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1. Introduction

Astrophysical black holes are not realized in isolation but are embedded in galactic environments whose
large-scale dynamics are dominated by dark matter. A wide range of astronomical observations—from galactic
rotation curves to gravitational lensing and large-scale structure formation—provides compelling evidence for the
existence of extended dark matter halos surrounding galaxies and clusters [1,2]. Although the fundamental particle
nature of dark matter remains unknown, its macroscopic gravitational influence is well established. In practice, this
influence is modeled through phenomenological density profiles, such as the Hernquist and Navarro—Frenk—White
(NFW) distributions [1,3], which successfully reproduce observed mass distributions in galaxies and are routinely
employed in both galactic dynamics and cosmological simulations.

These halo models specify the radial dependence of the energy density but do not uniquely determine
the associated pressure components. As a consequence, there is considerable freedom in constructing effective
anisotropic fluid descriptions consistent with a given density profile. This freedom allows one to explore different
gravitational configurations supported by the same underlying halo phenomenology [4—11].

It has been demonstrated that Dehnen- and Einasto-type density distributions, when supplemented by the
condition on the radial pressure P, = —p, can give rise to regular black-hole geometries free of curvature
singularities [12, 13]. The existence of regular black-hole solutions for this equation of state was first noted in [14],
albeit in a setting not associated with specific matter distributions or galactic environments. Motivated by this
observation, we investigate the possibility of constructing exact black-hole solutions sourced by realistic dark matter
halos, concentrating in particular on the Hernquist profile. We show that, in contrast to certain other density models
that naturally produce regular interiors under suitable pressure prescriptions, the Hernquist distribution generically
leads to spherically symmetric black-hole solutions that retain a central singularity. Since the Hernquist profile
constrains only the density while leaving the pressure unspecified, the adopted pressure choice remains compatible
with halo phenomenology, yet it does not automatically guarantee regularity at the center.

The structure of the paper is as follows. In Section 2, we formulate the general framework for static, spherically
symmetric matter configurations and derive the appropriate Einstein field equations governing the geometry.
Section 3 is devoted to explicit realizations of the solutions obtained for various parameter choices within the
Hernquist density profile, where we discuss their main geometric and physical characteristics. Finally, in Section 4
we discuss our results.
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2. Spherically Symmetric Dark-Matter Halos and Black-Hole Configurations

Dark matter halos surrounding galaxies are commonly described within an effective anisotropic fluid
framework, leading to approximately spherical mass distributions on large scales [15]. Various empirical density
profiles are used in galactic modeling, depending on the morphology and mass of the host galaxy. A broad class of
halo distributions may be represented by the generalized form [16,17]

p@d2havkpa(2)_“<14(2)k>ﬁavk, (1)

where a sets the characteristic halo scale and p, = p(a) determines the overall normalization. The total mass
enclosed within a halo of radius s > a is given by

S
Mpa10 = 47r/0 r2p(r) dr, 2)

and we assume « < 3 to guarantee convergence of the integral. Here we will follow the general approach of [12]
which will be slightly modified in the end of the section via the introduction of a new constant of integration.

2.1. Geometry and Field Equations

To construct black-hole solutions embedded in such halos, we adopt the general static, spherically symmetric
line element

2 _ _ o Br) 15 a0, o 2
ds® = —f(r)dt* + o) dr® + 17 (d6” + sin? 0 dp?) 3)

with B(r) > 0.
Instead of introducing f(r) directly, it is convenient to define the Misner—Sharp mass function m(r) through

B2 2 -
f(r) r
The event horizon g is located at the largest root of f(r¢) = 0, which is equivalent to
ro = 2m(rop). 5)
The matter content is described by an anisotropic stress-energy tensor of diagonal form,
T*", = diag(—8mp, 8P, 8P, 87P), (6)
where p(r) is the energy density, P,.(r) the radial pressure, and P(r) the tangential pressure.
Einstein’s equations reduce to two independent differential relations,
d
== am?(r), %
dB p(r) + P.(r)
— = 4nr’B(r) mLt—12 8
dr mrB(r) r —2m(r) ®)
Finally, using (4), we obtain the expression for f(r) as follows:
2m(r
)= ey (1- 2200, ©

2.2. Horizon Regularity and Equation of State

Regularity of B(r) at the horizon requires that the numerator in Equation (8) vanish when r — rq, since
r — 2m(r) tends to zero there. Consequently,

p(ro) + Py (ro) = 0. (10)
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Following [12], we adopt the vacuum-like equation of state

Pr(r) = —=p(r), (11

which automatically satisfies condition (10).

It is important to stress that empirical halo profiles such as the Hernquist model prescribe only p(r), without
specifying a unique relation between pressure and density. In collisionless descriptions based on the Jeans equations,
pressure emerges effectively from velocity dispersion and is not constrained by a simple equation of state. Therefore,
choosing P. = —p does not contradict the phenomenological foundations of the Hernquist profile; rather, it
represents a consistent effective description that ensures desirable properties of the resulting spacetime geometry.

2.3. Explicit Form of the Solution

With the condition (11), Equation (8) integrates trivially to
B(r) =1, (12)

so that the metric simplifies to the standard Schwarzschild-like gauge.
The tangential pressure then follows from the angular components of Einstein’s equations,

d
P(r) = —p(r) - 5 2F. (13)

For the generalized density profile (1), this can be written explicitly as

p(r) a2 —a)+r*(2—-7)

P(T) = 9 ak +7’k (14)
Finally, integrating Equation (7) gives
m(r) = 471'/ x?p(x) dx + Mo, (15)
0

where M is an integration constant associated with the central mass contribution. In [12] this constant is equal to
zero, which is not compulsory in our case.

Thus, starting from a prescribed halo density profile and adopting a physically admissible radial equation of
state, one obtains a family of exact spherically symmetric black-hole solutions supported by dark matter.

3. Illustrative Families Of Solutions

Of particular interest are halo configurations with v > 3, for which the total mass integral converges as s — o0.
In this case, the dark matter distribution extends to arbitrarily large radii while still producing a finite asymptotic
mass. This property allows one to construct analytically tractable black-hole geometries supported by matter that is
present everywhere in space.

3.1. Hernquist Profile: a =1, v=4, k=1

The Hernquist model [3] corresponds to the parameter choice « = 1, v = 4, k = 1. For this case, the mass
function can be integrated explicitly, leading to

2m(r) 2My  2(M — Mgy)r
=1- =1- — 16
f(r) r r (r + a)? (16)
The total asymptotic mass is obtained from
e}
M = 47T/ p(r) ridr + My = 16mpaa® + M. (17)
0
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The solution possesses a singularity in the center for any a, My and M, since the Kretschmann scalar diverges
asr — 0,
48 M2 n 32(M — My)(M + 2My)

A
R/w)\oR'uV 7 D)

r6 a*r
192 (Mg — M?)
a1+ 0(1).
a=Tr
If My > 0, the geometry generically admits an event horizon. In the limiting case M = 0, the existence of a
horizon depends on the halo scale parameter: a black hole forms provided 0 < a < M/2.
Hawking temperature is given by relation

!

T =L (18)
4ar

r=7o
where 1 is the radius of the event horizon. The Hawking temperature in the limit A/ = 0 has a simple form,
M (,/M(M " 2a) — 2a+ M)
TH = 3 (19)
o (\/M(M —2a) + M)
1 (12 3
= S szmp TOW

Thus, we see that the galactic halo leads to only slight decrease of the Hawking temperature (see Figure 1).
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Figure 1. Hawking temperature as a function of halo parameter a for the two models: Hernquist model o = 1,
y=4,k=1,My=0(@ed)anda =0,y =4,k =1, My = 0 (blue).

3.2. Generalized Profile with k = 2

A natural extension is obtained by keeping o = 1, v = 4 while choosing & = 2. The resulting metric function

takes the form o1 oM — M
flry=1-=—"- M —Mo)r 20)
T (\/a2+r2+a)\/a2+r2

and the corresponding asymptotic mass reads
o0
M = 477/ p(r) r2dr 4+ My = 8V/2 mpaa® + M. (21)
0

In this configuration, an event horizon exists for any a > 0 provided M > M, > 0. Thus, the parameter range
leading to black-hole solutions is broader than in the £ = 1 Hernquist case. The Kretschmann scalar again diverges
for any values of the parameters,

48MZ | 4(M — Mp)(2M — 5My)

Ruuz\o’ _
r6 adr?

R,uu)\a + 0O (1) .
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33. Casea=2,v=4k=1

Choosing o = 2 with v = 4 and k = 1 leads to a particularly simple analytic expression:

) =1 2Mo _ 2(M — M) o)

r r+a

The total mass is again
M = 16mpaa® + M. (23)

As in the previous cases, M > 0 guarantees the existence of a horizon. When M = 0, a black-hole solution
is obtained if the halo parameter satisfies 0 < a < M/2. The central singularity persists for any values of the
parameters, because

RMUAO’ _

48MZ | 32AM — Mo)My ) ( 1 )

R vAo
" 76 ard

A
The Hawking temperature is

1 a®Mo(M — M) s
Ty = 24
s VAR QU 24

which again means relatively small correction to the temperature due to halo. When My = 0, the Hawking
temperature does not depend on a, coinciding with that of the Schwarzschild black hole.
3.4. Regular Configuration: o« =0,v=4, k=1

Finally, consider the case a = 0, v = 4, k = 1. Here both the density and the pressure remain finite at the
center, and therefore the geometry may be regular if the central mass parameter vanishes. The lapse function becomes
QMO 2(M — Mo) 7’2

r (r+a)s

) (25)

with the asymptotic mass 64
M = gﬂ'paa?’ + M. (26)

The Kretschmann scalar diverges only if My # 0,

48M¢ N 96(M — My) Mo (61 — a)

UVNO
R 76 adr2

Rp,l/)\o'

96(M — M) (M — 21M)
+ "

+0O(r).

When M = 0, the Kretschmann scalar if finite everywhere, the solution has a de Sitter core and coincides
with the regular black-hole geometry previously obtained in [12]. In contrast to the Hernquist-type profiles discussed
above, the absence of a central mass term here allows for a nonsingular interior supported entirely by the halo matter.

These examples illustrate how different parameter choices within the same general density framework lead to
qualitatively distinct black-hole geometries. Depending on the interplay between the halo scale a and the central
mass parameter M, one may obtain either singular or regular solutions, as well as different horizon structures.

4. Discussions and Conclusions

Black holes embedded in galactic dark-matter halos have been the subject of numerous investigations in recent
years. For singular geometries surrounded by realistic halo distributions, a broad range of physical phenomena has
already been explored. These include the analysis of quasinormal-mode spectra and ringdown behavior [7, 18-27],
the computation of grey-body factors and absorption properties [28,29], as well as optical signatures such as
shadows and gravitational lensing patterns [5,30-38]. In addition, dynamical aspects—most notably accretion flows
and related astrophysical processes—have also been addressed within this framework [39,40].

In this work we have constructed and analyzed a class of static, spherically symmetric black-hole solutions
sourced by galactic dark matter halos within the framework of Einstein gravity. Starting from a generic density
profile describing realistic halo distributions, we showed that imposing the vacuum-like radial equation of state
P, = —p leads to exact analytic solutions. This condition guarantees regular behavior of the metric functions at
the event horizon without altering the prescribed density profile, but it does not by itself ensure regularity at the
spacetime center.
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We investigated several representative choices of halo parameters, including the widely used Hernquist profile.
Our analysis demonstrates that, in contrast to certain Dehnen- and Einasto-type models, the Hernquist distribution
does not generically support a regular black-hole interior under the same pressure condition. Instead, the resulting
geometries typically retain a central singularity whenever a nonvanishing integration constant M, is present. Only
in special cases, such as profiles with finite central density (e.g., & = 0), can fully regular black-hole solutions be
obtained when the central mass term vanishes [12].

We also identified the parameter domains in which event horizons form and clarified how the interplay between
the halo scale a and the integration constant M determines the global structure of the spacetime. The solutions
constructed here provide explicit examples of black holes embedded in realistic galactic environments and illustrate
how different halo profiles can lead to qualitatively distinct interior geometries.

Our results highlight that the presence of dark matter alone does not automatically guarantee regularization of
the central singularity; rather, the outcome crucially depends on the detailed structure of the density profile and the
chosen effective pressure prescription. These findings contribute to a better understanding of how astrophysically
motivated matter distributions influence black-hole geometries in general relativity. In this context analysis of
quasinormal modes for the obtained solution in numerical [4 1-44] and analytic [45,46] ways could be possible
direction of further research.
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