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1. Introduction

Since the 1980s, multi-agent systems (MASs) have emerged as a central and pivotal area of investigation
within the field of distributed control systems. The principal objective of MASs is to coordinate the decentralized
control of relatively simple agents to accomplish complex tasks. Owing to their high efficiency and scalability,
MASs find widespread applications in domains such as robotics, power systems, distributed sensor networks,
traffic management (see [1—6]). The capacity for coordinated control of a MAS is the foundation of the system’s
functionality. The aim of coordinated control of a MAS is to develop a control strategy for each agent and make
decisions based on its own information and its neighboring agents. Based on the distinct objectives, coordinated
control is classified into various types such as consensus control, formation control, rendezvous, containment control
(see [7-14]).

In MASs, agents typically exchange information and coordinate their actions through communication
networks. In practical scenarios, however, external disturbances, system uncertainties, communication noise,
and channel fading can significantly degrade dynamic performance and coordination quality, and may even lead to
instability. Owing to its capability to attenuate the influence of energy-bounded disturbances and noise on system
outputs, H,, control has been widely adopted in distributed coordination and consensus control of MASs. By
designing appropriate H, control protocols, MASs can maintain desired performance levels in complex networked
environments and achieve improved stability and reliability under uncertainties and extreme operating conditions.
Therefore, investigating H, control for MASs is of both theoretical and practical significance. Recent studies
include a dynamic-observer-based H, consensus control method in [15], an observer-based H, fault-tolerant
tracking control method in [16], an event-triggered H., cooperative control method in [17], and an LMI-based H
consensus control method in [18] and a nonfragile robust H ., containment control method in [19]. In [20], an H,
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adaptive event-triggered control scheme is proposed for complex dynamical networks subject to deception attacks,
time-varying coupling delays, and actuator failures.

Although communication networks facilitate the exchange of information among agents, they inevitably give
rise to a series of network-induced phenomena. As one of the network-induced phenomena, signal attenuation
directly leads to a decrease in the signal-to-noise ratio at the receiving end, which limits the channel’s effective
data transmission rate. This challenge becomes particularly pronounced when employing low-cost sensors that
require wireless transmission. To ensure high-quality signal transmission over long distances, relays are typically
employed to receive, process, and forward signals from source to destination nodes. The relay-assisted filtering
and control paradigm has consequently emerged as a significant research focus in recent years. Current industrial
practice predominantly employs several fundamental relay architectures, including decode-and-forward (DF),
filter-and-forward, and amplify-and-forward (AF) relays (see [21-26]).

Compared to other relay types, the AF mechanism demonstrates unique technical advantages in industrial
networks through its simplified approach that combines signal reception with amplification and forwarding. In
particular, its low complexity and high reliability render it particularly amenable to deployment and maintenance in
practical industrial environments. When integrated into two-way relay architectures, these advantages are further
amplified. Research indicates that under equivalent data transmission requirements, two-way relay systems can
significantly conserve total system transmission power by leveraging signal cooperative processing techniques [27].
This advantage primarily stems from the fact that two-way relay systems enable the collaboration and integration
of information from two terminal nodes at the relay through advanced techniques such as physical layer network
coding, thereby enhancing the combined efficiency of spectrum and power utilization.

Given these considerations, integrating the structurally simple and easily implementable AF mechanism with
the efficient two-way relay architecture represents a highly promising research direction. In recent years, two-way
relay networks have garnered extensive attention [28—31]. The AF and DF protocols originally developed for
one-way relay networks have been successfully extended to half-duplex two-way relay networks and full-duplex
two-way relay networks [32-36]. However, it is crucial to note that current research has not yet explored the
application of two-way relay mechanisms in MASs with stringent requirements for transmission efficiency and
signal quality. This paper aims to break through this research bottleneck and address the gap in this field.

In an ideal scenario, the communication bandwidth between neighboring agents is assumed to be infinite, and
periodic triggering of communication is considered to have no impact on network load. In practical applications, the
communication within MASs is constrained by available resources, and frequent signal transmission may result
in adverse network-induced phenomena such as packet loss and disorder, potentially leading to system collapse.
Therefore, employing event-triggered control strategies in MASs represents a more practical and efficient approach.
Event-triggered control has garnered significant research interest in recent years, leading to diverse proposals of
event-triggered control methods (see, e.g., [37—41]). Furthermore, event-triggered communication has been shown
to enhance network bandwidth utilization and alleviate the communication burden among agents. However, limited
attention has been paid to studying event-triggered control of relay-assisted MASs.

Motivated by the preceding discourse, this paper is dedicated to investigating event-triggered control for MASs
assisted by two-way AF relays. Additionally, the H, control strategy is utilized to mitigate the impact of external
noise (including process noise, measurement noise, and channel noise) on the MAS. To address this problem, the
following challenges need to be addressed: (1) how to model two-way relay-assisted MASs with random fading
channels? (2) how to develop an [, control strategy utilizing an event-triggered mechanism? and (3) how to derive
sufficient conditions for the MAS to satisfy the predefined H, performance requirement?

To tackle the above challenges, this paper develops a systematic solution framework. The main contributions
are summarized as follows:

1. Compared with existing relay-assisted estimation/control studies that mainly focus on one-way relaying under
fading channels (see, e.g., [23-25]), a two-way AF relay transmission model is developed to characterize the
signal transmission process with random fading channels, where channel statistics are exploited to improve the
reliability of measurement-feedback control.

2. Unlike conventional H, formulations for MASs that typically neglect channel-induced communication noise
(see, e.g., [15, 16]), an augmented H, performance index is proposed by explicitly incorporating channel
communication noise into the performance analysis, thereby providing a more comprehensive evaluation
framework for relay-assisted MASs.

3. A novel approach utilizing coupled Riccati difference equations (RDEs) that incorporate event-triggered
mechanisms and statistical information is developed to address the H, control problem in relay-assisted MASs.
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The remainder of this paper is organized as follows. Section 2 presents the graph theory framework for relay
networks, formulates a mathematical model for two-way AF relay networks, and establishes an event-triggered
control strategy for relay-assisted MASs. Section 3 proposes a pair of RDEs to address the challenges associated
with maintaining H ., performance and designing event-triggered controllers for relay-assisted MASs. Section 4
presents a numerical example to verify the effectiveness of the proposed algorithm under various noise conditions.
Finally, Section 5 concludes this paper.

Notations: The notation employed herein adheres to established conventions, unless otherwise specified.
E{x} and D{z} denote the expectation and variance of the stochastic variable z, respectively. I,, denotes the
n-dimensional identity matrix, and I is the abbreviated form with compatible dimension if no confusion is caused.
A block-diagonal matrix is represented by the notation diag{- - - }. ||| refers to the Euclidean norm of a vector z.
||M || denotes the Frobenius norm of the matrix A/. ® and o denote the Kronecker product and the Hadamard
product of matrices, respectively. Tr{-} denotes the trace of a matrix.

2. Problem Formulation and Preliminaries

2.1. Graph with Two-Way AF Relays

Consider a two-way AF relay-assisted MAS with n agents and m relays. Let 4(¥,&, <) denote the
communication topology of the system, where ¥ £ ¥, U ¥, ¥, = {v},vS,...,v%} and %, = {v],v5,... 0}
represent the finite set of agents and relays, respectively; & represents the set of edges between agents and relays; <7
is the adjacency matrix with non-negative elements. (v;z, vl v¢) denotes the indirect data flow from agent j through
the s-th relay to agent ¢. The first element v} is said to be the source agent and the other vj" to be the destination
agent. The set of neighboring agents of v is defined as .#; = (v € Ya | (v, v, vf) € &}

The adjacency matrix &7 £ [a;;] € R"*" of ¢ is defined as

w2 L i) ed i
Y0, otherwise.

Moreover, .27 is a symmetric matrix in two-way AF based networks.

2.2. Plant Description

Consider a discrete time-varying MAS defined over a finite horizon k € [0, 7 — 1]. This MAS consists of
n agents, with the set of agents denoted as ¥, = {1,2,3,...,n}. For each agent i € ¥, the dynamic is defined
as follows:

i k1 = Agi g + Brui g + Diwi g
Yik = CrTi g + Epvi g e

Zik = Myzi g

where z; ;, € R" and u; € R™ denote the state and the control input of agent ¢, respectively; y; , € R™v
and z;; € R"™ denote the measurement output and the controlled output of agent ¢, respectively; w; €
12([0, 7 — 1]; R™) denotes the external disturbance of process and v; j, € l2([0, 7 — 1]; R™) denotes the external
disturbance of measurement; The matrices Ay, By, Ck, Dy, Ey and M}, are time-varying system parameters with
compatible dimensions.

2.3. Two-Way AF Relays Network Model

Consider a general two-way relay network comprising n +m nodes, where n agents and m relays are deployed.
In this network architecture, each agent serves as a source node for its neighboring agents and establishes data
transmission links through two-way relays. There is a one-to-one correspondence between each relay and the agents
at both ends of the link. Let rf denote the relay on link (v, v?) The information exchange between any two agents
occurs in two distinct phases: the agent-to-relay (A—R) phase and the relay-to-agent (R—A) phase, as illustrated

in Figure 1.
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Figure 1. Two-way AF network.

(Phase 1) A—R : In the first phase, two adjacent agents simultaneously transmit their measurement data to
the relay positioned between them, resulting in superimposed data at the relay. The signal received by the 7 relay
located between agent ¢ and agent j at time instant k can be expressed as

R, I
Y = pf 1],k:yjc;€u+ p]zhjz k:yf%u

f f - Lo L . .
and p;, represent the first phase transmission power from agent j to ¢ and from agent : to j, respectlvely.,

where p;;

J
y;5" and y7 5" denote the measurement data prepared for transmission by agent 7 and agent 1, respectively; y,:l'

represents the superimposed measurement data received by the relay. Here 5 denotes the channel noise, which is

mutually independent across different links and time instants, with E{5,’ } = 0 and D{5;" } = 0% for Vi, j € V.

(Phase 2) R—A : In the second phase, upon receiving the superimposed data, the 7"1 relay amplifies the
received signal and broadcasts it to the two source agents connected to it. The data received by each agent can be
expressed as

des __ s 1.8 TZ a _ sou sou
yz] kE — pijhij7kyk + 5ij,k - p”p”h” khm kyj k + \/ pﬂpmh]z k)h'lj kyz k + pljh’lj k(s + 51] k>
data of agent j data of agent i channel noises
des f sou sou s
yjlk‘ \/p]zh]z kyk +5]zk \/ pﬂpﬂh]zk i, kyzk + \/ szpﬂhq,] khj'L ky +\/p]zhjz k6 + ]zk
data of agent i data of agent j channel noises

where yf]ez and y57y des denote the measurement data at destination agents ¢ and j, respectively; p;; and pj; represent
the second phase transmission power from relay 7 to agents ¢ and j, respectlvely, o ;. and o i 1, denote the channel
noises, which are independent of each other; IE{(S“ &} =0and D{d; .} = o3 for Vi, j € 7/@~

Since each agent possesses knowledge of its own measurement data, by employing self-interference

cancellation (SIC) technology, the data received by agent ¢ from agent j can be expressed as

des _ /

yzgez pz]pz]hzj khz] kyjs k + pz]hw k5 + 5lj k
des _ [

y]ze;c - pjlpj’bh]l khjl kyzs?cu + p]z jl k ji,k

In this article, the channel fading coefficients are mutually independent and exhibit the following
statistical properties:

(@)

E{hzj k} E{hlj k‘} = /‘L? ]D){hz] k} D{hlj k} = 023 VZ,] S ,Va (3)

Remark 1. Specifically, the statistical characterization of fading captures the average effect of communication
links without requiring exact instantaneous channel information at every time instant, whereas the independence
assumption allows the expectation calculations and coupled Riccati derivations to be carried out in a closed and
transparent form. In addition, since process disturbances, measurement noises, and relay-channel noises usually
originate from different physical sources, these assumptions are also consistent with standard abstractions widely
used in stochastic estimation and networked control.

Remark 2. In the second transmission slot, also known as the broadcast phase, the relay broadcasts the received
information to the agents at both ends of the link, and each receiving agent contains the information it originally
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transmitted to the relay. Coding techniques can be employed to eliminate the impact of this self-interference
information, a method known as SIC technology. For instance, in [42], the physical-layer network coding mapping
(PNC) method addresses this issue by eliminating self-measurement data through bitwise XOR operations. Let
S4 and S denote the signals after PNC mapping of the measurement data y, and vy, from the source agents in
the first time slot, respectively, and let Si denote the PNC mapping signal received at the two-way relay (e.g.,
Sr = Sa® Sp). Subsequently, the generated signal Sg is amplified by the relay and broadcast to the target agents.
Since each target node is also a source node that holds its own measurement data transmitted in the first time
slot, the target agent can eliminate the impact of its own measurement data by performing SIC operations when
receiving Sg (e.g., Sa @ Sp = Sa @® (Sa ® Sp) = Sp). In practical two-way relay-assisted systems, residual
self-interference inevitably exists because of imperfect channel knowledge and hardware non-idealities. In this
paper, we assume that the SIC technique is perfectly implemented, namely, each agent is assumed to perfectly
remove its own known signal from the received network-coded signal. Therefore, no residual self-interference or
imperfect cancellation term is included in the received signal model. In other words, the analysis is conducted
under an ideal perfect-cancellation assumption, which is used to keep the H., control problem tractable.

Remark 3. In a two-way AF network, the channel fading factor demonstrates a property of reciprocity between the
source agent and the relay node. That is, the channel fading coefficient for the forward link (from the source to the
relay) is equal to that of the reverse link (from the relay back to the same source agent) at any given time instant.
As shown in the preceding equations, this reciprocal relationship ensures that the channel fading characteristics
remain unchanged between the two transmission phases.

2.4. Controller Design

For the purpose of simplicity, the power matrices are denoted as P ¢ 21,/ p{j]nxn and P, £ [, /p%]nxm and

the random channel fading coefficient matrices are denoted as HS £ [h
Define

{j}k}nxn and Hj £ [ ?j,k]an'

1 2 n
T A T4 T4 T a A a a a
Oip = 001{5i1,k7 51‘2,1@ T (Sin,k}’ 0i ) = COl{(Sil,k? 0o s+ s 5m,k}7
A T a r a T a S
6]6 - C01{517k7 1,k» Y2,k 2,k7"'75n,k75n,k}7 Yk = COl{yl,kayQ,kv'”vyn,k}‘

According to (2), the aggregated information available to agent ¢ is obtained by summing all pairwise received
data from its neighbors, namely, @7 E = Z?=1 a;j yidje;z. Therefore, the total received measurement is rewritten as

n
Yi,k = Zaijy;‘iﬁz
j=1
n )
=" ai (\f ol bl i + o 54 e
Qij pljp’bj ij,k z],kyj,k pz] 15,k k ij,k
j=1

= Zaij [Pf oP,o H£ o Hz]ijijC + [(PS o HZ o d) X 16]1-6;]4; + [d ® Ié]iézk
j=1
£ [Hr @ 1],y + [Gr © I5] 01 @

where

Hy2PsoP,oHl oHi o/, Ly2[PioHiow o],
Gi = diag{[Ly]1, [Ltl2, .-, [Liln},
and [-];; denotes the (7, j)-th entry of the matrix; [-]; denotes the i-th block row of the matrix.
For the subsequent analysis, the following notations are defined: E{H]} £ H/ £ [B{j]nm, E{H{} £ H* £

[ij]nm, E{H.} £ H,and E{G}} = G.
In this article, the output-feedback control strategy is adopted. The control protocol is constructed as follows:

n n
d A
Uik = Kk( E @ijYis g — Z aijyi,k) = Kpeik ©)
=1 j=1
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where K, € R (k € [0,7—1]) is feedback gain matrix to be determined. e; 5 = 7, aijyies —> ") aijyik
is the error signal of agent ¢ at time k.

2.5. Event-Triggering Mechanism

To introduce the event-triggering scheduling mechanism, let the triggering instant sequence of agent ¢ be
denoted as t), = 0 < t} < t§ < ... Consequently, the event-triggered MAS dynamics can be reformulated
as follows:

t
Tj k1 = Api g + Brug g, + Dywi

t
%

(6)

_ t
u k= KkeiJC

where, for simplicity, eﬁ) p = e for k € [ti,ti. ), and ui . denotes the control input of agent ¢ at the
triggering instant.
By denoting &; , = el , — e; 1, the event-triggering functions Y;(-) are designed as follows:

- T 2T ,
Yi(Cikseik) =€ ik — P €ireik, =12,...,m

where p > 0 is a scalar parameter that prescribes the maximum allowable ratio between the accumulated deviation
€ r = ek, — e; x and the current local control error e; i, thereby governing the triggering frequency. An event is
triggered when the condition

Yi(€ik,€ir) >0

is satisfied.
Obviously, the sequence of event-triggering instants is determined iteratively by

ti = 1inf{k € Nk > ., T;(€ 1, eix) > 0}.

To facilitate the subsequent formulation, the following vectors are defined as

Tk 2 col{T1k, Ty s Tk}, Uk = cOl{Up g, Uy v vy Un i}y
uj, £ col{ul y,ub ..o ul b, ex = col{enk, ok, en il

e Zcol{e] p,ehpy - rebn )}, wie = col{wr k, wak, .-, Whk )
v, 2 col{1 i, Vo ks Vn,k}-

Based on the individual agent dynamics (6) and the previously defined vector notations, the compact form of
the event-triggered MAS dynamics is given by

Tht1 = Apxy + Bkuz + Dywy,
Yk = Crxr + Epvi

ZE = ./\/lk.’bk
where

Ac 21, ® Ay, By 21,9 By, Ci21,3Cy,
DL21,9Dy, E21,0E,, M;2I,® M,

By defining g5, = col{¥y1,x,Y2.k, - - - » Un,k } and according to (4), we have
Uk = (Hr @ 1) yr + (Gr @ I5)6y,

and, from the definition of ¢; j, in (5), it follows that

n n
des ~
€k = 5 @ijYiin — E aijYik = Yik — diYi i,
j=1 Jj=1
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where d; = Z?Zl a;j. Stacking the above equations for all agents gives

ex = Yx — (D ® I))yx
= ((H, — D) ® L))y, + (Gi, @ I5)dy,
= ((Hy, — D) ® L) (Crag + Exvi) + (Gi @ I5)d
£ HwCray + Hilrvie + Gili. (7

where Hy, 2 (H, — D) ® 1, Gy £ Gy ®Is,and D £ diag{d;,d>, ... ,d,}. Moreover, by stacking u;k = Kke;k
for all agents, one has

uh, = (I, ® Ky)el, = Krek. )

where K, 2 I,, ® K.

So far, a series of definitions and calculations have resulted in the event-triggered two-way AF relay-assisted
MAS plant. Next, the closed-loop system needs to be constructed.

To facilitate the analysis, we denote

E{Hr} 2 H, E{G}2G, Hip2Hi—H, Gr2G.—G.

For simplicity, by denoting @), £ col{ws, vk, 0%} and noting that &, = el — ey, substituting (7) and (8)
into (6) yields

Tr1 = Apxy + BrKrel + Drwy
= (Ak + B HiCr) i + Biurer + By HiErvi + Diwy + BrKpGidg
= (Ag + Be K HCr, + Be Ky HiCr) i, + BikCrér
+ [Py, BuKpHER, BrKiGlwy, + [0, BrlrHiEr, BrKrGrlws.

Thus, the dynamic of the closed-loop system in a simplified form is given by

{ka = (Avk + gfc)xk + B Krer + (ﬁk + ﬁz)wk ©)

ZE = ./\/lkiik
where

Ap 2 Ay + BeKpHCr, By 2 BeKy HiCr,
Dy, 2 Dy, BKyHE, BiKiG), Dj 20, Bk Hilr, BikiGr).

The event-trigger function is given by
T(ék, ek) = égék — p26g€k. (10)

Define the consensus error as Z; = z; , — (1/n) 2?21 zj 1 and Zy, £ 2 — ¢zp, where ¢ = (1/n) 1,1 @ I.
We consider the finite-horizon H, control problem in the presence of external disturbances. The objective is to
design the feedback gain sequence { K}, };;é for the two-way AF relay-assisted MAS in (1) such that the closed-loop
system (9) satisfies the following H, performance index:

T—1

Ji 2 E{ > (126l = 2Pllewnl®) - vzxoTon} <0, V(@ m) #0 (11)
k=0

where 7 > 0 denotes the prescribed disturbance attenuation level, and W = I, @ W with W = WT >0a
weighting matrix.

Remark 4. It is worth highlighting that the finite-horizon H . performance index (11) proposed in this paper departs
in an essential way from the H ., formulations commonly adopted in existing MAS literature (see, e.g., [15,16]).
Specifically, the exogenous vector wy, collects not only the external process and measurement disturbances,
but also the channel-induced communication noise that originates from the two-way AF relay network and is
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typically overlooked in conventional H., MAS settings. Imposing the attenuation level v uniformly on all of these
exogenous sources thereby furnishes a more comprehensive and physically faithful performance characterization
for relay-assisted MASs.

3. Main Result

Before presenting the main result, we introduce two fundamental lemmas that will be essential to the
subsequent analysis.

Lemma 1. Ref. [43]. Let A, B, and C be known nonzero matrices with compatible dimensions. The optimal solution
X* to the minimization problem miny || AXC — B||r is given by

x* = ABCH,
where At and C' denote the Moore-Penrose pseudoinverses of A and C, respectively.

Lemma 2. Ref [44]. Let X € R* be a k-dimensional random vector and A € R*** be a constant symmetric
matrix. I[f E(X) = pand D(X) = X, then the expectation of the quadratic form satisfies

E(XTAX) = Tr(AS) + uF Ap.
The H, performance is analyzed for the two-way AF relay-assisted MAS (9) in the following theorem.

Theorem 1. Consider a time-varying MAS over two-way AF relay networks where k € [0,7 — 1]. Given a
disturbance attenuation level v > 0, two constants A > 0 and p > 0, and a positive definite matrix W, the
time-varying MAS (9) satisfies the Ho. performance criterion for any disturbance sequence {wx, Vi, 0 bo<k<r—1
if there exists a sequence of non-negative definite matrices { Py }o<rp<r—1 that satisfy the following recursive
backward RDE.

P = AL Prir Ay + Qujerr + (M — o M) T (M), — oMy
+ (AL Py Dy + Qo gy + p2A2¢3,k)Aii+1<ﬁng+1
X Ay + Q31+ 2200 )+ P20 g+ (Rigr Ay
+ P’“HﬁkAiiH(Qg,kH + PQAQ(P;k))TBkKkA;iH
x KFBYL (Ry1. Ay + ,Pk+15kA1_7i+1(Qg,k+l

+el) 12
subject to
Po <*W
P.=0
A L2 ~NT D) 242 (13)
A1 gt1 =7 = Dy Prt1Dy — Q3 541 — p AP > 0
A27k+1 £ 22T — IC%B,{RHlBlek >0
where
Oy & CLHTHC, + CE Ay 1xCh,
O(nxne)x (nxny) O(nxn,)x(nxn,) O(nxn,)x(nxns)
(I)Q,k = O(anl,)X(nxnw) 51?HT7‘1§1€ '1‘ 5EA1,kgk _513:7-[TQ s
O(nxn(s)x(nxnw) gTHé:k: ng + A2,k;

(I)B,k = [O(nxnz)x(nxn(;) Cg,}:LTﬁgk + C]?Al,kgkr C]P{/)L_[Tg_] )
Ris1 = Pry1 + Pk+15kA;i+15{Pk+1, A 2E{HLHe},  Aow 2 E{GL Gk}
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and

Qi1 = E{EZ’TngZ}
Qo 1 2 E{By P11 Dy}
Q341 2 E{D} " Pry1 Dy}

Proof. Defining the Lyapunov-like function as Vk(l) £ 2T Py, then we obtain
Ry £ E{V) - ViV o)

= ]E{ (zF (Ay + By)T + el KIBE + wl (Dy, + Dy)T)
X Pr41 ((.Zk + gZ)a:k + BpKyer + (Dy, + 5,’;)wk) — xZkaﬂxk}

- E{xg (AL Prsr Ay, + 2AL Py By + BT Py B,
— Py)ay, + ek KL BE Py BuKyey, + wi (DY Py Dy
+ 2D} Py Dy + Dy Py Dy, + 22 F AL Py B
X Kieg + 227 BT Py Bukier + 221 (AL Pry1 Dy
+ AP Dy + By TP Dy + By T Pr 1 D)ooy,

+ 26T KT BI Py i1 Dy, + zégzcgg,{pkﬂﬁ,;wkm}.
Noticing that ]E{g,’;} = 0and E{ﬁ;} = 0, one has

N, = E{ch(jgpkﬂjk + By Py By — Pr)an + eL K
X BngJrlBk’Ckék + wg(ﬁgpk+1ﬁk + 5£’T7Dk+15£)
X g + QIngPk+1Bk/Ckék + 2mz(j{Pk+1ﬁk
+ gZ’TPk+125};)wk + QE;QFIC{B,{PkHZSkwak}.
Adding the following zero term to the above equation:
1z6ll? = Y llewnll® = 126 ]1* + v lwwll® + X2|exl® = A2[lex||* = 0
where )\ is a known constant. Moreover, since Z = zp — ¢z and zp = Mygxy, it follows that
Zp = (Mg — ¢My)zy, 2] = 2 (Mg — oMp)" (M — ¢ M)y,
Together with €2; ;11 (¢ = 1,2, 3) in (14), we obtain
N, = E{l‘g (-/ngk-i-ljk + Ql,k+1 + (Mk — d)./\/lk)T(Mk
— OMy) — Pr)xy. + &, (Ki B Py BelCrx — A 1)ey,
+ @ (DF Prsa Dy + Q3 1 — v Dwy, + 208 AL Proya
X BpKrér + 2I£(.f2(£73k+15k + Qg,kﬂ)wk + 26{&%

X BE Prs1 Dy — || 2l|? + 72|k + /\2||5k\|2|xk}~

(14)

15)

Next, we consider the term E{||ex||?|z% }. According to the event-triggering function (10), at non-triggering

instants, it holds that E{||ex||?|xx} = E{elex|zr} < p*E{el ey |z }. Moreover, from (7), it follows that

E{ef exlzr}
= E{a]l CTHIHiCraoy + vl EFHE HiExvi + 0F GF Groy,
+ 2} CEHE HiErvi + 22 CEHE Gror, + 20 EXHL Grd|ai }

A T T T
= E{xk <I>1,kxk + @, (I>2,kwk + 2z, (I>3,kwk\xk}.
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Therefore, we have
E{||ék||2|(£k} < pQE{l'g(DLk(Ek + w{@z,kwk + 2%5(1)3,]6’{2]6‘%]6}. (16)

Substituting (16) into (15), we derive that

Ry < E{af (AL Por Ak + Quiss + My = M) (My
— ¢My) — Pr + p* N2 @1 i) xi + ef, (K BE Prs1Bey
— A21)ey, + @} (DF Pry1Di 4 Qapy1 — V2 + p2 A2
X By p)wop + 22} Af Pry1 Berer + 227 (A} Pry1 Dy
+ Qo ki1 + PN D3 1)k + 25£K£Bg7)k+15kwk
— 112612 + 72 |l 2 §.

First, we apply the completing square method to cy,. Define A; j 1 £ 721—5£Pk+15k —Q3 k11— p? N2 Do ..
Then we obtain

Ry < B{af (AL Pyia Ay + Quiin + (My — 6Me)T (M,
— M) + (AL Py Dy + Qo1 + PQAQ‘I’s,k)Ai}CH
X (5137)1@4-1;116 + QzT,k+1 + Pz)\zq’gT,k) —Pr+ P2A2
X By p)Tk + ég(’CEBkTPkJrl5kAill<;+1ﬁgpk+IBklck
+ K BEPria By — N21ex — (w — @) T Av g1
x (wr — @) + 22 (AL Prsa Dy + Qo g1 + p°N
X @3.1) AL 41 DF Pt Bk + AL Pri1 BrKr) en

— 1126112 + 22|l Pl |

where w;; £ Aii+1(5gpk+1jk + Q£k+1 + pz)\2¢)§k)xk + Aii+1ﬁgpk+18k’€kék.
Next, we apply the completing square method to €. Define Ag 11 = A1 —KTFBI Ry 1B K. It follows that

Ry < B{af (AL Prpr Ay + Quss + (Mg — 6M)T (Mg
— M) + (AL Py Dy + Qo1 + PPN O3 k)AL
X (D} P Ay + QF 1 + p2A20% ) — Py + p?\2
X @1 p + (Rk—i-ljk + Pk+1ﬁkA1_,i+1(QgT7k+1 + p2A?
X (I);k))TBk’CkAiiH’CIZBI{ (Ri 1Ak + Prs1Dy
x Ai/1€+1(9£k+1 + .02>\2‘I’3T,k)))$k + e, (K B Pt
X DA 41 DF P BiKr + KEBE Pria BeKi — A1)
x & — (wp — @) As g (w@r — @) — (@ — ;)"
X Dzera (En = &) — |13l + 77|l }

where & £ Ay KTBL (PoaiDeAT 4 1 (0 0y + p2N2@T ) + Rypr i)z
Summing both sides from 0 to 7 — 1, and since the RDE (12) and the final condition P, = 0, it is deduced that

T—1 71
Ji < E{ > (@ — @) Ay — W}Z)} + E{ > (e — )" Do (en — 52)} +ag (Po = 7*W)o.
k=0 k=0

Obviously, according to the aforementioned constraint (13), it can be obtained that J; < 0, which means the
predefined H, performance (11) is satisfied. O
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Up to now, we have obtained and proven the condition for the time-varying MAS to satisfy the predefined
H, performance. Next, we design the controller parameter K} in the worst case of the system, i.e., when
_ A % A
e = €, = O1 xy and wy, = w;, = Oy T}, Where

O1) = AiiH’Cifo (Pkilﬁkﬁiiﬂ(ﬂikﬂ + PPA?0F ) +~Rk+1ﬂk)
Oa ) = Ailch(D;szﬂAk + QQTJcH + PP NP5 ) + AiiHD}:”PkHBk’Ck@Lk

According to the closed-loop system (9), by defining i, = K} HCpyxy, it can be rewritten as
Tpp1 = (Ap + B; + 5199271@ + 5292,;: + BiKkO1 i)z + Bl
From (8), we obtain

ufc = Krer + K HiCrxr + KiHiErvvi + KiGrop.
2 (M g + Iy g 4 T 4O g, + Mo 4 Oo 1) s + U,

where

Ik 2 KkOr g, Moy = [0, KpHE, KiGl,
M 2 K HiCr, ok 20, KiHiEr, KiGrl.

Thus, one has
E{uZ’Tuﬂxk} £ x{ﬂkwk + ﬂ;{ﬂk (17)
where

Iy, £ 107 10y g 4+ 107 15 102 4 2(T07 4+ 63,113, ) Kk HC,
+ ngﬁgkﬁ1,k + 9%:;61:[2?;@1:[2,1@(92,1@ + E{ﬁ{kﬁl,k}
+ E{II] 24 }O2 1, + O35 E{II] 1151 } O i
+ 67 E{I1% 11 4 }.

Now, we are in the position to design a controller, with the following given cost function. The cost function is
defined as

T—1

J2 2 E{ Y (2l +llut)?) } )

k=0

where € > 0 is a known constant introduced for more flexibility in the controller parameter design.

Theorem 2. Consider a class of time-varying MAS represented by (9) over two-way AF relay networks where
k € [0, 7 — 1]. Based on Theorem 1, given a positive scalar € > 0, there exist controller parameters { K, }o<p<r—1
for the controller such that, under the H, performance guaranteed by Theorem 1, the cost functional (18) is
minimized in the sense of the coupled RDEs below if there exist solutions { Py, Qr, Kj fo<k<r—1 satisfying the
RDE (12) and the following recursive backward RDE

Q1 = Al Q1 Ak + Uttt + O3 DF Q141 DiOsy + OF
X O4,k+102,k + Q%JCngQkHBkKk@l,k + AT Q4
X 5k92,k + A Q111 BrKrO1 g + U2 41602 + 9§k
X D} Qpy1 Ax + 92T,k15£Qk+1Blek91,k + 9§k03,k+1
+ 607, KB Qi1 Ar + 6T KT BY Q11 D12
+ (Mp — dME)T (M — dMy) + elly, + 2CLHT
x K} By Qk+1(§k@2,k + B1Kr61.1) — AL Qi1 Bs
X Vi 1 BE Q1 Ax (19)
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subject to
T = 0
2 s T (20)
Vit1 = el + B} Qp+1Br > 0
with the controller parameters given as follows
Ky, = UV} 1)
where
ukéCOZ{'lplia'l/}I%a"'va}a VkéCOl{Cli»Cl%v"wCl?}v
Clzz é [ﬁck]u llg é [V,I;_Ql_:LBZ:Qk—&-lAk]ia 1= 172,...771,
and
Or g1 = ]E{E;’TQ]C—O—lg]’:;}
Boprr 2 B{B;" Q11D}} 22)
U hi1 2 (D" Qi1 By}
Baps1 2 E{D}" Qpia Dy}
Proof. By defining the Lyapunov-like function Vk(z) £ 2T Qpxy, one has

Ny 2 E{Vk(i)l _ Vk(Z) ‘l‘k}

= E{xzﬂ Qk+1Tk41 — CE;;FQkxkuk}

= E{fg(AkaHAk + U1 py1 + Q;kﬁkTQkHﬁk@M
+ 03 kU4 k41021 + O7 LKL B Qs 1 BuKiO1 1, + AL
X Quy1DrOk + AL Quy1BrKrO1 ks + Ug 1162 4
+ @;kﬁngﬂAk + @;kﬁkTQkHBk’Ck@Lk +67,
x Uy i1 + O1 WKL BY Qi1 Ay + 07 (K BY Qp1 Dy,
X Oy, — Qi) + U By, Qu1 Brtix + 2ty By Qi1
X (Ag + DyOa ), + BiKkO1 1)k |y }-

Similar to the proof of Theorem (1), by adding the zero term
1261 + ellukI* = 1Z&]* = ellui | = 0
and combine with (17), we have

Ny = E{z} (AL Qrr1 Ak + U1 p1 + @£k559k+15k92,k + @gT,k
X O4,k+102,1 + ka/CngQkHBkKk@m + AT Q)11
x 15k(92,k + AL Qr 41 BeKiO1 1, + Vo 116021 + @g,kﬁlz
X Qpy1Ag + Qg,kﬁngHBk/Ck@l,k + 92T,k153,/c+1
+ 6T KEBL Qi1 Ay, + 61, KT BE Q11 D1Os i,
+ (Mg — oM) " (M, — dMy) + eIl + 25 HTKF,
x By, Qk+1(5k92,k + BiKikO1 k) — Q) + uf (BL
x Qg1 By + el + 2u} BY Qr 1Ay
— (I1zl” + ellug|*) |2 }

Utilizing the completing squares method and summing both sides from 0 to 7 — 1, and according to (19) and
the condition @, = 0, it is deduced that
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T—1

Jo =B (. + ;)" Vieyr (. + 05)} + 25 Qoo
k=0

T—1

< E{Y [[KeHCk + Vit 1 B Qe Arl 7|2kl P} + 2 Qoo
k=0

where i} £ V,;ilBngHAkazk.
To minimize the cost, by means of Lemma 1, the controller parameter K, is selected iteratively in a backward
manner as follows

K, = ar%(minHICk?-_LCk + V;jIB,{Qk+1Ak||F = —Z/IkV,I.
k

The proof is complete. O

In summary, by observing the main results in the aforementioned theorems, we can derive the following
two-way AF-assisted finite-horizon H, control algorithm of the time-varying MAS (see Algorithm 1).

Algorithm 1: Two-Way AF-Assisted Finite-Horizon H, Control

Step 1. Set initial conditions: P, = Q, = 0,k = 7 — 1. Givven the positive definite matrix W and positive sca-
-lars y and €.

Step 2. Calculate U; 11,7 = {1, 2, 3,4} by (22), then calculate V11 by (20), if V41 > 0, calculate control
parameter K, by (21), otherwise, jump to Step 5.

Step 3. Calculate €2, ,+1,7 = {1, 2, 3} by (14), then calculate Aq ;11 and Ag 41 by (13). If Ay 41 > 0 and
Ay p+1 > 0 are not satisfied, jump to Step 5. Continue.

Step 4. Obtain Py, and Qj, by solving the coupled backward RDEs of (12) and (19) respectively. If k # 0, set
k = k — 1 and return to Step 2, otherwise, continue.

Step 5. If any one of the conditions A; 11 > 0, Ag 41 > 0, Vi1 > 0, and Py < ~2W is not satisfied, this
algorithm is infeasible. Stop.

Remark 5. Three features distinguish our scheme from existing H., MAS control studies. First, unlike the works
in [15-18], which typically ignore channel-induced noise, the augmented H ., performance index in this paper
explicitly incorporates channel noise and combines it with an event-triggering rule, thereby improving the physical
fidelity of the AF-assisted MAS model while reducing unnecessary communication updates. Second, unlike the
one-way relay designs in [25-25], the two-way AF channel completes a bidirectional exchange within a single
time slot, and the coupled-RDE conditions use channel statistics instead of worst-case bounds, which helps reduce
conservatism in the design. Finally, the proposed control strategy decouples analysis and synthesis through two
coupled backward RDEs, which facilitates the computation of the time-varying gain Ky, under the AF-assisted
MAS framework.

Remark 6. This study investigates the finite-horizon H, control problem for MASs under the two-way AF relay
protocol. A tractable model is developed to characterize the behavior of two-way AF relay network. Based on this
model and the event-triggering mechanism, an H . control scheme is then derived through the dynamic analysis of
control errors. Theorem I provides sufficient conditions to ensure the prescribed H ., performance, while Theorem 2
further presents the designs of the controller gain that guarantee this performance.

Remark 7. Compared to the existing literature, this paper makes the following contributions: (1) It proposes
two-way AF relays to address signal attenuation in inter-agent data transmission, offering a novel approach within
MAS frameworks that effectively mitigates channel fading effects and enhances communication reliability; and
(2) To further reduce communication overhead while maintaining system performance, an event-triggered control
strategy combined with the H .. performance measure is employed to design a MAS controller, which significantly
reduces the communication frequency among agents without compromising the desired performance.
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4. A Numerical Example

In this section, we present a numerical example to verify the effectiveness of our proposed algorithm for the
two-way AF relay-assisted MASs. The topology is shown in Figure 2.

¢ > ()« >E]
I

() (t »))
R ,,/E]V\% , 2
] o~ AN

E]< » () 4 s

Figure 2. The topology of two-way AF relay-assisted MAS.

According to the topology, the corresponding adjacency matrix is given by

01 0 01
101 00
=101 0 1 1
0 01 01
1 01 1 0

Given the transmission power of phase A — R and phase R — A as Py = P, = 1.2.#/. The expectation and
variance of the fading channel gains are set as u = 0.8 and o2 = 0.0025, respectively.
Assume the external disturbances w;  and v; j as

wik = 0.02cos(1.2k), wax = 0.02sin(0.4k), w3k = 0.02sin(1.2k), w4y = 0.02cos(0.4k),
ws, = 0.01sin(0.4k) + 0.01cos(0.8k), vy x = 0.02sin(1.2k), w5 = 0.02sin(0.6k),
vz = 0.02c0s(0.2k), w4k = 0.02cos(0.4k), w51 = 0.01sin(0.5k) + 0.01cos(0.5k).

The channel disturbance is set as 67, , = 0.02cos(1.2k) and 5 : = 0.02cos(1.2k) for Vi,j € ¥, and
kelo,7—1].

In this numerical example, v = 0.8, W = 9.01, ¢ = 0.02, 7 = 50, and A = 0.002. The dynamic parameters
of each agent are given as follows:

0.4+ 0.06sin(0.4k) 0.5 — 0.05sin(0.2k) 0.5
A = , Bp= .
—0.5 0.5 + 0.06 cos(0.5k) 0.2 + 0.05 sin(0.4k)
0.2 0.2 0.1
= . . D = E = .2 M = .
Ci=[06 06], Dx [0.2} o Be=02 My [0.1 0.2]

The initial states z; o, for ¢ € #;, are chosen as
1,0 =[0.9;—-1.2], x20=1[0.7,—-0.5], x30=[1.2;—-1.2], z40=][13;-0.7], z50=[1.1;—-0.9].

The simulation results are presented in Figures 3 and 4. Figure 3 depicts the event-triggering time instants
of all agents over the simulation horizon. The resulting triggering sequences are aperiodic and agent-dependent,
which suggests that control actions are updated only when the event-triggering rule is activated, instead of at
every sampling instant. Consequently, unnecessary transmissions can be curtailed while the closed loop still relies
on the most recently broadcast information. Figure 4 shows the time evolution of the H,, performance index.
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Throughout the horizon, the index remains below the prescribed attenuation level +, which aligns with the intended
H . performance under the considered process disturbances, measurement noise, and channel effects. Collectively,
these results demonstrate that the proposed event-triggered two-way AF relay-assisted H, control scheme attains
the desired robustness with reduced communication burden.

T T T T T T T T T T T T T T T

+ Agent 1
* Agent 2
5 [0 C00GGN00 00 O O Q000000000000000000 X0 O O Agent 3 0
O Agent 4
O Agent 5

4 T O O [ e I 1 1 1 1 ey O O

2 Plbreklbricklicliopmiok Jek % ko Sloklrk serlcllicliolriolok ik 3k sk lriclolrlok X

T e e e

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 5 10 15 20 25 30 35 40 45 50 55 60 65 70 75 80
Time (¢)

Figure 3. The event-triggering instants of each agent.

"o 10 20 30 40 50 60 70 80
Time (r)

Figure 4. The curve of H, performance index.

5. Conclusions

In this paper, the H, consensus control problem for two-way AF relay-assisted time-varying MASs with an
event-triggered strategy has been studied. A two-way AF protocol has been first introduced into MASs to improve
communication quality and enhance communication efficiency. An H, performance criterion incorporating channel
noise has been proposed to enhance the system’s robustness against communication noise. An advanced method
based on coupled backward RDEs has been developed to design the MAS controller. Finally, numerical results
demonstrate the effectiveness of the proposed method and the designed algorithm.

The potential future research directions of this paper are put forward as follows: (1) investigate the control
problem for a MAS assisted by alternative relay protocols, such as DF, FF, and AF [22,26,45]; and (2) study the
multi-agent consensus control problem of relay systems with energy harvesting (see [21,46,47]).
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