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1. Introduction

Sequences play an essential role in mathematics, offering insight into patterns and structures that arise in
various conditions. A well-known and historically significant example is the Rabbit Problem, introduced by the
Italian mathematician Leonardo Fibonacci in his landmark book Liber Abaci, published in the early 1200s. In this
scenario, Fibonacci explored how a rabbit population would grow under ideal circumstances, assuming that each
pair of rabbits begins producing another pair every month once they are two months old.

The Fibonacci and Lucas sequences are two of the most iconic and intriguing numerical sequences in
mathematics. Their remarkable properties and unexpected appearances in fields such as nature, art, and
architecture have fascinated mathematicians, scientists, artists, and philosophers for centuries. The Fibonacci
sequence, in particular, has been applied across numerous disciplines, including engineering [1], economy [2],
group theory [3], graph theory [4], liberal arts [5], cryptography [6], biomathematics [7], computer science [8],
and many more.

Over the years, numerous generalizations of the Fibonacci sequence have been proposed, reflecting its
profound mathematical significance and versatility. These extensions often arise by changing the sequence’s
recurrence relationship, initial conditions, or dimensionality, leading to entirely new families of numbers with
properties that both resemble and extend those of the classical Fibonacci sequence. Some of the most well-known
generalizations are the Tribonacci [9] and Tetranacci [10] sequences, in which each term is defined by the sum of
three or more preceding terms rather than just two. Others involve introducing coefficients, negative indices, or
using matrix representations to explore the sequence in more abstract contexts. These generalized sequences are
studied not only for their theoretical interest but also for their practical applications in fields such as combinatorics,
computer algorithms, coding theory, and even the modeling of real-world phenomena. Examples include the
Copper Fibonacci [11], Bronze Leonardo [12], Padovan [13], Pell [14], k-Chebyshev [15], Narayana [16], k-
Oresme [17], Dickson k-Fibonacci [18], Bell [19], Bigollo [20], k-Blaise [21], Copper Lucas [22], Fermat [23],
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k -Edouard [24], Bernoulli-Euler polynomials [25], Hyperharmonic Fibonacci [26], Perfect square [27], k-
Mersenne [28], Jacobsthal [29], and so on.

For n € N, Fibonacci numbers F,, Lucas numbers £,, and Leonardo numbers [, are defined by the
recurrence relations, respectively,

Fn+2: n+1+Fn,With F0:0 and F1=1,
Ln+2 = Ln+1 + Ln, with LO =2 and ‘Cl = 1,

Lyvy = lpss + L, + 1, with [p =1 and [, = 1.

Binet formulas for F,, £,, and [, are given by the following relations, respectively,

Qn—g™ Pt1_gn+l
b= n=9"+ 0" by =27——— -1,
where ¢ = 1+Tﬁ and 0 = 1_2—\/5 are the roots of the characteristic equation 72 —r — 1 = 0. In this context, the

number ¢ represents the golden ratio, which is one of the well-known metallic ratios.
In addition, for n € N, Soykan [30] defined the Grahaml sequence G,, Grahaml-Lucas sequence H,, and
Modified Grahaml sequence E, with the following recurrence relations, respectively,

Gn+3 = ZGn+2 + 3Gn+1 + SGTU with GO = O, Gl = 1, and Gz = 2,
Hn+3 = ZHn+2 + 3HT[+1 + 5HTL’ Wlth HO = 3, Hl = 2, and H2 = 10,

En+3 = zEn+2 + 3ETL+1 + 5Eﬂ.9 with EO = 0, El = 1, and Ez =1.

The Binet formulas for G,, H,,, and E,, are expressed by the following respective equations;

n+1 n+1 rn+1

m p
= + +
(m-p)(m-r) ~ (p-m)(p-1)  (r-m)(r-p)’

G

H,=m"+p"+1r",

_ (m—l)mn+1 (p—l)pn+1 (T—I)T'n+1

T (m-p)(m-r) | p-m)(p-1) - (r-m)(r-p)’

n

Hence, m = 3,344, p = —0,672 + 1,021i, and r = —0,672 — 1,021i are the roots of the characteristic
equation x3 — 2x% — 3x — 5 = 0. In [30], Soykan found many features of the Grahaml sequences.

Using the recurrence relation of the classical Fibonacci sequence as a foundation, researchers have introduced
the concept of k-Fibonacci sequences, which hold significant relevance in number theory. In particular, Falcon
and Plaza, in their work [31], developed the k-Fibonacci sequence and explored numerous properties associated
with it. Later, Falcon extended this line of study by defining the k-Lucas sequences [32]. Furthermore, in another
contribution, Falcon applied the Hankel transform to the k-Fibonacci sequence, leading to a novel way of deriving
terms of the Fibonacci sequence [33].

As demonstrated by these developments, a wide variety of generalizations of the Fibonacci and Lucas
sequences have been proposed to date. Building upon this rich mathematical tradition, the present study introduces
new extensions that draw inspiration from both the k-Fibonacci and Grahaml sequences. Specifically, we define
and examine three new families of sequences, which we name the k-Grahaml, k-Grahaml-Lucas, and Modified
k-Grahaml sequences. These are denoted by the symbols Ry, Ly, and My ,, respectively.

This article is structured in three distinct sections.

In chapter 2, we introduce the k-Grahaml, k-Grahaml-Lucas, and Modified k-Grahaml sequences. We
explore their characteristic equations, derive Binet formulas, and present their generating functions and summation
identities. Several properties of these sequences are also discussed in detail. Furthermore, we demonstrate how to
derive Binet formulas using their generating functions. The chapter concludes by establishing matrix
representations that relate to the terms of these sequences.

In chapter 3, we focus on identifying connections between the k-Grahaml, k-Grahaml-Lucas, Modified k-
Grahaml, and their classical counterparts: Grahaml, Grahaml-Lucas, and Modified Grahaml sequences. By
examining these relationships, we reveal significant links among their terms. The chapter concludes with the
discovery of a noteworthy relationship between the k-Grahaml and Grahaml-Lucas sequences.
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2. k-Grahaml, k-Grahaml-Lucas, and Modified k-Grahaml Sequences

In this section, a new generalization of Grahaml sequences is studied. Then we obtain many properties of this
generalization such as special summation formulas and generating functions. In addition, we associate the terms

of these sequences with matrices.

Definition 1. For k € R, and n € N, the k-Graham! Ry ,, k-Grahaml-Lucas Ly ,, and Modified k-Grahaml!

My ,, are defined by, respectively;

Rk,n+3 = 2Rk,n+2 + 3Rk,n+1 + 5Rk,n + k, Wlth Rk,O = 0, Rk,l = 1, and Rk‘z = 2,

Lk,n+3 = 2Lk.n+2 + 3Lk,n+1 + 5Lk,n + k, Wlth Lk,O = 3, Lk,l = 2, and Lk,Z = 10,

Mk,n+3 = 2Mk,n+2 + 3Mk,n+1 + SMk,Tl + k, Wlth Mk,O = 0, Mk,l = 1, and Mk,Z = 1

Also, the four-order recurrence relations of the sequences Ry ,, Ly, and My, are as follows,

Rk,n+4- = 3Rk,n+3 + Rk,n+2 + 2Rk,n+1 - 5Rk,ns

with Rk,O = 0, Rk,l = 1, Rk,Z = 2, Rk,3 =k+ 7,

Lk,n+4 = 3Lk,n+3 + Lk,n+2 + 2Lk,n+1 - 5Lk,n»

with kao = 3, Lk,l = 2, Lk,Z = 10, Lk,3 =k+ 41,

Mk,n+4 = 31V[k,n+3 + Mk,n+2 + 21V[k,n+1 - 5Mk,ns

with Mk,O = 0, Mk,l = 1, Mk,Z = 1, Mk,3 =k+ 5,

Then let’s give some information about the equations of these sequences.
The characteristic equation of the k-Grahaml, k-Grahaml-Lucas, and Modified k-Grahaml sequences is

t*—3t3—t2—-2t+5=0=(t3-2t2-3t-5)(t—1) = 0.

The roots of this equation are;

m = 3.344, p = —0.672 + 1.021i, r = —0.672 — 1.021i,and s = 1.

The relationship between these roots is given below;

mp+mr+ms+pr+ps+rs=-1, m+p+r+s=3, mprs=>5,and

mpr + mps + mrs + prs = 2.

The Ry, Lin,and M, values for the six ten n natural numbers are given below;

*  Ryo=0, Lgo=3, Mo =0,

* Ry1=1, Ly =2, M, =1,

*  Ryp=2, Ly, =10, My, =1,

¢ Res=k+7 Lys=k+4l, My =k+5,

¢ Riy=3k+25, Ly, =3k+122, My, =3k+18,

¢ Rys=10k+81, L s = 10k + 417, My = 10k + 56,

o Ry =35k +272, Ly = 35k + 1405, My 4 = 35k + 191.

In the following theorem, we establish the Binet formulas of the k-Grahaml, k-Grahaml-Lucas, and

Modified k-Grahaml sequences.

Theorem 1. Let k € R and n € N. We obtain

i R, = (m%-m+k)m" (P2-p+k)p" r?-r+k)r™ k

' kn ™ n—p)m-1)(m-r) | (p-m)(p-n)(p-1)  T-m)r-p)r-1) = A-m)(A-p)(1-1)’

i L. = @Em3+4am?2+(9+k)m-15)m™"~ 1  (2p3+4p?+(9+k)p-15)p™~ 1 | (2r3+4r?2+(9+k)r—-15)r"-1 k

’ kn (m-p)(m-1)(m-r) (p-m)(p-r)(p-1) (r-m)(r-p)(r-1) a-m)(1-p)(1-r)’
2_ n 2_ n 2_ n

i, Mk_n= (mé-2m+k+1)m (p“—2p+k+1)p (re=2r+k+1)r k

(m-p)(m-D)(m-r)  (p-m)(p-r)(p-1) (-m)(r-p)(r-1)

1-m)1-p)(1-1)’
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Proof. i. The Binet form of a sequence is as follows
Ryn = Am™ + Bp™ + Cr™ + Ds™.
For these n values, we obtain;

Ro=A+B+C+D,
Ry1=Am+ Bp + Cr + Ds,
Ry, = Am? + Bp®* + Cr? + Ds?,

Ry = Am3 + Bp® + Cr® + Ds3.
We find

_ (m?-m+k) _ (p?-p+k) _ (r?2-r+k)
(m=p)(m-1)(m-r)’ (p-m)(p-r)(»-1) (r-m)(r-p)(r-1)’

k

pD=—*
and -m)(a-p)a-n)

The proofs of the others are shown similarly. o

In the following theorems, we give the generating functions of the k-Grahaml Ry ,, k-Grahaml -Lucas Ly,
and Modified k-Grahaml M, , sequences. In addition, we obtain Binet formulas of Ry, Ly,, and M,
sequences with the help of generating functions.

Theorem 2. The generating functions for k-Grahaml Ry, k-Grahaml-Lucas Ly ,, and Modified k-Grahaml!
My, sequences are given as follows, respectively,

42 3
i () = TP Rt =

T st4—2t3-t2-3t+1

.. 3-7t+t%+(k+3)t3
—_ co n — 7
i Ut =XnioLkat™ = 5t4—2t3—t2-3t+1°

t—2t2+(k+1)t3
— © n —
. m(t) = Xnto Mnt™ = cam ey

Proof. i. For the k-Grahaml sequence, we have

T(t) = Yoo Rint™ =t + 22 + (k + 7)t3 + Yooy R nt™
=t +2t* + (k+ 7t> + 3374 Rin—1t™ + Xnos Rin—at™ + 2 354 R n—3t™ — 5 254 Ry st ™,
=t+2t2 4+ (k+ D3 + 3t Tz Rent™ + 2 Yooy R nt™ + 263 X0y R nt™ — 5t* Yoy Ry nt™.

Thus, we have

t—t2+kt3
Vo n _ S
7(t) = Znzo Rint™ = 5t4—2t3—t2-3t+1"

The proofs of the others are shown similarly. o

Theorem 3. For Ry, Ly, and My, sequences, the Binet formulas can be obtained with the help of the
generating functions.

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of the 5t* — 2t3 —
t? =3t + 1 = 0 equation become i, %, %, and i For Ry ,, we have

t—t2+kt3 _ (m?2-m+k) 1 (p?-p+k) 1 (r?2-r+k) 1 k 1

5t4—2t3—t2-3t+1  (m-p)(m-1)(m—-1) 1-mt = (p-m)(p-1)(p—1) 1-pt = (r-m)(r—-p)(r—-1) 1-rt = (1-m)(1-p)(1-1) 1-st

= Y% ( (m?-m+k)m™ (p?-p+k)p™ F2=r+k)rn Kk ) ¢n
=0 m-p)m-1)(m-r) = P-m)(p-M)(-1)  E-mE-p)r-1)  (1-m)(A-p)(1-7) ’
= Yn=o Rk.ntn~

Similarly, we find the Binet formulas of the Ly, and M, sequences. O

Next, we give special sum formulas of the k-Grahaml Ry ,, k-Grahaml-Lucas Ly, , and Modified k-
Grahaml M, , sequences.
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Theorem 4. Let k € R and n € N. We obtain
1
Z?:O Rk,s =;(10Rk,n + 8Rk,n—1 + 5Rk,n—2 - (Tl - Z)k - 1):

1.

ii.

1
2is=0 Lys = g(lOLk,n +8Lgpq + 5Lk,n—2 -(n—-2)k+1),

1
111. Z?:O Mk,s = ;(10Mk,n + 8Mk,n—1 + 5Mk,n—2 - (n — Z)k)

Proof. ii. From the definition of the k-Grahaml-Lucas sequence, we obtain

Modified k-Grahaml M, , sequences with matrices.

So, we have

Rk,3 = 2Rk,2 + 3Rk,1 + 5Rk,0 + k,

Rk,4 = 2Rk,3 + 3Rk,2 + 5Rk,1 + k,

Rk,n = 2Rk,n—1 + 3Rk,n—2 + 5Rk,n—3 + k

J. Appl. Math. Mech. Eng. 2026, 1(1), 3

-3+ Z?=0 Rk,s =2 Z?:_Zl Rk,s + 32?;12 Rk,s + 5 Z?:_g Rk,s + (Tl - Z)k,

n n n
3+ ) Ryo=2 (—Rk,n ~ Rip = Ria + Rk,s> +3 (—Rk,n = R + Rk,s>
s=0 s=0 5=0

Thus, we obtain

The proofs of the others are shown similarly. o

+5(_Rk,n - Rk,n—l - Rk,n—z + Z?:O Rk,s) + (Tl - Z)k'

Ys=0Ry,s =2 (10Ryn + 8Rygpn—1 + SRz — (n—2)k-1).

1
9

In the following theorem, we associate the terms of the k-Grahaml Ry ,, k-Grahaml-Lucas Ly ,, and

Theorem 5. Let k € R, and n € N. The following equations are true:

i. For the k-Grahaml sequence,

Rk,n+3

Rk.n+2
1. =
Rk,n+1

R kn

1
0
0

ii. For the k-Grahaml-Lucas sequence,

Lk,n+3
Lk,n+2

1. L =
kn+1

Lk,n

iii. For the Modified

Mk,n+3

1. Mk,n+2

Mk,n+1
Mk,n

3 1
11 o0
1o 1
0 0

1 2 =51"[k+7
0 0 O 2
1 0 0 1
01 0 0
1 2 —5]"[k+41]
0 0 O 10
1 0 O 2
01 0 3
-Grahaml sequence,
2 —51*[k+5]
0 0 1
0 0 1
1 0 0

<

Rk,n
Rk,n+1
Rk,n+2

w o oo

Rk,n+3

[ Lk,n
Lk,n+1
Lk,n+2

w o oo

-Lk,n+3
[ Mk,n

Mk,n+2

0
Mk,n+1 _ 0
0
3

-Mk,n+3

o o —_ o o

_o O

N O = O

N O - O

Proof. i. 1. Let show the proof by induction over n. For n = 1, the equality is true. For n — 1, assume the
equality is true. We obtain
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3 1 2 -5]"
1 0 0 0
010 O
0 01 O
3 1 2 —5]
11 0 0 o0
101 0 o0
0 01 O
_Rk,n+3]
_Rk,n+2
Rk,n+1'
-Rk,n

J. Appl. Math. Mech. Eng. 2026, 1(1), 3

312 513 1 2 —51"'[k+7
11 00 0|1 0 0 o0 2
10 10 oflo 1 0 o 1
0 01 o0llo o1 o0 0

From the last equation, for n, it can be seen that the equality is true.
The proofs of the others may be found similarly. o

Theorem 6. Let k € R and t € N. The following equations are satisfied:

(R t+3

Ry

. 42

1. det R
kt+1

| Ryt

[Lit43

L
det|“ot+2

t Liis1
| Ly
M t43
Mk,t+2
Mpt41
| My,

iii. det

R4z
Ry t+1
Ryt
Ry t-1

Litva
Lk,t+1
Ly,
Lig-1
My 42

Mk,t+1
My
Miet—1

Rier1 Ry ]
R Ryt
Kt R = 563kt + 8k3 + Tk + 45k),
Rit-1 Ryps
Reio Riis
Lit+a Ly
L Ly
ot T = 53 (et 4 64k3 + 1231k2 + 11079k),
Lit-1 Lyt
Lit-2 Lie-3
M1 My
Mkt Mk t—1
A = 53 (k4 4 9k3 + 34k2 + 81k).
M1 My ( )
Mk,t—z Mk t-3

Proof. The proofs are shown by the induction method using definitions and determinant properties. O

Theorem 7. For Ry,, Ly, and My, sequences, the Binet formulas can be obtained with the help of the

matrices.

Proof. The following relation is used for proof (see for details Corollary 3.1 in [34]).

th = det (A) ;:1 TC+1_]-det (A])
Thus,
1 .
Rin = mzj'ﬂ Rk,c+1—jdet (Aj)-
m3 mZ m 1 mn—l mZ m 1 m3 mn_l m
3 z 1 n-1 2 1 3 n-1
Let c=i=4, A=|P P P QA =P P P 2 p=|P P P
3 2 o 1 Tt et 2 e 1 TR 3 gl g
SS SZ s 1 Sn—l 52 s 1 53 Sn_l s
m3 m2 mn—l 1 m3 m2 m mn_1
3 2 n-1 3 2 n—1
p> p° p 1 _|p p° p p :
P32 gl 1,and Ay = 3 g2 gt . So, we obtain
s3 s%2 sn1 1 3 §2 g gl
__ 1 4
Riin = 3ot @) Yj=1 Ris-jdet (A))
= —de:(A) (Ris det(Ay) + Ry 5 det(A,) + Ry, det(Az) + Ry 1det(A,))
(m?-m+kym"™ (@%-p+k)p™ (r2—r+k)rmt k
(m-p)(m-1)(m-r) (p-m)(p-r)(p-1) (@ET-m)@-p)(r-1) (A-m)(1-p)(1-71)

Similarly, the Binet formula of the Ly ,, and M, , sequences are found. o

[ Y
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3. Special Relations

In this chapter, we examine the relationships among the k-Grahaml, k-Grahaml-Lucas, and Modified k-
Grahaml sequences.

In the following theorems, we examine the relations among the k-Grahaml Ry, ,,, k-Grahaml-Lucas Ly,
and Modified k-Grahaml M, , sequences. The chapter concludes with the discovery of a noteworthy relationship

between the k-Grahaml and Grahaml-Lucas sequences.

Theorem 8. Let k € R, and n € N. The following equations are true:

. 3k%+136k+1370 8k2+408k+3199 —2k%+11k+3570
L Ren = = aemzriosineinors Lon+3 T iaearzsazsinetiors “kn+2 T iareakzrizsikeiiore tkn+t T
k3+61k?+948k+5680
K3+64k2+1231k+11079 KT
.. k+4 3k+17 k2+6k+3 k3+8k?+26k+65
W Ren = = @ orzsaarrar Min+3 b iaioizraanrer Mkn+2 T iarorzraanrer Mkn+t T i3rorzrsaneer Mk
_ 3KkZ+17k+2 8k2+69k+31 2k?+38k+183 k3+11k%2+21k—109
WL Licn = 3 grzroreso thn+3 ~ kasarzrernsso Nkn+2 ¥ i3 arzrorsso kntl K3+8kZ+6k+50 KM
. 3k%2-17k+25 8k%+61k+86 3k%+53k+204 k3+11k?+25k—62
Ve Lien = 5 iz rsaee Mknt? T okt rsakesl Thnt2 T i o raaierst Mentt t G oz sarer Mk
k+4 2k+17 k2+7k—6 k3+9Kk2+15k+52
Voo Mien = (aiakzrensso ent3 T karerzreraso [ kint2 T kargrzrereso kntl ¥ agrzreraso Rkm
. 3k%+137k+1465 8k%+419k+3623 3k?+45k-2928
Vi My = = ez razsireai07e Lkn+3 T ireazrizsike11079 Con+2 T i@ rearzrizaikeators Llent1 T
k3+62k?+994k+5993

Kk3+64k2+1231k+11079 K™
Proof. i. The following relation is used for proofs;

Rk,Tl =aX Lk,Tl+3 + b X Lk,Tl+2 +c X Lk,n+1 + d X Lk,n-

For these n values, we obtain;

Rk.O = aka'3 +b ka’2 +C><Lk‘1 +d XLk,O’

Rk.l = aka'4+b ka’3 +C><Lk‘2 +d ka.l’

)
=
[\S}

|

_aXLk‘5+bek’4_+Cka,3+d>(Lk‘2,

Rk,3 =aX Lk,6 + b X Lk,S +c X Lk,4 + d X Lk,3-
If the information is written instead of, we obtain

0=ax(k+41)+bx10+cx2+dX3,
1=ax@Bk+122)+bx(k+41)+cx10+d X 2,
2=aXx(10k+417)+ b x (3k +122) + ¢ X (k +41) +d x 10,

k+7 = ax (35k + 1405) + b x (10k + 417) + ¢ x (3k + 122) + d x (k + 41).

when this equation is solved, we find

a4 = 3k%+136k+1370 _ 8Kk%+408k+3199
T k3+64k2+1231k+11079°  k3+64k2+1231k+11079°
—2k%+11k+3570 k3+61k?+948k+5680
= ,and d = —— .
k3+64k2+1231k+11079 k3+64k2+1231k+11079

The proofs of the others are shown similarly. o

Theorem 9. Let k € R, and n € N. The following equations are true:

For Grahaml sequence
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; G = —k+5 " k2+6k—10 k2+10k+15 " 5k+20

: T k348k24+6k+50 M3 T p3igr2iek+50 M2 k3igr2iek+50 KMt T p3igr216k+50 KV

GG = 8k+139 L n k2+57k+737 k2+44k+123

: n k3+64k2+1231k+11079 ©M+3 T k3464k24+1231k+11079 KMH2  (34e4k2+1231k+11079  Kmt1
Sk+475

K3+8k2+6k+50 KM

5 k2+5k-1 k2 +10k+24 5k+20

iii. G, =————M _ _ _— .
n T k34okZ+3ak+81  KMF3 T p3ior2434k+81 KMt2 k3iok243ak+81 KMl T k3ior2434k+81 0 KT

For Grahaml-Lucas sequence

i H = 3k%+16k+7 7k%+63k+41 k2+28k+168 R 3k%+19k-134

: " T k348k2+6k+50 KMFT3 T k3igrziek+50 KMtZ T p3igr2iek+50 KMl T k3igkZiek+s50 ] KM

i H. = 3k%+128k+1231 7k%+351k+2462 n k2-55k—3693 L n

: N T k3464k2+1231k+11079 KM3 T k3164k2+1231k+11079 KM+2 T k3464k2+1231k+11079 KNt
3k2+278k+4924
Kk3+8k2+6k+50 KM

Gi H. = 3k%+18k+34 7k%+59k+104 k2+37k+177 3k%+4k-107

©OUM T k3iok2434k+81 M3 k3iok243ak+81 K2 T p3iok2134k+81 ML T k3i9x243ak+81 0 KM

For Modified Grahaml sequence
9 k2+4k—27 2k2+17k+9 k2+13k+27

1. E, =—R — _
T k348k24+6k+50 M3 T p3igr2iek+50 M2 k3igr2iek+50 ML T k3igr216k+50 KV
i E = 9k+234 L k2+68k+1161 2k%+100k+765 "
: n k3+64k2+1231k+11079 KM+3 T k3464k241231k+11079 KMH2  (34e4k2+1231k+11079  Kmt1
kZ+41k-162

K3+8k2+6k+50 K

k49 k%+2k-18 2k%+16k+27 k%+13k+36

. E,=——M, _ - _ .
T k34ok2434k+81  KMF3 T p34ok2434k+81 KMTZ k3iok2434k+81° ML T k3iok2434k+81° KT

Proof. The structure of the proofs resembles that of Theorem 8. o

The following theorem provides a fascinating relation between the k-Grahaml sequence and the Grahaml-
Lucas sequence.

Theorem 10. Let k € R, and n € N. The following equation is true:

1
Ry 3n = R onHy + Ry on — San,—n - ERk,n(Hrzl + 2H, — Hyp).

(m?-m+k)m™" (p%-p+k)p™ r2=r+k)r™ k
Proof. Let Ry, =
¢ k™ (m-p)(m-1)(m-r) | (@-m)(p-r(p-1)  (r-m)(F-p)r-1) (A-m)(1-p)(A1-T)
Cr™+ Ds™.

We obtain
S5"Ry_p = mtptrtst(Am™ + Bp™ + Cr™* + Ds™")

= Am" + Bp" +

= Ap™r"s™ + Bm™r"s™ + Cm"p"s™ + Dm"p™r™
=p"r"s® + m"r"s™ + m"p"s™ + m"p™r"(A+B+C+ D) —m"p™r"(A+ B + ()
—-m"p"s"(A+B+D)—m"r"s"(A+ C+ D) —p™r"s"(B+C + D).

Then we get
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Ry 2n(Hy + 1) = (Am®™ 4+ Bp?™ + Cr?™ + Ds?™)(m™ + p™ + 1" + s™)

= Am3™ + Bp3" + Cr3" + Ds3™

—@Mrtst + mtrtst + mtptst + m'p™r™)(A+ B+ C+ D)

+(™Mrts™ + mMrts™ + m"p"s™ + m"p"r")(A+ B+ C + D)

—m"p"r"(A+ B+ C) —m"p"s"(A+ B+ D) —m™r"s"(A+ C + D)

—p"r"s®(B+ C+D) + % (Am™ + Bp™ + Cr™ + Ds™)(m™ + p™ + r™ + s™)? — (2™ + p2™ + r2" 4 §210)

= Ry3n — ('™ + mtrts™t + mtp"s" + m'p™r")(A+ B+ C+ D)+ 5"Ry_,, + %Rk_n((Hn +1)% -

(HZn + 1))
In addition, A+ B + C + D = R, o = 0. Thus, we get

1
Ry zn = Ry anHyn + Ry on — San,—n - ERk,n(Hr% + 2H,, — Hap).

Similar methods are used to prove the others. O

4. Conclusions

In this study, we present and conduct a comprehensive exploration of three new recursive sequence
generalizations: the k-Grahaml sequence, k-Grahaml-Lucas sequence, and Modified k-Grahaml sequence. We
initiate our investigation by formally defining each of these sequences and illustrating their foundational
characteristics through selected terms, which help demonstrate their unique structure and progression.

Following the introduction of these sequences, we derive their corresponding generating functions. These
functions act as compact and elegant mathematical tools that encapsulate the sequences’ entire behavior, making
it possible to analyze their properties systematically and efficiently.

We then turn our attention to evaluating several summation identities related to these sequences. A substantial
portion of our analysis is devoted to exploring how these sequences can be represented using matrices. By
constructing and manipulating matrix forms of the sequences, we reveal deeper structural insights and perform
computations that enrich our understanding of their recurrence behavior.

Additionally, we derive multiple variants of Binet-type formulas for each of the sequences. These explicit
formulas allow for the direct computation of sequence terms without reliance on recursive methods, offering both
theoretical elegance and practical utility. Beyond individual analysis, we examine how these different forms of the
Grahaml-inspired sequences relate to one another. Specifically, we investigate the mathematical connections
between the k-Grahaml and k-Grahaml-Lucas sequences, as well as their modified counterparts, focusing on both
recursive definitions and underlying algebraic features.

Finally, one of the most significant findings of our research is the discovery of a noteworthy and somewhat
unexpected relationship between the k-Grahaml sequence and the Grahaml-Lucas sequence. This connection not
only deepens the theoretical framework surrounding these generalized sequences but also paves the way for further
mathematical exploration and potential interdisciplinary applications.
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