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Abstract: This research extends the traditional Solow model by introducing a delay 
parameter via a delay differential equation to examine the dynamics of business 
cycles. Alongside the Solow farmwork, the Harrod-Domar model and a modified 
Solow model are considered to provide a broader perspective on growth dynamics 
and stability analysis. This study reveals that the inclusion of delays causes 
fluctuations in stability, leading to Hopf bifurcation, limit cycles, and chaotic 
behavior, thereby capturing the complex evolution of the trade cycle. The dynamics 
highlight how minor changes in the system parameters can reshape long-term 
economic trajectories. The analysis, conducted using MATLAB, underscores the 
significance of the Solow and Harrod-Domar models, as well as their variants, for 
understanding economic growth and industrial development. This approach helps 
stakeholders predict and mitigate economic changes by identifying key thresholds 
and dynamic patterns, thereby promoting resilience, stability, and long-term growth. 
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1. Introduction 

During the Second World War, mathematical modeling became an important part of economic theory. Paul 
Anthony Samuelson, an important contributor in this process, formalized the issue of dynamic analysis in his 1947 
book, “Foundations of Economic Analysis.” These early efforts have evolved into modern dynamic economic 
modeling, especially through the use of delay differential equations. These equations are useful for describing 
economic growth, capital accumulation, and the business cycle. The physical sciences make extensive use of 
ordinary differential equations, which are essential for comprehending intricate engineering systems [1]. In 
economics, for instance, they stand for GDP, investment, income, consumption, and economic growth. Time is an 
implicit variable in autonomous differential equations, also called difference equations, which make up the bulk 
of ordinary differential equations in economics. On the other hand, considerably less attention has been paid to the 
more challenging delay-differential equations. Given that important economic variables are tracked at discrete 
time intervals, delay differential equations are a more logical choice for modeling economic processes. However, 
because of the inherent complexity in their asymptotic behavior, delay differential equations can be more 
challenging to analyze. For a more comprehensive analysis of the economic applications of differential equations, 
two books are recommended: the introductory work by Gandolfo [2] and the more advanced work by Brock and 
Malliaris [3]. For information on ordinary differential equations in economic dynamics, both volumes are great 
resources. Acemoglu [4] has a more recent book that calls for a solid grounding in mathematics. 

Economists have produced numerous significant differential equations over the span of more than 60 years, 
the earliest of which being Solow’s growth model, which was partially inspired by Harrod and Domar’s writings 
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in Neoclassical growth theory. Three factors drive economic growth: labor, capital, and technology. This is the 
central tenet of neoclassical growth theory. Because of its fundamental simplicity and significance, Acemoglu [5] 
argues that Solow’s growth model is the first and the foremost requirement. The GDP and national debt under the 
delayed external investment were examined by Chen et al. [6,7]. The relationship between GDP and national debt 
was examined by Dmitriev and Kurkina [8]. Financial planning should concentrate on lowering or eliminating 
debt by attaining fiscal surpluses, according to Fourie and Blom, rather than depending on loans [9]. Strachinariu 
looked on the relationship between public debt and important macroeconomic indices [10]. Using simulations to 
investigate the impact of debt and equity financing on business success, Li and Wan used system dynamics to 
create a model for business finance structure [11]. Numerous additional models have also been added to the 
literature in an effort to employ mathematical models to describe the underlying features of these issues [12–16]. 
Shananin et al. [17] looked at how consumer financing affected family economics in Russia during the COVID-
19 pandemic. Gimaltdinov investigated Ramsey-type models as optimal control issues [18]. Mazoumfard and 
Glantz [19] looked at bank earnings under monopolistic competition and the effect of tax pressure. Tadmon and 
Njike [20] looked at Okun’s law and the method for calculating the minimal reservation pay based on model 
parameters. The reduction order of derivatives from units, which results in delays in the fluctuation of financial 
assets, was studied by Arabob et al. [21]. Using the competition model, Wang et al. investigated the dynamics of 
bank data and produced the findings [22]. Investment types include holding and retainage. Assuming a one-way 
financial exchange between the parent and subsidiary banks, comes studied the three-level Lotka-Volterra model [23]. 
Savings and capital, as well as loans and deposits, are important categories of banking services, according to 
Selyutin and Rudenko [24].  

To evaluate the stability of the banking industry, Marasco et al. looked at the Fokker-Planck-Kolmogorov 
stochastic equation, which is employed for n-level in the banking industry and in the three-level Lotka-Volterra 
model [25]. Ruan conducted a thorough analysis of the exponential characteristic equation’s zeros [26]. Segura et al. 
studied the dependency parameter in solow model for economic growth [27]. Kulikov et al. examined the existence 
of periodic solution in economics growth using delay [28]. Borges et al. and Tian & Huang studied the dynamics 
of solow model with respect to different parameters [29,30]. Ferrara et al. modified the neoclassical growth model 
using delay and provide some open problems for future [31]. 

The paper’s primary contribution is the expansion of Solow’s economic model by including delay factors, 
which demonstrate how temporal delays in labour and capital accumulation cause transitions from stability to limit 
cycles and, finally, chaotic behaviour via Hopf bifurcation. By integrating analytical and numerical simulations, 
the study identifies crucial thresholds influencing business trade cycle stability and offers practical insights for 
economic forecasting, policy design, risk management, and investment strategies. 

2. The Harrod-Domar Model 

Originally created by Harrod [32] and Domar [33], the Harrod–Domar framework examines economic 
growth from the perspectives of savings and capital productivity. It was initially proposed to study business cycle 
dynamics. The basic differential equation form of the model is:   𝑑𝑄𝑑𝑡 = 𝑎𝑏𝑄 − 𝜁𝑄  (1)

where: 
• 𝑄ሺ𝑡ሻ denotes the total economic output at time 𝑡, 
• 𝑏 is the marginal productivity of capital (a constant), 
• 𝑎 is the proportion of income saved (savings rate), 
• 𝜁 is the capital depreciation coefficient. 

This relation clearly illustrates that increases in either savings or productivity can drive economic expansion, 
though it notably excludes labor force and demographic factors. 

Paul Samuelson [34] later applied differential equations in 1941 to examine equilibrium stability under 
various demand–supply settings. 

3. Modified Solow Model 

To complement the Harrod–Domar model, Robert Solow introduced an enhanced growth model 
incorporating labor expansion and capital accumulation [35]. His production function is expressed as:  𝑄 = 𝐺ሺ𝐾,𝑁ሻ  (2)
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where: 
• 𝐾 denotes the capital stock, 
• 𝑁 is the labor force size, 
• 𝐺 is a neoclassical production function. 

The Inada conditions [36] imposed on 𝐺 are: ∂𝐺∂𝐾 > 0, ∂𝐺∂𝑁 > 0, ∂ଶ𝐺∂𝐾ଶ < 0, ∂ଶ𝐺∂𝑁ଶ < 0 

These ensure 𝐺  is strictly concave and diminishing in marginal productivity. Furthermore, if 𝐺  is 
homogeneous of degree one: 𝐺ሺ𝜉𝐾, 𝜉𝑁ሻ = 𝜉𝐺ሺ𝐾,𝑁ሻ, ∀𝜉 > 0 (3)

Choosing 𝜉 = 1/𝑁, we define: 
• 𝑞 = 𝑄/𝑁: output per worker, 
• 𝑘 = 𝐾/𝑁: capital per worker. 

This gives a reduced form:   𝑞 = 𝑔ሺ𝑘ሻ   (4)

Investment 𝐽ሺ𝑡ሻ increases capital stock but is offset by depreciation. So  𝐽ሺ𝑡ሻ = 𝑑𝐾𝑑𝑡 + 𝜁𝐾 (5)

Considering a closed economy in which every output is either invested in or consumed:  𝑄ሺ𝑡ሻ = 𝑅ሺ𝑡ሻ + 𝐽ሺ𝑡ሻ (6)

Letting consumption and investment per capita be: 
• 𝑟ሺ𝑡ሻ = 𝑅/𝑁, 
• 𝑗ሺ𝑡ሻ = 𝐽/𝑁, 
we derive:  𝑞ሺ𝑡ሻ = 𝑟ሺ𝑡ሻ + 𝑑𝑘𝑑𝑡 + ൬𝜁 + 1𝑁𝑑𝑁𝑑𝑡 ൰ 𝑘 (7)

Assuming full employment and exponential labor growth 𝑁 = 𝑁଴𝑒ఔ௧, and assuming a fixed savings fraction 𝑎, the key Solow differential equation becomes:      𝑑𝑘𝑑𝑡 = 𝑎𝑔ሺ𝑘ሻ − ሺ𝜁 + 𝜈ሻ𝑘 (8)

Assuming linear production 𝑔ሺ𝑘ሻ = 𝜌𝑘, we obtain:  𝑑𝑘𝑑𝑡 = 𝑎𝜌𝑘 − ሺ𝜁 + 𝜈ሻ𝑘   (9)

In practical economies, delays are common due to lagged savings, capital formation, or labor availability. 
Introducing a delay 𝜏, the model evolves into: 𝑑𝑘𝑑𝑡 = 𝑎𝜌𝑘ሺ𝑡 − 𝜏ሻ − ሺ𝜁 + 𝜈ሻ𝑘ሺ𝑡 − 𝜏ሻ 

⇒ 𝑑𝑘𝑑𝑡 = −𝜃𝑘ሺ𝑡 − 𝜏ሻ  (10)

where 𝜃 = ሺ𝜁 + 𝜈ሻ − 𝑎𝜌. 
Letting 𝐵ሺ𝜉ሻ = 𝑘ሺ𝑡ሻ, with 𝜉 = 𝜂𝑡, and choosing 𝜂 = ଵఛ, we get: 𝑑𝐵𝑑𝜉 = −𝜃𝜏𝐵ሺ𝜉 − 1ሻ = −𝛼𝐵ሺ𝜉 − 1ሻ, where 𝛼 = 𝜃𝜏 (11)

The linear delay operator becomes: 
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   ℒሺ𝐵ሻ = 𝑑𝐵𝑑𝜉 + 𝛼𝐵ሺ𝜉 − 1ሻ (12)

Assuming a solution of the form 𝐵ሺ𝜉ሻ = 𝑒ఒక, substitution yields the characteristic equation:  𝜆 + 𝛼𝑒ିఒ = 0   (13)

With 𝜆 = 𝑎 + 𝑖𝑏, the real and imaginary components satisfy:   𝑎 = −𝛼𝑒ି௔cos𝑏, 𝑏 = 𝛼𝑒ି௔sin𝑏  (14)

Lemma 1. The functions 𝜉௝𝑒ఒక, for 𝑗 = 0,1, . . . ,𝑚, are solutions to (11) if and only if 𝜆 is a root of multiplicity 
≥ 𝑚 + 1. 

Proof: Let: 𝐴ሺ𝜇ሻ = 𝜇௝𝑒ఒఓ 

We differentiate using the Leibniz rule for the operator: ℒሺ𝐴ሻ = 𝑑𝑑𝜇 𝐴ሺ𝜇ሻ + 𝛼𝐴ሺ𝜇 − 1ሻ 
Start with 𝐴ሺ𝜇ሻ = 𝑒ఒఓ: ℒ൫𝑒ఒఓ൯ = 𝜆𝑒ఒఓ + 𝛼𝑒ఒሺఓିଵሻ = 𝑒ఒఓ൫𝜆 + 𝛼𝑒ିఒ൯ = 𝑒ఒఓ𝑔ሺ𝜆ሻ 
Now for general 𝑗, apply: ℒ൫𝜇௝𝑒ఒఓ൯ = ൬ 𝑑𝑑𝜇 + 𝛼𝑇ଵ൰ ൫𝜇௝𝑒ఒఓ൯ 

where 𝑇ଵ is the translation operator 𝑇ଵ𝐴ሺ𝜇ሻ = 𝐴ሺ𝜇 − 1ሻ. 
We can express this in terms of derivatives of 𝑔. By the chain rule: ∂௠∂𝜆௠ ൣ𝑒ఒఓ𝑔ሺ𝜆ሻ൧ = 𝑒ఒఓ෍ቀ𝑚𝑘ቁ௠

௞ୀ଴ 𝑔ሺ௞ሻሺ𝜆ሻ𝜇௠ି௞ 

Thus: 

ℒ൫𝜇௠𝑒ఒఓ൯ = 𝑒ఒఓ෍ቀ𝑚𝑘ቁ௠
௞ୀ଴ 𝑔ሺ௞ሻሺ𝜆ሻ𝜇௠ି௞      

This vanishes iff all 𝑔ሺ௞ሻሺ𝜆ሻ = 0 for 𝑘 = 0,1, . . . ,𝑚, i.e., the root 𝜆 has multiplicity ≥ 𝑚 + 1. □ 

Lemma 2. Real root behavior of the transcendental equation: 
• If 𝛼 < 0: exactly one positive real root. 
• 0 < 𝛼 < ଵ௘: two negative real roots. 

• 𝛼 = ଵ௘: one double root at 𝜆 = −1. 

• 𝛼 > ଵ௘: no real roots. 

Proof: Define: 𝑔ሺ𝜆ሻ = 𝜆 + 𝛼𝑒ିఒ, 𝑔ᇱሺఒሻ = 1 − 𝛼𝑒ିఒ 

We study the real-valued function 𝑔:ℝ → ℝ. Let’s consider the function: ℎሺ𝜆ሻ = 𝜆𝑒ఒ = −𝛼 

This is the Lambert W-function equation: 𝜆𝑒ఒ = −𝛼 
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Case 1. 𝛼 < 0, then −𝛼 > 0, and the function ℎሺ𝜆ሻ = 𝜆𝑒ఒ has exactly one positive solution. So 𝑔ሺ𝜆ሻ = 0 has 
one positive real root. 

Case 2. 0 < 𝛼 < 1/𝑒 , then −𝛼 ∈ ሺ−1/𝑒, 0ሻ. The function ℎሺ𝜆ሻ = 𝜆𝑒ఒ  has two negative real roots in this 
domain because the inverse 𝑊ሺ𝑧ሻ is real and double-valued for 𝑧 ∈ ሺ−1/𝑒, 0ሻ. Hence, 𝑔ሺ𝜆ሻ = 0 has two 
negative roots. 

Case 3. 𝛼 = 1/𝑒 
Then: 𝜆𝑒ఒ = −𝛼 = −1/𝑒 ⇒ 𝜆 = −1  
Check multiplicity: 𝑔ሺ𝜆ሻ = 𝜆 + 𝛼𝑒ିఒ = −1 + ଵ௘ 𝑒 = 0   ✓𝑔′ሺ𝜆ሻ = 1 − 𝛼𝑒ିఒ = 1 − ଵ௘ 𝑒 = 0   ✓𝑔″ሺ𝜆ሻ = 𝛼𝑒ିఒ = 1/𝑒 ⋅ 𝑒 =1 ≠ 0 ⇒ multiplicity 2 

Case 4. 𝛼 > 1/𝑒 
Then: −𝛼 < −1/𝑒 ⇒ 𝜆𝑒ఒ = −𝛼 has no real solution 

So, no real roots exist. 

Lemma 3. (Oscillatory behavior conditions): 
• 0 < 𝛼 < గଶ: All roots satisfy ℜሺ𝜆ሻ < −𝛿 for some 𝛿 > 0. 
• 𝛼 = గଶ: Simple imaginary roots 𝜆 = ±𝑖 గଶ. 
• 𝛼 > గଶ: Roots with positive real parts exist ⇒ system becomes unstable. 

Proof: Let 𝜆 = 𝑎 + 𝑖𝑏. Substituting into: 𝜆 + 𝛼𝑒ିఒ = 0 ⇒ 𝑎 + 𝑖𝑏 + 𝛼𝑒ି௔ሺcos𝑏 − 𝑖sin𝑏ሻ = 0 

Separate into real and imaginary parts: 𝑎 + 𝛼𝑒ି௔cos𝑏 = 0 𝑏 − 𝛼𝑒ି௔sin𝑏 = 0 

For stability (ℜሺ𝜆ሻ < 0): 
We analyze whether roots cross into ℜሺ𝜆ሻ > 0. If 𝑏 ∈ [(𝜋/2,𝜋) + 2𝑛𝜋], then cos𝑏 < 0, sin𝑏 > 0. From 

imaginary part: sin𝑏/𝑏 = 𝑒௔/𝛼 ⇒ since sin𝑏/𝑏 ≤ 2/𝜋,  we get: ଵఈ ≤ ଶగ ⇒ 𝛼 ≥ 𝜋/2 

Thus: 
• If 𝛼 < 𝜋/2, then no complex roots with ℜ(𝜆) > 0 exist. 
• If 𝛼 = 𝜋/2, plug into (R) and (I) gives 𝜆 = ±𝑖𝜋/2. 
• If 𝛼 > 𝜋/2, a pair of complex roots exists with ℜ(𝜆) > 0. □ 

Lemma 4. For the delay differential equation: 𝑑𝑘𝑑𝑡 = −𝜃𝑘(𝑡 − 𝜏) 

Let 𝛼 = 𝜃𝜏. Then: 
• If 𝜃 < 0, then equilibrium 𝑘 = 0 is unstable. 
• If 0 < 𝜃𝜏 < 𝜋/2, the zero solution is asymptotically stable. 
• If 𝜃𝜏 = 𝜋/2, 𝑘(𝑡) = 𝑠𝑖𝑛(𝜋𝑡/2), 𝑐𝑜𝑠(𝜋𝑡/2) are solutions. 
• If 𝜃𝜏 > 𝜋/2, then 𝑘 = 0 is unstable. 
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Proof: from Equation (10), the characteristic equation is: 𝜆 + 𝛼𝑒ିఒ = 0 

Using Lemma 3: 
• If 𝛼 < 𝜋/2, then ℜ(𝜆) < 0 for all roots ⇒ stable. 
• If 𝛼 > 𝜋/2, then complex roots with ℜ(𝜆) > 0 exist ⇒ unstable. 
• 𝛼 = 𝜋/2 gives imaginary roots ⇒ critical delay. 
• If 𝜃 < 0, then 𝛼 < 0 and the unique real root is positive ⇒ unstable. 

Therefore, stability depends directly on 𝜃𝜏 with threshold 𝜋/2. □ 

Theorem 1. (Oscillatory Solutions Criteria) 
For any 𝜃 > 0 and 𝜏 > 0, the following are equivalent: 

1. All solutions of (Equation (10)) are oscillatory. 
2. 𝛼 = 𝜃𝜏 > ଵ௘ 
4. Numerical Application 

The numerical findings provide us with information on the behavior of the system. This makes it more 
feasible for us to see how repercussions to the parameters or base points impact the dynamics of the business trade 
cycle. Furthermore, we have studied the stability of the Solow model. The parametric value is: 𝑘 = 0.9999 

Result & Discussion Part 

Figure 1 shows, when there is no delay (𝜏 = 0) in the availability of labour and capital, the business trade 
cycle is always stable. Figure 2 represent the capital stock shows initial fluctuation in the business trade model. 
However, the limit cycle keeps decreasing in amplitude initially and become stable, if the delay parameter remains 
beneath the critical value, 𝜏 ≥ 1.55999. In Figure 3, the Business Trade Cycle represented by the Solow’s model 
get trapped in an everlasting chaotic behaviour when 𝜏 ≥ 1.55999: Hopf-bifurcation is seen in the economic 
dynamics with limit cycle of same amplitude, same frequency, and in the same direction. Figures 4 and 5 shows 
the bar diagram and log scale view of business trade model when 𝜏 ≥ 1.55999 respectively. 

 

Figure 1. Represent the absolute stability of the business trade cycle in the absence of delay, i.e., (𝜏 = 0). 
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Figure 2. Shows the asymptotically stability of the business trade cycle when the value of delay parameter is less 
than the critical value, i.e., business trade cycle model when 𝜏 ≤ 1.55999. 

 

Figure 3. Shows the chaotic behaviour and bifurcation when the value of delay parameter is greater than the critical 
value, i.e., 𝜏 ≥ 1.55999. 

 

Figure 4. Bar diagram representation of business trade cycle model when 𝜏 ≥ 1.55999. 
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Figure 5. Shows the log scale view of business trade cycle model when 𝜏 ≥ 1.55999. 
5. Conclusions 

We present a mathematical model to investigate the stability of business trade model, using the Solow model. 
Delay parameter is introduced in the Solow model. The business trade cycle is stable when labour and capital is 
available (the capital stock is stable, 𝜏 = 0). The capital stock losses the stability and shows the asymptotic 
stability when 𝜏 ≤ 1.55999 (The business trade cycle shows the limit cycle and then become stable). When  𝜏 ≥ 1.55999, the business trade cycle shows the chaotic behaviour and Hopf-bifurcation. The Solow model 
provides the insights into the critical threshold at which business trade cycle transition from stable to chaotic states. 

The Solow model have several applications in the field of economic forecasting, policy development, risk 
management, investment strategies, and the supply chain management. The stakeholder can proactively manage 
and respond to economic fluctuations, enhancing overall stability and growth. 
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