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1. Introduction

Quasinormal modes and grey-body factors are two fundamental characteristics describing wave dynamics in black-
hole spacetimes [ |—6]. The quasinormal spectrum governs the ringdown phase of perturbations and encodes information
about the geometry and stability of the background, playing a central role in gravitational-wave phenomenology [7—10].
Grey-body factors, on the other hand, determine the transmission probability of waves through the effective potential
barrier and thus control the spectrum of Hawking radiation and scattering properties of the black hole. Together,
quasinormal modes and grey-body factors provide complementary insights into the dynamical and radiative aspects of
black-hole physics, linking classical perturbation theory with quantum emission processes.

An efficient and economical approach for evaluating both quasinormal modes and grey-body factors is provided
by the Wentzel-Kramers—Brillouin (WKB) approximation. Originally introduced into black-hole perturbation
theory by Schutz, Iyer and Will [11, 12], the method exploits the barrier-like structure of the effective potential
and allows one to extract characteristic frequencies and transmission coefficients from local information near its
maximum. Owing to its simplicity and relatively low computational cost, the WKB approach has become a standard
and widely used tool in studies of black-hole spectroscopy and wave scattering [13—43].

While the previously released public Mathematica® implementation of the WKB method [44] incorporated
corrections up to the 13th order together with Padé resummation [45], the present version extends the expansion up
to the 16th order [46]. More importantly, the new code evaluates the derivatives of the effective potential numerically
at its maximum, rather than constructing full analytic expressions for the higher-order derivatives. In cases where the
potential is algebraically complicated or contains non-rational functions, the symbolic differentiation required by the
earlier implementation becomes extremely time-consuming and may even render the computation impractical. By
relying on the values of derivatives at the peak, the updated code achieves a dramatic improvement in performance:
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calculations that previously required hours, or were effectively unfeasible, are now completed within a fraction
of a second.

The manuscript is organized as follows. In Section 2, we briefly outline the WKB approach for the calculation
of quasinormal modes and grey-body factors. Section 3 summarizes the improvements implemented in the
Mathematica® package. In Section 4, we present analytic expansions beyond the eikonal approximation for
quasinormal modes and grey-body factors derived from the WKB formula, while Section 5 is devoted to the
correspondence between quasinormal frequencies and grey-body factors, which is also incorporated into the package.
Finally, in Section 6, we summarize the main features of the package and provide an outlook on possible extensions
and future applications of the presented methods. In addition, an ancillary Mathematica® notebook containing
illustrative examples of the discussed WKB applications is made available at https://arxiv.org/src/2603.12466v 1/anc.

2. Boundary Conditions and Essentials of the WKB Approach

We consider the general scattering problem for a wavelike equation

d>v

W = U(x,w)‘ll, (1)

where the effective potential U (x,w) depends on a nonvanishing frequency w # 0 and has the form of a single-
barrier potential, approaching negative constants as x — Foo. When the effective potential is asymptotically
constant, solutions of Equation (1) in the asymptotic regions are superpositions of ingoing and outgoing waves.

We assume the time dependence of the perturbation function to be proportional to oc e~ %, The scattering
problem is defined by the boundary conditions

U= Ug(2) + RUG(z), o — +oo,

v TY (x), T — —00, @

where R and T are the reflection and transmission coefficients, respectively. Here U~ is the wave going to the left
asymptotic, satisfying,

—ik_x
e w>0
U~ (z— — , ’ ’ 3
O L B, G
while U (x) and U, (z) are, respectively, the ingoing and outgoing wave at the right asymptotic, such that
Utz — 00) €T, w>0, O]
in eik+z7 w < 0’
and "
n et w >0,
Wgu (@ — 00) o { emihiT <0, (5
The asymptotic wave numbers satisfy the dispersion relations
2 _ .
ki (LU) - EEI:EOO U(:I"a CU), (6)
and we choose Re(ky) > 0.
In black-hole perturbation theory, Equation (1) is typically written in terms of the tortoise coordinate,
dr
de = ——, )]
f(r)

where 7 is the radial coordinate and f(r) is the blackening factor, so that z — +oco corresponds to spatial infinity
and z — —oo to the event horizon.

In order to obtain the reflection and transmission coefficients, we employ the WKB approximation. The WKB
method is based on matching the asymptotic solutions with the Taylor expansion of the solution near the maximum
of the potential barrier at x = x,,. The matching is performed through the two turning points, defined as the zeros
of U(x,w). As aresult, one obtains the S-matrix relating the asymptotic amplitudes, expressed in terms of the value
of the potential at its maximum,

Up(w) = U(xm,w), (8)

and its higher derivatives,
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U

d*U
) = o e

a3U
= O7 UQ(OJ) = U3((U) = @ 5

T T=Tm T=Tm

)
The resulting WKB condition takes the form
0= UQ(OJ)—i-AQ(K2)+A4(K:2)+A6(K:2)+. =i/ _2U2(W) (1 + A3(’C2) + A5(’C2) + A7(IC2) + .. ) , (10)

where Ay (K?) are the WKB corrections of order k. These corrections are polynomials in K2 and the derivatives
Us(w), Us(w), ..., U (w) with rational coefficients, divided by appropriate powers of Us(w). The explicit forms
of Ay(K?) and A3(K?) were obtained in [12], the corrections A4(K?), A5(K?), and Ag(K?) were derived in [47],
and the higher-order terms were computed in [45,46].

For a real effective potential, the quantity K is purely imaginary and is related to the reflection and transmission
coefficients by [12]

|R|? = mﬁ 0<|R? <1, (11)
|T|? Hcﬁ =1-|R]%. (12)
The transmission probability defines the grey-body factor,
— |72 1
INw)=|T)" = T3k (13)

At the eikonal level, Equation (10) yields the unique solution

=i Jow) (14)

V20U (w)’
while higher-order WKB equations possess multiple roots for a given w. As long as we consider the terms
As(K?), A3(K?), ... as small corrections to the eikonal approximation, the physically relevant root to Equation (10)
can be chosen as the one closest to the eikonal value.

Quasinormal modes can be formulated as a special case of a scattering problem, in which the corresponding
solutions are purely outgoing at spatial infinity and purely ingoing at the event horizon. They are characterized by
complex eigenfrequencies w, whose real parts represent the oscillation frequencies, while the negative imaginary
parts determine the decay rates. Within the WKB approach, quasinormal frequencies are obtained via analytic
continuation of the S-matrix into the complex frequency plane and are associated with the poles of the Gamma
functions [12]

1 1
r (—IC + 2) for Re(w) >0 and r (IC + 2) for Re(w) < 0.
This leads to the quantization condition

1
,C{+n+2, Re(w) >0, n=0,1,2,.... (15)

—n—3%, Re(w) <0,

For these values of /C, the denominators in Equations (11) and (12) vanish, reflecting the fact that quasinormal
modes correspond to poles of the reflection and transmission coefficients.

In practice, quasinormal frequencies are computed by fixing the parameters of the effective potential, deter-
mining numerically the position x,, (w) of its maximum, and solving Equation (10) for X given by Equation (15).
In many spherically symmetric black-hole spacetimes, the effective potential depends on the frequency in the
simple form

Uz,w) = V(z) —w? (16)

In this case, Equation (10) gives a closed-form expression for the quasinormal-mode frequencies w,, as
functions of the overtone number n and the derivatives of the effective potential V' (x) evaluated at its maximum.
As proposed in [45], Padé rational approximants can be applied to the WKB formula, interpreted as a polynomial
expansion in higher-order correction terms. Balanced Padé approximants are found to provide the most stable
and reliable results, yielding accurate approximations for the dominant quasinormal frequencies in the regime
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|Re(wn)| = [Tm(wn)].

It was argued in [48] that the WKB expansion for quasinormal frequencies exhibits properties consistent with
Borel summability. In this approach, applying Borel summation to the formal WKB series allows one to reconstruct
highly accurate values of the quasinormal frequencies, indicating that the asymptotic WKB expansion captures the
relevant physical information about the spectrum despite its divergent nature. Higher-order WKB corrections can be
obtained numerically by mapping the quasinormal-mode problem to the bound-state spectrum of an anharmonic
oscillator and applying Rayleigh—Schrédinger perturbation theory around the maximum of the potential [48,49].
This formulation enables the implementation of the WKB method to very high orders and can yield highly accurate
results when combined with Borel summation. However, in practice the numerical implementation of the Borel
summation may be demanding. Therefore, in the present review we focus primarily on the WKB approach with
Padé resummation, which has been shown to be numerically stable and produce results of comparable accuracy [46].

3. Improvements in the package

Here we summarize the main improvements of the package introduced in Ref. [44]. In addition to the explicit
implementation of the sixteenth-order WKB formula derived in Ref. [46], the package employs numerical series
expansions of the effective potential V() and the blackening factor f(r) around the (numerically determined)
maximum of the effective potential, rather than relying on analytic computations of higher-order derivatives with
respect to the tortoise coordinate followed by substitution of the potential maximum. As a result, the computation
of quasinormal frequencies and reflection/transmission coefficients is significantly accelerated, while numerical
precision loss associated with floating-point operations is substantially reduced.

A quantitative comparison of computation time and precision loss is presented in Table 1 for quasinormal
modes and grey-body factors of the massless Dirac field in the Schwarzschild—de Sitter background [50], as well as
for a test scalar field in the background of a regular black hole arising from proper-time flow in quantum gravity [51].
In the latter case, the original package becomes impractical for computing higher-order WKB corrections even for
scalar perturbations, owing to the cumbersome analytic structure of the metric function and the resulting complexity
of the effective potential. By contrast, in the new package the computation time at higher WKB orders is nearly
independent of the complexity of the effective potential. This improvement makes the method particularly suitable
for complicated gravitational backgrounds, and the package has already been successfully applied to the calculation
of quasinormal modes of black holes in quasi-topological gravity [52]. When computing S-matrix coefficients using
the new package, the numerical solution of the polynomial equation with respect to /C is, in fact, significantly more
time-consuming than the derivation of the corresponding higher-order WKB formulas.

Table 1. Comparison of computation time (in seconds) and precision loss (in binary places) for the dominant mode as
well as computation time of the S-matrix coefficient /C for 100 values of w of a test Dirac field in the Schwarzschild—de
Sitter background (M = 1, A = 0.01) and a test scalar field in the background of a regular black hole from proper
time flow in quantum gravity (M = 1, ¢ = 2). The new package (right columns) is significantly faster and exhibits
reduced precision loss from floating-point operations (except for the eikonal approximation). For more cumbersome
effective potentials, the performance advantage becomes even more pronounced. All calculations were performed on
an Intel® Core™ i5-1334U using Wolfram Mathematica® 7.0.0 (precision = 200, $MaxExtraPrecision = 1000).

Schwarzschild-De Sitter (Dirac Field) Proper Time Flow Regular Black Hole (Scalar)
Quasinormal Mode K Quasinormal Mode K
WKB Time (Seconds) Loss (Places) Time (Seconds) Time (Seconds) Loss (Places) Time (Seconds)
Order Old New Old New Old New Old New Old New Old New
1 0.059 0.0028 7 9 0.109 0.032 1 0.0284 8 12 1 0.047
2 0.147 0.0028 14 14 0.281 0.093 21 0.0325 64 17 25 0.109
3 0.303 0.0032 21 18 0.563 0.188 67 0.0344 125 22 67 0.172
4 0.491 0.0034 29 23 0.953 0.312 178 0.0350 185 27 220 0.453
5 0.744 0.0039 37 28 1.375 0.391 418 0.0353 245 33 426 0.563
6 1.047 0.0048 45 34 2.016 0.641 1069 0.0372 306 39 1742 1.281
7 1.509 0.0066 53 40 2.875 0.796 8129 0.0388 350 47 8205 1.422
8 1.912 0.0114 61 46 4.547 0.922 0.0450 53 2.422
9 2.531 0.0177 69 52 8.718 1.563 0.0562 59 2.625
10 3.094 0.0306 78 58 11.125 1.750 0.0766 67 3.937
11 4.200 0.0510 87 64 16.797 2.750 0.1106 72 5.469
12 5.491 0.0966 95 71 16.438 3.062 0.1738 78 5.797
13 5.756 0.2412 104 77 32.281 3.672 0.2825 85 6.281
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The location of the potential maximum may be determined numerically, specified analytically, or expressed
through a series expansion in terms of arbitrary parameters. In particular, the expansion in inverse powers of the
multipole number provides a systematic framework for deriving analytic expressions for quasinormal modes and
grey-body factors beyond the standard eikonal approximation. This approach allows one to compute higher-order
corrections in a controlled manner and to assess the accuracy and convergence of the WKB expansion in regimes
where the leading-order eikonal formulas are insufficient. A detailed review of this method and its implementation
is presented in the next section.

4. Analytic Expansion Beyond Eikonal Approximation

The eikonal approximation for quasinormal mode frequencies follows from the first-order WKB formula,

w=\/Vy — iK\/—2Va, (17)

by expanding the result in inverse powers of the large parameter £~ 1,

w=0k—iIAC+0 (k) (18)

where k = ( + % and / = s,s + 1,s + 2,... is the (half-)integer multipole number, whose minimal value is
determined by the spin of the perturbation s. The expansion (18) is valid for large ¢ and becomes exact in the
asymptotic eikonal limit ¢/ — oo.

A systematic extension of this approximation beyond leading eikonal order was proposed in Ref. [53], based
on higher-order WKB formulas. In this approach, the location of the maximum of the effective potential is expanded
as a series in inverse powers of k,

T = T0 + 216~ + 2ok T2 + ---+xkf~c_k+(9(f<;)7k71, (19)

and the resulting expression is substituted into the WKB Formula (10) of the same order k. This procedure yields
an analytic expansion of the quasinormal frequencies that consistently incorporates higher-order corrections beyond
the eikonal limit.

It was demonstrated in Ref. [53] that this method provides high accuracy even for the lowest allowed multipole
numbers, including ¢ = s, in the case of the Schwarzschild—de Sitter black hole. Owing to its robustness and
efficiency, this approach has since been applied in a number of subsequent studies [54—60], confirming its usefulness
well beyond the regime of large /.

For practical implementation, the appropriate routines for constructing the series expansion of the potential
peak location (19), as well as for its efficient substitution into the higher-order WKB formula, are provided in the
package. This allows the expansion to be generated to higher order in £ ~! with minimal computational overhead. In
addition, the method admits a straightforward generalization to simultaneous expansions in several small parameters,
in addition to x~!. This makes it possible to derive analytic approximations for the quasinormal spectrum of
parametrized families of black holes and to perform a qualitative analysis of the dependence of quasinormal modes
on the underlying model parameters.

The resulting expansion can be inverted to obtain K as a series in inverse powers of 1. Following Ref. [53],
one assumes that

w? = k% =0 (K), (20)

which is consistent with the eikonal behavior of the quasinormal spectrum and ensures the self-consistency of the
expansion. Under this assumption, Equation (10) is solved perturbatively with respect to /C, yielding an explicit
analytic approximation for the corresponding S-matrix coefficient. As a result, this approach allows for an analytic
evaluation of the grey-body factors, providing insight into their dependence on the multipole number and on the
parameters characterizing the black hole geometry.

5. Correspondence between Grey-Body Factors and Quasinormal Modes

Since the WKB Formula (2) relates the frequency w and the parameter K through the value of the effective
potential and its derivatives at the potential peak, one can express analytic approximations for the S-matrix
coefficients directly in terms of quasinormal-mode frequencies [61].

Within the eikonal approximation, the S-matrix coefficient admits a particularly simple representation in terms
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of the dominant quasinormal frequency wy,

. w?— Re(wp)? 1
ik = 4Re(wg)Im(wo) +0 (H) ’ D

The approximation can be systematically improved by including higher-order WKB corrections. Retaining
terms up to third order yields [61]

. w?— Re(wp)? (Re(wp) — Re(w))? _ 3Im(wo) — Im(w1)
ik = 4Re(wg)Im(wo) (1 32Im(wp)? 24I'm(wo) > @2)
_ Re(wo) — Re(w1) (w? — Re(wp)?)? (1 n Re(wp)(Re(wo) — Re(wl)))
16Im(wp) 16 Re(wo)3Im(wo) 4Tm(wp)?
(w? — Re(wp)?)? 1+ Re(wp)(Re(wo) — Re(wy))
32Re(wo)?ITm(wp) 4Im(wg)?
(Re(wo) — Re(w1))?  3Im(wo) — Im(w) 1
+Re(wo)” < 16Im(wo)®  12Tm(wo) >> +0 (M) ’

where w; denotes the first overtone.

The validity of this correspondence between the quasinormal modes and the S-matrix coefficient X has
been further verified for rotating black holes [62] and extensively tested in a variety of gravitational backgrounds.
Recently, it was shown in [63] that Equation (22) can be used to accurately reconstruct the absorption cross section,

o(w) = % Y 2kD(w), (23)

where the grey-body factor I'(w) is given by (13).

The correspondence between grey-body factors and quasinormal modes has been extensively examined in
numerous recent studies [63—89]. These works generally demonstrate good agreement already for perturbations with
multipole number ¢ = s + 1, i. e., the second lowest allowed multipole number for a field of spin s. Even though the
expansion is carried out only to second order beyond the eikonal approximation, the relative error typically remains
below the percent level and decreases rapidly as ¢ increases.

The correspondence is not accurate or even does not work for double-well potentials [90,91], because the WKB
formula should be modified for that case. The correspondence was also extended to wormhole spacetimes in [92].

6. Conclusions

In this work we have presented an optimized and extended version of the higher-order WKB Mathematica®
package for the computation of quasinormal modes and grey-body factors. While the formalism itself was developed
in earlier works, the present implementation introduces two essential improvements: the extension of the WKB
expansion up to the sixteenth order developed recently in [46] and, more importantly, the replacement of symbolic
high-order differentiation by numerical evaluation of derivatives of the effective potential at its maximum.

The latter modification leads to a substantial acceleration of computations, particularly for black-hole space-
times with complicated analytic structure of the metric function or non-rational effective potentials. As demonstrated
in explicit benchmarks, calculations that were previously time-consuming or practically unfeasible at high WKB
orders can now be performed within a fraction of a second, while simultaneously reducing precision loss associated
with floating-point operations.

In addition to the technical improvements, the package incorporates routines for analytic expansions beyond
the leading eikonal approximation, allowing systematic derivation of quasinormal-mode and grey-body-factor
expressions in inverse powers of the multipole number. The correspondence between quasinormal modes and
grey-body factors, including higher-order corrections, is also implemented, providing a unified framework for
analyzing spectral and scattering characteristics within the same computational environment. The limitations of the
correspondence is also discussed.
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