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1. Introduction

In digital image processing, image inpainting is an interpolation problem. It aims to recover geometric
structure of images while preserving visual coherence and natural appearance. Image inpainting is widely used to
restore ancient murals and to reduce artifacts in MRI, CT, and PET images.

Mathematically, image inpainting is an inverse problem. Without loss of generality, a digital image can be
represented by matrix u € RM*N, Degradation during acquisition or transmission is commonly modeled as a linear
process. The observed data f is thus written as

f=Au+n, )

where A is a linear degradation operator, such as a binary sampling mask in inpainting, 7 denotes additive noise,
commonly assumed to be Gaussian white nois [1].

Due to the ill-posed nature of image degradation, diffusion-based inpainting methods are widely used [2].
These methods use variational principles and partial differential equations to propagate information from
undamaged neighborhoods into damaged regions.

Variational methods minimize an energy functional to derive partial differential equations

_min (RQW + AllAu - 1), @

where R(u) is a regularization term promoting structural coherence, and the second term enforces data fidelity.
Total variation (TV) model, proposed by Chan and Shen [3], is a classic method that fills missing regions by
minimizing the L'-norm of image gradient. However, TV produces a noticeable staircase effect in large smooth
areas, where gradual transitions become blocky [4,5], and it also tends to oversmooth fine textures. To address
this, Chan and Shen introduced curvature information, yielding Curvature-Driven Diffusion (CDD) model [6].
CDD improves visual continuity by diffusing along isophotes, but it can cause blurring in large repair regions.
These limitations have motivated the development of higher-order PDE models. The fourth-order LLT model [7,8]
and the Hessian?-based model [9] suppress staircase artifacts and produce smoother results by using higher-order
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derivatives. However, such models may overly penalize high-frequency components, which leads to blurred edges.
Besides PDE-based methods, exemplar-based inpainting [10,11] restores textures by matching patches across the
image. However, this approach may fail to preserve geometric consistency when suitable samples are scarce. More
recently, generative deep learning models [12,13] have shown strong semantic restoration ability, but they are
computationally heavy for high-resolution images and require large training datasets.

In recent years, fractional-order partial differential equations have attracted increasing attention in image
processing. A common feature of these models is their ability to balance local smoothing and edge preservation.
Compared with integer-order derivatives, fractional operators are nonlocal and have weaker singularities. These
properties allow fractional models capture both local singularities and long-range correlations [14—19].

Unlike traditional integer-order variational models, such as the Total Variation (TV) model which often
suffers from the staircase effect due to its piecewise constant assumption, the fractional Laplacian introduces non-
locality into the inpainting process. This non-local property allows the model to utilize long-range spatial
information, which is crucial for restoring the structural integrity of ancient murals. Mathematically, the fractional
operator provides a flexible degree of smoothness that effectively bridges the gap between first-order and second-
order derivatives. This allows for the preservation of high-frequency details (e.g., pigment textures and fine cracks)
while maintaining smooth transitions in gradient regions, thereby avoiding the artificial blocks common in integer-
order diffusion.

Methods based on the fractional Laplacian are particularly notable for balancing smoothness and detail
preservation by exploiting long-range dependencies [20]. Waheed et al. [21] constructed a discrete fractional
Laplacian using the discrete cosine transform (DCT). They represented the operator in matrix form, avoiding
complex discretization and improving computational efficiency. Lian et al. [22] proposed two inpainting models
for natural images based on the singular integral definition of the fractional Laplacian, one for noise-free images
and another for noisy images. They performed discretization within a small local window centered at each pixel
(i,7). Their method uses an edge detector to control diffusion strength in regions with different detail levels.

In this paper, for mural images with complex textures and rich colors, we adopt a variational inpainting model
that uses the squared L? norm of the fractional Laplacian as the regularization term. In theoretical analysis, we
prove the existence and uniqueness of solution for proposed model. Unlike standard variational problems, the
fidelity term in our model is only defined on the undamaged region Q\D. This introduces two difficulties: it cannot
directly control the solution inside the damaged region D, and the nonlocal nature of the fractional Laplacian
requires careful handling of interactions between D and Q\D. We overcome these difficulties using properties of
fractional Sobolev spaces and provide an existence and uniqueness proof tailored for problems with partial data.

In numerical implementation, we adopt a 5 x 5 square neighborhood to discretize the fractional Laplacian
and compute weights by grouping points based on their distances, which improves accuracy and restoration
quality. We also systematically investigate the influence of the neighborhood size L and the fidelity weight A on
inpainting performance, providing experimental guidance for parameter selection. Experimental results show that
our method outperforms comparison methods in both PSNR and SSIM metrics, effectively restoring texture details
and maintaining structural consistency in mural images.

The remainder of the paper is organized as follows. Section 2 introduces the variational functional and the
mathematical basis for image restoration. Section 3 presents the numerical methods. Section 4 reports experiments
and comparisons. Section 5 concludes the paper.

2. Inpainting Model
2.1. Fractional Laplacian

This section introduces the fractional Laplacian and its basic definitions.

Definition 1. (Singular integral definition). Let §(R™) denote the Schwartz space on R™. If 0 < s < 1, for Vu €
S(R™), define the s-th order Laplacian

(0uG) = P V. | MR Zu0) o, 3)

R |X _ y|n+25

where P.V. denotes the Cauchy principal value, used to handle singularity of the integral at x = y, by excluding
the ball B.(x) centered at x with radius € and taking the limit as € - 0. Namely

fR u() —u@y) dy = lim f u(x) _|:E:2ys) dy, @

n |x — y|n+25 e—0t R™\B,(x) |x -y
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and C, s is a normalization constant, ensuring consistency of the operator’s definition in Fourier domain and real
space, and its expression is

T (s +%)

ns — n ) (5)
nz|[(=s)|

where, I' denotes Gamma function. This definition intuitively reflects nonlocality of the operators.
In such spaces, the operator can be equivalently defined via the Fourier transform.

Definition 2. (Fourier multiplier). For afunctionu € S(R™) and s € (0,1), the fractional Laplacian (—A)% is
defined as

(=)5u(®) = [§1>0(8) § e R™ (6)

2.2. Existence and Uniqueness of Minimizer

The goal of image inpainting is to estimate missing information in damaged region D. Without mathematical
guarantees, this process could have countless possible outcomes and would be uncertain. The existence and
uniqueness proof in this paper solves this problem. It ensures that, under the joint constraints of the fractional
Laplacian regularization term and fidelity term on known region Q\D, energy functional has only one optimal
solution. This means filling of the damaged region is not random guessing, but a unique result determined by
mathematical model.

Presence of damaged region D c () introduces two technical difficulties. These difficulties make our problem
different from standard variational problems in fractional Sobolev spaces. Fidelity term ||f — ullfz (@\D) is only

defined on undamaged region Q\D. Therefore, it cannot directly control behavior of u on D. In addition, the
fractional Laplacian is nonlocal. This requires careful treatment of interaction between D and Q\D. In the
following, these difficulties can be overcome using properties of fractional Sobolev spaces. We then prove
existence and uniqueness of solution for image inpainting problem with partial data.

To establish the theoretical framework for proposed inpainting model, rigorous analysis of energy functional
is conducted. Considering the image domain (0 € R™ as a bounded open set with a continuous Lipschitz
boundary, where D < Q denotes the damaged region. The restoration task is formulated within the fractional
Sobolev space H*(Q), which is defined by the Gagliardo seminorm [22] as follows

[uCx) —u@)l

H5(Q) = {u € 12(Q): 4
lx — y|**z

€ L*(Q x Q)}. (7)

N
For any s € (0,1), this seminorm is equivalent to the norm induced by the fractional Laplacian (—A)z.
Specifically, for positive constants C; and C,, which depend on Q and s, we have

S
Cullull sy < [|(=m)3u

2
2 2
iy il = Callullsca ®)

Based on this foundation, we define the energy functional J: H5(Q)) » R

2

1 s A
I =3 ||, + I = ullfopy ©)

L2()

where A > 0 is the regularization parameter, and f € L?(Q\D) represents observed image data available only in
undamaged region of the domain.

Theorem 1. For a bounded Lipschitz domain 2 and 0 < s < 1, functional J(u) possesses a unique minimizer
u* in the space H*(Q).

Proof of Existence. Let {u]-}jozl Cc H®(Q) be a minimizing sequence such that
Jim 3) = dpy, 9@) = m > —oo (10

The regularization term is non-negative and bounded by the equivalent Sobolev norm in (7). Thus, the sequence
{u;} is bounded in the reflexive Hilbert space H*((), so a subsequence converges weakly to some u* € H*(().

By the Rellich-Kondrachov theorem, embedding HS(Q) & L2(Q) is compact for s > 0, ensuring strong
convergence u; — u*in L*(Q). The lower semicontinuity of the H* norm implies
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2 2

s

S
< liminf || (=A)zu;
L%Q) Jjooo ”( ) J

(In

12’

Combined with continuity of the fidelity term, we conclude J(u*) < m, proving u* is a minimizer. O

Proof of Uniqueness. The fractional Laplacian (—A)® is a positive definite operator, rendering the

term || (—A)gu

2
| strictly convex.
O]

Although fidelity term ||f —ulliz(ﬂ\m is convex rather than strictly convex due to domain D, total

functional J—as a sum of strictly convex and convex term—remains strictly convex.
Thus, minimizer u* is unique. O

2.3. Euler-Lagrange Equation

For model (9), any function v € C5°(Q2) and a sufficiently small real parameter € > 0,
1 s 2 A
Ju+ev) = —f |(—A)2(u + 617)| dxdy + —f If — (u + ev)|?dxdy. (12)
2Jq 2Javp

By variational principle,

0=38J(u;v) = %J(u + ev)

e=0

d [1 s 2 2
=E[EL|(—A)E(u+ev)| +§L\D|f—(u+ev)|2]

e=0

d |1 s 2 d |2
:E[EL|(_A)Z(u+ ev)| Hezo +&[EL\D|f— (u+ev)|2]

= % E fﬂ (=2)2(u + ev)(=4)2(u + 617)]

e=0

(13)

+ % [% .Q\D(f —u- ev)m]

€=0 €=0

= 4 Ff (—M)zu(—2)2u + e(—A)zu(—A)2v + e(—A)zv(—A)7u + H(-A)%ym]
de |2 ),

€=0

d 4 _ _ _
+—|=| ff—-fu—efv—uf +uli +euv — evf + evii + €?vv
de|2 o\D .
1 s T 5 s = A _ _ -
= —f (—=A)zu(=4)zv + (—4)zv(—4)zu + —J- uv — o — vf + vii.
2 0 2 O\D

Before applying the Fourier transform (6) to both sides of (13), we first extend image domain € to entire
space R? to ensure validity of the transform.

F F (=D2u(=A)2v + (—A)2v(—A)zu + A f uv — o —vf + vﬁ]
2 a\D

2 Jp2
1 - A A e ae 8 o (14)
= —f €120 v + |&]>5ud + —f v — fv—of + v,
2 R2 2 O\D
where we use Fourier transform [u® = [4¥, [ f# = f. By inverse Fourier transform
1 - an A ~ A &
Ft [— |§|25aﬁ+|5|25aﬁ+—f aﬁ—fﬁ—ﬁf+ﬁa]
2 R2 2 .Q\D
1 s ] S57 l ] 7
=2 RZ(—A) uv + (—4) uv+s Q\D(u—f)v+(u—f)v (15)

_ f Re[(—A)us] + A [ Re[(u— )l
RZ

O\D

Since v is arbitrary, we obtain the Euler-Lagrange equation
(A)Su+ Axn\D(u -f)=0, (16)

Characteristic function Xq,p effectively restricts data fidelity constraint to observable region
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_( 0,(x,y) €D,
X = {1, (x,y) € Q\D. a7

In this model, the fractional Laplacian (—A)* acts as a non-local diffusion operator that extracts long-range
spatial dependencies across (1. To minimize the functional, we employ the steepest descent method, yielding
following evolutionary PDE

up = =(=8)"u+ Ay, , (f —w), (x,y) X t€Q X [0,T], (18)
The initial condition for inpainting process is set according to observed data f
_( 0,(x,y) €D,
ule=o = {f, (x,y) € Q\D. (19)

3. Numerical Implementation
3.1. Discretization and Iterative Scheme

The continuous definition (3) of the fractional Laplacian involves a global integral. In practice, computational
constraints and the local smoothness of images require the summation to be restricted to a neighborhood of the
target pixel.

In mural image inpainting, the choice of neighborhood size requires a balance between inpainting quality and
computational cost. Mural images contain complex textures and rich details. A small 3 x 3 neighborhood is
computationally efficient, but it captures a limited range of pixel information. A larger neighborhood can capture
more global information, but it increases computational cost significantly and may introduce interference from
irrelevant pixels, causing blurring or artifacts. Based on this analysis, this paper adopts a 5 x 5 square neighborhood.

For pixel (i, j), we define its neighborhood as

NG ={G+m,j+n)|m|n| <2, |m|+|n| <4, (mn) = (00)} (20)

By symmetry, these points can be divided into five groups with the same distance to the center pixel

Distance d = 1: 4 points (+1,0), (0,+1), weight 1/12%25;

Distance d = v/2: 4 points (£1,+1), weight 1/(v/2)2*25;

Distance d = 2: 4 points (+2,0), (0,+2), weight 1/22%25;

Distance d = V/5: 8 points (£2,+1), (£1,+2), weight1/(v/5)2+25;

Distance d = 2v/2: 4 points (+2,+2), weight 1/(2v2)%*%5.

Let d = Vvm? + n? denote the Euclidean distance between pixels, the generalized discrete scheme of this
operator is defined as

1
(=D)qu;j = Cys 4275 Z (Uij = Uimmjn) (1)

where G, denotes the set of point pairs in the r-th group.
Based on central symmetry of each point pair group, let n,, denote the number of points in the r-th group,
then we have

5
1
(=d)qu;; = CZ'SZW nu;; — Z Ui—m,j—n | (22)
r=1 " (mn)egy
For the time derivative term u, in Equation (18), we discretize it using a forward finite difference scheme
k+1 k
utt—u

U ~—— 23

¢ At @)

where u¥ represents the image state at the k —th time step, local truncation error is O(At).
Combining the fractional Laplacian with time discretization scheme, we obtain the discrete evolution
equation for (18)

uk (i, ) = uk (0 ) = Ae(=D)5u (i, ) = AtAx, , DWW G ) = £ D), 24)

this leads to the iterative update rule of explicit Euler method.
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3.2. Stability Analysis

We consider the simplified case without fidelity term

wift = gl — At (—A)*uf). (25)
Substituting (22) into (23) and combining summation terms using symmetry of each point-pair group
5 5
K+l _ ok Nk 1 K
Wi = U= Al ) gt ALy ) oo Wi, j—n (26)
=1 r=1 ' (mn)eg,

let W = Cy Zizlﬁ, then
T

5
1
uf_}«fl =(1- AtW)u{f]. + Atcz.sz_dzns Z u{‘_m_j_n. (27)
T

r=1 (mn)egy
Using von Neumann stability analysis, let uﬁfj = fike!G1i+$2))  where I denotes the imaginary unit and
&,, &, are the wavenumbers. Substituting into (45) gives
5

1 . .
ak+1elGits)) = (1 — Aew) kel Gits)) + AtCZ'SZW Z kel (E1li-m)+&(-n)) (28)

r=1 " (mn)eg,

Dividing both sides by @t*e!¢1i+¢2) to obtain the amplification factor
5

1
G(El: 52) = 1 - AtW + AtCZ,S Z m Z e—’(f1m+fzn)_ (29)

r=1 ' (mn)eg,

Due to symmetry, the imaginary parts cancel

e Gim+ion) = Z cos(éym + &;n). (30)
(mn)eGy (mn)eGy
Therefore
=1
G(60,62) = 1= AW + 8ty D e ) cos(Eym +Eym) G1)

r=1 (mn)eg,

Note that ¥ nyeg, C0S(§1m +&n) < np,and W = Cy ¢ Z§=1%. Therefore
T

GL,&E)<1-AtW+ AW =1 (32)
and

G(&,&) =1 —AtW — AtW = 1 — 2AtW (33)

The stability condition requires |G| < 1, i.e.,

1
—1S1—2AtW=>AtSW (34)
Thus, the stability condition is
At < !
= —n.
Cos Xims (39)
T

3.3. Algorithm

For clarity, main execution steps of the fractional-order inpainting scheme are given in the following
algorithm. The Algorithm 1 covers preprocessing, discretization of the fractional operator, and iterative updates
inside inpainting mask.
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Algorithm 1: Fractional-Order Image Inpainting
Input: Damaged image f, binary mask M, parameters 4, At,s.
Output: Inpainted image u.

1. Initialization
Set u® = fin Q\D, and u® = 0inD.

2. Iterative Optimization
While not converged do:
a.  Compute the fractional Laplacian (—A)Su¥ using Eq. (21).
b.  Update the image u**! using the descent rule in Eq. (24).
c.  Apply boundary conditions: u*** = f on Q\ D (fidelity constraint).
d.  Check convergence: Stop if ||u**! — u¥||z < 1078 or k < 500.
End While

3. Return uk*?!

In this paper, the singular integral definition of the fractional Laplacian is used with zero Dirichlet boundary
conditions. Thus, u = 0 outside the image domain €. This choice is natural for image inpainting, as pixels outside
the image contain no information.

In the numerical implementation, mirror symmetry extension is applied when the neighborhood exceeds the
image boundary. The image is reflected across the boundary to fill missing pixels. This avoids invalid calculations
and preserves local image structure near the boundary. The extension is consistent with the zero Dirichlet assumption.

4. Numerical Experiments

This section presents experimental results to evaluate the effectiveness of the proposed fractional-order
inpainting model. We compare our method with several existing approaches on mural images with different types
of damage.

4.1. Experimental Setup

Three mural images [23] with different styles were selected as test subjects (see Figure 1). These images
feature complex color distributions, fine textures, and rich structures, making them suitable for evaluating
inpainting performance in cultural heritage restoration. To simulate realistic damage, three mask types are applied
(see Figure 2) curve masks that mimic scratches or cracks, text-overlay masks that mimic watermark or text
removal tasks, and random-pixel-loss masks that simulate packet loss or severe noise. The masks are automatically
resized to match the target image dimensions while preserving their structure and relative coverage.

The model is compared with several existing methods, Total Variation (TV) [24], Mumford—Shah (MS) [25],
Fractional-Order Variation (FOV) [19]. Parameter settings are as follows. For TV, the regularization weight 1 =

0.001 and maximum number of iterations is 1000. For the Mumford—Shah model, fidelity weight A = 10,
smoothness penalty a = 1, edge coefficient y = 1, and phase-field parameter € = 0.05; optimization runs up to
500 iterations with a convergence tolerance of 1e—4. For the FOV method, the fractional order is fixed at « = 0.8.

Figure 1. Original image.
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Figure 2. Mask image.

The relative update error is monitored using the Frobenius norm e, = ||u4; — Uil|F. Iteration stops when
ey, falls below 1072 or when a hard limit of iter;,,,, = 500 iterations is reached and the fractional order is set
to s = 0.8. After stability analysis, the time step At = 1 is selected.

The fidelity weight A balances regularization and fidelity term. To investigate its influence, test A values ranging
from 10™* to 1071, The results are shown in Figure 3. Based on this analysis, we set A = 10~3 in all experiments.

Based on the parameter settings specified above, we proceed to validate the convergence of the proposed
algorithm. Figure 4 illustrates the convergence curves corresponding to four distinct inpainting tasks, which are
derived following the theoretical stability analysis detailed in Section 3. These curves indicate that the designed
numerical scheme maintains consistent convergence across different experimental scenarios, thereby guaranteeing
the reliability of the image restoration process.

24 T T 1
—@—PSNR
238 =B SSIM
-0.95
23.6
234 - Y
- ——-——-——-— - L)
§ 232
z —— =
@ 23 ‘685 73
F4 7]
»
& 28t
—40.8
22.6
224
-40.75
222
22 — — 0.7
A=0.1 A=1072 A=10"2 A=10%
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Figure 3. PSNR and SSIM under Different 1 Values.
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Figure 4. Convergence curves for image inpainting with three types of masks.

The neighborhood size L controls the range of pixel interactions in the discrete fractional Laplacian. To
investigate its influence, we test three settings: L =1 (3 x3), L=2 (5 x5),and L = 3 (7 x 7) on two image
sizes (512 x 512 and 720 x 720) with two mask ratios (19% and 36%). The results are summarized in Table 1.
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Table 1. Effect of neighborhood size L.

Image Size  Mask Ratio L Neighborhood Size  PSNR  SSIM  Calculation Time Iteration
1 3x3 22.16 009174 14.20 132
19% 2 5x5 26.02 0.9567 9.39 86
3 7 X7 25.85 0.9547 7.34 64
512 x 512 1 3 x 3 1730 0.7840 62.82 347
36% 2 5x5 20.24  0.8565 84.70 458
3 7 X7 20.35  0.8563 44.04 230
1 3x3 22.31  0.9066 46.51 236
19% 2 5x5 25.99 0.9453 32.47 160
3 7 X7 25.88  0.9439 26.44 125
720 x 720 1 3x3 17.63  0.7865 227.17 352
36% 2 5x%x5 21.04 0.8639 151.07 422
3 7 X7 2091 0.8631 122.43 334

4.2. Comparison with Existing Methods

Objective evaluation uses PSNR and SSIM as the main metrics. Table 2 reports quantitative results that favor
the proposed fractional-Laplacian method. For visual comparison, absolute difference between inpainted results
and original images is amplified by a factor of 15 for clarity. Representative local patches are extracted from each
result to inspect texture synthesis and edge preservation (see Figure 5-7).

Observed behaviors of competing methods: Total Variation (TV) method performs poorly near boundaries
and leaves residual mask artifacts, especially under 50% random-pixel loss. The Mumford—-Shah (MS) and
Fractional-Order Variation (FOV) models reduce staircasing but can cause over-diffusion, which is pronounced
with text masks. The FOV model shows some degradation under heavy random pixel loss, likely because strong
random noise creates pseudo-gradients that confuse edge detection and lead to loss of fine texture and blurred
boundaries. In summary, our method produces consistent image restoration. It preserves edges and texture details
better than other methods and avoids staircasing.

Table 2. Image inpainting comparison results in terms of PSNR and SSIM.

Model

Test Mask Test Image v MS FOV Our
Img 1 33.05 35.51 34.04 36.89
0.9733 0.9783 0.9835 0.9854

Curve Img 2 31.83 35.86 31.82 36.29
0.9863 0.9930 0.9644 0.9942

Img 3 28.95 33.23 31.36 34.58
0.9766 0.9827 0.9636 0.9880

Tmg 1 35.78 36.67 37.15 38.00
0.9813 0.9830 0.9810 0.9884

Text Tmg 2 34.07 3431 32.85 36.18
0.9919 0.9946 0.9639 0.9938

Tmg 3 32.35 34.04 33.67 35.53
0.9827 0.9867 0.9746 0.9913

fmg 1 28.84 30.90 16.75 31.74
0.9269 0.9283 0.3520 0.9442

Random loss Tmg 2 27.83 31.68 12.61 32.13
0.9649 0.9808 0.6527 0.9837

Img 3 24.55 28.32 20.68 28.88
0.9383 0.9443 0.6701 0.9550

Under text masking, although characters have complex structures, they are discrete in space. Missing pixels
and known pixels are closely interwoven, allowing the algorithm to effectively diffuse information using only a
very small neighborhood. As a result, it achieves the best fidelity across various types of images. In particular, because
Image 1 has low information entropy and high spatial redundancy, the algorithm obtains high numerical scores.

The performance drop under random masking is due to the fact that a high proportion of randomly missing
pixels greatly reduces image redundancy. Within a very small neighborhood, the amount of known pixel
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information available decreases as the masking rate increases. This weakens the support for feature propagation
or statistical inference, leading to lower inpainting accuracy.

Original Corrupted Image TV MS FOV Our

Figure 5. Comparison of inpainting results on Mural image 1.
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Original Corrupted Image TV

Figure 6. Comparison of inpainting results on Mural image 2.

Therefore, for Image 3, which has complex textures and rich colors, the numerical scores are lower than those
of the other images. Image 2 xhibits strong structural regularity, which is easy for the algorithm to capture. Under
curve masking, its SSIM value (0.9942) is even higher than that of Imagel.
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7. Comparison of inpainting results on Mural image 3.

Figure
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Conclusi

5.

This paper proposes a fractional Laplacian image inpainting algorithm specifically applied to the inpainting

of mural images. The method improves the balance between structural coherence and detail preservation, which is

12 of 14
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crucial for recovering complex mural patterns, and shows gains in PSNR and SSIM on standard tests. The approach
performs well on detail reconstruction. Its effectiveness on very large corrupted regions needs further study.

Future work will focus on adaptive selection of the fractional order s based on local image features. Further
research is also needed to develop more effective strategies for inpainting complex and large areas of tissue loss.
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