — — —

[T sy (.1 (s) /0 ) ZAB (s — w)(u, T(w))dw(u)ds
+5 /g " ersstrace(yT (s, 1(5) Ve (5, Y (5))(s, T(5)))ds.
0

Obviously ngT" €™V (s, T(s))(s, T(s))dw(s) is martingale. According to (15) and Conditions (i), we get
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Set H(s) =

E (e”(g /\T")V(g ATy T(s A Tn))>

BV(0.7(0) +E | T sV (s, T(s))ds + B /

v,a,l

Complex Syst. Stab. Control 2026, 2(3), 4

SATn,

0

+E /OA e Ve (s, (s)) 2551 (s + 0) ¥(—v)ds

Z.AB

v,0,x

SATn
JrIE/ eV (s, T(s))/
0 0

%E/ T erssumacel T (s, 1(5) Vier (5, Y (s))b(s, X (s)Jds
0

A,B
ZZ)aa

V(s T() [

0

SATn
0

EV(0,7(0) + E /0 T ras {T3V(S,T(s)) + 2V (s, (s)) | ds

,Zle

U,0,x

+

=
N
%

e Vi (5, T(s)) /

SATn,
-HE/ 6T3SVT(S7T(S))/
0

Z%lB

v,

0
€5V (s, Y (5)) / ZAB (s — v)[(CD,, U)(w)

€™ Vy (s, T (s))p(s, Y(s))ds

(s — u)p(u, Y(u))duds

(s — w)p(u, Y(u))dw

(s — u)p(u, Y(u))duds

(s —w)(u, T(u))dw

roE|Y (0)|P + E/O " e rsV (s, Y(s)) — rsV (s, Y(s))]ds

Z.AB

(NN

SATn,

JrIE/ e”SVT(s,T(s))/
0 0
SATn

—HE/ e”SVT(s,T(s))/
0 0

Jy 248

’UaOé

Z%lB

U0,

Assumptions 1 and 2, it can be obtained that

E|H (s)|*

IN

E

< K12M1/ (s —
0

ElA(s)? < E

< K22M1/ (5 —u)?*~ 2du<3K2M1
0

Next, based on the above formula we can get

w)p(u, T (u))du, H(s) =

/0 T ZAB (s — wp(u, T(u))du

w) 22y, < 3K12M128

/0 ZAB. (s — u)(u, Y (u))dw(w)

(s — u)p(u, Y(u))duds

(s —w)(u, T(u))dw

2

(u)ds

(u)ds

(u)ds.

Jo Z8als — w)i(u, T(u))dw

2a—1

2

—-1

2a71

1

€™ Vi(s,Y(s))ds

— AU (u))]duds

(u). According to
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E(e”’(g/\“)‘/(g ATn, T(s A Tn)))

SATn
< RETO) + / T B(Vie (s, T(s)) H (s))ds
SATp 0 B
+ / TS (Ver (s, T(5)) I (5))ds
0 SATn
< r2E|T(O)|p+/ e’"3s\/E|VT(5,T(s))PE\H(s)Pds
0
SATn, ~
+/ &7 \JE[Vr (s, T(s))|2E| L (s) [2ds
0
SATn g2a—1
sTﬂW@W+/ BWVMﬁHEW@W>WMu 1%
0

2a0—1

ds

SATp,
+/ e”s\/ZKg(l +E|T(s)|21’)3K22M128 :
| -

TQa 1 SATn

< rE|T(0)P + 2K6(K) + K2) e E[T(s)["ds.

According to the a priori estimation established in Theorem 3, the solution of the system does not explode in
finite time, which guarantees that 7,, — oo almost surely as n — oo. Thus, ¢ A 7, — ¢ almost surely. Therefore,

we have

liminf E er3(g/\“‘)V(§ ATr, T(S A Tn)):| > ]E<6T3§V(<a T(§)))

n—0o0
Simultaneously, using the condition 1| Y (¢)|P < V' (¢, Y(s)), we can obtain

neSEXOP < EEV( ()

T2E|T( )\p—|—2K6 K1 —|—K2 “3M1 / TsSE‘T |pd$

T2E|T( )‘pCQKG(KlJrKQ) 3M 7;2: 11§

IN

IN

Then

E[T() < I2E|T(0)Pel2Ko(KitKa/3M TEs—rals,
oo

O
5. Examples
Example 1. Set o = 0.6, v = 0.5 and T = 1. We consider
DYSY duw(s)
(CDYET)(6) = AT() + BY(s = v) + p(6, T(6)) + 0(s, T() 5. < € 0.1] o
T(s) = ¥(s), s € [-0.5,0].
Where
(050 _ (003 0 _ ¢+1
A‘( 0 0.5>’8_< 00.03)’@(§)_<0.3<+1 )
[ —0.25¢ tanh(Y (<)) [ 0.05¢ arctan(Y (<))
wls, <)) = < —0.25¢ tanh(Y2(s)) )’ vle 1<) = 0.05¢ arctan(Y2(s)) /
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According to Assumption 2, we can obtain ||¢(s, T(<))|| < 0.354, ||[9(s, Y(¢))|| < 0.111. From (12), we

can derive

and

AB B O aB
YT B meen - [ - o]

IN

0
T )[zg“;”’a(ﬂ meen+ [ 2T - S)yl(S)dS]

0.41571(5) 4 0.460T5(s)
0.44(1 + || (5)[?),

IN

(el 1) + P50 (s, X)) P
—0.25[T1(s) tanh(T1(s)) + Ta(s) tanh(T2(s))]
+0.003[arctan? (Y1 (s)) + arctan?(Yo(c))]

< 0.183(1+ 1T (s))1?).

IN

Thus far, all the assumptions of Theorem 3 are satisfied, hence the solution of system (17) satisfies the p-th

moment estimation formula.

Example 2. Set o = 0.74, v = 0.4 and T = 1. We consider

DY) (s) = AY(s) + BY (s — v) + ¢(s, (<)) + ¥(s, T(s))

dw(s)
G S € [0,1] (7

=U(s), s € [—0.4,0].

o~

Il
7N
e o

—0.6 0 0.02 0 0.5 — 1
= \If =
—0.6)’3 < 0 0.02 ) () (0.3§—0.5>’

ol(s, T(s)) = ( ~0.2¢7 sin(Y5(¢)) ) B T(S)) = ( ~0.04g sin

Take V (¢, T(s ))

2|7(5)1%,

andr, =

VTT(§,T( )) = 2 1+e ¢

1,

(T1(5)) )
—0.2e7sin(T2(c)) —0.04¢ sin(Y2(s)) /)

(
, where | Y (5)]? = T3(5)+Y3(c) Itis clear that | Y (s)|?
(

(e ST 2 < V(6,Y(s)) <
=2, p=2 V(s T(s)) = 201+~ )(T1(6), Ta(s). Vi (5, T(s))| < 20+ [T ().
10
(47

From (15), we can derive

£V

IN

ININ A

V(o T() (6 T(0)) + Vi (6, T(6) 228, ( 4+ 0)¥(—v)
V(s T / ZAB (¢~ )[(CD% . U)(s) — AU(5))]ds

+Vr (6, T(6)e(s, T(<)) + %traceW(s, T(s))Vrr (s, T(s))(s, T(s))]
—0.870571(s) — 0.4499Y5(s) — 0.24877; ()

—0.1348T5(s) — 0.2006]| Y (5)[* + 0.0021|Y(<)|?

—~1.11927; () — 0.3151T2(s) — 0.1985|Y(<)|?

—0.71(1 + €% )|Y(s)?
—0.71V (s, Y (s)).

Let r3 = 0.5, then £V (¢, T(s)) < —r3V (s, T(s)). Moreover, due to |p(s, T(s))| < 0.0108, | (s, T(s))| <

0.0032. Thus 2K5(K; + Ka)/3M1 L= — r3 = 2 x 2 x (0.0108 + 0.0032) x 6.33 — 0.71 = —0.3555 < 0.
Hence, all the conditions of Theorem 5 are true. Therefore, we see that the trivial solution of system (2) is 2th

moment exponentially stable.
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6. Conclusions

In this paper, we investigate the p-th moment estimation and p-th moment exponential stability for a class
of Caputo fractional stochastic delay differential equations. By constructing a novel 1td’s formula adapted to the
Mittag-Leffler type matrix polynomial function, we successfully overcome the mathematical difficulties arising
from the fractional memory effect and the pure time delay. Utilizing stochastic analysis methods such as Holder’s
inequality and the BDG inequality, we derive the p-th moment estimation formula for the system’s solution.
Furthermore, several sufficient conditions are established to verify the p-th moment exponential stability of the
system’s solution. This work provides new insights for stability research at the intersection of fractional calculus
and stochastic delay systems. For future research directions, the current results could be extended to fractional
stochastic systems with neutral-type delays or systems driven by more complex noise processes.
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