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Abstract: This paper investigates the problem of distributed online optimization with long-term constraints (LTC),
where constraints are not required to be satisfied at each time step but only over a longer horizon. We first propose a
baseline algorithm based on online regularized Lagrangian functions, achieving a regret bound of O(T 3/4). By
refining the Lagrangian functions and optimization strategies, we further improve the regret bound to O(T 2/3).
Notably, our results enforce strict satisfaction of LTC over time, in contrast to most existing works that focus solely
on achieving sublinear cumulative constraint violations. Moreover, the obtained performance matches the optimal
guarantees achievable in the centralized setting. Finally, we demonstrate the effectiveness of our approach through a
distributed online regularized linear regression problem.
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1. Introduction

Online optimization and learning have recently emerged as popular research frameworks in optimization and
machine learning, with applications in areas such as online display advertising [1], online allocation [2,3], and
dictionary learning [4]. In essence, online optimization can be viewed as a repeated game between the learner and
the environment. At each time step or iteration t, the learner selects a decision xt from a given decision set or
constraint set X and subsequently receives information about the loss function ft after submitting the decision. The
primary objective of online optimization is to minimize the cumulative loss function over time. A commonly used
metric to evaluate algorithm performance is regret, that is

Reg(T ) =

T∑
t=1

ft(xt)−
T∑
t=1

ft(ut), (1)

which measures the difference between the cumulative loss incurred by the algorithm and that of an optimal
baseline sequence ut. Depending on the choice of baseline, the regret can be classified as static regret or
dynamic regret. In this paper, we focus on static regret, where the baseline ut adopts the optimal static decision
x⋆ = argminx∈X

∑T
t=1

∑N
i=1 fi,t(x).

Significant progress has been made in the development of online optimization algorithms [5–9]. For online
optimization problems, proposed algorithms typically employ a projection step to ensure constraint satisfaction
by projecting the decision variable onto the feasible set. For instance, the online gradient descent (OGD) method
introduced in [5] achieves an upper regret bound of O(

√
T ), where T denotes the time horizon. At each time step t,

the learner or agent updates the decision variable through the following projection step:

xt+1 = PX (xt − η∇ft(xt)) , (2)

where η > 0 is the step size, and PX (·) means the projection onto the constraint set X . However, when the
constraint set X is general or complex, computing the projection step becomes equivalent to solving a challenging
sub-optimization problem, leading to substantial computational burden and complexity. To address this issue,
Ref. [10] proposed a simpler linear optimization step to replace the projection step, the idea is to linearize the cost
function to simplify the projection step, but this leads to O(T 3/4) regret whereas the optimal regret is O(

√
T ).

To mitigate the computational overhead imposed by the projection step, the concept of long-term constraints
(LTC), first proposed in [11], has been widely adopted and investigated in the field of online optimization. Unlike
conventional methods that require the constraint to be satisfied at each time step, LTC only demands that the
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constraint be satisfied over a long period. In other words, temporary constraint violations are allowed, but it is
necessary to ensure that the overall cumulative constraint violation (CCV) which is defined as

[∑T
t=1 gs(xt)

]
+

grows at a sublinear rate with respect to the time horizon T . An online optimization problem with LTC can be
formulated as follows: the agent needs to determine a sequence of decisions {xt}Tt=1 to minimize the regret defined
in (1) while ensuring that the average decision satisfies the constraint set, i.e.,

∑T
t=1 xt/T ∈ X . If the feasible set X

is characterized by a set of inequality constraints, i.e., X := {x ∈ Rd | gs(x) ≤ 0, s = 1, · · · , q} ⊆ Rd, then LTC
requires that

∑T
t=1 gs(xt) ≤ 0, ∀s = 1, . . . , q. This also implies that the CCV should grow sublinearly [11,12]. This

concept can be intuitively understood through simple mathematical derivation. In convex optimization problems,
where the constraint functions {gs(x)}qs=1 are convex, the following inequality holds:

gs(

∑T
t=1 xt
T

) ≤
T∑
t=1

gs(
xt
T
) ≤

[∑T
t=1 gs(xt)

]
+

T
. (3)

The sublinear growth of
[∑T

t=1 gs(xt)
]
+

implies that limT→∞
[
∑T

t=1 gs(xt)]
+

T → 0, which leads to gs(
∑T

t=1 xt

T ) ≤ 0,

indicating that
∑T

t=1 xt

T ∈ X . This problem has been extensively studied in centralized scenarios [9, 11–15].
The authors in [11] proposed an online primal-dual algorithm based on the online gradient descent method,
achieving a regret of O(

√
T ) and a cumulative constraint violation of O(T 3/4). In [9], the authors considered

the strongly convex scenario and obtained a regret of O(logT ) and a CCV of O(
√
T logT ). Moreover, Ref. [11]

also investigated scenarios where the LTC is strictly satisfied, meaning that there is no cumulative violation:∑T
t=1 gs(xt) ≤ 0, ∀s = 1, . . . , q and achieved a regret bound of O(T 3/4). Jenatton et al. [13] improved the regret

bound to O(T 2/3) by employing adaptive algorithms. Additionally, in [14], a novel algorithm using the drift-plus-
penalty technique was proposed, achieving a CCV of O(1) while maintaining a regret of O(

√
T ). Furthermore,

the work in [15] extended these results by considering adversarial constraints where the constraint is unknown in
advance and could be arbitrarily and adversarially chosen, providing a broader perspective on the problem.

The online optimization problem with LTC can also be extended to the distributed framework. In the distributed
online optimization (DOO) problem, at each time step t, the agents in the network submit their decision variables
and receive feedback regarding their own local loss functions. Subsequently, they communicate with neighboring
agents in the network to collaboratively address the global optimization problem. The primary objective of DOO is
to minimize the cumulative loss across the entire network. In the case of DOO with LTC, the performance metrics
of DOO algorithms include both regret and cumulative constraint violation. Similar to the centralized scenario,
these metrics defined as:

Reg(i, T ) =

T∑
t=1

N∑
i=1

fi,t(xi(t))−
T∑
t=1

N∑
i=1

fi,t(x
⋆), (4)

CCV(T ) =

[
T∑
t=1

N∑
i=1

gs(xi(t))

]
+

, (5)

play a crucial role in evaluating the efficiency and robustness of the algorithms, where N is the number of the
agents in the network and x⋆ = argminx∈X

∑T
t=1

∑N
i=1 fi,t(x) is the static optimal baseline. Achieving sublinear

upper bounds for both regret and cumulative constraint violation is also a key goal, and researchers have actively
worked to address this problem [16–19]. In [16], the authors extended the work in [11] to the distributed framework,
introducing a stricter metric for constraint violation called cumulative absolute constraint violation (CACV), which
is defined as

∑T
t=1

∑N
i=1 [gs(xi(t))]+. They proposed a fully distributed algorithm where agents can independently

update their own dual variables, and achieve a regret of O(
√
T ) and a CACV of O(T 3/4), which matches the results

found in the centralized framework [11,13]. In [17], the authors considered time-varying constraints and obtained
regret and constraint violation bounds similar to those in [16].

From the above discussion, it is evident that there remains significant room for exploration in the DOO problem
with LTC. Specifically, much of the existing research focuses on minimizing regret or exploring stricter metrics of
constraint violation. However, there has been limited attention to scenarios where LTC is strictly satisfied, which
means CCV(T ) ≤ 0 in finite time instead of limT→∞ CCV(T ) → 0. While the lower bound of regret has been
extensively studied in the context of general online optimization [20], the lower bound of regret when LTC is strictly
satisfied remains an unsolved problem. Motivated by this gap, we consider this issue and explore the regret upper
bound in the current paper.
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Indeed, many practical applications can be modeled as online optimization problems with long-term constraints.
We provide a simple motivating example of online energy budgeting [21] to illustrate this.

min

T∑
t=1

ft(m(t),x(t),λ(t)), (6a)

s.t.

T∑
t=1

g(u(t),m(t)) ≤ Z. (6b)

where m is a column vector of the number of servers, x is the virtual machine resource allocation vector, λ is the
workload vector of virtual machine, and u is the CPU utilization vector. The objective is to minimize the data center
operational cost (6a), while satisfying the long term energy consumption target (6b). Note that the cost functions
associated with electricity prices may change over time and could not be known in advance—this makes the online
energy budgeting problem (6) is an online optimization problem. Furthermore, the long-term constraints (6b) must
be satisfied strictly because the energy budget cap Z is limited. More details could be found in [21].

The following are our contributions.

(1) To the best of the authors’ knowledge, this paper is the first to consider the regret when LTC is strictly satisfied in
distributed online optimization, and we design gradient-based algorithms with fixed step size and adaptive step
size, respectively, both of which ensure that the LTC is strictly satisfied and achieve sublinear regret upper bound.

(2) For the algorithms we designed in this paper, we present theorems demonstrating that LTC is strictly satisfied
and achieve O(T 3/4) regret under fixed step size and O(T 2/3) regret under adaptive step size, which is
consistent with the results in the centralized scenario [11,13].

The rest of the paper is organized as follows. Section 2 describes the problem setting and related assumptions,
Section 3 proposes the algorithms and provides analysis, Section 4 is the numerical simulation, and Section 5 is
the conclusion.

Notations: Let Rd represent d-dimensional Euclidean space. Sd means the unit sphere in Rd. ∥ · ∥ denote the
Euclidean norm and [x]i denote the i-th entry of vector x. Let Rq

+ represent the nonnegative orthant in Rq, i.e.,
xq+ = {x ∈ Rq | [x]i ≥ 0, i = 1, . . . , q}. Denote PX (x) as the Euclidean projection of a vector x onto a convex
set X . Let [A]ij denote the (i, j)th entry of matrix A. For a convex function f , let ∇f(x) denotes the gradient at
the point x.

2. Problem Formulation

2.1. Graph Theory

Consider a time-varying digraph sequence {Gt} = {(N , Et)} with node set N = {1, . . . , N} and edge set
Et ⊂ N ×N at time t. Agent i is able to transmit information to agent j at time t iff (j, i) ∈ Et. A(t) ∈ RN×N is
the weight matrix associated with Gt.

As for time-varying communication graph, the following assumptions are commonly required (e.g., in [12,16,22]).

Assumption 1. ∀t ≥ 1, the weight matrix A(t) of Gt satisfied:

(1) A(t) is doubly stochastic, i.e.,
∑N
i=1[A(t)]ij =

∑N
j=1[A(t)]ij = 1, ∀i, j ∈ N .

(2) there exists a scalar ξ > 0 such that [A(t)]ii ≥ ξ, i = 1, . . . , N , and [A(t)]ij ≥ ξ if (i, j) ∈ Et and
[A(t)]ij = 0, otherwise.

(3) {Gt} is B-strongly connected. That is there exists an integer B ≥ 1 such that the union graph (N ,∪B−1
t=0 Ek+t)

is strongly connected for all k ∈ {0, 1, 2, · · · }.

2.2. DOO with LTC

We consider distributed online convex optimization problem over a time-varying network {Gt} = {(N , Et)}.

min
x∈X

T∑
t=1

N∑
i=1

fi,t(x), (7)

where {fi,t}Tt=1 is local loss functions of agents and X := {x ∈ Rd | gs(x) ≤ 0, s = 1, · · · , q} ⊆ Rd is the
global constraints set. We use regret (4) and LTC:

∑T
t=1

∑N
i=1 gs(x) for algorithm performance metrics.

It should be noted that the objective is to minimize the regret bound when LTC is strictly satisfied,∑T
t=1

∑N
i=1 gs(xi(t))≤ 0. Other existing researches on DOO-LTC do not strictly require that LTC be satisfied, only
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that CCV have a sublinear upper bound. From (3) we can see the LTC will be satisfied when T → ∞ if we only
require CCV have a sublinear upper bound. So if the constraint function is fixed and known, then it is meaningful to
investigate whether and how we can ensure that LTC is strictly satisfied.

Below we give the standard assumptions about the loss and the constraint functions.

Assumption 2. There exists a ball B := {x ∈ Rd | ∥x∥ ≤ RX } with 0 < RX <∞ such that X ⊆ B.

Assumption 3. fi,s and gl are differentiable, convex, and the gradient is bounded within the ball B. That is,
∃G > 0, s.t. ∥∇fi,t(x)∥ ≤ G, ∥∇gs(x)∥ ≤ G,∀x ∈ B.

Define g(x) = maxs∈{1,...,q} gs(x). Next we present an assumption that will be used to ensure that LTC is
strictly satisfied.

Assumption 4. Define the convex set X̃ := {x ∈ Rd | g(x) + γ ≤ 0} ⊆ Rd as the subset of X where γ ≥ 0.
Assume that there exist a constant σ > 0 such that

min
x∈Rd:g(x)+γ=0

∥∇g(x)∥ ≥ σ.

Assumption 4 is used in centralized framework which study the online optimization with LTC [11,13]. The ob-
jective of this assumption is to controls the gap between the optimal values over two domains X̃ and X . In specific, let
x⋆ and xγ be the optimal decision variables of ming(x)≤0

∑T
t=1

∑N
i=1 fi,t(x) and ming(x)+γ≤0

∑T
t=1

∑N
i=1 fi,t(x),

respectively, then we will get a upper bound of the gap.

Lemma 1. If Assumption 4 is satisfied, we have∣∣∣∣∣
T∑
t=1

N∑
i=1

[fi,t(x
⋆)− fi,t(xγ)]

∣∣∣∣∣ ≤ GNT

σ
γ (8)

Proof. We can easily obtain (8) by using Theorem 7 in [11].

Lemma 1 indicates that we can appropriately narrow the boundary of the constraint set, and the error or change
of the optimal values could be bounded by some parameters. And this will be manifested as a reduction in the
frequency and degree of constraint violations when the algorithm is executed.

3. Main Results

In this section, we design a DOO algorithm for problem (7). First, we replace {gs(x)}qs=1 with g(x) to
simplify the problem, if we guarantee no constraint violation for g(x) := max

s∈{1,...,q}
gs(x), then obviously LTC can

be satisfied for all gs, s = 1, . . . , q. Then we can know the prime optimization problem (7) is equivalent to the
prime-dual problem

min
x∈X

max
λ∈R+

T∑
t=1

N∑
i=1

fi,t(x) + λg(x), (9)

where λ is the dual variable.
Next, we introduce the concept of online regularized Lagrangian function from [11], which is also used in [13,16].

Li,t(x, λ) := fi,t(x) + λ(g(x) + γ)− δη

2
λ2, (10)

where η is the step size, and γ > 0 and δ > 0 will be determined later.
Optimizing the Lagrangian function could be equivalent to solving the following penalty function problem.

min
x∈X

max
λ∈R+

Li,t = min
x∈X

fi,t(x) +
1

2δη
[g(x) + γ]

2
, (11)

where 1
2δη could also be called the penalty coefficient. The equality is obtained by first maximizing Li,t with respect

to the dual variable λ. Noting Li,t is a quadratic function with respect to λ, so we can easily obtain the equality in (10).
We can see from (11) that in fact the constraint is g(x) + γ ≤ 0. Our main idea is to use a stricter constraint in

the algorithm so that LTC will be strictly satisfied, although this stricter constraint may often be violated. It should
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be noted that a regularization term δη
2 λ

2 is added to (10), the regularization term can bound the dual variable λ to
prevent the gradient of Li,t(x, λ) from being too large with respect to x, and thus affect the stability of the solution.
In addition, the addition of a regularization term can make Li,t strongly concave with respect to λ, further enable us
to directly update the dual variable explicitly, which can be seen in the later algorithm. And finally, strong concavity
will help us improve the regret upper bound in the Section 3.2.

In Algorithm 1, agents update the decision variable and dual variable through by gradient descent and gradient
ascent, respectively. In (14), we project the intermediate variable Pi(t) into a Euclidean ball B instead of into the
constraint set X . It should be noted that although the projection notation is still used here, this step can be calculated
by simple scaling and is not complicated. Since we are considering LTC, we do not need to strictly satisfy the
constraints at each time step, so (14) is feasible.

Algorithm 1 LTC-DOO with Fixed Step Size

Require: Total time horizon T , parameters η, δ ∈ R, xi(1) ∈ Rd, λi(1) ∈ R+

for t = 1, . . . , T do
for i = 1, . . . , N do

1. Agent i submits xi(t), then could receives the loss function fi,t.
2. Agent i does a gradient descent

yi(t) = xi(t)− η∇xLi,t(xi(t), λi(t)). (12)

3. Consensus protocol

Pi(t) =

N∑
j=1

[A(t)]ijyj(t). (13)

4. Agent i updates the decision variable as

xi(t+ 1) = PB(Pi(t)) (14)

5. Agent i updates the dual variable as

λi(t+ 1) = λi(t) + η∇λLi,t(xi(t), λi(t)) (15)

end for
end for

3.1. O(T 3/4) Regret with no Constraint Violation

In this subsection, we show that using Algorithm 1 to solve problem (7), we can obtain O(T 3/4) regret
bound while strictly satisfying LTC. This is a preliminary result that matches the centralized case [11]. In the next
subsection, we will further improve our results.

Similar to the analysis in [11,13], we first present some lemmas and analysis before giving the conclusion.
For the sake of analysis, we make the following definition.

F = max
t∈{1,...,T}

max
i∈{1,...,N}

max
x,y∈X

fi,t(x)− fi,t(y) ≤ 2GR,

D = max
s∈{1,...,q}

max
x∈B

gs(x) ≤ 2GR

Lemma 2. Suppose that Assumptions 1–3 hold, then we have the following upper bound associated with Li,t,

N∑
i=1

[Li,t(xi(t), λ)− Li,t(x, λi(t))] ≤ Nη

(
G2 +

3D2

2
+

3γ2

2

)
+

N∑
i=1

(
ηG2 +

3η3δ2

2

)
λ2i (t)

+

∑N
i=1

[
∥λi(t)− λ∥2 − ∥λi(t+ 1)− λ∥2

]
2η

+

∑N
i=1

[
∥xi(t)− x∥2 − ∥xi(t+ 1)− x∥2

]
2η

,

(16)
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Lemma 3. Suppose that Assumptions 1–3 hold, then we have the following error upper bound caused by the
disagreement between agents,

T∑
t=1

N∑
i=1

∥xi(t)− xj(t)∥ ≤ 4NG2fξη

T∑
t=1

(
N +

N∑
i=1

λ2i (t)

)
, (17)

where fξ = 3N
ψ2+1/B(1−ψ1/B)

+ 4, ψ = 1− ξ
4N2 .

Proof. Similar to ([16], [Lemma2]), we can directly obtain the results.

In the following theorem, we present O(T 3/4) regret with zero CCV.

Theorem 1. Suppose that Assumptions 1–4 hold, let δ = 4(4NG3fξ+G
2), a = R

√
G2 + 3D2 + 3b2 + 8NG3fξ,

η = R2/[a
√
T ], γ = bT−1/4, b = 2

√
F (a/R2 + δR2/a), and {xi(t)} is generated by Algorithm 1. When T is

sufficiently large enough that FT ≥ a
√
T , we have LTC

∑T
t=1

∑N
i=1 gs(xi(t)) ≤ 0 and the regret bound is

Reg(i, T ) ≤ aN
√
T +

GNT

σ
γ ≤ O(T 3/4).

Proof. Starting from the definition of regret, by adding fj,t(xj(t)) and subtracting it, we can obtain

Reg(i, T ) =

T∑
t=1

N∑
j=1

fj,t(xi(t))−
T∑
t=1

N∑
j=1

fj,t(x
⋆) =

T∑
t=1

 N∑
j=1

fj,t(xi(t))−
N∑
j=1

fj,t(x
⋆)


=

T∑
t=1

N∑
j=1

(fj,t(xi(t))− fj,t(xj(t)) + fj,t(xj(t))− fj,t(x
⋆) (18)

≤
T∑
t=1

N∑
j=1

G∥xi(t)− xj(t)∥+
T∑
t=1

N∑
j=1

[
fj,t(xj(t))− fj,t(x

⋆)

]
,

where the inequality is based on the G-Lipschitz continuity of fi,t.
Substituting x = xγ into Lemma 2, and use the definition of Li,t (10). We could derivate the following inequality,

T∑
t=1

N∑
i=1

[
fi,t(xi(t))− fi,t(xγ)

]
+ λ

T∑
t=1

N∑
i=1

(g(xi(t)) + γ)− Nλ2

2η
− NTδη

2
λ2

≤ NR2

2η
+NTη

(
G2 +

3D2

2
+

3γ2

2

)
+

(
3η3

2
δ2 − η

2
δ +G2η

) T∑
t=1

N∑
i=1

λ2i (t).

(19)

By noting λ ∈ R+, we have

λ

T∑
t=1

N∑
i=1

(g(xi(t)) + γ)− Nλ2

2η
− NTδη

2
λ2 ≤

[∑T
t=1

∑N
i=1 (g(xi(t)) + γ)

]2
2 (N/η +NTδη)

. (20)

Substituting (17), (19), and (20) into (18), and using (8), we could obtain an upper bound associated with
regret and CCV,

Reg(i, T )− GNT

σ
γ +

[∑T
t=1

∑N
i=1 (g(xi(t)) + γ)

]2
2 (N/η +NTδη)

≤4N2G3fξTη +
NR2

2η
+NTη

(
G2 +

3D2

2
+

3γ2

2

)
+

(
3η2

2
δ2 − δ

2
+G2 + 4NG3fξ

)
η

T∑
t=1

N∑
i=1

λ2i (t),

(21)

where the last term on the right side could be negative by choosing a proper δ.
Noting that the third term on the left side is nonnegative, we can directly obtain that

Reg(i, T ) ≤ O
(
Tη +

1

η
+ Tηγ2 + Tγ

)
≤ O

(
T 3/4

)
,

where η = O
(
T−1/2

)
and γ = O

(
T−1/2

)
.
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By noting the first term and second term on the left side of (21) is

Reg(i, T )− GNT

σ
γ =

T∑
t=1

N∑
j=1

[
fj,t(xi(t))− fj,t(xγ)

]
≥ −FNT, (22)

we can easily validate that the LTC is strictly satisfied from (21)

CCV(T ) ≤ N

√
2

(
1

η
+ Tδη

)(
a
√
T +

GT

σ
γ

)
−NTγ ≤ O

(
T 3/4

)
−NTγ,

by choosing proper γ = O
(
T−1/4

)
, the right side could be negative.

Remark 1. From Theorem 1, we can see that if we set γ = 0, then we can obtain O(
√
T ) regret and O(T 3/4) CCV

which match with the centralized framework [11,13] and distributed framework [16]. This shows that there is a
trade-off between regret and CCV, and it can also be seen from the analysis process.

3.2. O(T 2/3) Regret with no Constraint Violation

In this subsection, we improve Algorithm 1 inspired by [13]. The main idea is to note that the Lagrangian
function (10) is strongly concave with respect to λ, and that the regular term coefficients in (10) could be dynamically
adaptive rather than fixed.

Similar to (10), we first construct a modified Lagrangian function by using a time-varying parameter θt to
replace δη.

L̃i,t(x, λ) := fi,t(x) + λ(g(x) + γ)− θt
2
λ2, (23)

And similar to (11), we have

min
x∈X

max
λ∈R+

L̃i,t = min
x∈X

fi,t(x) +
1

2θt
[g(x) + γ]

2
. (24)

We can observe that solving problem (24) is equivalent to finding xγ if θt is appropriate. Different with (11)
and the other general penalty functions, the regularization/penalty coefficient θt in (24) is time-varying and its effect
can be felt during the later analysis process.

Next, we also need to modify the Algorithm 1, we replace the fixed step size η in (12) and (15) with the time
varying step size ηt and µt, respectively. That is (25) and (26).

With the above modification, we can use Algorithm 2 for L̃i,t and get O(T 2/3) regret with zero CCV.

Algorithm 2 LTC-DOO with Adaptive Step Size

Require: Total time horizon T , parameters {ηt, µt, θt}Tt=1, xi(1) ∈ Rd, λi(1) ∈ R+

for t = 1, . . . , T do
for i = 1, . . . , N do

1. Agent i submits xi(t), then could receives fi,t.
2. Agent i does a gradient descent

yi(t) = xi(t)− ηt∇xL̃i,t(xi(t), λi(t)) (25)

3. Consensus protocol (13)
4. Agent i updates the decision variable as (14)
5. Agent i updates the dual variable as

λi(t+ 1) = λi(t) + µt∇λL̃i,t(xi(t), λi(t)) (26)

end for
end for
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Theorem 2. Suppose that Assumptions 1–4 hold, let θt = 1
tβ
, ηt = 1

tβ
, µt = 1

θt(t+1) , β ∈ (0, 1), and

{xi(t)} is generated by Algorithm 2. There exist c0 and c1 such that setting γ = c1(T
−β/2), we have LTC

:=
∑T
t=1

∑N
i=1 gs(xi(t)) ≤ 0 for any T ≥ c0 and the regret bound is

Reg(i, T ) ≤ O(Tmax{β,1−β/2}).

We can obtain O(T 2/3) regret when choosing β = 2/3.

Proof. We first deal with the first term on the right side of (18). Similar to (3), we can directly obtain

T∑
t=1

N∑
i=1

∥xi(t)− xj(t)∥ ≤ 4NG2fξ

(
N

T∑
t=1

ηt +

T∑
t=1

N∑
i=1

ηtλ
2
i (t)

)
, (27)

Next, we deal with the second term on the right side of (18). Similar to Lemma 2, by using the strong concavity
of L̃i,t with respect to λ and the θt-strong convexity with respect to x, we have

T∑
t=1

N∑
i=1

[
L̃i,t(xi(t), λ)− L̃i,t(x, λi(t))

]
≤

T∑
t=1

ηt
2

N∑
i=1

∥∇xL̃i,t(xi(t), λi(t))∥2 +
T∑
t=1

µt
2

N∑
i=1

∥∇λL̃i,t(xi(t), λi(t))∥2

+
T∑
t=1

∑N
i=1

[
∥λi(t)− λ∥2 − ∥λi(t+ 1)− λ∥2

]
2µt

−
T∑
t=1

θt
2

N∑
i=1

∥λi(t)− λ∥2

+
T∑
t=1

∑N
i=1

[
∥xi(t)− x∥2 − ∥xi(t+ 1)− x∥2

]
2ηt

− σ

2

T∑
t=1

N∑
i=1

∥xi(t)− x∥2.

(28)

Substituting the definition of L̃i,t (23) into the left side of (27), and setting x = xγ , xi(1) = λi(1) = 0, we
could derivate the following inequality,

T∑
t=1

N∑
i=1

[
fi,t(xi(t))− fi,t(xγ)

]
+ λ

T∑
t=1

N∑
i=1

(g(xi(t)) + γ)− λ2

2

(
T∑
t=1

θt +
1

µ1
− θ1

)

≤
T∑
t=1

(
ηt −

θt
2

+ µtθ
2
t

) N∑
i=1

λ2i (t) +

T∑
t=1

N∑
i=1

∥xi(t)− xγ∥2

2

[
1

ηt
− 1

ηt−1
− σ

]

+

T∑
t=1

N∑
i=1

∥λi(t)− λ∥2

2

[
1

µt
− 1

µt−1
− θt

]
+

N∑
i=1

∥xγ∥2
(

1

2η1
− σ

2

)
+NG2

T∑
t=1

ηt +N(D2 + γ2)

T∑
t=1

µt.

(29)

By noting λ ∈ R+, we have

λ

T∑
t=1

N∑
i=1

(g(xi(t)) + γ)− λ2

2

(
T∑
t=1

θt +
1

µ1
− θ1

)
≤

[∑T
t=1

∑N
i=1 (g(xi(t)) + γ)

]2
+

2N
(∑T

t=1 θt +
1
µ1

− θ1

) . (30)

Substituting (27), (29), (30) into (18), and using (8), we could obtain an upper bound associated with regret
and CCV,

Reg(i, T )− GNT

σ
γ +

[∑T
t=1

∑N
i=1 (g(xi(t)) + γ)

]2
+

2N
(∑T

t=1 θt +
1
µ1

− θ1

) ≤ 4N2G3fξ

T∑
t=1

ηt +
NR2

2η
+N(D2 + γ2)

T∑
t=1

µt

+
T∑
t=1

N∑
i=1

∥xi(t)− xγ∥2

2

[
1

ηt
− 1

ηt−1
− σ

]
+

T∑
t=1

N∑
i=1

∥λi(t)− λ∥2

2

[
1

µt
− 1

µt−1
− θt

]
+

(
1

2η1
− σ

2

) N∑
i=1

∥xγ∥2

+
T∑
t=1

N∑
i=1

(
ηt −

θt
2

+ µtθ
2
t + 4NfξG

3ηt

)
λ2i (t)

≤ O

(
T∑
t=1

ηt +
T∑
t=1

µt +
T∑
t=1

[
1

ηt
− 1

ηt−1
− σ

])
≤ O

(
Tmax{β,1−β/2}

)
,

(31)

where the last two inequalities are based on the parameters set in the theorem. And we can obtain Reg(i, T ) ≤ O(T 2/3)

by setting β = 2/3.
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Combine (22) and (31), we obtain that[∑T
t=1

∑N
i=1 (g(xi(t)) + γ)

]2
+

2N
(∑T

t=1 θt +
1
µ1

− θ1

) ≤ FNT + o(T ) ≤ O(T ).

Further we have CCV ≤
√

O(T
∑T
t=1 θt)− γNT . By choosing proper γ = c1(T

−β/2), we can guarantee
that the LTC is strictly satisfied.

Remark 2. To the best of our knowledge, among existing works on online optimization that strictly enforce LTC, the
optimal regret bound is O(T 3/4) for fixed-step algorithms [11] and O(T 2/3) for time-varying step algorithms [13].
However, these results are derived in a centralized framework, whereas our work considers a distributed setting.
Notably, this paper is the first to study online optimization with strictly satisfied LTC in the distributed framework.

4. Numerical Simulations

We consider the time-varying communication graphs depicted in Figure 1. A distributed online regularized
linear regression problem is formulated as follows:

min

T∑
t=1

N∑
i=1

1

2

(
ki(t)

⊤x− b(t)
)2

s.t. gs(x) = L− [x]s ≤ 0,

gd+s(x) = [x]s − U ≤ 0, s = 1, . . . , d

where ki(t) ∈ Rd and b(t) ∈ R are the local parameters that only revealed to agent i at time t. Each component of

ki(t) follows the uniform distribution over [−1, 1], b(t) = ki(t)
⊤x̄+κ(t), where [x̄]i =

{
1, 1 ≤ i ≤ ⌊d/2⌋
0, otherwise

and

κ(t) ∼ N (0, 1) is the noise that follows the standard normal distribution. We set d = 5, T = 2000, U = 0.5, L = 0

and g(x) = max
s∈{1,...,2d}

gs(x).

1 2 3

4 5 6

(a) t = 0, 2, · · ·

1 2 3

4 5 6

(b) t = 1, 3, · · ·

Figure 1. Time-varying 2-strongly connected communication graph varies sequentially among (a) and (b).

We validate Algorithm 1 (fixed step size) and Algorithm 2 (adaptive step size), respectively, and the result of
regret is shown in Figure 2. It can be seen that both algorithms achieve the sublinear regret, and the improved version
obtains a better regret, which also conforms to the results of Theorem 1 and Theorem 2. Figure 3 shows the comparison
of LTC. It can be seen that LTC is strictly satisfied in both algorithms, and Algorithm 2 has better performance. These
figures also show that the actual effect of the algorithm is consistent with the conclusions of the theorems.

In addition, we consider different values of γ by setting β = 1/2, 2/3, 1, respectively. The corresponding
regrets and LTCs for different γ are shown in Figure 4. Note that the settings γ = 0 and γ = cT−1 are excluded
by our theorems, as they cannot guarantee strict satisfaction of LTC, which is also evident in Figure 4. From
the curve with label γ = 0, which can also be regarded as the classical online algorithm without the shrinkage
parameter γ (such as [13,16]), although the result is slightly better, unfortunately, it cannot strictly satisfy LTC.
From Figure 4, we can know that there is a trade-off between regret and LTC. Strictly satisfying LTC requires
sacrificing regret’s convergence rate. Furthermore, a more stringent shrinkage constraint set (larger γ) will lead to
better LTC guarantees (LTC being strictly satisfied faster and better), but a worse regret bound.
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Figure 2. Regret of Algorithm 1 and its improved version.
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(a) Algorithm 1
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(b) Algorithm 2

Figure 3. CCV of Algorithms 1 and 2.
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Figure 4. Regret and LTC of different γ.

5. Conclusions

This paper is the first to study a special online optimization problem with LTC in the distributed framework,
where LTC needs to be strictly satisfied rather than just sublinear convergence. Based on the gradient algorithm and
regularized Lagrangian function under the centralized framework, we design the fixed step size DOO-LTC algorithm
and the improved adaptive step size algorithm. While LTC is strictly satisfied, we obtain the O(T 3/4) and O(T 2/3)

regret upper bound, respectively, which matches the optimal result in the centralized framework [11,13]. Finally, our
conclusions are verified in the numerical simulation. In the future, we will focus on designing communication strategies
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to reduce the communication burdens and then enhance the scalability and robustness of the algorithm in large-scale
networks. In addition, the doubly stochastic property of the weight matrix is considered to be relaxed as future work.
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