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Abstract: We study grey-body factors for a massless scalar field in the spacetime
of regular black holes arising in four–dimensional non-polynomial quasi-topological
gravity. We consider two representative metrics that capture the typical features of
regular geometries. Using the WKB method, we compute the transmission probabilities
and analyze their dependence on the regularization parameter. The grey-body factors are
found to deviate only slightly from the Schwarzschild case, indicating that the scattering
properties are largely insensitive to near-horizon regularization of the geometry. The
correspondence between quasinormal modes and grey-body factors is shown to be
sufficiently accurate for higher multipole numbers.
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1. Introduction

Understanding the behavior of gravity in the strong-field regime remains one of the central problems of modern
theoretical physics. In particular, the classical description of black holes predicts the formation of spacetime regions
where curvature invariants diverge and the classical evolution of geodesics breaks down. These pathologies are
generally interpreted as an indication that classical general relativity ceases to be applicable at sufficiently high cur-
vatures and that additional physical ingredients must intervene to regulate the geometry. Consequently, considerable
attention has been devoted to the search for black-hole solutions in which the interior structure is modified so that
curvature singularities disappear while the exterior stays close to the Schwarzschild or Kerr geometry.

One promising resolution is provided by regular black holes, in which the central singularity is replaced
by a smooth geometry with finite curvature invariants. In many such models, the near-origin region acquires an
effective de Sitter–like behavior, preventing the divergence of curvature scalars and ensuring geodesic completeness
of the spacetime.

Historically, most regular black-hole solutions were constructed phenomenologically. This was achieved
either by coupling Einstein gravity to exotic matter sources or by using effective models inspired by quantum
gravity [1–12]. While such models offer valuable insight into singularity resolution, their matter content is often
introduced ad hoc and does not necessarily follow from fundamental principles or a well-defined theory of gravity.
An alternative and conceptually appealing possibility is that regular black holes emerge as vacuum solutions of
modified gravity theories containing higher–curvature corrections. Such corrections are expected to appear naturally
in effective descriptions of gravity, for instance as quantum or string-inspired contributions that become important
in the strong-curvature regime.

Another motivation for studying regular geometries comes from the perspective of black-hole perturbation
theory and gravitational-wave astronomy. The ringdown phase of a perturbed black hole encodes information about
the near-horizon geometry through its quasinormal spectrum. Consequently, deviations from the Schwarzschild
structure near the center or the horizon may leave observable imprints on the oscillation frequencies and damp-
ing rates of the modes. Regular black holes therefore provide an interesting laboratory for investigating how
modifications of the strong-field geometry affect dynamical observables.
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Recently, it has been shown that regular black holes may arise naturally in four-dimensional non-polynomial
quasi-topological gravity [13]. In this framework, static and spherically symmetric vacuum solutions can be obtained
in closed form, while the field equations reduce to a remarkably simple algebraic relation for the metric function.
The resulting geometries are asymptotically flat and free of curvature singularities, reproducing well-known regular
metrics such as the Hayward and Dymnikova solutions without introducing additional matter fields. Within this
class of solutions, one can construct a generic metric profile depending on a small number of parameters controlling
the deviation from the Schwarzschild geometry.

These parameters effectively determine the structure of the near-core region and the extent to which the
geometry differs from the classical vacuum solution. In particular, they may regulate the transition between the
Schwarzschild-like exterior and the regular interior, thereby influencing both the horizon structure and the behavior
of perturbations propagating in the spacetime. The study of wave dynamics in such backgrounds, therefore, provides
an important tool for understanding the physical consequences of the regularization mechanism.

Understanding how such geometrically regular black holes interact with propagating fields is essential for
determining their observational signatures. In addition to the quasinormal spectrum that governs the ringdown
stage of perturbations [14], another important characteristic of black-hole spacetimes is the frequency-dependent
transmission probability of waves through the effective potential barrier surrounding the event horizon [15]. These
transmission probabilities are commonly known as grey-body factors. They describe the modification of the purely
thermal Hawking radiation spectrum due to scattering in the curved spacetime geometry and therefore play a key
role in determining the observable energy emission rates of black holes [16–20].

Grey-body factors have been extensively studied for a wide variety of black-hole geometries, including
asymptotically flat, de Sitter, and anti–de Sitter spacetimes, as well as for numerous modified gravity scenarios
(see, for recent examples, [21–43]). In asymptotically flat backgrounds, the grey-body factor corresponds to the
absorption probability of an incoming wave scattered by the effective potential barrier, while the complementary
reflection coefficient describes the portion of radiation returning to spatial infinity. These quantities encode detailed
information about the structure of the effective potential and, therefore, provide a useful probe of deviations from
the Schwarzschild geometry.

Quasi-topological gravity offers an elegant framework for constructing regular black-hole spacetimes [44–46].
In the present work, we investigate grey-body factors for a test scalar field propagating in the spacetime of regular
black holes arising in four-dimensional non-polynomial quasi-topological gravity [13, 47]. We focus on two
representative metric functions found in [13], which illustrate the typical behavior of such geometries.

Our goal is to determine how the near-horizon modifications responsible for regularizing the geometry
influence the scattering properties of fields and the corresponding absorption probabilities. Since grey-body factors
are determined by the same effective potentials that govern quasinormal oscillations, they provide complementary
information about the interaction between waves and the gravitational potential barrier. In particular, deviations of
the effective potential from the Schwarzschild case may lead to characteristic shifts in the transmission spectra and
energy emission rates.

The paper is organized as follows. In the next section, we briefly introduce the two specific metrics considered
in this work. We then derive the perturbation equations for scalar fields and formulate the scattering problem
relevant for the computation of grey-body factors. Subsequently, we evaluate the transmission probabilities and
absorption cross sections using the WKB approach and analyze their dependence on the parameters controlling
the deviation from the Schwarzschild geometry. We also test the correspondence between grey-body factors and
quasinormal modes. Finally, we summarize our results and discuss their physical implications.

2. Regular Black Hole Metrics in Quasi-Topological Gravity

We now consider the specific class of regular black hole metrics arising from four-dimensional non-polynomial
quasi-topological gravity. In this framework, the field equations for a static spherically symmetric ansatz reduce to a
single algebraic equation for the metric function, allowing solutions to be found in closed form.

We begin with the general static spherically symmetric line element

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2. (1)

For a broad class of models within this theory, the metric function can be expressed in the following generic
form [14, 48]

f(r) = 1− 2Mrµ−1(
rν + αν/3(2M)ν/3

)µ/ν , (2)
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where M is an integration constant identified with the asymptotic mass and α (with dimensions of length squared)
is a parameter that controls deviations from the Schwarzschild geometry. It is convenient to denote α = l2 and
measure all dimensional quantities in units of the black hole mass M .

In the present work, we consider two particular models, one of which arises from the above general solution
for specific values of the integers µ and ν. The first model suggested in [13] corresponds to

f(r) = 1− 2Mr2√
4l4M2 + r6

, (3)

which represents a regular black hole solution obtained within the quasi–topological gravity framework. The parameter
l controls the strength of regularization and determines the deviation of the metric from the Schwarzschild spacetime.

The second model we consider falls outside the general class and is given by the following metric function [13],

f(r) = 1−
r2

(
1− e−

l2M
r3

)
l2

. (4)

Both metrics are asymptotically flat and reduce to the Schwarzschild solution in the limit l → 0. At the same
time, the geometry remains regular at r = 0, where curvature invariants remain finite. The deviation from the
Schwarzschild spacetime is mainly localized in the near–horizon region, where the effective potential governing
wave propagation is modified.

In the following sections, we analyze the propagation and scattering of a test massless scalar field in these two
regular black hole backgrounds and compute the corresponding grey–body factors.

3. The Scattering Problem

We consider the propagation of a test massless scalar field in the background of a static, spherically symmetric
black hole spacetime. The field obeys the covariant Klein–Gordon equation

1√
−g

∂µ
(√

−g gµν∂νΦ
)
= 0. (5)

For a general metric of the form

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2, (6)

we decompose the scalar field as

Φ(t, r, θ, ϕ) = e−iωtΨ(r)

r
Yℓm(θ, ϕ), (7)

where Yℓm are spherical harmonics. Substituting this ansatz into the wave equation yields a Schrödinger–type radial
equation

d2Ψ

dr2∗
+
(
ω2 − V (r)

)
Ψ = 0. (8)

Here, the tortoise coordinate r∗ is defined by

dr∗
dr

=
1

f(r)
, (9)

which maps the event horizon r = rh to r∗ → −∞ and spatial infinity to r∗ → +∞. For a massless scalar field,
the effective potential is

V (r) = f(r)

(
ℓ(ℓ+ 1)

r2
+

f ′(r)

r

)
. (10)

In asymptotically flat black hole spacetimes, this effective potential vanishes at both boundaries,

V (r) → 0, r∗ → ±∞, (11)

forming a potential barrier outside the event horizon. The scattering of waves by this barrier determines the
grey-body factors.

In the scattering problem one considers a wave incident from spatial infinity toward the black hole, and the
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asymptotic solution may be expressed as

Ψ ∼

{
T e−iωr∗ , r∗ → −∞,

e−iωr∗ +Reiωr∗ , r∗ → +∞,
(12)

where T is the transmission amplitude (the part of the wave absorbed by the black hole) and R is the reflection
coefficient. Conservation of the Wronskian implies

|R|2 + |T |2 = 1. (13)

The grey-body factor, or absorption probability, for a given multipole number ℓ is defined as the transmission
probability

Γℓ(ω) = |T |2. (14)

Physically, it represents the probability that a wave originating from infinity penetrates the potential barrier
and reaches the event horizon. By time-reversal symmetry of the S-matrix, it also equals the probability that a wave
emanating from the horizon reaches a distant observer. These factors modify the Hawking radiation spectrum and
determine the black hole’s absorption cross-section.

Within the WKB approximation, the transmission probability through a potential barrier can be expressed in
terms of the properties of the effective potential near its maximum. For a potential with a single peak at r = r0 the
WKB formula gives [49, 50]

Γℓ(ω) =
1

1 + exp(2πiK)
, (15)

where the quantity K follows from the WKB expansion [49–52]

K = i
ω2 − V0√
−2V ′′

0

+ Λ2 + Λ3 + · · · . (16)

Here, V0 denotes the value of the effective potential at its maximum and V ′′
0 is the second derivative of the

potential with respect to the tortoise coordinate at that point. The terms Λi represent higher-order WKB corrections
that depend on progressively higher derivatives of the potential at the maximum. Explicit expressions for these
corrections are known up to high orders and allow one to compute grey-body factors with good accuracy for a wide
range of frequencies.

The WKB method provides a particularly efficient approach for computing grey-body factors because it
requires only local knowledge of the effective potential near its peak. For low multipole numbers, the method
remains reliable, provided sufficiently high orders of the WKB expansion are used, while in the eikonal limit ℓ ≫ 1

the approximation becomes asymptotically exact. Here we used the 6th WKB order, as it usually produces sufficient
accuracy when compared with more accurate methods.

4. Grey-Body Factors and Correspondence with Quasinormal Modes

In the eikonal regime, the scattering problem admits a simple analytic description, revealing a direct relation
between the transmission probability and the black hole’s fundamental quasinormal mode. In this limit, the
grey-body factor can be expressed as [53, 54]

Γℓ(Ω) ≡ |T |2 =

1 + e
2π

Ω2 −Re(ω0)
2

4Re(ω0)Im(ω0)


−1

+O
(
ℓ−1

)
. (17)

This relation exemplifies the well–known correspondence between grey–body factors and quasinormal modes
in the eikonal limit. For large multipole number ℓ, both quantities are determined by the same characteristics of
the effective potential near its maximum. Specifically, the real part of the fundamental quasinormal frequency
Re(ω0) is associated with the oscillation frequency of waves trapped near the peak of the potential barrier, while
the imaginary part Im(ω0) characterizes the instability timescale. This correspondence has been extensively tested
in numerous recent studies [22, 27–30, 32, 33, 38, 41, 42, 55–57], typically showing excellent accuracy for higher
multipole numbers.

Our computed grey-body factors (see Figures 1–4) show that the considered regular black-hole metrics yield
only very minor deviations from the Schwarzschild case. This behavior can be understood from the structure of the
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effective potential governing scalar-field propagation. In both models, the metric differs from the Schwarzschild
geometry mainly in the near-horizon region, while the position and overall shape of the potential barrier remain
almost unchanged. Since the transmission probability is primarily determined by the properties of the potential near
its maximum, such localized modifications produce only minor corrections to the grey-body factors. Consequently,
both the fundamental quasinormal mode and the corresponding transmission spectra remain very close to their
Schwarzschild counterparts. Moreover, the correspondence between grey-body factors and quasinormal modes
works well even for ℓ = 1 and becomes essentially exact for ℓ = 2 (see Figures 2 and 4), with the difference
between the WKB approximation and the quasinormal-mode prediction becomes negligible. However, for the
monopole case ℓ = 0 the WKB approximation is known to be inaccurate, rendering the correspondence unreliable
in this regime. We therefore restrict our analysis to ℓ ≥ 1. Overall, our results indicate that grey-body factors are
remarkably stable [58–61] under regularization of the geometry. This stands in contrast to the higher overtones of
quasinormal modes, which are known to be far more sensitive to near-horizon modifications of the spacetime [62].
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Figure 1. Grey-body factors for the black-hole model I: ℓ = 1, l = 0.1 (blue) and l = 1.24 (red) M = 1.

0.2 0.4 0.6 0.8

W

0.2

0.4

0.6

0.8

1.0

GHWL

0.2 0.4 0.6 0.8

W

0.002

0.004

0.006

0.008

DGHWL

Figure 2. Grey-body factors for the black-hole model I: ℓ = 2, l = 0.1 (blue) and l = 1.24 (red) M = 1.
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Figure 3. Grey-body factors for the black-hole model II: ℓ = 1, l = 0.1 (blue) and l = 0.5 (red) M = 1.
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Figure 4. Grey-body factorsfor the black-hole model II: ℓ = 2, l = 0.1 (blue) and l = 0.5 (red) M = 1.
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