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Abstract: In this study, we define the 𝑘 -Grahaml, 𝑘 -Grahaml-Lucas, and 
Modified 𝑘-Grahaml sequences and certain terms from these sequences are given. 
We then determine the generating functions, evaluate the summations, and derive 
the related expressions. We also relate the terms of these sequences to matrices and 
carry out various matrix-related computations. We express the Binet formulas of 
these sequences in different ways. In addition, we further study the interrelations 
between various forms of Grahaml-type sequences, including 𝑘 -Grahaml, 𝑘 -
Grahaml-Lucas, and their modified versions. Finally, we discover an intriguing 
relationship between the 𝑘-Grahaml sequence and the Grahaml-Lucas sequence. 
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1. Introduction 

Sequences play an essential role in mathematics, offering insight into patterns and structures that arise in 
various conditions. A well-known and historically significant example is the Rabbit Problem, introduced by the 
Italian mathematician Leonardo Fibonacci in his landmark book Liber Abaci, published in the early 1200s. In this 
scenario, Fibonacci explored how a rabbit population would grow under ideal circumstances, assuming that each 
pair of rabbits begins producing another pair every month once they are two months old. 

The Fibonacci and Lucas sequences are two of the most iconic and intriguing numerical sequences in 
mathematics. Their remarkable properties and unexpected appearances in fields such as nature, art, and 
architecture have fascinated mathematicians, scientists, artists, and philosophers for centuries. The Fibonacci 
sequence, in particular, has been applied across numerous disciplines, including engineering [1], economy [2], 
group theory [3], graph theory [4], liberal arts [5], cryptography [6], biomathematics [7], computer science [8], 
and many more. 

Over the years, numerous generalizations of the Fibonacci sequence have been proposed, reflecting its 
profound mathematical significance and versatility. These extensions often arise by changing the sequence’s 
recurrence relationship, initial conditions, or dimensionality, leading to entirely new families of numbers with 
properties that both resemble and extend those of the classical Fibonacci sequence. Some of the most well-known 
generalizations are the Tribonacci [9] and Tetranacci [10] sequences, in which each term is defined by the sum of 
three or more preceding terms rather than just two. Others involve introducing coefficients, negative indices, or 
using matrix representations to explore the sequence in more abstract contexts. These generalized sequences are 
studied not only for their theoretical interest but also for their practical applications in fields such as combinatorics, 
computer algorithms, coding theory, and even the modeling of real-world phenomena. Examples include the 
Copper Fibonacci [11], Bronze Leonardo [12], Padovan [13], Pell [14], 𝑘-Chebyshev [15], Narayana [16], 𝑘-
Oresme [17], Dickson 𝑘-Fibonacci [18], Bell [19], Bigollo [20], 𝑘-Blaise [21], Copper Lucas [22], Fermat [23], 
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𝑘 -Edouard [24], Bernoulli-Euler polynomials [25], Hyperharmonic Fibonacci [26], Perfect square [27], 𝑘 -
Mersenne [28], Jacobsthal [29], and so on. 

For 𝑛 ∈ ℕ , Fibonacci numbers 𝐹௡ , Lucas numbers ℒ௡ , and Leonardo numbers 𝑙௡  are defined by the 
recurrence relations, respectively, 𝐹௡ାଶ = 𝐹௡ାଵ + 𝐹௡, with 𝐹଴ = 0 and 𝐹ଵ = 1, ℒ௡ାଶ = ℒ௡ାଵ + ℒ௡, with ℒ଴ = 2 and ℒଵ = 1, 𝑙௡ାଶ = 𝑙௡ାଵ + 𝑙௡ + 1, with 𝑙଴ = 1 and 𝑙ଵ = 1. 

Binet formulas for 𝐹௡, ℒ௡, and 𝑙௡ are given by the following relations, respectively, 𝐹௡ = ఝ೙ିఙ೙ఈିఉ , ℒ௡ = 𝜑௡ + 𝜎௡, 𝑙௡ = 2 ఝ೙శభିఙ೙శభఈିఉ − 1, 

where 𝜑 = ଵା√ହଶ  and 𝜎 = ଵି√ହଶ  are the roots of the characteristic equation 𝑟ଶ − 𝑟 − 1 = 0. In this context, the 
number 𝜑 represents the golden ratio, which is one of the well-known metallic ratios. 

In addition, for 𝑛 ∈ ℕ, Soykan [30] defined the Grahaml sequence 𝐺௡, Grahaml-Lucas sequence 𝐻௡, and 
Modified Grahaml sequence 𝐸௡ with the following recurrence relations, respectively, 𝐺௡ାଷ = 2𝐺௡ାଶ + 3𝐺௡ାଵ + 5𝐺௡, with 𝐺଴ = 0, 𝐺ଵ = 1, and 𝐺ଶ = 2, 𝐻௡ାଷ = 2𝐻௡ାଶ + 3𝐻௡ାଵ + 5𝐻௡, with 𝐻଴ = 3, 𝐻ଵ = 2, and 𝐻ଶ = 10, 𝐸௡ାଷ = 2𝐸௡ାଶ + 3𝐸௡ାଵ + 5𝐸௡, with 𝐸଴ = 0, 𝐸ଵ = 1, and 𝐸ଶ = 1. 

The Binet formulas for 𝐺௡, 𝐻௡,, and 𝐸௡, are expressed by the following respective equations; 𝐺௡ = ௠೙శభ(௠ି௣)(௠ି௥) + ௣೙శభ(௣ି௠)(௣ି௥) + ௥೙శభ(௥ି௠)(௥ି௣), 𝐻௡ = 𝑚௡ + 𝑝௡ + 𝑟௡, 𝐸௡ = (௠ିଵ)௠೙శభ(௠ି௣)(௠ି௥) + (௣ିଵ)௣೙శభ(௣ି௠)(௣ି௥) + (௥ିଵ)௥೙శభ(௥ି௠)(௥ି௣). 
Hence, 𝑚 ≅ 3,344, 𝑝 ≅ −0,672 + 1,021𝑖, and 𝑟 ≅ −0,672 − 1,021𝑖 are the roots of the characteristic 

equation 𝑥ଷ − 2𝑥ଶ − 3𝑥 − 5 = 0. In [30], Soykan found many features of the Grahaml sequences. 
Using the recurrence relation of the classical Fibonacci sequence as a foundation, researchers have introduced 

the concept of 𝑘-Fibonacci sequences, which hold significant relevance in number theory. In particular, Falcon 
and Plaza, in their work [31], developed the 𝑘-Fibonacci sequence and explored numerous properties associated 
with it. Later, Falcon extended this line of study by defining the 𝑘-Lucas sequences [32]. Furthermore, in another 
contribution, Falcon applied the Hankel transform to the 𝑘-Fibonacci sequence, leading to a novel way of deriving 
terms of the Fibonacci sequence [33]. 

As demonstrated by these developments, a wide variety of generalizations of the Fibonacci and Lucas 
sequences have been proposed to date. Building upon this rich mathematical tradition, the present study introduces 
new extensions that draw inspiration from both the 𝑘-Fibonacci and Grahaml sequences. Specifically, we define 
and examine three new families of sequences, which we name the 𝑘-Grahaml, 𝑘-Grahaml-Lucas, and Modified 𝑘-Grahaml sequences. These are denoted by the symbols 𝑅௞,௡, 𝐿௞,௡, and 𝑀௞,௡, respectively. 

This article is structured in three distinct sections. 
In chapter 2, we introduce the 𝑘-Grahaml, 𝑘-Grahaml-Lucas, and Modified 𝑘-Grahaml sequences. We 

explore their characteristic equations, derive Binet formulas, and present their generating functions and summation 
identities. Several properties of these sequences are also discussed in detail. Furthermore, we demonstrate how to 
derive Binet formulas using their generating functions. The chapter concludes by establishing matrix 
representations that relate to the terms of these sequences. 

In chapter 3, we focus on identifying connections between the 𝑘-Grahaml, 𝑘-Grahaml-Lucas, Modified 𝑘-
Grahaml, and their classical counterparts: Grahaml, Grahaml-Lucas, and Modified Grahaml sequences. By 
examining these relationships, we reveal significant links among their terms. The chapter concludes with the 
discovery of a noteworthy relationship between the 𝑘-Grahaml and Grahaml-Lucas sequences. 
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2. 𝒌-Grahaml, 𝒌-Grahaml-Lucas, and Modified 𝒌-Grahaml Sequences 

In this section, a new generalization of Grahaml sequences is studied. Then we obtain many properties of this 
generalization such as special summation formulas and generating functions. In addition, we associate the terms 
of these sequences with matrices. 

Definition 1. For 𝑘 ∈ ℝ, and 𝑛 ∈ ℕ, the 𝑘-Grahaml 𝑅௞,௡, 𝑘-Grahaml-Lucas 𝐿௞,௡, and Modified 𝑘-Grahaml 𝑀௞,௡ are defined by, respectively; 

𝑅௞,௡ାଷ = 2𝑅௞,௡ାଶ + 3𝑅௞,௡ାଵ + 5𝑅௞,௡ + 𝑘, with 𝑅௞,଴ = 0, 𝑅௞,ଵ = 1, and 𝑅௞,ଶ = 2, 

 𝐿௞,௡ାଷ = 2𝐿௞,௡ାଶ + 3𝐿௞,௡ାଵ + 5𝐿௞,௡ + 𝑘, with 𝐿௞,଴ = 3, 𝐿௞,ଵ = 2, and 𝐿௞,ଶ = 10, 

𝑀௞,௡ାଷ = 2𝑀௞,௡ାଶ + 3𝑀௞,௡ାଵ + 5𝑀௞,௡ + 𝑘, with 𝑀௞,଴ = 0, 𝑀௞,ଵ = 1, and 𝑀௞,ଶ = 1. 

Also, the four-order recurrence relations of the sequences 𝑅௞,௡, 𝐿௞,௡, and 𝑀௞,௡ are as follows, 𝑅௞,௡ାସ = 3𝑅௞,௡ାଷ + 𝑅௞,௡ାଶ + 2𝑅௞,௡ାଵ − 5𝑅௞,௡,  

with 𝑅௞,଴ = 0, 𝑅௞,ଵ = 1, 𝑅௞,ଶ = 2, 𝑅௞,ଷ = 𝑘 + 7, 𝐿௞,௡ାସ = 3𝐿௞,௡ାଷ + 𝐿௞,௡ାଶ + 2𝐿௞,௡ାଵ − 5𝐿௞,௡,  

with 𝐿௞,଴ = 3, 𝐿௞,ଵ = 2, 𝐿௞,ଶ = 10, 𝐿௞,ଷ = 𝑘 + 41, 𝑀௞,௡ାସ = 3𝑀௞,௡ାଷ + 𝑀௞,௡ାଶ + 2𝑀௞,௡ାଵ − 5𝑀௞,௡,  

with 𝑀௞,଴ = 0, 𝑀௞,ଵ = 1, 𝑀௞,ଶ = 1, 𝑀௞,ଷ = 𝑘 + 5, 

Then let’s give some information about the equations of these sequences. 
The characteristic equation of the 𝑘-Grahaml, 𝑘-Grahaml-Lucas, and Modified 𝑘-Grahaml sequences is 𝑡ସ − 3𝑡ଷ − 𝑡ଶ − 2𝑡 + 5 = 0 = (𝑡ଷ − 2𝑡ଶ − 3𝑡 − 5)(𝑡 − 1) = 0. 
The roots of this equation are; 𝑚 ≅ 3.344, 𝑝 ≅ −0.672 + 1.021𝑖, 𝑟 ≅ −0.672 − 1.021𝑖, and 𝑠 = 1. 

The relationship between these roots is given below; 𝑚𝑝 + 𝑚𝑟 + 𝑚𝑠 + 𝑝𝑟 + 𝑝𝑠 + 𝑟𝑠 = −1, 𝑚 + 𝑝 + 𝑟 + 𝑠 = 3, 𝑚𝑝𝑟𝑠 = 5, and 𝑚𝑝𝑟 + 𝑚𝑝𝑠 + 𝑚𝑟𝑠 + 𝑝𝑟𝑠 = 2. 

The 𝑅௞,௡, 𝐿௞,௡, and 𝑀௞,௡ values for the six ten 𝑛 natural numbers are given below; 
• 𝑅௞,଴ = 0, 𝐿௞,଴ = 3, 𝑀௞,଴ = 0, 
• 𝑅௞,ଵ = 1, 𝐿௞,ଵ = 2, 𝑀௞,ଵ = 1, 
• 𝑅௞,ଶ = 2, 𝐿௞,ଶ = 10, 𝑀௞,ଶ = 1, 
• 𝑅௞,ଷ = 𝑘 + 7, 𝐿௞,ଷ = 𝑘 + 41, 𝑀௞,ଷ = 𝑘 + 5, 
• 𝑅௞,ସ = 3𝑘 + 25, 𝐿௞,ସ = 3𝑘 + 122, 𝑀௞,ସ = 3𝑘 + 18, 
• 𝑅௞,ହ = 10𝑘 + 81, 𝐿௞,ହ = 10𝑘 + 417, 𝑀௞,ହ = 10𝑘 + 56, 
• 𝑅௞,଺ = 35𝑘 + 272, 𝐿௞,଺ = 35𝑘 + 1405, 𝑀௞,଺ = 35𝑘 + 191. 

In the following theorem, we establish the Binet formulas of the 𝑘 -Grahaml, 𝑘 -Grahaml-Lucas, and 
Modified 𝑘-Grahaml sequences. 

Theorem 1. Let 𝑘 ∈ ℝ and 𝑛 ∈ ℕ. We obtain 

i. 𝑅௞,௡ = (௠మି௠ା௞)௠೙(௠ି௣)(௠ିଵ)(௠ି௥) + (௣మି௣ା௞)௣೙(௣ି௠)(௣ି௥)(௣ିଵ) + (௥మି௥ା௞)௥೙(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥), 
ii. 𝐿௞,௡ = (ଶ௠యାସ௠మା(ଽା௞)௠ିଵହ)௠೙షభ(௠ି௣)(௠ିଵ)(௠ି௥) + (ଶ௣యାସ௣మା(ଽା௞)௣ିଵହ)௣೙షభ(௣ି௠)(௣ି௥)(௣ିଵ) + (ଶ௥యାସ௥మା(ଽା௞)௥ିଵହ)௥೙షభ(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥), 
iii. 𝑀௞,௡ = (௠మିଶ௠ା௞ାଵ)௠೙(௠ି௣)(௠ିଵ)(௠ି௥) + (௣మିଶ௣ା௞ାଵ)௣೙(௣ି௠)(௣ି௥)(௣ିଵ) + (௥మିଶ௥ା௞ାଵ)௥೙(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥). 
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Proof. i. The Binet form of a sequence is as follows 𝑅௞,௡ = 𝐴𝑚௡ + 𝐵𝑝௡ + 𝐶𝑟௡ + 𝐷𝑠௡. 

For these 𝑛 values, we obtain; 𝑅௞,଴ = 𝐴 + 𝐵 + 𝐶 + 𝐷, 𝑅௞,ଵ = 𝐴𝑚 + 𝐵𝑝 + 𝐶𝑟 + 𝐷𝑠, 𝑅௞,ଶ = 𝐴𝑚ଶ + 𝐵𝑝ଶ + 𝐶𝑟ଶ + 𝐷𝑠ଶ, 𝑅௞,ଷ = 𝐴𝑚ଷ + 𝐵𝑝ଷ + 𝐶𝑟ଷ + 𝐷𝑠ଷ. 
We find 𝐴 = (௠మି௠ା௞)(௠ି௣)(௠ିଵ)(௠ି௥), 𝐵 = (௣మି௣ା௞)(௣ି௠)(௣ି௥)(௣ିଵ), 𝐶 = (௥మି௥ା௞)(௥ି௠)(௥ି௣)(௥ିଵ), and 𝐷 = ௞(ଵି௠)(ଵି௣)(ଵି௥). 
The proofs of the others are shown similarly. □ 

In the following theorems, we give the generating functions of the 𝑘-Grahaml 𝑅௞,௡, 𝑘-Grahaml -Lucas 𝐿௞,௡, 
and Modified 𝑘 -Grahaml 𝑀௞,௡  sequences. In addition, we obtain Binet formulas of 𝑅௞,௡ , 𝐿௞,௡ , and 𝑀௞,௡ 
sequences with the help of generating functions. 

Theorem 2. The generating functions for 𝑘-Grahaml 𝑅௞,௡ , 𝑘-Grahaml-Lucas 𝐿௞,௡ , and Modified 𝑘-Grahaml 𝑀௞,௡ sequences are given as follows, respectively, 

i. 𝑟(𝑡) = ∑ 𝑅௞,௡𝑡௡ =ஶ௡ୀ଴ ௧ି௧మା௞௧యହ௧రିଶ௧యି௧మିଷ௧ାଵ, 
ii. 𝑙(𝑡) = ∑ 𝐿௞,௡𝑡௡ =ஶ௡ୀ଴ ଷି଻௧ା௧మା(௞ାଷ)௧యହ௧రିଶ௧యି௧మିଷ௧ାଵ, 
iii. 𝑚(𝑡) = ∑ 𝑀௞,௡𝑡௡ =ஶ௡ୀ଴ ௧ିଶ௧మା(௞ାଵ)௧యହ௧రିଶ௧యି௧మିଷ௧ାଵ. 
Proof. i. For the 𝑘-Grahaml sequence, we have 
 𝑟(𝑡) = ∑ 𝑅௞,௡𝑡௡ = 𝑡 + 2𝑡ଶ + (𝑘 + 7)𝑡ଷ + ∑ 𝑅௞,௡𝑡௡ஶ௡ୀସஶ௡ୀ଴  = 𝑡 + 2𝑡ଶ + (𝑘 + 7)𝑡ଷ + 3∑ 𝑅௞,௡ିଵ𝑡௡ +ஶ௡ୀସ ∑ 𝑅௞,௡ିଶ𝑡௡ஶ௡ୀସ + 2∑ 𝑅௞,௡ିଷ𝑡௡ஶ௡ୀସ − 5∑ 𝑅௞,௡ିସ𝑡௡ஶ௡ୀସ , = 𝑡 + 2𝑡ଶ + (𝑘 + 7)𝑡ଷ + 3𝑡 ∑ 𝑅௞,௡𝑡௡ +ஶ௡ୀଷ 𝑡ଶ ∑ 𝑅௞,௡𝑡௡ஶ௡ୀସ + 2𝑡ଷ ∑ 𝑅௞,௡𝑡௡ஶ௡ୀଵ − 5𝑡ସ ∑ 𝑅௞,௡𝑡௡ஶ௡ୀସ . 

Thus, we have 𝑟(𝑡) = ∑ 𝑅௞,௡𝑡௡ =ஶ௡ୀ଴ ௧ି௧మା௞௧యହ௧రିଶ௧యି௧మିଷ௧ାଵ. 
The proofs of the others are shown similarly. □ 

Theorem 3. For 𝑅௞,௡ , 𝐿௞,௡ , and 𝑀௞,௡  sequences, the Binet formulas can be obtained with the help of the 
generating functions. 

Proof. With the help of the roots of the characteristic equation of these sequences, the roots of the 5𝑡ସ − 2𝑡ଷ −𝑡ଶ − 3𝑡 + 1 = 0 equation become ଵ௠, ଵ௣, ଵ௥, and ଵ௦. For 𝑅௞,௡, we have 

 ௧ି௧మା௞௧యହ௧రିଶ௧యି௧మିଷ௧ାଵ = (௠మି௠ା௞)(௠ି௣)(௠ିଵ)(௠ି௥) ଵଵି௠௧ + (௣మି௣ା௞)(௣ି௠)(௣ି௥)(௣ିଵ) ଵଵି௣௧ + (௥మି௥ା௞)(௥ି௠)(௥ି௣)(௥ିଵ) ଵଵି௥௧ + ௞(ଵି௠)(ଵି௣)(ଵି௥) ଵଵି௦௧ = ∑ ( (௠మି௠ା௞)௠೙(௠ି௣)(௠ିଵ)(௠ି௥) + (௣మି௣ା௞)௣೙(௣ି௠)(௣ି௥)(௣ିଵ) + (௥మି௥ା௞)௥೙(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥))ஶ௡ୀ଴ 𝑡௡. = ∑ 𝑅௞,௡𝑡௡ஶ௡ୀ଴ . 
Similarly, we find the Binet formulas of the 𝐿௞,௡ and 𝑀௞,௡ sequences. □ 

Next, we give special sum formulas of the 𝑘 -Grahaml 𝑅௞,௡ , 𝑘 -Grahaml-Lucas  𝐿௞,௡ , and Modified 𝑘 -
Grahaml 𝑀௞,௡ sequences. 
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Theorem 4. Let 𝑘 ∈ ℝ and 𝑛 ∈ ℕ. We obtain 
i. ∑ 𝑅௞,௦ =௡௦ୀ଴ ଵଽ (10𝑅௞,௡ + 8𝑅௞,௡ିଵ + 5𝑅௞,௡ିଶ − (𝑛 − 2)𝑘 − 1), 

ii. ∑ 𝐿௞,௦௡௦ୀ଴ = ଵଽ (10𝐿௞,௡ + 8𝐿௞,௡ିଵ + 5𝐿௞,௡ିଶ − (𝑛 − 2)𝑘 + 1), 

iii. ∑ 𝑀௞,௦௡௦ୀ଴ = ଵଽ (10𝑀௞,௡ + 8𝑀௞,௡ିଵ + 5𝑀௞,௡ିଶ − (𝑛 − 2)𝑘). 

Proof. ii. From the definition of the 𝑘-Grahaml-Lucas sequence, we obtain 𝑅௞,ଷ = 2𝑅௞,ଶ + 3𝑅௞,ଵ + 5𝑅௞,଴ + 𝑘, 𝑅௞,ସ = 2𝑅௞,ଷ + 3𝑅௞,ଶ + 5𝑅௞,ଵ + 𝑘, ⋮ 𝑅௞,௡ = 2𝑅௞,௡ିଵ + 3𝑅௞,௡ିଶ + 5𝑅௞,௡ିଷ + 𝑘. 

So, we have −3 + ∑ 𝑅௞,௦ =௡௦ୀ଴ 2∑ 𝑅௞,௦௡ିଵ௦ୀଶ + 3∑ 𝑅௞,௦௡ିଶ௦ୀଵ + 5∑ 𝑅௞,௦௡ିଷ௦ୀ଴ + (𝑛 − 2)𝑘, 

−3 + ෍𝑅௞,௦௡
௦ୀ଴ = 2൭−𝑅௞,௡ − 𝑅௞,଴ − 𝑅௞,ଵ + ෍𝑅௞,௦௡

௦ୀ଴ ൱ + 3൭−𝑅௞,௡ − 𝑅௞,௡ିଵ + ෍𝑅௞,௦௡
௦ୀ଴ ൱ 

+5൫−𝑅௞,௡ − 𝑅௞,௡ିଵ − 𝑅௞,௡ିଶ + ∑ 𝑅௞,௦௡௦ୀ଴ ൯ + (𝑛 − 2)𝑘. 

Thus, we obtain 

 ∑ 𝑅௞,௦ =௡௦ୀ଴ ଵଽ (10𝑅௞,௡ + 8𝑅௞,௡ିଵ + 5𝑅௞,௡ିଶ − (𝑛 − 2)𝑘 − 1). 

The proofs of the others are shown similarly. □ 

In the following theorem, we associate the terms of the 𝑘 -Grahaml 𝑅௞,௡ , 𝑘 -Grahaml-Lucas 𝐿௞,௡ , and 
Modified 𝑘-Grahaml 𝑀௞,௡ sequences with matrices. 

Theorem 5. Let 𝑘 ∈ ℝ, and 𝑛 ∈ ℕ. The following equations are true: 

i. For the 𝑘-Grahaml sequence, 

1. ⎣⎢⎢
⎡𝑅௞,௡ାଷ𝑅௞,௡ାଶ𝑅௞,௡ାଵ𝑅௞,௡ ⎦⎥⎥

⎤ = ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪௡ ൦𝑘 + 7210 ൪,         2. ⎣⎢⎢
⎡ 𝑅௞,௡𝑅௞,௡ାଵ𝑅௞,௡ାଶ𝑅௞,௡ାଷ⎦⎥⎥

⎤ = ൦0 1 0 00 0 1 00 0 0 13 1 2 −5൪
௡ ൦ 012𝑘 + 7൪, 

ii. For the 𝑘-Grahaml-Lucas sequence, 

1. ⎣⎢⎢
⎡𝐿௞,௡ାଷ𝐿௞,௡ାଶ𝐿௞,௡ାଵ𝐿௞,௡ ⎦⎥⎥

⎤ = ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪௡ ൦𝑘 + 411023 ൪,         2. ⎣⎢⎢
⎡ 𝐿௞,௡𝐿௞,௡ାଵ𝐿௞,௡ାଶ𝐿௞,௡ାଷ⎦⎥⎥

⎤ = ൦0 1 0 00 0 1 00 0 0 13 1 2 −5൪
௡ ൦ 3210𝑘 + 41൪, 

iii. For the Modified 𝑘-Grahaml sequence, 

1. ⎣⎢⎢
⎡𝑀௞,௡ାଷ𝑀௞,௡ାଶ𝑀௞,௡ାଵ𝑀௞,௡ ⎦⎥⎥

⎤ = ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪௡ ൦𝑘 + 5110 ൪,         2. ⎣⎢⎢
⎡ 𝑀௞,௡𝑀௞,௡ାଵ𝑀௞,௡ାଶ𝑀௞,௡ାଷ⎦⎥⎥

⎤ = ൦0 1 0 00 0 1 00 0 0 13 1 2 −5൪
௡ ൦ 011𝑘 + 5൪, 

Proof. i. 1. Let show the proof by induction over 𝑛. For 𝑛 = 1, the equality is true. For 𝑛 − 1, assume the 
equality is true. We obtain 
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൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪௡ ൦𝑘 + 7210 ൪ = ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪ ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪௡ିଵ ൦𝑘 + 7210 ൪  

= ൦3 1 2 −51 0 0 00 1 0 00 0 1 0 ൪ ⎣⎢⎢
⎡𝑅௞,௡ାଶ𝑅௞,௡ାଵ𝑅௞,௡𝑅௞,௡ିଵ⎦⎥⎥

⎤
  

= ⎣⎢⎢
⎡𝑅௞,௡ାଷ𝑅௞,௡ାଶ𝑅௞,௡ାଵ𝑅௞,௡ ⎦⎥⎥

⎤
. 

From the last equation, for 𝑛, it can be seen that the equality is true. 
The proofs of the others may be found similarly. □ 

Theorem 6. Let 𝑘 ∈ ℝ and 𝑡 ∈ ℕ. The following equations are satisfied: 

i. 𝑑𝑒𝑡 ⎣⎢⎢
⎡𝑅௞,௧ାଷ 𝑅௞,௧ାଶ 𝑅௞,௧ାଵ 𝑅௞,௧𝑅௞,௧ାଶ 𝑅௞,௧ାଵ 𝑅௞,௧ 𝑅௞,௧ିଵ𝑅௞,௧ାଵ 𝑅௞,௧ 𝑅௞,௧ିଵ 𝑅௞,௧ିଶ𝑅௞,௧ 𝑅௞,௧ିଵ 𝑅௞,௧ିଶ 𝑅௞,௧ିଷ⎦⎥⎥

⎤ = 5௧ିଷ(𝑘ସ + 8𝑘ଷ + 7𝑘ଶ + 45𝑘), 

ii. 𝑑𝑒𝑡 ⎣⎢⎢
⎡𝐿௞,௧ାଷ 𝐿௞,௧ାଶ 𝐿௞,௧ାଵ 𝐿௞,௧𝐿௞,௧ାଶ 𝐿௞,௧ାଵ 𝐿௞,௧ 𝐿௞,௧ିଵ𝐿௞,௧ାଵ 𝐿௞,௧ 𝐿௞,௧ିଵ 𝐿௞,௧ିଶ𝐿௞,௧ 𝐿௞,௧ିଵ 𝐿௞,௧ିଶ 𝐿௞,௧ିଷ⎦⎥⎥

⎤ = 5௧ିଷ(𝑘ସ + 64𝑘ଷ + 1231𝑘ଶ + 11079𝑘), 

iii. 𝑑𝑒𝑡 ⎣⎢⎢
⎡𝑀௞,௧ାଷ 𝑀௞,௧ାଶ 𝑀௞,௧ାଵ 𝑀௞,௧𝑀௞,௧ାଶ 𝑀௞,௧ାଵ 𝑀௞,௧ 𝑀௞,௧ିଵ𝑀௞,௧ାଵ 𝑀௞,௧ 𝑀௞,௧ିଵ 𝑀௞,௧ିଶ𝑀௞,௧ 𝑀௞,௧ିଵ 𝑀௞,௧ିଶ 𝑀௞,௧ିଷ⎦⎥⎥

⎤ = 5௧ିଷ(𝑘ସ + 9𝑘ଷ + 34𝑘ଶ + 81𝑘). 

Proof. The proofs are shown by the induction method using definitions and determinant properties. □ 

Theorem 7. For 𝑅௞,௡ , 𝐿௞,௡ , and 𝑀௞,௡  sequences, the Binet formulas can be obtained with the help of the 
matrices. 

Proof. The following relation is used for proof (see for details Corollary 3.1 in [34]). 𝑡௡ = ଵୢୣ୲ (ஃ)∑ 𝑟 ௖ାଵି௝det (Λ௝)௜௝ୀଵ . 

Thus, 𝑅௞,௡ = ଵୢୣ୲ (ஃ)∑ 𝑅௞,௖ାଵି௝det (Λ௝)௜௝ୀଵ . 

Let 𝑐 = 𝑖 = 4, Λ = ൦𝑚ଷ 𝑚ଶ 𝑚 1𝑝ଷ 𝑝ଶ 𝑝 1𝑟ଷ 𝑟ଶ 𝑟 1𝑠ଷ 𝑠ଶ 𝑠 1൪, Λଵ = ൦𝑚௡ିଵ 𝑚ଶ 𝑚 1𝑝௡ିଵ 𝑝ଶ 𝑝 1𝑟௡ିଵ 𝑟ଶ 𝑟 1𝑠௡ିଵ 𝑠ଶ 𝑠 1൪, Λଶ = ൦𝑚ଷ 𝑚௡ିଵ 𝑚 1𝑝ଷ 𝑝௡ିଵ 𝑝 1𝑟ଷ 𝑟௡ିଵ 𝑟 1𝑠ଷ 𝑠௡ିଵ 𝑠 1൪, Λଷ =
൦𝑚ଷ 𝑚ଶ 𝑚௡ିଵ 1𝑝ଷ 𝑝ଶ 𝑝௡ିଵ 1𝑟ଷ 𝑟ଶ 𝑟௡ିଵ 1𝑠ଷ 𝑠ଶ 𝑠௡ିଵ 1൪, and Λସ = ൦𝑚ଷ 𝑚ଶ 𝑚 𝑚௡ିଵ𝑝ଷ 𝑝ଶ 𝑝 𝑝௡ିଵ𝑟ଷ 𝑟ଶ 𝑟 𝑟௡ିଵ𝑠ଷ 𝑠ଶ 𝑠 𝑠௡ିଵ ൪. So, we obtain 

𝑅௞,௡ = ଵୢୣ୲ (ஃ)∑ 𝑅௞,ହି௝det (Λ௝)ସ௝ୀଵ   = ଵୢୣ୲ (ஃ) (𝑅௞,ସ det(Λଵ) + 𝑅௞,ଷ det(Λଶ) + 𝑅௞,ଶ det(Λଷ) + 𝑅௞,ଵdet(Λସ))  = (௠మି௠ା௞)௠೙(௠ି௣)(௠ିଵ)(௠ି௥) + (௣మି௣ା௞)௣೙(௣ି௠)(௣ି௥)(௣ିଵ) + (௥మି௥ା௞)௥೙(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥). 
Similarly, the Binet formula of the 𝐿௞,௡, and 𝑀௞,௡ sequences are found. □ 
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3. Special Relations 

In this chapter, we examine the relationships among the 𝑘-Grahaml, 𝑘-Grahaml-Lucas, and Modified 𝑘-
Grahaml sequences. 

In the following theorems, we examine the relations among the 𝑘-Grahaml 𝑅௞,௡, 𝑘-Grahaml-Lucas 𝐿௞,௡, 
and Modified 𝑘-Grahaml 𝑀௞,௡ sequences. The chapter concludes with the discovery of a noteworthy relationship 
between the 𝑘-Grahaml and Grahaml-Lucas sequences. 

Theorem 8. Let 𝑘 ∈ ℝ, and 𝑛 ∈ ℕ. The following equations are true: 

i. 𝑅௞,௡ = − ଷ௞మାଵଷ଺௞ାଵଷ଻଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଷ + ଼௞మାସ଴଼௞ାଷଵଽଽ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଶ + ିଶ௞మାଵଵ௞ାଷହ଻଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଵ +௞యା଺ଵ௞మାଽସ଼௞ାହ଺଼଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡, 

ii. 𝑅௞,௡ = − ௞ାସ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଷ + ଷ௞ାଵ଻௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଶ + ௞మା଺௞ାଷ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଵ + ௞యା଼௞మାଶ଺௞ା଺ହ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡, 

iii. 𝐿௞,௡ = ଷ௞మାଵ଻௞ାଶ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଷ − ଼௞మା଺ଽ௞ାଷଵ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଶ + ଶ௞మାଷ଼௞ାଵ଼ଷ௞యା଼௞మା଺௞ାହ଴𝑅௞,௡ାଵ + ௞యାଵଵ௞మାଶଵ௞ିଵ଴ଽ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡, 

iv. 𝐿௞,௡ = ଷ௞మିଵ଻௞ାଶହ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଷ − ଼௞మା଺ଵ௞ା଼଺௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଶ + ଷ௞మାହଷ௞ାଶ଴ସ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଵ + ௞యାଵଵ௞మାଶହ௞ି଺ଶ௞యାଽ௞మାଷସ௞ା଼ଵ 𝑀௞,௡, 

v. 𝑀௞,௡ = ௞ାସ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଷ − ଶ௞ାଵ଻௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଶ − ௞మା଻௞ି଺௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଵ + ௞యାଽ௞మାଵହ௞ାହଶ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡, 

vi. 𝑀௞,௡ = − ଷ௞మାଵଷ଻௞ାଵସ଺ହ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଷ + ଼௞మାସଵଽ௞ାଷ଺ଶଷ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଶ − ଷ௞మାସହ௞ିଶଽଶ଼௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଵ +௞యା଺ଶ௞మାଽଽସ௞ାହଽଽଷ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡, 

Proof. i. The following relation is used for proofs; 𝑅௞,௡ = 𝑎 × 𝐿௞,௡ାଷ + 𝑏 × 𝐿௞,௡ାଶ + 𝑐 × 𝐿௞,௡ାଵ + 𝑑 × 𝐿௞,௡. 

For these 𝑛 values, we obtain; 𝑅௞,଴ = 𝑎 × 𝐿௞,ଷ + 𝑏 × 𝐿௞,ଶ + 𝑐 × 𝐿௞,ଵ + 𝑑 × 𝐿௞,଴, 𝑅௞,ଵ = 𝑎 × 𝐿௞,ସ + 𝑏 × 𝐿௞,ଷ + 𝑐 × 𝐿௞,ଶ + 𝑑 × 𝐿௞,ଵ, 𝑅௞,ଶ = 𝑎 × 𝐿௞,ହ + 𝑏 × 𝐿௞,ସ + 𝑐 × 𝐿௞,ଷ + 𝑑 × 𝐿௞,ଶ, 𝑅௞,ଷ = 𝑎 × 𝐿௞,଺ + 𝑏 × 𝐿௞,ହ + 𝑐 × 𝐿௞,ସ + 𝑑 × 𝐿௞,ଷ. 

If the information is written instead of, we obtain 0 = 𝑎 × (𝑘 + 41) + 𝑏 × 10 + 𝑐 × 2 + 𝑑 × 3, 1 = 𝑎 × (3𝑘 + 122) + 𝑏 × (𝑘 + 41) + 𝑐 × 10 + 𝑑 × 2, 2 = 𝑎 × (10𝑘 + 417) + 𝑏 × (3𝑘 + 122) + 𝑐 × (𝑘 + 41) + 𝑑 × 10, 𝑘 + 7 = 𝑎 × (35𝑘 + 1405) + 𝑏 × (10𝑘 + 417) + 𝑐 × (3𝑘 + 122) + 𝑑 × (𝑘 + 41). 

when this equation is solved, we find 𝑎 = − ଷ௞మାଵଷ଺௞ାଵଷ଻଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ, 𝑏 = ଼௞మାସ଴଼௞ାଷଵଽଽ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ, 𝑐 = ିଶ௞మାଵଵ௞ାଷହ଻଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ, and 𝑑 = ௞యା଺ଵ௞మାଽସ଼௞ାହ଺଼଴௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ. 
The proofs of the others are shown similarly. □ 

Theorem 9. Let 𝑘 ∈ ℝ, and 𝑛 ∈ ℕ. The following equations are true: 

For Grahaml sequence 
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i. 𝐺௡ = ି௞ାହ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଷ + ௞మା଺௞ିଵ଴௞యା଼௞మା଺௞ାହ଴𝑅௞,௡ାଶ − ௞మାଵ଴௞ାଵହ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଵ + ହ௞ାଶ଴௞యା଼௞మା଺௞ାହ଴𝑅௞,௡, 

ii. 𝐺௡ = − ଼௞ାଵଷଽ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଷ + ௞మାହ଻௞ା଻ଷ଻௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଶ − ௞మାସସ௞ାଵଶଷ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଵ −ହ௞ାସ଻ହ௞యା଼௞మା଺௞ାହ଴ 𝐿௞,௡, 

iii. 𝐺௡ = ହ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଷ + ௞మାହ௞ିଵ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଶ − ௞మାଵ଴௞ାଶସ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଵ + ହ௞ାଶ଴௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡. 

For Grahaml-Lucas sequence 

i. 𝐻௡ = ଷ௞మାଵ଺௞ା଻௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଷ − ଻௞మା଺ଷ௞ାସଵ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଶ + ௞మାଶ଼௞ାଵ଺଼௞యା଼௞మା଺௞ାହ଴𝑅௞,௡ାଵ + ଷ௞మାଵଽ௞ିଵଷସ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡, 

ii. 𝐻௡ = ଷ௞మାଵଶ଼௞ାଵଶଷଵ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଷ − ଻௞మାଷହଵ௞ାଶସ଺ଶ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଶ + ௞మିହହ௞ିଷ଺ଽଷ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଵ +ଷ௞మାଶ଻଼௞ାସଽଶସ௞యା଼௞మା଺௞ାହ଴ 𝐿௞,௡ 

iii. 𝐻௡ = ଷ௞మାଵ଼௞ାଷସ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଷ − ଻௞మାହଽ௞ାଵ଴ସ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଶ + ௞మାଷ଻௞ାଵ଻଻௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଵ + ଷ௞మାସ௞ିଵ଴଻௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡. 

For Modified Grahaml sequence 

i. 𝐸௡ = ଽ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଷ + ௞మାସ௞ିଶ଻௞యା଼௞మା଺௞ାହ଴𝑅௞,௡ାଶ − ଶ௞మାଵ଻௞ାଽ௞యା଼௞మା଺௞ାହ଴ 𝑅௞,௡ାଵ + ௞మାଵଷ௞ାଶ଻௞యା଼௞మା଺௞ାହ଴𝑅௞,௡, 

ii. 𝐸௡ = − ଽ௞ାଶଷସ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଷ + ௞మା଺଼௞ାଵଵ଺ଵ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଶ − ଶ௞మାଵ଴଴௞ା଻଺ହ௞యା଺ସ௞మାଵଶଷଵ௞ାଵଵ଴଻ଽ 𝐿௞,௡ାଵ +௞మାସଵ௞ିଵ଺ଶ௞యା଼௞మା଺௞ାହ଴ 𝐿௞,௡ 

iii. 𝐸௡ = ௞ାଽ௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଷ + ௞మାଶ௞ିଵ଼௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଶ − ଶ௞మାଵ଺௞ାଶ଻௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡ାଵ + ௞మାଵଷ௞ାଷ଺௞యାଽ௞మାଷସ௞ା଼ଵ𝑀௞,௡. 

Proof. The structure of the proofs resembles that of Theorem 8. □ 

The following theorem provides a fascinating relation between the 𝑘-Grahaml sequence and the Grahaml-
Lucas sequence. 

Theorem 10. Let 𝑘 ∈ ℝ, and 𝑛 ∈ ℕ. The following equation is true: 𝑅௞,ଷ௡ = 𝑅௞,ଶ௡𝐻௡ + 𝑅௞,ଶ௡ − 5௡𝑅௞,ି௡ − ଵଶ 𝑅௞,௡(𝐻௡ଶ + 2𝐻௡ − 𝐻ଶ௡). 

Proof. Let 𝑅௞,௡ = (௠మି௠ା௞)௠೙(௠ି௣)(௠ିଵ)(௠ି௥) + (௣మି௣ା௞)௣೙(௣ି௠)(௣ି௥)(௣ିଵ) + (௥మି௥ା௞)௥೙(௥ି௠)(௥ି௣)(௥ିଵ) + ௞(ଵି௠)(ଵି௣)(ଵି௥) = 𝐴𝑚௡ + 𝐵𝑝௡ +𝐶𝑟௡ + 𝐷𝑠௡. 
We obtain 5௡𝑅௞,ି௡ = 𝑚௡𝑝௡𝑟௡𝑠௡(𝐴𝑚ି௡ + 𝐵𝑝ି௡ + 𝐶𝑟ି௡ + 𝐷𝑠ି௡)  = 𝐴𝑝௡𝑟௡𝑠௡ + 𝐵𝑚௡𝑟௡𝑠௡ + 𝐶𝑚௡𝑝௡𝑠௡ + 𝐷𝑚௡𝑝௡𝑟௡  = 𝑝௡𝑟௡𝑠௡ + 𝑚௡𝑟௡𝑠௡ + 𝑚௡𝑝௡𝑠௡ + 𝑚௡𝑝௡𝑟௡(𝐴 + 𝐵 + 𝐶 + 𝐷) −𝑚௡𝑝௡𝑟௡(𝐴 + 𝐵 + 𝐶)  −𝑚௡𝑝௡𝑠௡(𝐴 + 𝐵 + 𝐷) −𝑚௡𝑟௡𝑠௡(𝐴 + 𝐶 + 𝐷) − 𝑝௡𝑟௡𝑠௡(𝐵 + 𝐶 + 𝐷). Then we get 
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𝑅௞,ଶ௡(𝐻௡ + 1) = (𝐴𝑚ଶ௡ + 𝐵𝑝ଶ௡ + 𝐶𝑟ଶ௡ + 𝐷𝑠ଶ௡)(𝑚௡ + 𝑝௡ + 𝑟௡ + 𝑠௡) = 𝐴𝑚ଷ௡ + 𝐵𝑝ଷ௡ + 𝐶𝑟ଷ௡ + 𝐷𝑠ଷ௡ −(𝑝௡𝑟௡𝑠௡ + 𝑚௡𝑟௡𝑠௡ + 𝑚௡𝑝௡𝑠௡ + 𝑚௡𝑝௡𝑟௡)(𝐴 + 𝐵 + 𝐶 + 𝐷) +(𝑝௡𝑟௡𝑠௡ + 𝑚௡𝑟௡𝑠௡ + 𝑚௡𝑝௡𝑠௡ + 𝑚௡𝑝௡𝑟௡)(𝐴 + 𝐵 + 𝐶 + 𝐷) −𝑚௡𝑝௡𝑟௡(𝐴 + 𝐵 + 𝐶) −𝑚௡𝑝௡𝑠௡(𝐴 + 𝐵 + 𝐷) −𝑚௡𝑟௡𝑠௡(𝐴 + 𝐶 + 𝐷) −𝑝௡𝑟௡𝑠௡(𝐵 + 𝐶 + 𝐷) + ଵଶ (𝐴𝑚௡ + 𝐵𝑝௡ + 𝐶𝑟௡ + 𝐷𝑠௡)(𝑚௡ + 𝑝௡ + 𝑟௡ + 𝑠௡)ଶ − (𝑚ଶ௡ + 𝑝ଶ௡ + 𝑟ଶ௡ + 𝑠ଶ௡)  = 𝑅௞,ଷ௡ − (𝑝௡𝑟௡𝑠௡ + 𝑚௡𝑟௡𝑠௡ + 𝑚௡𝑝௡𝑠௡ + 𝑚௡𝑝௡𝑟௡)(𝐴 + 𝐵 + 𝐶 + 𝐷) + 5௡𝑅௞,ି௡ + ଵଶ 𝑅௞,௡((𝐻௡ + 1)ଶ −(𝐻ଶ௡ + 1))  
In addition, 𝐴 + 𝐵 + 𝐶 + 𝐷 = 𝑅௞,଴ = 0. Thus, we get 𝑅௞,ଷ௡ = 𝑅௞,ଶ௡𝐻௡ + 𝑅௞,ଶ௡ − 5௡𝑅௞,ି௡ − ଵଶ 𝑅௞,௡(𝐻௡ଶ + 2𝐻௡ − 𝐻ଶ௡). 

Similar methods are used to prove the others. □ 

4. Conclusions 

In this study, we present and conduct a comprehensive exploration of three new recursive sequence 
generalizations: the 𝑘-Grahaml sequence, 𝑘-Grahaml-Lucas sequence, and Modified 𝑘-Grahaml sequence. We 
initiate our investigation by formally defining each of these sequences and illustrating their foundational 
characteristics through selected terms, which help demonstrate their unique structure and progression. 

Following the introduction of these sequences, we derive their corresponding generating functions. These 
functions act as compact and elegant mathematical tools that encapsulate the sequences’ entire behavior, making 
it possible to analyze their properties systematically and efficiently. 

We then turn our attention to evaluating several summation identities related to these sequences. A substantial 
portion of our analysis is devoted to exploring how these sequences can be represented using matrices. By 
constructing and manipulating matrix forms of the sequences, we reveal deeper structural insights and perform 
computations that enrich our understanding of their recurrence behavior. 

Additionally, we derive multiple variants of Binet-type formulas for each of the sequences. These explicit 
formulas allow for the direct computation of sequence terms without reliance on recursive methods, offering both 
theoretical elegance and practical utility. Beyond individual analysis, we examine how these different forms of the 
Grahaml-inspired sequences relate to one another. Specifically, we investigate the mathematical connections 
between the 𝑘-Grahaml and 𝑘-Grahaml-Lucas sequences, as well as their modified counterparts, focusing on both 
recursive definitions and underlying algebraic features. 

Finally, one of the most significant findings of our research is the discovery of a noteworthy and somewhat 
unexpected relationship between the 𝑘-Grahaml sequence and the Grahaml-Lucas sequence. This connection not 
only deepens the theoretical framework surrounding these generalized sequences but also paves the way for further 
mathematical exploration and potential interdisciplinary applications. 
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