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Finally, the effectiveness of the obtained results are illustrated via numerical examples
and simulations.

Keywords: high-order cellular neural network; discontinuous activations; time-varying
leakage delays; exponential convergence

1. Introduction

In this paper, we consider a general class of HCNNs with mixed discontinuous activations and time-varying
leakage delays as follows:

zi(t) = — ci(t)wi(t — mi(t)) + Z aij(t) fi(z;(t — 7i;(t)))

+ Z Z biji(t)g;(x;(t — cij(t))gi(@i(t — Biu(t)))
Jj=11=1 (1)

n n +o00
+Y 0> diglt)- /O ijt(w)g; (x;(t = u))du

j=11=1
“+00
| vatwaalt - )du+ 1), i =1,2m,
0
with initial conditions The initial conditions associated with system (1) are of the form
zi(t) = @i(t), zi(t) =pi(t), t €[—p,0], i=1,2,....n, (2)

where ;(+) and ¢/ (-) are real-valued bounded and continuous functions defined on (—oo, 0], n corresponds to the
number of units in a neural network; x; () corresponds to the state vector of the ith unit at the time ¢; ¢;(¢) represents
the rate with which the ith unit will reset its potential to the resting state in isolation when disconnected from the
network and external inputs; a;;(t), b;;:(t), and d; ;; (t) are the first-order and second-order connection weights of

Copyright: © 2026 by the authors. This is an open access article under the terms and conditions of the Creative Commons Attribution
(CC BY) license(https://creativecommons.org/licenses/by/4.0/).
[

Publisher’s Note: Scilight stays neutral with regard to jurisdictional claims in published maps and institutional affiliations.


https://www.sciltp.com/journals/cssc
https://crossmark.crossref.org/dialog/?doi=10.53941/cssc.2026.100011&domain=pdf
https://doi.org/10.53941/cssc.2026.100011
https://creativecommons.org/licenses/by/4.0/

Xia and Zhao Complex Syst. Stab. Control 2026, 2(2), 8

the neural network, respectively; 7;(t) > 0 corresponds to the time-varying leakage delay; a;;;(t) > 0, 8;;:(t) > 0,
and 7;;(t) > 0 correspond to the transmission delays; ;;;(v) and v;j;(u) correspond to the transmission delay
kernels; I;(t) denotes the external inputs at time ¢; f; and g; are the activation functions of signal transmission,
which are assumed to be discontinuous. Let p = max{n;, Tg, ajjh ﬁ;;l}, where 7;” = max. ilellg |n: (t)], T;; =

1?3,?)<{n§up|m( ey = 1<m?lx<nsuP|a”l( )l 513[ m&llxs bupwm( I

Generally, system (1) is able to describe the high- order cellular neural networks (HCNNs) with time-varying
leakage delays. HCNNs have been taken into so many considerations due to their widely practical applications in
pattern recognition, associative memory, optimization problems and so on. For more details, we refer readers to [1].
In recent several years, many researchers have discussed the convergence of solutions for the HCNNs with delays in
the leakage terms, see, to name a few, [2—6]. For example, Xu [3] considered the anti-periodic solutions for HCNNs
with time-varying delays in the leakage terms by using differential inequality techniques and assuming the activation
functions are Lipschitz continuous as well as bounded. Relaxing the assumption imposed on the time-varying
leakage delay in [3], Xiong [4] further investigated the convergence for HCNNs with time-varying leakage delays
by using differential inequality techniques and assuming the activation functions are Lipschitz continuous.

From [2-6] and the related references therein, we can see that the activations are Lipschitz continuous or
bounded. Actually, because of the inevitable influences from the external environment, the discontinuous activation
can always exist. Discontinuous activation can be used to describe the models more practically. In recent years, since
the discontinuous activation has frequently been found in some practical applications, such as mechanics, automatic
control and other natural sciences fields, neural network systems with discontinuous activations have attracted more
and more attentions from researchers. See, to name a few, [7—17]. For example, Forti et al. [8] discussed the global
convergence of the neural networks and assumed that the activations possess jump discontinuous points. Their
work was regarded as the pioneer one in the stability analysis of the neural network systems with discontinuous
activations. After that, Cai et al. [7] considered the periodic dynamics of a class of time-varying delayed neural
networks via differential inclusions. Taking the influence of the neutral operator into account, Kong et al. [9]
further studied the dynamic behavior of a class of neutral-type neural networks with discontinuous non-monotone
activations and time-varying delays.

However, to the best of our knowledge, to date, only a few investigations have been conducted for the global
exponential convergence of the HCNNs with mixed discontinuous activations and time-varying leakage delays.
In order to fill this gap partially, motivated by the works mentioned above, in this paper, we are concerned with a
class of HCNNs with mixed discontinuous activations and time-varying leakage delays described by the differential
Equation (1). Still, without imposing any additional conditions on time-varying leakage delays 7;(¢), under the
concept of Filippov solution, by applying the differential inclusions and inequality technique, some sufficient
conditions on the global exponential convergence of the solutions for (1) is proposed originally.

Throughout the paper, we also assumed that ¢; : R — (0, +00), 1;, Tij, aiji» Biji : R = [0,+00) and I;,
aij, biji, dij; : R — R are bounded and continuous on R, 4, j, I = 1,2, ..., n. Moreover, we further formulate the
following assumptions imposed on the activation function:

(H1) f; and g; is continuous except on a countable set of isolate points {p} } and {p} }, where there exist finite
right and left limits, f;"(p%) and f; (p%), g;" (p%) and g; (5% ), respectively. Moreover, f; and g; have a finite
number of discontinuities on any compact interval of (0, +00).

(H2) Foreach j =1,2,...,n, there exist two nonnegative constants .A; and B; such that

sup 1vj| < Ajlz;|, and
v;€cof;(z;)]

sup  |wj| < Bjlz;]2, Vaj €R,
w; €colg;(z;)]

where

ol f;(x;)] = [min{f (x;), f; (x;)}, max{f; (x;), ;" (z;)}],
colg;(z;)] = [min{g; (z;), g7 (x;)}, max{g; (x;), g7 (x;)}].
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Remark 1. One can see the activations in (1) are discontinuous, unbounded and non-monotonic, that means the
activations are not continuous, Lipschitz continuous or smooth, which are different from the related references in
the literature, such as [2—0]. The results established in the present paper extend the previous work about HCNNs to
the discontinuous cases.

Remark 2. The activation functions f;(x)(j = 1,2) and g;(x)(j = 1,2) are both linearly increasing, but they
possess different growth rates. So, this paper presents the mixed discontinuous activations, which are different from
those in [7,9, 10, 15—18] and the references related therein.

The structure of this paper is as follows. In Section 2, some basic definitions and preliminary lemmas are
introduced. In Section 3, the main results of the global exponential convergence of the solution is presented.
In Section 4, we provide two numerical examples to demonstrate the theoretical results and methods. Moreover,
some remarks are also given to make some comparisons and illustrate the advantages of the established results.

2. Preliminaries

Given a bounded and continuous function f, we denote
fr=suplf(t)l, f~=inf|f(t)].
teR teR

Let R™ be n-dimensional vector space. For any x = (1, 22, ...,,)' € R", its norm is defined by ||z| =

sup max (O

Since the neural network model considered in this paper is discontinuous, the classic solution is not suitable
for neural networks with discontinuous activations. Hence, the definition in sense of Filippov solutions is introduced
in the following, see [19,20].

Consider the non-autonomous delayed differential equation of the vector form:

z(t) = f(t,x(t),z(t — 1)), a.e.t>to, 3)

where ¢ denotes time; z(t) = (21 (t), 22(t), ..., z,(t)) T denotes state vector; x(t — 7(t)) = (z1(t — 7(t)), z2(t —

7(t)), ..., wn(t — 7(t))) T represents time-varying delayed state vector and the time delay 7(t) is a continuous

function; dz/dt denotes the time derivative of z and f : R x R™ x R™ — R™ is measurable and essentially locally

bounded. In this case, delayed differential Equation (3) is allowed to possess discontinuous right-hand side.
Construct the set-valued map K [F(t, z(t), z(t — 7(t)))] : R x R® x R™ — 2R":

K[F(ta(t),z(t =) = [ N o

£1>0,p2>0 meas(N)=0,meas(M)=0

where f¢ =7co[f(t, B(z,p1) \ N, B(z(t — 7(t)), p2) \M)];

meas(N)(meas(M)) is the Lebesgue measure of set N(M); intersection is taken over all sets N(M) of measure
zero and over all p; > 0(p2 > 0); B(x, p1) is the ball of center x and radius p1; B(z(t — 7(t)), p2) is the ball of
center x(t — 7(t)) and radius ps; ¢o[E] is the closure of the convex hull of some set E.

Definition 1. The function x(t) defined on a non-degenerate interval I € R is called a Filippov solution for delayed
differential Equation (3), if it is absolutely continuous on any compact subinterval [t1,t2] of I, and for a.e. t € 1,
x(t) satisfies the following functional differential inclusion

CC% € F(t,z(t),z(t — 7(t))).

( 1(t),w2(t), ..., 2, (t)) T is the solution of initial value problems (1) on [0,b),

By Definition 1, z(t) =
1,2, ...,n) is absolutely continuous on any compact subinterval of [0, b) and satisfy the

b€ [0,+00), if z;(t)(i =
following inclusion:
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d{Ei (t)

7 € —ci(t)zi(t —mi(t) +Zaw )eo | fi(z;(t —7i(1))]
j=1
+Zzbm )eo[g;(x;(t — ain(t))|co[gi(xi(t — Bin(1))]
j=11=1
£ dt / ooy, (z;(t —u)]du
j=11=1

+oo
- / vigi (w)e g (an (t — )] du + Li(t),

fora.e.t €[0,0),i=1,2,...,n.

Then, for i = 1,2, ..., n, it is obvious that the set-valued maps:

dx;t(t) = —ci(D)zi(t —mi(t) + Y ai;(t)eo[f;(z;(t — 73;(1))]
J=1
+ Zme )eo[g;(w;(t — aiju(t)))]eo[gi(a(t — Bin(t)))]
Jj=11=1
+ Z Z diji(t) / N oiji(w)co[g; (z;(t — u))]du
Jj=11=1

+oo
[ vt - )+ 10

have nonempty compact convex values. Thus, they are upper semi-continuous and measurable. By the measurable
selection theorem, if z;(¢) is the solution of systems (1), there exist two measurable functions ¥ = (1, ¥a, ..., Yn) |
[=p,b) — R™ and w = (wi,wa,...,w,) " : [—p,b) — R™ such that v;(t) € @o[f;(x;(t))] and w;(t) €
colg;(x;(t))] forae. t € [—p,b), and

dxét(t) = —c;(O)mi(t — milt +Zaw )i (t = 7i; (1))

+ 30D by (t — @i (t)wn(t = Bipu(t))

j—l =1

+ Z Z diji(t) / oiji(uw)w; (t — u)du

j=11=1

“

+oo
. / viji(w)wi (t — u)du + I;(t), fora.e.t >0, i =1,2,...,n,
0

where p = max{n;", 7,7, a;rjl, 5;1}.
3. Global Exponential Convergence

Theorem 1. Suppose that the assumptions (HI) and (H2) hold, and the following assumptions are satisfied

(H3) Fori, j,1=1,2,...,n, the delay kernels o1, v;j; [0,4+00) — R are continuous,
integrable on [0, 400) for a certain positive constant k.

(H4) Foreachi=1,2,....n, I;(t) is bounded and continuous on [0, +00), and there exist positive constants g
and &; such that

“and |v;j|e™t are

I(t) = O(e™™), as t — +oo,
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and
ct
sup max < F;(t, A ( L —|—1)}<1,
t>1(:))1<z<xn{ ( O) C; — )\0
§1>10 lrga<xn{ c; + o+ Fi(t,X)} <0,
where

Fi(t7 )\O) = |Ci(t)||77i(t)‘e/\o77:— + 5;1 Z |aij(t)|¢4j£j6)\07;

j=1
INCV 312 ¢35 Aol 465
F&TY D biji(1)|B;€Z BigE ez it P
j—l =1
F S 0] [ loslBh e
j=11=1

+o0 1
. / |Vijl( )|Bl§§ §>‘°“du+/\0.
0

Then, for every solution x(t) of system (1) with any initial value conditions (2), there exists a positive constant A
such that

zi(t) = 0(e™™), ast — 400,i=1,2,...,n

Proof. Suppose that z(t) = (x1(t), 22(t),...,7,(t)) " is a solution of neural network system (1) with initial
conditions (2). Let

y(t) =(y1 (1), y2(t), oy yn(t)) "
:(gl_lxl (t)’§51x2(t>7 ""gglmn(t))T'

Then, from (1), it follows that

yi(t) = — ci(tyi(t — mi(t) + &Y aii () fi (5t — 735(1)))

j=1

&t ZZ ij1() g (w5 (t — aiji(t)) gi(@i(t — Biju(t)))

(oo}

6D ) [ e e

+oo
~ /0 vigt (w)gu(aa(t — u))du + £ T (2).

By Definition 1, we can further have that there exists v(t) = (y1(t),72(t), ..., 7 (t))" and w(t) =
(w1 (t),w2(t), .oy wn (t)) T, where v;(t) € 2o f;(x;(t))] and w;(t) € eo[g;(x;(t))] such that

yi(t) = — ci(t)yi(t — ) +& 12‘11] )75 (8 = 7i5(t))
+&7 Zszjmt)wj — aiju(t))wi(t — Biji(t))
jfl =1
(5)
+&7° Z Z diji(t / oiji(u)w;(t — u)du
j=11=1

+oo
. / viji(w)w (t — u)du + 5;111'(1?),
0

fora.e.t>0,i=1,2,....n
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In view of (H4), we can choose a constant A € (0, min{\o, k, ¢; }) such that

sup max {(1 + fj )\)Fi(t,)\)} <1

teR 1<i<n ¢, —
sup max {—c; + A+ F;(t,\)} <0,
teR 1<i<n
namely,
n
7 . ) . >\77i+
igglglixn{(1+ ) [lelim e
Z|aw ) A;&e )
+& 122@ )IB,€2 Big 3 it (6)
Jj=11=1
S @ [ ol an
j=11=1
too EE N
/ viji(u)|Bi&? €2 du + /\]} <1
0
and Fi(t )
_ (¢,
sup max {(c - V(225 - 1)}
T ) ) Anf
—jgglg%{ e A+ le@llmt)le
+& 1Z|au ‘Ajfj
(N
+£‘IZZ|M \Bg Biek 3 e+l
j=11=1
+t& 1ZZ|d”l |/ |loiji(u)|B; 55 %Audu
Jj=11=1
+oo 11y
/ |viji(u)|Bi&2 e? “du} < 0.
0
Let
/
Jo(6)lh = max {lys(0) [0},
, —L
Jille = max { sup max & ei(0)l sup max €01}
For any € > 0, we can have that
ly@®ll < (lelle +e)e™ < M(|lolle +e)e™, ¢ € (—o00,0],
c;, —A . .
where M > ilelﬂl%) lrgixn {m} is a sufficiently large constant such that
IET L) < AM([lolle +e)e™™, teR, i=1,2,..,n
In addition, from (H4) and (7), it follows that
Fi(t,\) = A 1 i (t, )
— <, M> G >1, —<—"> teR, i=1,2,. 8
el — YR VA ' ®)
In the following, we will show
ly@)ll < M(llplle +e)e™™, t > 0.
https://doi.org/10.53941/cssc.2026.10001 1 6 of 16
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Otherwise, there must exist¢ = 1,2, ...,n and 6 > 0 such that

ly(®ll = max {ly:(0)], ly; (D1} = Mlelle +)e™,

ly@)h < M(llle +e)e™™, t € (—o00,0).

Note that

o)+ 0l =) [t €Y e 7o)

j=1
FETY D biji(s)w; (s — aiji(s))wils — Bii(s))
j=11=1
n o n +oo “+oo
—1 (s oiji(u)w;(s — u)du viji(w)wi (s — u)du
€ ;l21duz<>/o () >d/0 (W (s — u)d

+ &7 (s), s€0,t], t€]0,d).

Multiplying both sides of the above equation by elo cilwdu ang integrating it on [0, ¢], we get
t -+ s
yi(t) =y:(0)e —J eitwdu 4 / e~ s ci(wdu [Cz(s)/ Y (u)du
0 s—mn;(s)
Z aij(s)v;(s — 7i;(s))

+&t Z Z biji(s)w;(s — auji(s))wi(s — Biji(s))

j=11=1

Z Z diji(s / - oiji(uw)w;(s — u)du

j=11=1

—+oo
. /0 viji(uw)wi (s — u)du + 5;1]1-(3)} ds, t€[0,0].

Thus, with the help of (H4), we have
0 s
e Rt LN RO
0 s—n;(s

+¢&! Zaij(s)%‘(s —7ij(s))

+& Z Z biji(s)wj(s — auji(s))wi(s — Biji(s))

j=11=1

+& szlgl / ooa'ijl(u)UJj(S —u)du

j=11=1

—+o0
. / viji(wwi(s — u)du + 5;1]1'(3)] ds
0

—c; ¢ — 19 c; (u)du s
<l + e [T ey [T i
0 s—n;(s

+& Z|a‘lj )B;185w5(s — 7i5(5))]

+e 122% MASE? [y (s — aiga(s))]?

j=11=1

-Azél%h/z(s — Biju(s))|?

eSS ) \/ i1 (w) A€ [y (5 — )| du

j=11=1

+oo 1 1
' / viji (W) A2 |Gy (s — u)|2du+ & | 1i(s)| | ds,
0
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then we can further obtain
— o I}
O] < e +)e=? 4 [ e e
0
ci(s)mi(s)M([|lle + g)e A7)

&7 lai (DA M(||gle +€)e ()
j=1

ZZ 2]1 |B § Blfl [ (”SOHE +€)6_)\(S—Oéijl(8)):| 2

Nl=

' [M(Ilwll +s)eﬂ<sfﬁijz<s>>}

+oo i
F Sl [ lonalse! [Mlelle + e ]
Jj=11=1 (9)

1
2

—+oo
T s [l + e )
+AM<||¢||g+e>e—“}ds
< (lglle +)ec + / e~ I7 g ds . M (|lolle + ) Fi(t, A)
0
< (llle +9)e=T? + =T Mgl + ) Fi(t, A) / (e Vs
ol D e Bt o
— A0 | = (A—=c; )b i\ly _ o (A—c)b
M(Jlplle + €)™ [ 76O 4 ZERE (1 - )]
1 Fl t7>\ —c. Fl t,)\
( ))e(,\ 76y ( )],

:M(H@ngts)e’)‘e[(ﬂ—ﬁ Y

which together with (8) leads to

i (0)] < M(llelle +e)e™’,

thus,

ly(@)llr = max {lyi(B)], ly:(0)1}
(10)

=lyi(0)] = M(|l¢lle +€)e’.
On the other hand, by (9), we can have

[%
WO IO +e0) [ s
ve Zm 30— 75(6))
bijl( Mlw; (0 = i (0))[|wi (6 — Biji(0))]

n
n 400
Z iji( “/ oiji(u)w; (0 — u)du

+o<>
| vt —wa + i 10)1

https://doi.org/10.53941/cssc.2026.10001 1 8 of 16
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then we further have

0
lyi(0)] <ci lys(0)] + |es(0))] lyi(s)lds

0—n:(0)

+51Z\au )A€y (0 — 7:5(0))]

-lzz 1(0)B;62 1y (0 — i (0)) 2
j=11=1
~Bl£%\yl<e—ﬁm< Nk

+oo
FESY (0 |/ i (W) |Bi€F 3 (0 — ) Fdu

j=11=1

+oo 1 1 1

: / it (w) B |y (6 — w) Fdu + €7 (9)]
0

ol E(O N e
+ A0 AN (A=c; )0

<t Mol + e[ (57 - 2525 )e
Fi(6,))
+7
c. — A

K2

+& 12\% )IA;€e

FM(H@IIH&) 2 e (0) 1 (6) 7

LSS OBy Bigh PN

Jlll

+& 1zz|dwl |/ o1 (w)|B; 5262*“du

j=11=1

+o0 1,
[ B+
0

- 1 FEO,N)\ e
s 9o [ - )
F; (6,
+ fiq +Fi(9,)\)}
Ci —
- 1 RO o
=M(elle + e AG{C;(M BN e

+
7

FO.0) (= +1)},

by (6) and (8), we have
i (0)] < M(Jlolle +)e™.
Obviously, we can see that there exists a contradiction. Letting e — 0T, we eventually get that

ly@®)ll: < Mllpllee™, t > 0.

Up to now, the proof is complete. O

4. Numerical Examples and Remarks

In this section, we present two topical examples to demonstrate the results obtained in previous sections.

https://doi.org/10.53941/cssc.2026.10001 1 9 of 16
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Example 1. Consider the following HCNNs with mixed discontinuous activations and time-varying leakage delays:

21 (t) = = cr(t)za(t = m(t))

+ a1 (t) fr(z1(t — 11(2)))
+ a12(t) fa(z2(t — 112(t)))
+ b1 (W) g1 (z1(t — ca11(2)))g1 (@1 (t — Brua(t)))
+ b121(t)g2(22(t — a121(8))) g1 (21 (t — Pr21(¢)))
+ bi12(t) g1 (21 (t — a112(t)))g2(22(t — Pr12(t)))
+ b122(t) g2 (22(t — a122(¢))) g2(w2(t — Pi22(t)))

+o00
+ dy12(t) /0 o112(w)g1(z1(t — w))du
+oo
. /O V1o (1) ga (s (t — u))du + 1 (£),

2y (t) = — ca(t)za(t — n2(t))

+ a21 () f1(@1(t — 721(2))) + a2z (t) f2(22(t — T22(1)))

+ b211(t) g1 (w1 (t — a211(t))) g1 (21 (t — Ba11(t)))

+ boo1(t) g2 (w2 (t — 21 (t))) g1 (21 (t — Ba21(t)))

+ b212(t) g1 (21 (¢ — a212(t))) g2 (w2(t — B212(t))) (11)
+ b202(t) g2 (22 (t — 202(t))) g2(w2(t — B222(t)))

+oo
+ do12(%) /0 o212(u)g1 (21 (t — u))du

. /0+OO Vglg(u)gg(l‘g(t — u))du + Ig(t),

where n = 2, and

c1(t) =244 0.3sint, co(t) = 2.4 + 0.4 cost;
(L+[t)sint  (1+[¢]sint
(aij (t))2x2 = ((2£rJ|rtzT())stilnt (21++|t3§3|stint> )
14-40]¢] 1436[¢]

(b1 () axs = 0.002sin(2t)e~t  0.03 cos(2t)e~t

LRI = 0.06 cos(2t)e=t  0.07 sin(2t)e
(ba(£))axs = 0.005 cos(2t)e~t  0.02sin(2t)e™*
2)2x2 7 0,005 sin(2t)et 0.02 cos(2t)e
(

1
dllg(t) = E sin(2t)e_t, d212<t) — COS
dijl(t) = 0,150 # 112,451 # 212,0éijl = Smt,
Biji =€~ COSt, crijl(u) = l/ijl(u) =e “ i,5,0=1,2;
L(t) = e Msintt, Ih(t) = e 2 sin® ¢;

0.1cos?t 0.1sin’t
0.1sin®¢t 0.1cos?t

2t)e”

nz(t) = 00008, ’L = 1,2, (Tij)gxg = (
Moreover, let

0.5 tanh(x), = <1;
0.1z, z > 1,
—0.20z]2, 0<z<1;
—0.1)z|2, = >1.

It is easy to see that the activation functions f1(x) and fo(z) are discontinuous, non-decreasing. The activation
function f;(x) has a discontinuous point x = 1 and ¢o[f;(1)] = [f;r(l),f;(l)] = [0.1,0.5tanh(1)], j = 1,2.
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And, the activation functions g1(x) and g2 (x) are discontinuous, non-increasing. The activation function g;(x) has
a discontinuous point x = 1 and ¢o[g;(1)] = [gj_(l),gj'(l)] =[-0.2,—-0.1], j = 1,2. Thus, (HI) and (H2) are
satisfied. This fact can be seen in Figure 1.

1 T T T 0

-0.05H

05

= 615 (1)]
~0.15} lg;(1)]
of ’\ 1
fJ(V)
—02f
-05 | ' | ~0.25 ! ' ' '

10 -5 0 5 10 0 1 2 3 4 5

X X

1 1

(a) (b)

Figure 1. (a) Discontinuous activation functions f;(j = 1,2) for system (11); (b) Discontinuous activation
functions g; (5 = 1, 2) for system (11).

Moreover, we can have A1 = Ay = 0.5, B = Bo = 0.2, and Ao = 2.
Let & = 63 and &5 = 47, we can have

+
sup {Fl(t, o) (7671 + 1)} ~ 0.6553 < 1,
>0 ¢ — Ao
3

sup {Fg(t, /\0)<

—2 4 1)} ~0.4103 < 1,
>0 0

Cy —

sup{—c; + Ao + Fi(t, \o)} ~ —0.3855 < 0,

>0
sup{—cZ_ + )\0 =+ Fg(t, Ao)} ~ —0.4102 < 0,
+>0

where .
Fi(t, Ao) =le1(t)]|m (t)]e™

_ A+ _ o+
+ & Hann ()| A162€20T11 + € ara (8) | A2&re 0712
1 1 + +
+ & I 1BiE? Bigg eb ot
11 ¥ Lt
+ [b112()| Bi€7 B2€3 €%A°<a112w112)}
11 gt
€7 [Iorzn (1) Bt Bag €320 00

1 1
+ [bio2 ()| Bats Bagg e3Pz |
1 Foo L S
+ & [|d111(t)|/ lo111(u)|Bi€2 ez " du
0
oo 3 1xou
/0 |V111(u)‘81£1262 du (12)
toe i 1aou
+ iz (8)] / o2 (w)|Baf 30 du
0
+oo 1
/ [vi12(u)|B2€5 G%Aoudu]
0
1 Foo 1 1y,u
e [l O] [ o ) Bagd 3
0
+oo 1 1y
/ V121 (u)| BiLéf 20" du
0
+eo i 1aogu
+ |diaa(t) / o122 ()] Bt 320
0

too 3 1xou
/ |Z/122(u)‘32§2262 0 du} + Ao,
0
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and 4
Fa(t, M) =lez(t)|[ma(t) "

+ &5 agy (8)| Ar&1€072 + &5 aga (1) Agae0T22
—+ 52_1 |:‘b211(t)|81€1%81§1%6%)‘0(a3—11+ﬂ;11)
+ |5212(t)\315153252%6%'\0(&;2%;”)}
+& [\5221(t)|32£2%B151%6%A0(%+21+62+21)
+ Ibaaa (1) Bogs Bag e3 (et Pa) |
+oo 1
+&° [\dzn(t)\/ |0211(u)|81£1§e%)‘0“du
0
+o0 1 1y
. vo11(w)|Bi&2 ez du
| i "
+oo 1 1
+|d212(t)|/ log12(u)|Bi& 7 ez 0 du
0
+oo 1,
. / [v212(u)|B263 eiAoudu}
0
1 oo i1
46 [l ] [ lom(lBagied
0
+o0 N i
/ oo (u)|Bi€f e2 ™" du
0

+oo 1
+ [d222(t)] / |20 ()| Bo€3 €270 du
0

+oo 1,
. / ‘VQQQ(U)|BQ§22€§AOudU:| + Ao-
0

As a result, the coefficients of neural system (11) satisfy all the conditions in Theorem 1. Hence, we can
conclude that all solutions of the neural system (11) converge exponentially to the zero vector. This fact can be
presented in the following Figure 2 by MATLAB software.

2

solution x,
solution x,

0 5 10 15 20 25 30 35 40 “203 02 -0t 0 01 0.2 03 0.4
time solution x,

(a) (b) (c)

Figure 2. (a) Time response of the state variables x1 and 2 for discontinuous HCNNs (11) with random
initial conditions; (b) Phase plane behavior of the state variables z1 and x2 for discontinuous HCNNs (11);
(¢) Three-dimensional trajectory of state variables x1 and x5 for discontinuous HCNNs (11).

Remark 3. For all we know, there is no research on the global exponential convergence of the HCNNs with mixed
discontinuous activations and time-varying leakage delays. We also mention that all results in the references cited
in the present paper cannot be directly applied to establish the results on the global exponential convergence of the
solutions for the discontinuous HCNNs (11). This implies that the results of this paper are essentially new.
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Example 2. Consider the following HCNNs with mixed discontinuous activations and time-varying leakage delays:

ta12(t) f2(@2(t — T12(t)))

+di112(t) f0+oo o112(u) g1 (21 (t — u))du
[ v1a(u) ga (2 (t — w))du + I (1),

+agz(t) fa(z2(t — 722(1)))

+da212(t) f0+oo o212(u)g1(z1(t — w))du
f0+oo V212(’u,)gg (1'2 (t — u))du + I (t),

where n = 2, and

c1(t) =2.140.2sint, c2(t) = 2.6 + 0.3 cost;

(14]t])sint  (14+]t])sint
B _ 1+40]¢t] 1+36]¢] .
(aij(t))2x2 = (2+|t])sint  (2+|t])sint | 3
1+40[t] 1+36]t|

bllg(t) = d112(t) =0.1 SiH(Qt)eit,
bglg(t) = dglg(t) =0.1 COS(Qt)eit,
diji(t) = 0,ijl # 112,ijl # 212;

L(t) = e Mgintt, L(t) = e 2 sin’ ¢;
t

Qi =€ sint’&jl — p—cos
) 0.1cos2t 0.1sin%t
ni(t) = 0.0008, i = 1,2, (7i;j)2x2 = ( oS sin

Moreover, let

—0.52, x<1;
—0.1z, z>1,

fi(z) = fa(z) = {

0.2]z|2, 0<z<1;
0.1)z2, z>1.

91(z) = g2(z) = {

ri(t) = —a®)ri(t —m(t) +ann(t) fr(@(t — 111(h)))

+b112(t) g1 (21 (t — a112(t))) g2 (z2(t — Br12(t)))

23(t) = —co(t)w2(t — n2(t)) + az1 (t) fr(21(t — 721(1)))

+b212(t)g1 (21 (t — a212(t))) g2 (22(t — B212(1)))

yoii(u) = vii(u) =e™ ", i,5,0 = 1,2;

0.1sin’t 0.1cos?t

(14)

It is easy to see that the activation functions f1(x) and fo(x) are discontinuous, non-increasing. The activation
function f;(x) has a discontinuous point v = 1 and co[f;(1)] = [f; (1), f;‘(l)] =[-0.5,-0.1], 5 = 1,2. And,
the activation functions g, (x) and g (x) are discontinuous, non-decreasing. The activation function g;(x) has a
discontinuous point x = 1 and co[g;(1)] = [gj(l),g;(l)] =[0.1,0.2], j = 1,2. Thus, (HI) and (H2) are satisfied.

This fact can be seen in Figure 3.

Moreover, we can have Ay = A = 0.5, By = By = 0.2, and \g = 2. Let & = 75 and &3 = 51, we can have

+
sup {Fl(t, /\0)( e S 1)} ~ 0.4967 < 1,
>0 c; — Ao
C+
sup {FQ(t, /\0)( - S 1)} ~ 0.5836 < 1,
>0 Cy — Ao
sup{—c; + Ao+ Fi(t,\o)} = —0.1501 < 0,
>0
sup{—c5 + Ao + Fa(t, \o)} ~ —0.5853 < 0,
>0

where Fi(t, \g) and F5(t, \g) are defined in (12) and (13).
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0.2

0.15

(x)
)

f;'(1) 0.1f

0.05F 4

05 i i i i i 0
-2 -1 0 1 2 3 4 5 0 1 2 3 4 5

(a) (b)

Figure 3. (a) Discontinuous activation functions f;(; = 1,2) for system (14); (b) Discontinuous activation

functions g; (5 = 1, 2) for system (14).

As a result, the coefficients of neural system (14) satisfy all the conditions in Theorem 1. Hence, we can
conclude that all solutions of the neural system (14) converge exponentially to the zero vector. This fact can be
presented in the following Figure 4 by MATLAB software.

solution x,
solution x,

-0.
5 10 15 20 25 30 35 40 02 -0.15 -01 -005 O 005 01 015 02 025
time solution x,

(a) (b) ()

Figure 4. (a) Time response of the state variables x1 and x2 for discontinuous HCNNs (14) with random
initial conditions; (b) Phase plane behavior of the state variables z1 and x2 for discontinuous HCNNs (14);

(¢) Three-dimensional trajectory of state variables z1 and x» for discontinuous HCNNs (14).

Remark 4. From Examples I and 2, one can see the activations are discontinuous, unbounded and non-monotonic,
that means the activations are not continuous, Lipschitz continuous or smooth, which are different from the related
references in the literature, such as [2—0]. The results established in the present paper extend the previous work
about HCNN' s to the discontinuous cases.

Remark 5. In Example 1, the activation functions fj(x)(j = 1,2) are discontinuous, non-decreasing, and
gj(x)(j = 1,2) are discontinuous, non-increasing. While in Example 2, the activation functions f;(z)(j = 1,2)
are discontinuous, non-increasing, and g;(z)(j = 1, 2) are discontinuous, non-decreasing. So, this paper presents
a class of discontinuous neural networks with mixed discontinuous activations, which are different from those
in [7,9,15—18] and the references related therein.

5. Conclusions

In this paper, we are concerned with a class of HCNNs with mixed discontinuous activations and time-varying
leakage delays. By applying differential inclusions theory and inequality technique, some sufficient conditions have
been provided to guarantee the global exponential convergence of the solutions. In addition, two typical numerical
examples and simulations are given to illustrate the effectiveness of the proposed criterion. The present paper can
be regarded as the first time to study the dynamic behaviors of the discontinuous HCNNs and investigate the global
exponential convergence of the HCNNs with mixed discontinuous activations and time-varying leakage delays.
Consequently, some previous results are enriched and complemented.
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As pointed out in [21,22], compared with periodic effects, almost periodic effects are more frequent in many
real world applications. In fact, by a recent work [23,24], to some extent and in the sense of category, the “amount”
of almost periodic functions (not periodic) is far more than the “amount” of continuous periodic functions. That is
to say, almost periodic oscillatory behavior is considered to be more accordant with reality. The almost periodic
systems are as a natural extension of the periodic ones. However, there is few results on the almost periodic solutions
for the time-delayed HCNNs. These will be our further researches.
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