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a single covariate (e.g., time). We propose a novel class of graphical models, the
covariate-varying network (CVN), that can change with multiple external covariates. To
introduce sparsity, we apply a L;-penalty to the precision matrices of m > 2 graphs we
estimate. These graphs often show a level of similarity. To model this smoothness, we
introduce the concept of a *'meta-graph’ where each node in the meta-graph corresponds
to an individual graph within the CVN. The (weighted) adjacency matrix of the
meta-graph represents the strength with which similarity is enforced between the
m graphs. The resulting optimization problem is solved by employing an alternating
direction method of multipliers. We test our method using a simulation study and we
show its applicability by applying it to two real-world data sets in childhood cancer
and vaccine genomics. An implementation of the algorithm in R is publicly available
under https://bips-hb.r-universe.dev/CVN (accessed on 22 February 2026).
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1. Introduction

In many scientific fields, network models are essential for describing and understanding complex
relationships [1]. In genetic and molecular epidemiology, networks elucidate interactions between molecular
regulators governing gene expression such as gene regulatory networks [2] and how microbial communities in the
microbiome interact with each other and the host (e.g., [3,4]). In neuroscience, network models map intricate brain
connections, aiding in understanding communication and coordination between different regions [5].

Extensive research has been devoted to inferring high-dimensional networks from data [6—8], primarily
on static networks where edges remain fixed and unaffected by external influences. In this paper, we use the
terms ‘graph’ and ‘network’ interchangeably. While these static networks provide valuable insights, it is crucial
to also understanding how network structures evolve with respect to external covariates, such as time or group
differences. For example, long-term exposure to ultraviolet (UV) radiation can alter gene networks, impairing
DNA repair mechanisms and potentially leading to skin cancer [9]. Microbiome networks differ between healthy
individuals and those with obesity [10]. In neuroepidemiology, changes in brain connectome interactions due
to cholesterol levels and aging indicate Alzheimer’s disease [5]. Observing how dynamic networks change with
external factors—such as UV radiation, treatment regimes, or cholesterol levels—is fundamental to understanding
the underlying biological processes.

Current literature provides methods for estimating networks that vary with a single discrete external covariate,
such as time [1 1-13] or group membership [7,12, 14].Wang and Gao [15] introduced a novel parametrization by
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expressing the precision matrix dependent on covariates in a linear regression format, which allows to investigate
high-dimensional data covariate-dependent Gaussian graphical models. In addition, graphical regression approaches
have been proposed [16—18], which model the dependence of individual edges or nodes on covariates through local
regressions rather than joint likelihoods. While these methods can capture associations with external factors, they do
not estimate a coherent joint precision matrix and thus do not directly represent a valid global probabilistic model.
Here, we propose to extend joint graphical modeling frameworks to handle multiple, potentially interrelated, discrete
covariates simultaneously, enabling a more comprehensive characterization of how network structures change across
complex conditions. We present a very general framework for defining a dynamical graphical model of this kind.
We call this the covariate-varying network (CVN) model. We present an alternating direction method of multipliers
(ADMM) algorithm that can be used to estimate the model on the basis of (potentially high-dimensional) data.

The paper is organized as follows: Section 2.1 introduces static Gaussian graphical models in which the
(in)dependency structure is unaffected by external covariates; we simultaneously present much of the notation
used throughout the paper. In Section 2.2, we formally define the CVN graphical model, including the concept of
a meta-graph to represent the similarities between the various individual graphs. This section also discusses the
estimator considered throughout the paper. Additionally, we highlight several known models from the literature that
are special cases of the CVN framework.

We solve the estimation problem for the CVN using an ADMM algorithm that we describe in detail in
Section 2.4. The computational complexity of the algorithm is determined in Section 2.5. We show how one could
interpolate a graph given an estimated CVN in Section 2.6. The two tuning parameters of the model, one regulating
sparsity and the other controling the level of similarity between the graphs, need to be chosen. In Section 2.7, we
show how this could be done using either the Akaike or Bayesian information criterion (AIC and BIC).

We assess the performance of the method in a simulation study in which we explore to what extent the proposed
method can reconstruct a CVN in Section 2.8. The measures used to assess the performance are presented in the
latter section as well.

In addition, we apply the method to a real data set from the KiKme study [19], see Section 2.9. To provide a
fully reproducible example, a second case study using an influenza vaccine data set with publicly available data is
included in Appendix D. The results of both the simulation study and the main case study are presented in Section 3.
We end with our conclusions and a discussion in Section 4.

2. Methods
2.1. Static Networks

We represent a static network as a probabilistic undirected graphical model with the tuple {X, f(X), G =
(V,E)} where X = (X1, Xa,...,X,)" is areal-valued p-dimensional random vector with joint density function
f(X). The nodes of the graph G, V = {1,2,...,p}, correspond to the variables X1, X5, ..., X,. The edges
E C V x V reflect the (in)dependence structure between the variables in accordance with the density function
f(X). The presence or absence of an edge represents whether the two corresponding variables are conditionally
independent, i.e., the edge {s,t} is in E if X, L X; | Xy 5,4}, Wwhere Xy g, 4y are all variables in X except
X, and X;. Let A = (ast)pxp be the graph’s adjacency matrix where ay, = 1({s,t} € E) and 1(-) is the
indicator function.

We assume the random vector X to follow a multivariate normal distribution with mean g and covariance
matrix 3. Under this assumption, the entries of the precision matrix © = (05;) —— >~ ! are proportional to the
partial correlations between the variables. Determining the network structure, i.e., the edge set F, is, therefore,
equivalent to determining which entries in the precision matrix © are zero and non-zero. In terms of the graph’s
adjacency matrix, as; = 1(6s; # 0) for all {s,t} € V x V [20]. Without loss of generality, we assume that the
data are centered around the mean p = O for the remainder of the paper.

Suppose we observe n realizations ¢, s, . . . , &, of the random vector X. The maximum likelihood estimator
of the precision matrix is given by

© = argmin {(®) = arg min n [trace (2@) —logdet (X)], (1
e>0 ©>0

where ® > 0 denotes positive definiteness, ¢(©) is the log-likelihood function, ‘trace’ and ‘det’ denote the trace

and determinant of a matrix, and S=n! Z"_l x;x; is the empirical covariance matrix (see, for example [21]).

However, this estimator does lead to dense graphs. Moreover, in high-dimensional settings, the emplrlcal covariance

matrix 3 is rank deficient and cannot be used to estimate the precision matrix ©. One can estimate © by imposing

a sparse graph structure and, hence, a sparse precision matrix. A popular method to estimate sparse networks
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is the Graphical Least Absolute Selection and Shrinkage Operator (GLASSO; Banjeree and Ghaoui [22] and
Friedman et al. [8]) which places a L;-norm penalty on the precision matrix in order to ‘shrink’ its off-diagonal
entries to zero. It involves solving the following convex optimization problem:

éGLASSO = argmin@( ) + A ||®||Off. 2)
80
Here, A > 0 is the tuning parameter and ||®||°tt = 2.zt |0st| is the off-diagonal L;-norm of the
precision matrix.

2.2. The Covariate-Varying Network Model

We represent a covariate-varying network (CVN) graphical model with the quintuple

CVN = {X7 U.d, f(X | U), {G(u) = (V, E(u))}uEU}» 3)
where X = (X1, X2...,X,)" is a p-dimensional random vector and U = (Uy,Us, ...,U,) " is a random vector
representing ¢ external discrete covariates, i.e., variables that are not included in the graph with (K,..., K q)T

categories. The vector U lies in the discrete space U with cardinality m < [[f_, Kj. The joint density function
of X conditioned on U is f(X | U). The fifth element of the CVN is a set of m graphs, one for each value u
in Y. The vertices of G(u), V = {1,2,...,p}, correspond to the variables X1, X»,..., X, and do not change
with U. The (in)dependence structure between the variables is captured by the edge set F(u) which can change
with U. Specifically, the edge {s,t} is in E(u) if X i X; | U = w and Xy (5¢). We denote the adjacency
matrix of graph G(u) as A(u) = (ast(u))pxp Where ag(u) = 1({s,t} € E(u)). In this paper, we are interested
in estimating the graphs {G(u) = (V, E(u)) }ueu-

We assume throughout that X | U = w follows a multivariate normal distribution with mean pt(u) = 0 and
covariance matrix X (u). Under the normality assumption, the entries of the precision matrices correspond with the
edge sets of the different graphs. Let © (u) = (u) ™! = (05(u))pxp be the precision matrix, then the edge {s, ¢}
isin E(u) if 05 (u) # 0. Hence, estimating the structure of the graphs {G () },,e1s, corresponds to determining the
zero and non-zero entries in the precision matrices {© () }yeys-

We index each element in I/ by assigning them a unique element from the index set Z = {1,2,...,m}. If
i € T is the index of u € U, we write G; = G(u), E; = E(u), ¥; = 3X(u), ©; = O(u) and A; = A(u). The
(s,t) entry in the i-th precision matrix is written as Gsi . The collection of all precision matrices is denoted by
Ocvn = {©;}2;.

For each value of u € U, we obtain n;, > 0 observations: (acgi),a:g), e mgf)) where :c;i) € RP and
j =1,...,n;. Similarly to Equation (1), we can express the log-likelihood function for precision matrix ©; as
1;(0;) = % . {trace (f]i@i) — logdet(Ei)} , 4)

where &; = n; ! S 1 a:(z)( ;i))T is the empirical covariance matrix. Overall, the log-likelihood for the CVN
model itself is simply the sum over all graphs, i.e., > .-, £;(©;).
To introduce sparsity, we apply, just as for the GLASSO in Equation (2), the off-diagonal L;-norm penalty for

each individual graph:
argmmZE +/\12H®1||°ff
@3, =1

where A\; > 0 is the GLASSO tuning parameter. Larger values of \; increase the penalty and result in a sparser
estimate of the precision matrices.

In many applications, we expect some similarities between the graphs. For example, two networks observed on
two consecutive time points tend to have similar edge sets, while networks observed on far removed time points show
less similarity. We refer to enforcing similarity between certain graphs as smoothing. For introducing smoothness
across the m graphs, we first define a meta-graph. Let G = (V, £, w) be a weighted, undirected graph where each
node in the node set V = {1,2,...,m} corresponds to the graphs G1,Ga, ..., G, E CV x V,and w : € — [0, 1]
is the weight function that assigns a value between 0 and 1 to each edge e € £. We denote the symmetric weighted
adjacency matrix of the meta-graph by W = (w;; )m xm Where w;; = wj; = w({i,j}).

The weight matrix reflects some prior knowledge about the similarity of how the m graphs might change with
the external covariates. For a consistent structure estimation, we must impose an additional smoothness constraint
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on {®;}7, to detect graph-wise changes in the underlying (in)dependence structure. We define the CVN estimator
of GCVN = {@1};21 as

m m
Ocu =argmin ) | £:(®:) + M1 ) 107" + X2 Y wi; - [1©: — O, Q)
©:i}ty =1 i=1 i<y

where Ay > 0 is the smoothing tuning parameter. The term w;; ||©®; — ©; H‘l’ff penalizes the differences between
the edge sets of graph G; and graph G;. The value w;; encourages a similar structure between graphs G; and G
whereas A\ regulates how strongly differences between all (”21) pairs of graphs are penalized. To provide intuition
for the smoothing penalty, Figure Al in Appendix C shows example pairs of graphs with increasing values of

ff
1©: — &1}

2.3. Special Cases of Covariate-Varying Networks

By choosing the space U, the indexation Z and the weighted adjacency matrix W of the meta-graph
appropriately, we can express various models from the literature as special cases of the CVN graphical model.

2.3.1. Time-Varying Graphical LASSO (TVGL)

Suppose we observe graphs at T time points, i.e., Y = {t1,t2,...,tr}. We define the index set Z =
{1,2,...,T} where i € T corresponds to time point ¢;. Consequently, the meta-graph Grygr has T nodes,
each corresponding to a single graph, and only graphs on consecutive time-points are smoothed. We define the
(T x T')-dimensional adjacency matrix of Grygr as

1 ifli—jl=1

WrverL = (w}jVGL where w] - = { (6)

) i .
T 0 otherwise.

The time-varying graphical LASSO {@IVGL}?:l can then be estimated by solving

T T T
{07V, =argmin Y £(0;) + A Y _ 10457+ 22 ) 1|0 — O,y 3" (7)

{©:3, =1 t=1 t=2

which is equivalent to the definition in Hallac et al. [12] and Monti et al. [13]. Figure 1 shows an example of a
TVGL in which each of the 7" graphs has five nodes corresponding to X7, Xo, ..., X5.

Graph G, Graph G5 Graph G3 Graph Gr_4 Graph Gt

time

tr

Figure 1. The Time-Varying Graphical LASSO (TVGL) as a special case of the CVN model, see Equations (6)
and (7). A total of T" graphs G; with p = 5 variables X1, X2, ..., X5 are observed at time points t1,%2,...,tr.
The circle around each graph represents a node in the meta-graph Grver; the links between the graphs are the

meta-graph’s edges. Graphs on consecutive time points are smoothed with weight 1.

2.3.2. Fused Graphical LASSO (FGL)

When there is only one external covariate, the CVN reduces in some cases to the fused graphical LASSO (FGL)
from Danaher et al. [7]. The FGL takes advantage of structural similarities across different groups to estimate m
graphical models that share common edges. Let m be the number of categories of the single external variable U, and
for each category there are ny,na, . .., ny, > 0 observations. As before, we choose the index setZ = {1,2,...,m}
where the graph of i-th category is denoted with G;. The CVN reduces to the FGL with the fused graphical LASSO
penalty term if the (m x m)-dimensional weight matrix is defined as
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WiaL = (@) where wf9 — {1 iz ®)
0 otherwise.
This leads to the following minimization problem:
m m
ey, = a;gg;rgnz;éi(@i) +M 2; [©:l13" + A ; @ —e,l5", ©
izt = i= i<y

which is the FGL [7]. Expressed as CVN this means that the meta-graph is fully connected with weights of 1. The
FGL penalty enforces that every graph is smoothed with every other graph. See Figure 2 for a visual representation
of this model.

Graph G, 4

Figure 2. The joint graphical LASSO with the fused graphical LASSO (FGL) penalty term as a special case of the
CVN model, see Equations (8) and (9). A total of m graphs with p = 5 variables are observed. Just as in Figure 1,
each graph represents a node in the meta-graph Grgr, and links between the graphs are the meta-graph’s edges.

2.3.3. Multiple Static Graphical Models

A trivial case is when no structural constraints are imposed on the m graphs. The weight matrix is hence
defined as W = 0. The CVN reduces then to m independent GLASSO problems as in Equation (2):

(O}, = argmin - £(00) + 01 Y [O = {agminti@) + 011"}
i=1 i i=1

ifi=1 4=1

Figure 3 shows a visual representation.
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Graph G, Graph G, Graph G Graph G,,-1  Graph G,,

ONAONIAO OANPAO
O) (@) (@) - () (@
D \ G \&O & \O©

Figure 3. A trivial case with Wy = 0 without smoothing the m graphs.

2.4. An Alternating Direction Method of Multipliers Algorithm for the Covariate-Varying Network Problem

Estimating the CVN graphical model defined in Equation (3) requires us to solve the optimization problem in
Equation (5). We propose to do this using an Alternating Direction Method of Multipliers (ADMM) algorithm [23].
By doing so, we can split the original problem into three subproblems, which in turn can be solved either analytically
or numerically.

First, let us introduce a set of consensus variables Z. = {Z;}?, where Z; = ©, for all . In addition, we
write ©@ = {©,} ;. We can then express Equation (5) as the equality-constrained convex optimization problem:

m m
argmin Y £i(0;) + A Y |ZllST + A Y wij 1Zi — Z4S"
.z o i=1 i<j (10)

subjectto ®; —Z; =0and ®;,Z; >~ 0fori =1,2,...,m.

Thus, the problem does not have to be solved jointly but can be solved for Z and © separately. The
corresponding augmented Lagrangian is

Ly(©,Z,Y) = 6(0;) + M Y _Z:ll}" + X2 > wij 1Zi — 215"
=1 - =1 1<j (11)
+(0/2) 3 (100~ 2o+ Yill% ~ [Yill3]
=1

where Y = {Y;}, is a set of scaled dual variables, HAH% = (Zs’t aﬁt) i is the Frobenius norm, and p > 0 is
the ADMM’s dual update step length [7,12,23].

Minimizing the function in Equation (11) is equivalent to minimizing the original problem in Equation (5).
The advantage, however, of this alternative definition, is that Equation (10) can now be solved by iteratively updating
®, Z and Y [23]. The update steps for the ADMM are

Likelihood update: ©(k + 1) = argmin £,(0,Z(k), Y (k)), (12)
e

Constraint update: Z(k + 1) = argmin £,(0@(k+1),Z,Y (k)) and (13)
zZ

Dual update: Y(k+ 1) = argmin L,(@(k+1),Z(k+1),Y),
Y

where k is the iteration step count. We find that the update step for Y (k + 1) has the analytical solution
Y (k+1)=Yk)+[©;(k+1)—Z;(k+1)] fori=1,2,...,m. (14)

The update steps for @ (k 4 1) and Z(k + 1) have to be solved numerically. The first has a known solution [7].
The latter is more involved and is discussed in Section 2.4.2.

The algorithm iterates until convergence is reached. To guarantee convergence to an optimal solution, the
constraint ®; — Z; = 0 must be satisfied while the augmented Lagrangian forms (12) and (13) have to be minimized.
In each iteration, the minimization constraint on the dual variable is satisfied, which ensures that the constraint
update is satisfied by construction [13,24]. The likelihood update step holds asymptotically as £ — oo using the
following stopping criterion [7,25]:

m m

Z 1©;(k+1) — @Ak)lll/z 1©:(k)[l, <e. (15)
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As a default, we choose ¢ = 10~° as our convergence threshold and control the step size by setting p = 1.

2.4.1. Update Step for ©

The update step for the precision matrices @ (k + 1) in Equation (12) can be divided into m distinct problems,
one for each precision matrix:

O,k + 1) = arg min £p(®i7 Zz(k)>Yz<k))
[CH

= arg@mm % {trace (2167) — log det (El)} + (16)

(p/2) Y i(k) + [©; — Zi()] |7

fori = 1,2,...,m. The precision matrix ®;(k + 1) can be determined numerically. Due to p > 0, one must
choose ©; in such a way that ®, both minimizes the log-likelihood and is in the proximity of Z;(k). The
degree to which this must be enforced depends on both p and Y;(k). Others have shown that Equation (16)
can be solved numerically by rescaling an eigenvalue decomposition [13,26]. More precisely, let Q;T;Q,” be
the eigenvalue decomposition of ; — (p/n;) [Z:(k) — Y;(k)], where Q, the columns are the eigenvectors and
I'; = diag(y1, 72, ..., 7p) is a diagonal matrix with the corresponding eigenvalues on the diagonal. We rescale this

~ X 1
matrix such that I'; = diag(Vi1, ¥iz, - - -, Yip) Where 3;; = % (('yfj +4p/n;)2 — %j) forj =1,2,...,p. The
p
update step from Equation (16) then equals

0;(k+1) = QTI;Q/. (17)

Note that each ©;(k + 1) is symmetric. Furthermore, all 5; are strictly positive, ensuring that each ®;(k + 1)
is positive definite.

The computationally most challenging part of the update step is the eigenvalue decomposition of a (p x
p)-matrix with a complexity of O(p?). Since this is needed for each of the m graphs, the @-update step’s complexity
is O(mp?).

2.4.2. Update Step for Z

The minimization of the augmented Lagragian with respect to Z in Equation (13) is equal to

Z(k+1)=argminL,(@(k+1),Z,Y(k+1))
z

ff
—argmln (p/2) ZHZ - 0;(k+1)— HF‘F)\lZ”Z 13 (18)
off
+>\2Zw1j 12Z; — Z;|ly"
1<j

In contrast to @ (k + 1), for which we could divide the update step into m distinct problems, we need to solve
the problem for Z(k + 1) jointly due to the smoothness term ||Z; — Z; || . However, we can divide the problem
into multiple, independent optimization problems, one for each node pair {s, ¢}, corresponding to a potential edge
in the graphs. Let {s, ¢t} be the potential edge between nodes X and X;. Equation (18) can then be written as

Z(k+1) = argmm (p/2) Z Z {zg? — 92?(16 +1) - ygt)(k)}
i=1

s,t

+A122\z§?|+xzzzww|zst -2,

i=1 s#t i<j s#t
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which is completely separable with respect to each node pairs {s, t}. Let
T
0, = (65,0%,....65")
-
Zst = (ziﬁ, zgf), .. ,zgf)) , and
Yt (yit), T ,yiln))

be m-dimensional vectors with the (s, ) entries of the matrices ®, Z and Y, respectively. There is an analytical
solution for the diagonal elements of Z(k + 1), specifically:

zSS(k + 1) = arg min ”zss - GSS(k + 1) - yss(k)Hg = ess(k + 1) + yss(k)~
zss €ER™

For s # t, we can update each (s, t) entry by solving

Zg(k + 1) = argmin (p/2) ||z — Ose(k + 1) -y (K)|3

zst€ER™

1 [zally + A2 D wiglely) — 2.
1<J

We can express this problem as a weighted Fused LASSO Signal Approximator (WFLSA). For ease of notation,
let us define 8 = z5; and y = O (k + 1) + ys:(k); we then find that our problem can be written as

5(k+1)—a[1;gmm*\\y Blla +nu 18Iy +n2 Y wislB; — 5] (19)
€ m Z<‘]

where 171 = A1/p and 2 = Ay/p. The wFLSA can be solved using an additional ADMM algorithm with complexity
in the order of O(m?) (see Dijkstra et al. [27]).

2.4.3. Algorithm for the CVN model

Combining the results presented in the previous section, leads us to the following procedure for estimating
CVN models. A graphical representation can be found in Figure 4.
(4)

~ T
1. Compute the empirical covariance matrices 3; = (g, )pxp = 1 * ZJ 1 w ( 5_1)) withi =1,2,...,m

2. Initialize ©;(1) = diag(%;)~! and Z; ( ) = Y; = 0. Alternatively, one can use a warmstart where
©;(1) = argming, £;(0;) + A\ ||('91H1 is the GLASSO estimate for the individual graphs i = 1,2, ..
3. Update ©. For each graph¢ =1,2,...,m, do:
(a) Compute the eigenvalue decomposition Qil"»QiT of f]' —(p/ni) [Z;(k) — Y (K)];
(b) Let Fi = diag(ﬁila '71'27 cee 7'72p) where 7, Yij = (\/ ’VZ] + 4[)/7’LZ ’Yij);
(¢) Then ©;(k+1) = QI,Q;.
4.  Update Z by going over all potential edges {s,t}:

T T
(a) LetBst:(021),923),...,9Fm)> , Zst = (S), gf),...,zéT)) and

8
Yot = (yii),yif), ~-,y§§")) ;

(b) Update the diagonal: z.s(k + 1) = O45(k + 1) + yss(k) fors =1,2,... p;
(c) Update the off-diagonal entries zs(k + 1) and z;5(k + 1) forall s < ¢. Let 8 = z4(k + 1) and
y=04(k+ 1)+ ys(k), then

L, M.

zst(/f+1)—a;gmm*\|y Blla + 01 Bl +n2 Y wis|8; — 5]

1<j

is the corresponding wFLSA problem, where 17, = A1 /p and 2 = Ao /p. Solve this using the algorithm
presented in Dijkstra et al. [27].

5. Update Y:Y;(k+1)=0;(k+1)—Z;(k+ 1)+ Y (k)fori=1,2,...,m
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6. In case the stopping criterion Y .- [|©;(k+ 1) — ©;(k)|l, / Yiv, |©:(k)||, < € has been met, return the

= 1=

estimate of the CVN: Ocyn = {©;(k + 1)} ,. Otherwise, repeat steps 3 to 5.

An implementation of this algorithm is publicly available as an R package at https://bips-hb.r-universe.dev/CVN.

repeat until convergence, eq. (15)

©-update step €q.(17) Y-update step eq.(14)
,«’ O1(k+1) = itrgc;;IliTlEp(el-Zl(k)-,Yl(k)) ,{ Yi(k+1)=Yi(k)+Oi(k+1) - Zi(k+1)
! \ Z-update step  eq.(18)
input /,‘ Os(k+1) = ﬂ-l’ge)lil'ﬂl Lp(O2,Z2(k), Ya(k)) %\ Z(k+1) = argzminﬁp(@(k'+ 1),Z,Y(k)) /,‘ Yo(k+1) = Yao(k) + ©a(k+1) — Zo(k + 1) }\\ output
Xy, w R~ _|L—"1  Reauires solving (}) Weighted Fused [~~~ . L—7  6cw
LASSO Signal Approximator (WFLSA) :
/ problems, see eq. (19)
\{ Om(k+1) = aréminzp(emzm(/«),Ym(k)) N Yo (k4 1) = Yo (k) + O (k 4+ 1) — Zn (k + 1)

Figure 4. A graphical representation of the algorithm for estimating the CVN model, see Equation (5). The input
is the raw data set and the weight matrix; the output is the estimated CVN model. The ADMM consists of three
updates steps for @, Z and Y that are repeated till convergence. Update step @ and Y can be subdivided into m
independent step. During the Z-update step, (’2’) wFLSA problems need to be solved, one for each potential edge.

2.5. Algorithmic Complexity

Here, we determine the computational complexity of the CVN algorithm presented in the previous section. We
first consider each of the update steps separately and combine the results at the end.

The ©(k 4 1)-update step can be decomposed into m distinct steps, each associated with a specific graph
i=1,2,...,m, as illustrated in Figure 4. The most computationally demanding aspect of the ®;(k + 1) update
step, see Equation (12), involves performing the eigendecomposition of a (p x p)-dimensional matrix, a task known
to be on the order of O(p?). The entire update step requires, thus, in the order of O(mp?) operations.

In the case of the Y (k + 1) update step, see Equation 14, the task entails summing three (p x p)-dimensional
matrices for each graph i = 1,2, ..., m. This operation, thus, requires O(mp?) operations.

The Z(k + 1)-update step requires one to solve a WFLSA problem for each of the (’2’) potential edges in the
graph. We know that the complexity of solving a single WFLSA problem is O(rm?), where r is the (average)
number of iterations needed for the algorithm to converge [27]. The overall complexity of the Z(k + 1)-update step
is, thus, O ((’2’) . er) = O(rm?p?).

Combining these results, yields the computational complexity of the ADMM algorithm for solving CVN
models as

O(R (- mp® o+ omp® + rm?p? )) = O (Rrm?p?)
~~ ~——
©(k+1)-update Y (k+1)-update  Z(k+1)-update
where R is the number of iterations needed for the ADMM to satisfy the stopping criterion in Equation (15), r
denotes the average iterations needed for the wFLSA algorithm to converge [27], m is the number of graphs, and p
is the number of variables.

2.6. Interpolation

In this section, we propose a method for interpolating a graph for which there are no observations based on an
estimated CVN model with m graphs. We denote the graph we want to interpolate by G,,,+1. We are concerned
solely with the existence of edges and not values of the entries in the precision matrix ©,,, 1. Approaches in the
literature often rely on the so-called ‘AND’ and ‘OR’ rules (see, for example, Hallac et al. [12]). In case of the
former, the interpolated graph has the edge {s, ¢} if and only if all m graphs in the CVN model have the edge {s, t}.
In case of the ‘OR’ rule, the interpolated graph has the edge {s, ¢} if at least one of the other estimated graphs has
that edge. Note that with this approach, it is difficult to control the level of sparsity and take different levels of
similarity between the graphs into account.

We interpolate graph G, 1 given the estimated CVN model (:DCVN by solving

m
ft
A . ff ~ o
Opp1 = argmin Ly 41 (Opy1) + M [Ompa [ + A2 > wi ||©; — Oy
enL+1 >0 i=1 1
where w = (wy,ws,...,wy) " are the smoothing coefficients which reflect the level of similarity between the

individual graphs of the CVN and the interpolated graph. Note that, since there are no observations for the graph
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Gm+1, the corresponding log-likelihood is equal to £, 11(®,,,1+1) = 0, see Equation (4). Similar to the Z-update
step, we can divide the problem into (g) separate optimization problems, one for each potential edge {s, t}. In fact,
we can write the function as

(:)m+1 =argmin A Z |9£T+1)| + A2 Zwi Z @? - 9§T+1)|
i=1 s,t

©,y1>-0 st

—argmin > [0SV 40 S w99 — 05|
=1

enL+1 >O S,t

We, thus, need to solve for each potential edge {s, t}:

éfq;”*” = arg min )\1|9§T+1)\ + )\2||wT§St — 9§T+1)||1.
o{m+DeRr

This function is convex (see Appendix A) and can be solved using any derivative-free search method. In this

context, we employ Brent’s algorithm [28]. The sign of HS;""H) is inconsequential, as our primary objective is

to establish the presence or absence of the edge {s,t} in the interpolated graph, i.e., @5;”“) # 0. Note that the

smoothing coefficients wy, ws, . . . ,w,, need to be chosen a priori, which requires a certain level of prior knowledge.

2.7. Tuning Parameter Selection

After fitting the CVN model, the next step involves selecting suitable values for the tuning parameters: \j,
which governs the sparsity of the graphs, and A, responsible for regulating the smoothness or similarity between
the graphs. Since having prior knowledge about appropriate values for the tuning parameters is rare, one often opts
for a data-driven approach. Numerous methods exist for tuning parameter selection, and in this context, we explore
two frequently used measures: the Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC).
However, it is important to note that in our scenario, these criteria can only be approximated [7].

Let (:)i()\l, A2) denote the estimator of the precision matrix for the i-th graph for specific values of A1 and As.
The AIC can be approximated as

m

AIC(A1, A2) = Zfi(@i()\h A2)) + 2/|©; (A1, A2) o, (20)

i=1

where ||-||, denotes the Ly-norm, equivalent to the number of non-zero entries in the matrix [7]. On the other
hand, the BIC, taking into account the number of observations for the graphs, tends to result in sparser models than
the AIC:

BIC()\l, )\2) = Z fi(@i()\l, )\2)) +2 log(ni) ||éi()\1, /\2) ||0, 20
i=1

where n; is the number of observations for the ¢-th graph. The optimal values for A\; and Ao are those that minimize
either the approximated AIC or BIC. In our simulation study, see Section 2.8, we consider both information criteria.
Note that while AIC and BIC are commonly used, they are not the sole metrics for selecting the optimal tuning
parameters based on the data. Other methods are cross-validation, bootstrap [29], and alternative information criteria
like the extended BIC [30] and Predictive Information Criteria [31]. Here, we opt for AIC and BIC due to the
computational efficiency, which is advantageous for a computationally intensive algorithm such as the ADMM
propsed here.

2.8. Simulation Study

In this simulation study, we consider a CVN model with two external covariates, U; and U,, each of which
takes values from the set {1,2,3} featuring nine graphs. The graph corresponding to U; = i and Uy = j is
denoted as G;; = G(Uy = i, Uz = j), and its associated adjacency, precision, and covariance matrices are similarly
indexed as A;;, ©;; and X;;, respectively. Our simulation setup allows for varying the number of observations
(n), the number of variables (p) and the the general graph structure, specifically Erdos-Rényi and Barabasi-Albert
graphs [1] in our case. Additionally, we can control the extent to which the edges in the graph change with Uy
and Us. Adjusting n and p is straightforward, as we will see later. Our focus is first on how to employ a specific
general graph structure and how to regulate the extent with which the graphs change with changes in the two
external covariates.
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We can represent our case as a grid of graphs, as illustrated in Figure 5, with Uy and U, positioned along the
horizontal and vertical axes, respectively. The process how the various graphs were generated will be explained
later. Graph (i1 is located in the bottom-left corner, followed by graph G2 to its right, and so forth, concluding
with graph G33 in the upper-right corner. We designate graph G, as the starting graph; it is randomly generated
according to a specific graph model. In this context, we consider two types:

1. The Erdos-Rényi (ER) graph, which has a single parameter , representing the probability of the existence of
any given edge. The expected density of the graph, defined as the number of edges divided by the total number
of possible edges (i.e., p(p — 1)/2) [1], is expressed as

EER [|EH = Tr.

Here, | E/| denotes the cardinality of the edge set, and IEgg signifies the expectation under the ER model. The
relevance of the expected density of the graph becomes apparent later.
2.  The Barabasi-Albert (BA) graph, which is a scale-free graph. The degrees of the graph follow a power law
distribution with an exponent of 3 [1]. The expected density [32] of this graph type is approximately given by
1

Epa [|B]] ~ ?i%477 22)

where [Eg represents the expectation under the BA model.

Us

A

3 4+

— U,

3

Ta @ =
| @

Figure 5. Illustration of the CNV model with two external covariates, U; and U, as used in the simulation study.
The values of U1 and U are shown on the horizontal and vertical axes, respectively. The ‘starting graph’ G11 is
located in the lower-left corner, followed by graph G2; to its right, and so on, ending with graph G33 is in the
upper-right corner. Figure 6 exemplify how these graphs were created.

As previously mentioned, we aim to control the extent to which graphs change with U; and U,. To achieve
this, we partition the starting graph into two equal-sized subgraphs. See, for an example, Figure 6a, where the first
subgraph is shown in orange and the second in blue. In cases where the number of variables p is odd, the first and
second subgraphs comprise [p/2] and |p/2| nodes, respectively, where [-| and |- | denote the ceiling and floor
functions. The adjacency matrix of the starting graph can be expressed in terms of these subgraphs as follows:

(23)

1
An = [Al A}

AT A2

Here, A} represents the adjacency matrix for the first subgraph, and A? is the matrix for the second subgraph.
Similarly, we divide the remaining eight graphs into subgraphs using the same structure:

Al A
A”:[AZT AJ
J

fort =1,2,3and j =1,2,3.
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Us Uy

/ starting graph

: i — U : i U
1 2 3 1 2 3
(a) Dividing the starting graph G11 (b) Changing the first subgraph
Uy Us
34 3 %i 4) %g / %g 4/
o< o< o<
2+ 2+ 4/ % i / 4/
o< o< o<
f } +—U; f } +—U;
1 2 3 1 2 3
(c) Changing the second subgraph (d) Combining the results

Figure 6. An example illustrating the generation of the nine graphs used in the simulation study. (a) The starting
graph is divided into two subgraphs (orange and blue). (b) The edges in the orange subgraph change with respect
to U;. (c) The edges in the blue subgraph change with respect to U>. (d) Combining both modifications in the
orange and blue subgraphs yields the nine graphs. Note that the edges between the two subgraphs (depicted in gray)
remain unaltered.

When varying Uy, only the subgraph corresponding to A} undergoes changes, while the remainder of the
graph remains unaltered. Similarly, when varying U, only the matrix A? undergoes changes. It is important to note
that the edges between the two subgraphs, represented here as A, remain constant throughout and form the core of
the network.

After sampling the starting graph G1; and obtaining A} and A?, we derive Al by randomly adding and
removing by edges, where b; denotes the number of edges that are modified at each step along the U; direction. If
there are up to by edges in the subgraph, all existing edges change. Subsequently, we obtain A} by altering b; edges
in AJ. A similar process is followed for the second subgraph: we obtain A2 by randomly adding and removing by
edges in the matrix A?. The matrix A3 is then created by modifying b, edges in the matrix AZ.

We visually depict this process in Figure 6. Figure 6a displays the starting graph GG1; with the first subgraph
depicted in orange and the second in blue. Changes occur exclusively in the edges of the orange subgraph as Uy
varies, as illustrated in Figure 6b. Similarly, only edges in the blue subgraph undergo changes with variations in Us,
as shown in Figure 6¢. Combining the changes made in the orange and blue subgraphs results in the nine graphs
depicted in Figure 6d.

Focusing on the number of edges by and b, that change with varying either Uy or Us may be challenging to
interpret, particularly for different values of p or the number of edges. Therefore, we find it more meaningful to
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think in terms of the percentage of edges in the graph that change with U; and Us. These percentages are denoted
as 7 and 7o. The number of edges changing with U; and U, are then given by

by = round (m E[| E]) and by = round (M E[|E|]), (24)

where round(-) rounds to the nearest integer. In other words, 7, and 75 represent the percentage of edges the graph
is expected to have (IE[| E'|]) that change with U; and Us, respectively.

We translate the obtained adjacency matrices into nine precision matrices. Subsequently, these precision
matrices are used to generate data using a normal distribution. We adopt a methodology similar to the one outlined
in Liu and Wang [33]. We define éij = vA,;; as the adjacency matrix for U; = i and Uy = j, multiplied by the
scalar v > 0. Let x;; represent the smallest eigenvalue of the matrix éw To ensure the precision matrix is positive
definite, we ‘increase’ the diagonal, specifically,

©,; = ©;; + diag (|rij| + 0.1 + u), (25)

where u > 0 is a scalar as well. Throughout our simulation, we maintain v = 0.4 and u = 0.1, consistent with the
values employed by Liu and Wang [33]. The corresponding covariance matrix is simply the inverse of the precision
matrix, i.e., 3;; = @i_jl, and is determined numerically. The data for each graph, X;;, consists of n independent
samples from the p-dimensional normal distribution A'(0, X;;).

In conclusion, our simulator follows the steps:

1. Specify the number of observations (n), parameters (p), initial graph type (ER or BA model), and the percentage
of edges in the graphs changing in the U; and Us directions (71 and m2);
Determine the number of changing edges b; and b, based on the percentages m; and 72 using Equation (24);
Generate the starting graph G1; with p vertices following the selected model from step 1.
Divide the starting graph G1; randomly into two subgraphs, see Equation (23) and Figure 6a;
Generate the adjacency matrix A} by randomly adding and removing b; edges from A}, see Figure 6b;
Generate A} by adding and removing b; edges from A} obtained in the previous step;
Repeat the last two steps for the adjacency matrices A3 and A2 by changing b, edges, see Figure 6c;
Steps 3—7 result in nine adjacency matrices, see Figure 6d. Determine the corresponding nine precision
matrices using Equation (25);

9. Numerically determine the covariance matrices (inverse of the precision matrices) from the previous step, and
10.  Generate nine data sets X;;, where X;; comprises n independent draws from the p-dimensional normal

distribution A/(0, X;;).

NN WD

2.8.1. Simulation Setup

In our simulation study, we explore various parameter settings outlined in Table 1. We set the number of
variables, p, to 100 and vary the number of observations, n, from 100 to 200. Both scenarios are high-dimensional,
as the number of edges in each graph is (’2’) = 4,950. As previously mentioned, we consider both the ER and
BA models. For the ER model, the density  is set to 10%. The sparsity of the BA model is constant, as given in
Equation (22). We partition the starting graph into two subgraphs with a probability of 0.5 and introduce variability
in the degree to which graphs change in the U; and Us directions by setting (71, 72) to (0.1,0.1), (0.1, 0.2), and

(0.2,0.2).

Table 1. Parameter settings for the simulation study

Description Parameter Value
Number of variables P 100
Number of observations n 100, 200
Density ER graph 0 0.1
Percentage edges changing with Uy m 0.1,0.2
Percentage edges changing with Us o 0.1,0.2

Using the CVN algorithm necessitates the specification of A; and A, along with the weight matrix W. To
improve interpretability and tuning stability, we reparameterize the penalties as follows:
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vy —2# and Yo =4 Az
T mp(p - 1) 27 m(m - 1)plp - 1)

While A\;, Ay act on global sums of penalties, 1, - directly control the shrinkage of individual edges
and edge pairs, making the penalty strength invariant to the number of potential edges. This distinction only
becomes relevant when the number of nodes, p or graphs, m varies; since our simulation study uses a fixed graph
size, both parameterizations are equivalent in practice (see Appendix B). We nonetheless adopt v; and ~y» for
clarity and consistency with the proposed formulation. In our simulation, we opt for (v1,v2) € I' x I', where
I'={10"5,5-10"5,10"%,5-10"4,1073,5- 1073}.

We explore three distinct weight matrices:

1. Wy = 0,,xm, the zero matrix. This corresponds to applying the GLASSO to each of the nine graphs
individually, i.e., there is no smoothing;
2. Wy, defined as

(01 01 0 0 0 0 O]
101 0100 O00O0
010001000
100 01 01 0O

Wgg=10 1 0 1 0 1 0 1 0 (26)

001 010001
0001 0O0O0T10
000010101

0 0 0001 0 1 0]

representing the scenario where each graph is smoothed with its ‘adjacent’ graphs, and
3. Wi = 1y xm — diag(1), a matrix of ones with zeros on its diagonal. In this case, each graph is equally
smoothed with every other graph.

See Figure 7 for a visual representation of the meta-graphs implied by these three weight matrices. Given
the simulation process for the nine graphs, the second weight matrix, W g4, mirrors the true underlying structure
closest. We repeat the simulation for each simulation setting and weight matrix 20 times.

2.8.2. Performance Measures

As performance measure, we consider the F}-score which we define here. Recall from the previous section
that the true adjacency matrix is denoted as A;; = (aglt] )) ,and let Ay;(71,72) = (a@? ), fyg)) be the
pXp X

estimated adjacency matrix for U; = ¢, Uy = j and tuning parameters -y; and 2. The number of true positives (TP),
false positives (FP) and false negatives (FN) are

3 3
TP(v1,%) = (Za(”) aly ’71,72)>7

=1 j=1 \s<t
3 3
FP(71,72) = Z Z (Z (1 N agj)) 'agij)(%,%)) and
i=1 j=1 \s<t
3 3
FN(71,72) Z Z <Z a(”) (1 - )(’71,72))>
=1 j=1 \s<t

Note that one needs to sum over all nine graphs. Using these definitions, we can express precision as follows:

TP (71’ ’72)
TP (y1,72) + FP (71,72)

Precision (7y1,72) =

And recall as:
TP (717 72)

TP (v1,72) + FN (71,72)

The F3-score is then simply the harmonic mean of the precision and recall:

Recall (y1,72) =

Precision (71, 72) - Recall (71, v2)
Precision (71, 72) + Recall (y1,72)

Fi(71,72) =
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The F1-score requires selecting the tuning parameters ~y; and 5 (or equivalently, A\; and \3). We consider all
values of (v1,72) € T' x I. If the selection is based on the AIC or the BIC, see Equations (20) and (21), respectively,
the F}-scores are given by

FAC—  min  AIC (v, and FP'C=  min  BIC (v1,7). 27
1 (1A erxT (71,72) 1 T (71,72) (27)

i.e., the scores obtained for the v; and ~» values that minimize the AIC or the BIC. Additionally, we consider the
oracle F-score, defined as the highest F-score achievable by the CVN algorithm when the true underlying graphs
are known. This value does not necessarily equal 1, as it is constrained by the model assumptions, regularization,
and finite sample size, which may prevent perfect recovery even under optimal tuning. This score is given by

Foracle: F, ) 28
1 (o hax 1 (71,72) (28)

The oracle score serves as a benchmark to determine the best possible performance achievable when selecting
the optimal tuning parameters.

Us Uy

34

U, t t f U,
1 2 3

(a) No smoothing, Wy (b) Grid, W;ig (¢) Fully connected, Wiy

le@®
@@ @
@@ @

Figure 7. A visualization of the three meta-graphs corresponding to the three weight matrices considered in the

simulation study.

2.9. Real Data Analysis

High doses of ionizing radiation (2 Gray [Gy]) used in childhood cancer treatment are known risk factors for
acute myeloid leukemia in children and for second primary neoplasms later in life. However, the effects of low
doses of radiation (<0.05 Gy), typically used in medical diagnostics, on the incidence of childhood cancer are
less understood.

Our case study uses data from the German ‘Cancer in childhood and molecular-epidemiology’ study (KiKme),
which was collected between 2013 and 2019 from 591 former childhood cancer patients registered in the German
Childhood Cancer Registry and cancer-free controls [19]. Within a sub-sample of carefully matched 156 participants,
a radiation experiment was conducted where individual reactions of long non-coding ribonucleic acids (IncRNAs)
to different radiation exposures in normal somatic cells of the same person were investigated. Primary fibroblasts
were donated from long-term childhood cancer survivors who had a first primary cancer during childhood (N1,
n = 52), with at least one second primary neoplasm (N2+, n = 52), and tumor-free controls (NO, n = 52)
(see Grandt et al. [34]). Cultured fibroblasts of each donor were exposed to 0 Gy (sham-irradiation), 0.05 Gy, and
2 Gy X-rays to investigate cellular reaction to ionizing radiation.

We used p = 191 genes that are annotated with the GO-term ‘response to ionizing radiation’ (GO:0010212).
All gene expressions were standardized with mean 0 and a standard deviation of 1 within each class. We estimated
all nine graphs based on the various combinations of the levels of the external covariates group (NO, N1, N2+) and
radiation (0, 0.05 and 2 Gy).

The tuning parameter to control the sparsity level was set to y; = 107 to achieve very sparse networks and
~2 = 1076 to enforce smoothness. We assumed a regular grid W4, see Equation (26), and a grid with weights
accordingly to the radiation doses:
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0.025 0 0.975 0 0.5 0 0 0 0
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0.5 0 0 0 0.025 0 0.5 0 0
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Readers interested in the second case study, an influenza vaccination study, are referred to Appendix D.

3. Results

In this section, we present the results from both the simulation and the case study.

3.1. Simulation Results

We consider 12 different parameter settings and repeat the simulation 20 times for each setting. We evaluate
the F'-score using the AIC and BIC criteria for selecting the tuning parameters ~; and o, see Equation (27).
Additionally, we assess the performance in an ‘oracle’ scenario where the true graphs are known, see Equation (28).

Figures 8—10 show results from the simulation study. These plots share a common structure: the top row
displays results for the ER graphs, while the bottom row shows results for the BA graphs. Additionally, the left
column corresponds to the setting with n = 200 observations, and the right column corresponds to the setting with
n = 100 observations.

Erdés-Rényi, p =100, n =200, Ty, =0.1, I, =0.1 Erdés-Rényi, p =100, n =100, 4, =0.1, I, =0.1

1.00 1.00
| 1
0.75 0.75 i
Q@ @
3 3
g 050 g 050
[ty o !
0.25 0.25
0.00 : ; 1 0.00 - ; 1
AlC BIC Oracle F1 AlC BIC Oracle F1
selection method selection method
Barabasi—Albert, p = 100, n = 200, ;, =0.1, I, =0.1 Barabasi—Albert, p = 100, n = 100, ;, =0.1, I, =0.1
1.001 1.001
| 1
0.75 0.75
]
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BIC Oracle F1

selection method

AlC

BIC Oracle F1
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Figure 8. The F-scores when the tuning parameters are selected based on the AIC, BIC, or an oracle. The top row
shows the results for the ER graphs, while the bottom row shows the results for the BA graphs. The left column
corresponds to n = 100 observations, and the right column corresponds to n = 200 observations. The parameters

m1 = 72 = 0.1 for all plots.

Figure 8 shows the [F-scores obtained using three different methods for selecting the ‘optimal’ tuning
parameters: AIC, BIC, and the oracle. These results pertain to the setting where m; = 7o = 0.1; similar patterns are
observed for other values of 7; and 75. The AIC performs reasonably well when n = 200, but extremely poorly
when n = 100. The BIC performs poorly in both cases, since it tends to be too stringent, resulting in very sparse
graphs. However, if the optimal values were known, one could achieve rather good F-scores. This is shown by the
oracle which performs best since it considers the true underlying structure of the CVN. This at least shows that,
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in principle, the CVN can be estimated rather well. Due to the poor performance of both information criteria, we
consider the oracle Fi-score for the rest of this section.
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Figure 9. The F'i-scores when the tuning parameters y; and 72 are selected using an oracle, with the CVN model
using either Wy (no smoothing), Wi, or Wiy as the weight matrix. The top row displays results for the ER
graphs, and the bottom row shows results for the BA graphs. The left column corresponds to n = 100 observations,

and the right column corresponds to n = 200 observations. The parameters 71 = m2 = 0.1 for all plots.
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Figure 10. The Fi-scores when the tuning parameters ~; and 2 are selected using an oracle, with the CVN model
using either Wy (no smoothing), Wgiia, or Wiy as the weight matrix. The top row displays results for the ER
graphs, and the bottom row shows results for the BA graphs. The number of observations is n = 200 for all plots. In
the left column, 71 = 0.1 and 72 = 0.2, while in the right column, 71 = 0.2 and 72 = 0.2.

Figure 9 shows the best I} -score achievable by selecting the ‘optimal’ +; and ~5 for different weight matrices.
Recall that, as described in Section 2.8, the grid weight matrix, W g, aligns best with the data-generating process.
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As expected, using the grid weight matrix yields the best results when n = 200. However, with fewer observations
(right column), the fully connected weight matrix, Wy, performs slightly better. This might be due to the fact that
smoothing all nine graphs simultaneously increases the ‘evidence’ for the existence of edges.

Figure 10 shows the best F-score when the extent to which the graphs change in the U; and U, directions
varies. Whether 10% or 20% of the expected number of edges change in these directions has little impact on the
algorithm’s performance. This pattern is consistent across other simulation settings as well.

All the simulation results can be found and explored interactively at cvn.bips.eu.

3.2. Real Data Results

Figure 11 shows the nine estimated graphs based on the KiKme dataset with y; = 5x 107% and v, = 5x 1076
and the weight matrix W,4. The nodes, corresponding to the p = 191 gene expressions, are positioned on a circle,
with lines indicating the edges. Red lines denote 42 edges present in al/l nine graphs, representing the ‘core graph’
unaffected by external covariates, while blue lines indicate edges present in only a subset of the graphs, i.e., the
edges that are influenced by the external covariates.

Figure 11. Comparison of graphs by group (rows) and radiation dose (columns). Estimated graphs based on W,q,
v = 5x107% and 42 = 5 x 107°. Blue lines denote 42 edges present in all nine graphs, black edges show
differences between graphs.

Here, the focus is not just on the graphs themselves, but also on the level of (dis)similarity between them.
Here, we consider the Hamming distances between graphs. Let ;&ij (71, 72) and Ay (71, 72) denote the estimated
adjacency matrices when (U; = i,Us = j) and (U; = k, Uy = 1), respectively, and the tuning parameters are 7,
and .. The Hamming distance between these two graphs is defined as the number of edges that is present in one
graph but absent in the other:
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Hamming distance (71, v2) = Z 1 (Egitj) (71,72) # Eiglzl) (71,72)) .
s<t

This distance reflects the number of edges that must be added and/or removed to transform one graph
into another.

Figure 12 shows a heatmap of the Hamming distances between the nine graphs. The first three rows/columns
represent the NO control group, the fourth through sixth rows/columns represent the N1 results, and the last three
rows/columns represent the N2+ results. Within these groups, the first row/column corresponds to no radiation, the
second to 0.05 Gy, and the third to the highest dose of 2 Gy. The color gradient represents the Hamming distances.
Within a group, there is almost no difference between no radiation and low radiation. However, these networks
are clearly different from those with the maximum radiation dose. The networks between cancer groups within an
intensity of irradiation are clearly different, regardless of the radiation dose.

0—-none
O-low
0-high Hamming
distance
1-none 40
1-low 30
20
1-high
10
2-none
0
2-low
2-high
Z N o & N QO @ R\ N
\ O RS \ O O Q O O
Q,oo § &S \/,00 N A q/,oo % oS

Figure 12. The Hamming distances between the nine graphs of a CVN with W, based on the KiKme data set
when~y1 =5 x 107° and 72 = 5 x 107°. The rows/columns are grouped together based on the cancer group the
individuals belong to.

Table 2 demonstrates that within each CVN subgraph, only a subset of nodes are interconnected. There
are only few differences within a group between radiation doses of 0 and 0.05 Gy, which may be due to random
variation. Notably, the size of the subsets decreases with increasing radiation dose, whereas the density and the
average node degree in each subgraph increases, implying a higher level of inter-connectivity among the remaining
genes. The TP53 gene consistently exhibits the highest degree centrality, indicating its importance in the network
regardless of the cancer group or radiation dosage. The TP53 gene encodes the tumor suppressor protein p53 that
regulates DNA repair, apoptosis, and cell cycle control. It plays a critical role in the prevention of cancer, and
mutations in this gene are common in human tumors.

Table 3 shows all adjacent genes of TP53 in each subgraph, nine of them being shared by all of them.
Interestingly, TP53 is only associated with BAX in the control group for all radiation doses. The expression of BAX
is upregulated in the presence of the tumor suppressor p53 following significant cellular damage, leading to the
initiation of apoptotic (programmed) cell death. This is beneficial for cancer prevention. If there is a mutation in
either TP53 or BAX, the process of TP53 initiating BAX may be disrupted and contribute to cancer development.
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Table 2. Characteristics of the 9 estimated subgraphs. Nodes in each subgraph have at least one adjacent node.

Singletons were removed from the original graph with p = 191 nodes.

G G Number of  Number of Graph Avg. Shortest Avg. Max. Degree
rou .
P y Nodes Edges Density Path Length Degree and Nodes
NO 0 31 75 0.16 2.38 4.84 21
NO 0.05 31 76 0.16 2.33 4.9 21
NoO 2 27 68 0.19 2.15 5.04 21
N1 0 31 63 0.14 2.33 4.06 15
N1 0.05 30 61 0.14 2.34 4.07 14
N1 2 25 57 0.19 2.24 4.56 13
N2+ 0 32 67 0.14 2.65 4.19 17
N2+ 0.05 32 67 0.14 2.65 4.19 16
N2+ 2 29 65 0.16 2.16 4.48 19
Table 3. Genes ajdacent to TP53 in the estimated CVN.
Gene Chr Description Found in NOO NO1 N02 NI10 NI1 NI2 N20 N21 N22
ATGAA X Autophagy Relﬁted 4a Cysteine No+ 0 0 0 0 0 0 0 0 |
Peptidase
RADSB 12 Rad) Checkpoint Clamp N2 o 0 0 0 0 0 1 0 0
Component B
STX6 1 Syntaxin 6 N2+ 0 0 0 0 0 0 1 1 1
TRIM13 13 Tripartite Motif Containing 13 N2+ 0 0 0 0 0 0 1 1 1
XRCC4 5 X-Ray Repair Cross N2+ o 0o o o 0o 0 1 1 1
Complementing 4
CES2 16 Carboxylesterase 2 2 Gy 0 0 0 0 0 1 0 0 1
SESN2 1 Sestrin 2 2 Gy 0 0 1 0 0 0 0 0 1
FBX02 15 F-Box Protein 22 in cancer group(s) and forNO-——— 0
with 2 Gy
XRCC6 » X-Ray Repajr'Cross in cancer grf)up(s) and for NO 0 0 | | 1 | 1 | |
Complementing 6 with 2 Gy
GRBy 17 Crowth Factor Receptor Bound control group 1 1 0o 0 0 0 0 0 0
Protein 2
Protein Kinase Amp-Activated
PRKAAI1 5 Catalytic Subunit Alpha 1 control group 1 1 0 0 0 0 0 0 0
TAF3 10 Tata-Box Binding Protein nNOandNlwith<=005Gy | 1 0 1 1L 0 0 0 0
Associated Factor 3
NOX4 11 Nadph Oxidase 4 control group 1 1 1 0 0 0 0 0 0
Bcl2 Associ X, A i
BAX 19 cl2 Associated X, Apoptosis control group 1 1 1 0 0 0 0 0 0
Regulator
Activating Signal Cointegrator 1
ASCC3 6 Complex Subunit 3 control group 1 1 1 0 0 0 0 0 0
T Protein P53 1 ibl
TPS3INPI 8 umor Protein P33 Inducible control group i1 1 0 0 0 0 0 0
Nuclear Protein 1
SPIDR 3 Scaffold Protein Irfvolved In 0-2 Gy in control group, unclear | 1 | 0 0 | 0 0 |
Dna Repair pattern for cancer groups
DNMT3A 2 DnaMethyltransferase 3 Alpha 0> 0 Ineomrol group unclear =y g g
pattern for cancer groups
-2 Gy i trol 1
NABPI 2 Nucleic Acid Binding Protein 1 -2 O ineontrol group,unclear
pattern for cancer groups
GADD4SA | Growth Arrest‘ And Dna Damage  0-2 Gy in control group, unclear | | | | | 0 | | 0
Inducible Alpha pattern for cancer groups
RHNOI 12 Rad9-Hus1-Radl Interacting 0-2 Gy in control group, unclear | | | | | | 0 0 0
Nuclear Orphan 1 pattern for cancer groups
RADOA 11 Rad) Checkpoint Clamp in all graphs | T TS KRS ES S S BN
Component A
HMGA2 12 High Mobility Group At-Hook 2 in all graphs 1 1 1 1 1 1 1 1 1
BLM 15 Blm Recq Like Helicase in all graphs 1 1 1 1 1 1 1 1 1
XRCC5 2 X-Ray Repair Cross in all graphs o111 1 1 111
Complementing 5
CASP3 4 Caspase 3 in all graphs 1 1 1 1 1 1 1 1 1
Ankyrin Repeat Family A .
ANKRA2 5 Member 2 in all graphs 1 1 1 1 1 1 1 1 1
SESN1 6 Sestrin 1 in all graphs 1 1 1 1 1 1 1 1 1
Tnf Receptor Superfamily .
TNFRSF10B 8 Menmber 10b in all graphs 1 1 1 1 1 1 1 1 1
ACER2 9 Alkaline Ceramidase 2 in all graphs 1 1 1 1 1 1 1 1 1
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4. Conclusions & Discussion

We introduced a new Gaussian graphical model called the covariate-varying network (CVN). This model
allows the graph structure to change with multiple discrete external covariates, e.g., time and groups. To achieve this,
we applied a LASSO penalty to the entries of the precision matrix to introduce sparsity. Additionally, we enforce
similarities, or ‘smoothness’, between the different graphs by penalizing the absolute differences between them. We
modeled smoothness using the concept of a meta graph with weighted edges, see Section 2.2. This approach is
the first to address the problem of a graph changing with multiple external covariates. Many previously existing
graphical models are special cases within the CVN graphical model class, see Section 2.3.

We determined that the complexity of our algorithm is cubic with respect to the number of variables (p*) and
squared with respect to the number of graphs (m?), see Section 2.5. This is a downside, as the algorithm becomes
computationally expensive and challenging to run for very large instances. The primary bottleneck is the second
update step, where the wFLSA must be solved for each of the (12’) edges.

We proposed an alternative tuning parameterization (see Appendix B) that leads to more stable choices, as it is
largely unaffected by the inclusion of additional variables or covariates. This approach can be easily adapted for use
in related models, such as the graphical LASSO. Furthermore, we demonstrated how to interpolate a graph G, 41,
for which no direct observations are available, using an estimated CVN model with m observed graphs.

We conducted a simulation study (see Section 2.8) using two types of graphs: Erd6s—Rényi and Barabasi—Albert.
These graphs were influenced by two external covariates, resulting in varied changes to the graph structure based
on each covariate. We found that the estimation of the CVN was generally successful across different scenarios.
However, selecting the tuning parameters poses significant challenges. The extent to which the graphs change with
the external covariates did not appear to impact performance. The authors anticipate that if higher percentages were
considered, one would see a decline in performance. It is important to note that comparing this method with others
is difficult since, to the best of our knowledge, there are currently no other methods capable of handling the CVN
graphical model.

To assess its applicability, we applied our method to a real dataset from the KiKme study (see Section 2.9). We
showed that the method is able to recover differences and similarities of gene expression network structures that are
specific to three different case/control groups and three different radiation dosages. This case study demonstrated
that CVN is capable of estimating plausible networks in a high-dimensional setting where the overall number of
samples (n = 156) is smaller than the number of nodes (p = 191). The number of samples for each subgraph was
therefore much smaller. We provide a second, fully replicable case study in Appendix D, which further demonstrates
that CVN can be readily applied to real data. The two data examples differ in the number of observations used
to estimate the m graphs. Due to the smoothing and weighting mechanisms in the CVN model, graphs borrow
strength from one another: larger-sample networks help stabilize smaller-sample networks with which they are
connected with in W. Consequently, when there are substantial differences in sample sizes, networks with much
larger samples tend to dominate the shared structure. In such cases, a larger \s or a suitably weighted W may be
needed to balance this effect. At the same time, excessively large A, values can lead to oversmoothing, potentially
masking genuine structural differences.

Moving forward, there are several avenues for future research. First, extending the method to handle continuous
covariates would be a promising direction, broadening its applicability across different datasets. Currently, dealing
with continuous external covariates necessitates data discretization. Second, based on our simulation study, we
observed that the performance of AIC and BIC for tuning parameter selection is notably inadequate. Exploring
alternative methods for parameter tuning could potentially improve performance. Lastly, due to the high algorithmic
complexity of our method, exploring alternative optimization strategies, including heuristic approaches, could help
reduce computational costs and enhance efficiency.

For practical applications, it is highly desirable to assess, after estimation, whether the inferred graphs differ
significantly. Recent work has addressed this challenge. For example,Meng et al. [16] proposed a debiased estimator
within a covariate-dependent Gaussian graphical regression framework, enabling valid statistical inference in
high-dimensional settings. This approach allows one to identify which edges are significantly associated with a
given covariate at a specified significance level. For smaller networks, Wang and Gao [15] established an asymptotic
distribution for their estimator, which enables testing not only whether a specific edge is associated with the ¢-th
covariate, but also whether the subgraphs differ statistically overall.

The algorithm has been implemented as an R package and is publicly accessible at https://bips-hb.r-universe.dev/
CVN. Additionally, the CVN data simulator is available as an R package at https://github.com/bips-hb/CVNSim,
and the codes for reproducing the simulation and case study are available at https://github.com/bips-hb/CVNStudy
and https://github.com/bips-hb/cvn-case-study, respectively.  The packages CVNSim, CVNStudy, and
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cvn-case-study are also povided via Zenodo (DOI: https://zenodo.org/records/19232261). All results of the
simulation study are hosted Shiny application at https://cvn.bips.eu.
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Appendix A. Interpolation

As outlined in Section 2.6, interpolating a graph G, 41 using an estimated CVN model @CVN involves solving
an optimization problem for each possible edge {s, ¢t} in the graph:

0 = argmin A |00V 4+ Aojw T 0y — 00TV,
00V eRr

Here, §(ST+1) represents the interpolated entry for the edge {s,t} in the precision matrix. The vector w =

(w1, wa, ..., wm)T contains predetermined, non-negative weights, and §st = (éﬁ?, 5(83), ce §£’tﬂ)) ! are the
estimated values in the precision matrices for edge {s,¢} of the m graphs. The tuning parameters are A\; > 0 and
Ay > 0.

Although this optimization problem lacks an analytical solution, it is convex, allowing for solving it numerically
using derivative-free search methods. We employ Brent’s algorithm for this purpose [28]. For ease of notation, let

2 =0"""" and y = B,,. The goal is to solve:

argmin f(z;y,w) = argmin A\ || + Ao ||wTy — a:||1 .
zeR zeR

The convexity of the function f(xz;y,w) in x is evident since

flazy + (1 — @)z y,w) < af (z1;y,w) + (1 — o) f(w2;y,w)

forall z1, 22 € R, a € [0,1], A\; > 0, A2 > 0, w € R and y € R™. This is easy to see for both
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lazy + (1 — a)zs| < alzy] + (1 — a)|ze|

and
||wTy — (axy + (1 — a)xz)Hl <« ||wTy - I1H1 +(1-a) HwTy - x2||1 .

Note that the sign of z (i.e., 5&””) is irrelevant in this context, as our objective is solely to determine the
existence of the edge {s, t} in the interpolated graph, i.e., whether @;ﬂﬂ) £ 0.

Appendix B. An Alternative Tuning Parameterization

Due to the computational complexity of the algorithm exploring an extensive range of values for the tuning
parameters \; and Ao is impractical, and, as mentioned above, obtaining expert or prior knowledge about ‘optimal’
values for these parameters is challenging.

We introduce an alternative parameterization for the CVN model. Instead of using A\; and )3, we propose
employing two different parameters, v; and 72, which we define in this section. The benefit of this new
parameterization is that the interpretation of these values do not heavily depend on the number of graphs (m) and/or
the number of variables (p).

Suppose a model has been fitted and the best values for the tuning parameters \; and Ay have already been
selected based on some criterion, see the previous section. Now, consider a scenario where the same data set is
used, but a number of variables are added or removed (thereby changing p), and/or other external covariates are
added or removed (changing the number of graphs m). Due to the way the model is defined, see Equation (5),
the interpretation of the penalty terms A; and A, change, i.e., the optimal values for the first model provide little
information about the best values for the tuning parameters for the new model.

Note that this challenge is not unique to the CVN model; it extends to other penalized regression problems
as well. However, this challenge is typically overlooked for two main reasons. Firstly, it is in other situations
uncommon for the considered variables to change. Secondly, the associated algorithm is usually computationally
light, making it straightforward to reapply to new datasets. Nevertheless, we would like to point out that the
alternative tuning parameterization proposed here may be useful for other LASSO-related methods as well.

In the existing parameterization, penalties are imposed on the sum of the L;-norm of the precision matrices,
governed by \;, and the sum of the L;-norm of the differences between the precision matrices, regulated by Ao, see
Equation (5). We propose a modification where we penalize each individual edge in the CVN model to regulate
sparsity, and each pair of edges in the CVN model to control the level of smoothness. We denote the new parameters
as vy, regulating sparsity, and 72, managing smoothness.

Recall that the total number of potential edges in the CVN model is mp(p — 1), and the total number of pairs
of potential edges is m(m — 1)p(p — 1). We define -; and 5 as follows:

A1
mp(p — 1)

A2
m(m —1)p(p — 1)

v =2 and Yo =4

Consequently, the sparsity penalty term can be expressed as

m

MO =Dl
=1

1=1 s<t

In other words, v regulates how much an individual edge in a graph is penalized. Consequently, alterations in
the number of edges have a relatively modest impact on this tuning parameter in comparison to A;. Similarly, the
smoothness penalty term of the CVN model can be written in terms of ~s:

XD 10— 0,15 = wi; S 76l — 0.

i<j 1<j s,t

Here, 5 is used to penalize a single pair of edges. Once more, changing the number of graphs and edges has
little effect on the interpretation of this tuning parameter.

The idea that optimal values for y; and 7, are consistent across various datasets hinges on the assumption that
both the sparsity of the graphs and their smoothness will remain relatively stable across those datasets.

We use ;1 and - in the simulation study (2.8). Given that we vary the number of variables, p, and the number
of graphs, m, one would otherwise need to consider different values for the tuning parameters A; and \s for the
different simulation setups. By using 7; and 72, we can consider the same tuning parameter range for all simulations.
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Appendix C. Illustrative Example of the Smoothing Term

To provide intuition for the smoothing parameter in CVN estimation, we illustrate how the off-diagonal
L1 norm
18: = @113 =D 10,60 — 05.5t]
s#t
relates to structural differences between graphs. We constructed a base precision matrix & for a 5-node network
and generated three variants with increasing differences by altering the values of specific entries corresponding
to edges:

*  Small difference (||©1 — Ogman ||(1’ff = 0.1): values for single "edge’ slightly altered.

. . ff .
*  Medium difference (||©1 — ©,cgiuml||; = 1.1): values for a few *edges’ increased or decreased.
off

*  Large difference (||@; — ®jqrgell; = 3): many values modified, reflecting multiple structural changes,
including new connections and removed edges.

Figure A1 shows the resulting networks. Small values of the norm correspond to graphs that differ only
slightly in their precision matrix entries, while larger values reflect substantial changes. This example provides
visual intuition for how the smoothing penalty influences the similarity between estimated networks.

Base graph Small diff
[I1=0.1

/V2 /Vz
V3 V3 \
V1

Vi

V5 V5

Medium diff Large diff
[l-I=11 [I-11=3

) ’-—-—-—"’__,.——”‘-—-/’V2
V3

% /v1
/

V5 V5

Figure Al. Illustrative networks showing increasing off-diagonal L; norm differences from the base graph.

Small values correspond to minor changes in precision matrix entries, while larger values reflect more
substantial differences.

Appendix D. Influenza Vaccination Study

In addition to our simulation studies, we analyzed a real data set previously considered by Wang and Gao [15].
We used the publicly available data provided in their GitHub repository (https://github.com/XuranMeng/MTCDGGM),
which is based on gene expression measurements from peripheral blood samples collected before and after trivalent
influenza vaccination [35]. The dataset comprises expression profiles of 68 selected genes measured at four time
points (Day 0, Day 1, Day 3, and Day 14), with sample sizes of 218, 217, 206, and 207 observations. These time
points denote the day before vaccination and 1, 3, and 14 days post-vaccination. These genes were chosen based on
evidence of both transcriptional response to vaccination and genetic regulation. Following Wang and Gao [15], this
dataset enables the investigation of dynamic gene regulatory networks and their changes over time in response
to vaccination. We applied our CVN method using a grid matrix W g with weights accordingly to the distance
between days.

Influenza vaccination triggers a strong, coordinated immune response, which reshapes transcriptional networks.
As shown in Figure A2, networks became sparser and several genes exhibited decreased connectivity in the
expression networks, including ABCA7, LRRC37A4, and PJA2, which are implicated in immune-related processes,
and SNHGS5 and VASHI, which are involved in cellular stress responses. This suggests a reorganization of
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co-expression patterns following vaccination. In contrast, fourteen days after influenza vaccination, NFXL1
exhibited increased connectivity, suggesting it may become more centrally integrated into the transcriptional
network. NFXL1 encodes a transcription factor that may regulate multiple target genes in response to vaccination,
suggesting a potential role in coordinating the post-vaccination transcriptional program.

Day 0 Day 1 Day 3 Day 14

Figure A2. Covariate-varying gene networks inferred from a set of 68 genes in the influenza vaccination dataset
studied by Wang and Gao [15]. Blue lines denote 45 edges present in all four graphs, black edges show differences
between graphs. The number of edges in these graphs are 136, 130, 75, and 99, respectively.
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