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Abstract: Since, unlike “traditional” physics, computational physics uses the 
discretization formalism, in this paper we have focused our attention on the discrete 
approach in order to solve the Schrödinger as well as the Bloch equations for a free 
particle and the “quantum gas” of free particles in an infinite quantum well with the 
finite length, respectively. By applying the so called continuous quantum mechanics 
limit we recover the corresponding results in continuous-variable quantum 
mechanics. For the infinite quantum well model we formulated the associated 
coherent states, which lead to the expression for the coherent qubits, in counterpart 
to the thermal qubits, obtained as a result of using the thermofield dynamics model. 
Thus, a “bridge” is created between the infinite quantum well model, coherent states 
and thermofield dynamics, which ultimately converge towards Quantum Computing. 
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1. Introduction 

As is well known, discrete or discontinuous calculus, also known as discretization, constituted the first step 
or mathematical basis in the transition to computational physics. This continuous-discrete transition in the 
examination of physical properties and phenomena appears natural, if we consider that matter itself does not have, 
at the micro level, a continuous, but discrete structure. Whereas in “usual” quantum mechanics differential 
equations are used, in which continuous variables intervene, in discrete quantum mechanics and implicitly in 
computational physics finite difference equations are used instead. Obviously, the latter are programmable on the 
computer, which offers a much more precise spectrum of solutions. But, at first glance, the results obtained using 
discrete calculus are different from those we are used to in quantum mechanics which uses continuous variables. 
Only by applying a discrete-continuous limit will we obtain the results obtained for the continuous case. 

The discrete quantum mechanics (dQM) is the counterpart of the ordinary or continuous-variable quantum 
mechanics (cQM) in which the second order differential time-independent Schrödinger equation is written as a 
second order difference equation. The dQM was developed by Odake and Sasaki [1]. In this context the dQM can 
be considered as a generalization (or deformation) of the ordinary or continuous-variable QM, in the sense that a 
differential equation can be obtained from a difference equation by applying an appropriate limit. In what follows, 
we will call this limit the continuous quantum mechanical limit (

cQM
lim). Generally, by applying this limit to the 

results obtained in dQM, you need to get the appropriate results in cQM. 



Popov   Appl. Math. Stat. 2026, 3(1), 2  

https://doi.org/10.53941/ams.2026.100002  2 of 20  

On the one hand, there are only a few physical models for which the Schrödinger equation, even in one 
dimension, can be solved analytically, i.e., admit precise analytic solutions. Consequently, the most interesting 
physical problems must be solved numerically, considering the unprecedented development of computers and their 
programming languages. 

On the other hand, intrinsic structure of matter has a discontinuous character, so an increasing use of discrete 
models is absolutely desirable. Consequently, the discrete approach is suitable for many different applications in 
solid state physics, since many physical systems are formed of the crystalline semiconductors, where the distances 
between atoms or ions are finite. Also, the discrete approach can be successfully used in various nanostructures including 
quantum wells, wires and dots. These are the fundamental entities used in Theoretical and Computational Physics. 

The purpose of the present paper is to show that a discrete finite difference calculus can be successfully 
applied also to some (simple) quantum mechanical models and that the obtained results tend, at the continuous 
quantum mechanical limit, to the corrresponding results of the continuous space models. 

In the present paper we have chosen a simple physical model: a free particle trapped in an infinite square 
quantum well. This model is otherwise known as the particle in a box. Even though the quantum dynamics in an 
infinite well potential represents a rather unphysical limit situation, it is a familiar textbook problem and a simple 
tractable model for the behavior of a quantum particle. The infinite square quantum potential well model is 
probably not totally applied to any real situation, but it will be in a certain sense a good approximation to some 
other simple quantum models. Actually, the same role is played by the harmonic oscillator model: the behavior of 
real quantum systems (e.g., molecular vibrations) is harmonic only near the equilibrium position. 

In order to apply the dQM for some physical models, it will be useful to remember some rules of the discrete 
calculus and the difference equations (see, [2,3] and the references therein and also [4,5]). 

2. Preliminaries Related to the Discrete Operations 

As it is well-known, the ordinary (continuous) derivative a function )(xf , that is analytic in the 
neighborhood of a point x , with respect to the continuous variable x  is defined as 

x
xf

dx
xdf

x Δ
Δ=

→Δ

)(lim)(
0

  (1)

where 

x
xfxxf

x
xf

Δ
−Δ+=

Δ
Δ )()()(

  (2)

Hovewer, the computers cannot deal with the infinitesimal limit 0→Δx  and, consequently, it is necessary 
to define the discrete counterparts of the continuous derivative. So, if the variable x  is discrete, i.e., the functions 
values are available on a discrete set of points, from the map naxx n =→ , where ax ≡Δ  is a positive constant 
(the lattice spacing), then for a function )( nxf  which is analytic in the neighborhood of a point 

nx  it can define 
their discrete counterpart of the step a  as 

a
nfnfnf

naxx
xfxfxf

x nn

nn
n

n

)()1()(1)()()(
1

1 −+=
Δ
Δ→

−
−=

Δ
Δ

+

+ . (3)

In fact, it can define three discrete valid counterparts of the continuous derivatives: the forward discrete 
derivative (FDD), the backward discrete derivative (BDD), and also the central or centered discrete derivative 
(CDD), since it uses forward, backward or central differencing [2,3]. All these three definitions are equivalent in 
the continuous case, but lead to different aproximations in the discrete case. 

For the purpose of our paper it is useful to use the centered discrete derivative defined with the step a2   
as follows: 

a
nfnfnf

naxx
xfxfxf

x nn

nn
n

n 2
)1()1()(1)()()(

11

11 −−+=
Δ
Δ→

−
−=

Δ
Δ

−+

−+ . (4)

The motivation of the use of centered discrete derivative consists in the fact that, using this kind of derivative, 
the solutions of the difference Schrödinger equation for the examined case have an oscillatory character [6]. 

In order to simplify the notations and not to create confusion, we will use the following notation for the 
discrete forward derivative 
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a
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)1()1()(1)( −−+=
Δ
Δ≡

Δ
Δ

. (5)

Consequently, the second central or centered derivative (in what follows we will omit the words “central” or 
“centered”) is 

22

2
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Because we have to deal with physical observables, then it should be paid attention to the dimensions of the 
physical observables which participate to the difference equations (so, it must appear, to the right place, the the 
lattice spacing a ). 

In another train of thoughts, a translation operator with the step a , i.e., 
1TTa ≡  act on an analytical function 

as follows: 

)1()()()( 111 +=→= + nfnfTxfxfT nn   (7)

and it has the following properties [4,5]: 

( ) ( ) ∗
⋅−−−
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m . (8)

Consequently, the first and second difference derivatives can be written with the help of the translation operator: 
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As is known, the integral of a continuous function is 

 += CxFxfdx )()(  (10)

where the function )(xF  is the antiderivative function of )(xf , i.e.,: 

)()( xf
dx

xdF = .  (11)

For the discrete variable naxn = , instead of the integration symbol  ...dx  (which is the inverse of the 

differentiation symbol 
dx
d ), we will use the symbol 

n
a

x
x

n Δ
Δ≡

Δ
ΔΔ

−− 11 , as the inverse of the discrete differentiation 

symbol 
naxn Δ

Δ≡
Δ
Δ 1  where 

nxn Δ
Δ≡

Δ
Δ −− 11  is only the discrete dimensionless integration symbol which evinces that the 

discrete integrals refer to the variable anxn = . So, it means that 
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and also 
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n
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One way to define the integration is to find the inverse transform of the derivative and this concept is known 
as finding the antiderivative. If we apply to the above relation to the inverse derivative operator (the integration 
operator) we recover the antiderivative function: 
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So, the indefinite integral from the function )( nxf is 
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while the definite integral becomes: 
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Applying to Equation (14) the derivative operator, we successively obtain: 
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from which, applying the inverse difference operator, it results 
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Finally, discrete integration is performed using the following relationship: 
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If we use our short notation, we must take into account the dimensions: 
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In order to be able to calculate the right hand side of the above relation, we must expand the operator 
expression in a power series of the translation operator 

1T , using their above mentioned properties: 
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Supposing that the series is convergent, the discrete integral can be calculated by using the following equation: 
M
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Let us provide some examples of using the above formula by indicating the results of several discrete integrals 
that will be useful in the following sections, whose validity can be directly proved by performing the discrete 
differentiation operations (for brevity we have omitted the quantity a  in front). So, the results are: 

n
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α
αα

2sin
2sin

2
1

2
sin2

1 nnn
n

−=
Δ
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(25) 

With these mathematical preliminaries we are able to attack the simple quantum-mechanical models which 
are based upon the resolution of one-dimensional time-independent Schrödinger equation. 
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3. Foundamental Notions of the Discrete Schrödinger Equation 

Let us now remember the main elements (known before, see, [6–8]) of the finite difference calculation applied 
to solving the Schrödinger equation for the infinite square quantum well. We will then use the obtained results to 
solve the finite difference Bloch equation, which is the main purpose of the paper. 

A simple one-dimensional time-independent differential Schrödinger equation for a particle with the effective 
mass ∗m  in a potential field )(xU , where x  is a continuous variable, i.e.,: 

)()()()(
2 2

22

xExxUx
dx
d

m
Ψ=Ψ+Ψ− ∗


  (26)

can be written as a difference equation with the following structure 

)()()()(
2 2

22

nnnn
n
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Δ
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
  (27)

or in a more convenient manner through the central derivative of second order with step a2 : 

[ ] [ ] 0)()(2)2()(2)2(
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In order to work with a dimensionless equation, we can perform the following transformations to use the 
dimensionless quantities: 
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2
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Consequently, the discrete Schrödinger equation can be written as 
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4
1 =Ψ−+−Ψ+Ψ−+Ψ nnUEnnn .  (30)

Our task is to apply the discrete version of solving the Schrödinger equation to an analytically solvable 
quantum-mechanical problem—the infinite square well. 

Let us we consider a free quantum particle of the effective mass ∗m  moving in an asymetric infinitely deep 
square well potential, i.e., trapped in a spatial region of length aNL = , where nn xxa −= +1 , Nn ,...,2,1,0= , 
which is defined as follows: 


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Inside of the well, in which 0=U , the discrete Schrödinger equation becomes 
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This is a homogenous difference equation of the second order with the constant coefficients. 
The use of the central difference formula for the second derivative of the Hamiltonian is justified by the fact 

that in this manner we lead to the Hermitian Hamiltonian (as is stated also in Ref. [7], which refers to the connection 
with the tight-binding model). This can be seen immediately, if we transcribe the above equation in the matrix form 
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where we can observe that this Hamiltonian matrix is three-diagonal, and, of course, Hermitian ( ∗= jiij HH ). This 

leads to the oscillatory character of solutions [6]. 
Therefore, we will try the general solution of the difference equation as 

)sin()cos()( 21 ϕϕ nCnCn +=Ψ . (34)

In order to find the arbitrary integration constants 
2,1C  we will use the border conditions: at the borders of 

the infinite square well the eigenfunctions must vanish (particle is confined to a space of the length aNL =  
surrounded by infinite square potential well). So, we have: 

ϕNCNn
Cn

sin00)(
00)0(

2

1

===Ψ
===Ψ

.  (35)

The last condition leads to the energy quantization, because we must have πϕ EnN = , where ,2,1,0=En  

will play the role of the main (principal) quantum number. From this it follows: 
N
nEπϕ =  and the eigenfunctions are 



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=Ψ n

N
nCn E

nE
πsin)( 2 .  (36)

Introducing this expression in the discrete Schrödinger Equation (32), we obtain 

( )[ ] ( ) ( )[ ] ( ) 0sin~42sinsin22sin =+−+−+ ϕϕϕϕ NENNN   (37)

and also, after some trigonometric manipulations and because the coefficient of ( )ϕNsin  must vanish, we must have 

0~422cos2 =++ Eϕ .  (38)

This condition leads to the quantized energy eigenvalues of the free particle in the infinite square well: 
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2
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where ,3,2,1,0=En  play the role of the main quantum number. 
We will point out that this result was obtained earlier by Wolf [8] which used also the central discrete 

derivative, but with step 2/a , which confirms that, due to the symmetry in the definition of central discrete 
derivative, the used step does not play an essential role. 

Evidently, this expression is different from their counterpart in the continuous quantum mechanics (cQM) 
(i.e., there obtained by the resolution of the Schrödinger equation for the continuous variable x ). If the number
N of lattice points becomes infinite, the spacing between them becomes infinitesimal. Imposing that the quantum 
well length remains constant and finite, we can perform the following limit [8,9]: LaNaN =→∞→ ,0,  
(finite). We call this limit the continuous quantum mechanical limit (

cQM
lim ). By applying this limit we can verify 

the correctness of the obtained results for the discrete case. 
For the energy eigenvalues 

EnE , by using the l’Hospital rule for the indeterminate forms of limits, this limit 

leads to the correct result for the continuous case: 
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In this manner, the expression for the energy eigenvalues of a free particle in a discrete infinite quantum well 
reduces to the well-known parabolic expression for the energy eigenvalues of a free particle in a continuous infinite 
quantum well (see, e.g., [10]): 
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Let us now calculate the normalization constant 2C  from the normalization condition of the discrete 
eigenfunctions )(nΨ : 
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We have, successively, also Equation (26): 
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Consequently, the definite integral is then: 
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so that we obtain the same value for the normalization constant 
2C  as in the continuous case: 

LaN
C 22

2 == . (45)

Finally, the normalized eigenfunctions for the discrete case are identical to those of the continuous one: 







=Ψ n

N
n

L
n E

nE
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i.e., it is the solution of sinusoidal stationary waves along the x -axis, with Lxn ≤≤0  and ∞= ,...,2,1,0En . 

4. The Discretized Bloch Equation for the Infinite Square Well 

Let us consider a “quantum gas” of the free particles trapped in the infinite discrete quantum well which are 
in the thermodynamical equilibrium with the “reservoir” (confined by the infinitely higher walls) at the 
temperature T  (with ( ) 1−= BkT β , where Bk  is the Boltzmann’s constant). Obviously, such a gas is in a mixed 
quantum state described by the statistical or density operator ρ  or, in some representation, say ξ , by the density 
matrix ( )βξξρ ;', . 

For the quantum system described by the Hamiltonian H  and which obeys the canonical distribution, the 
canonical density operator ρ  is an exponential operator 

He βρ −=   (47)

and satisfies the quantum Bloch equation with the initial condition: 

ρρ
β

H=
∂
∂− , 1)0( ==βρ .  (48)

The canonical (or unnormalized) density matrix ( )βξξρ ;',  can be normalized to unity and the 
corresponding normalized density matrix ( )βξξρ ;',~  is 
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( ) ( )βξξρ
β

βξξρ ;',
)(

1;',~
Z

= , ( ) )(;, βξβξξρ Zd = ,  (49)

where )(βZ  is called partition function or statistical sum or statistical integral, the last two names depending 
generally on the discrete or continuous character of the energy of examined quantum system. 

Generally, the canonical density matrix ( )βξξρ ;',  can be obtained in two ways: 

- directly, if we know the energy eigenvalues 
EnE  of the system’s Hamiltonian H , then we can use the 

general definition: 
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n
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- indirectly, if we do not know the energy eigenvalues 
EnE , then we must try to solve the Bloch equation for 

the canonical density matrix [11]: 
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with the initial condition: 
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→
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It is true that the Bloch equation (like the Schrödinger equation), even in one dimension, admits precious 
analytic solutions only for a few quantum systems. Fortunately, for the infinite (continuous and discrete) quantum 
well this is possible. 

In the continuous case, in the coordinate representation x , the canonical density matrix is defined as 
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Because, in this case, the density matrix is a real function, it is symmetric with respect to two coordinates: 
( ) ( )βρβρ ;,';', xxxx = . 

Similarly, for the discrete space, assuming that naxx n =→  and ''' naxx n =→  their counterpart will be: 

( ) 
∞

=

∗−
ΨΨ=

0
)'()(;',

)(

E

EE

d
En

n
nn

E
nnenn

β
βρ ,   (54)

With )()( βcZ  and )()( βdZ  we will denote the continuous, respectively discrete statistical sums, defined by 
normalizing the density matrix to unity: 

( )
2

2

22
)(

0

2

00

)( ;,)(
E

EE

c
En

n

n

Lm

n

E
L

c eedxxxZ 
∞

=

−∞

=

−














=== ∗

πβββρβ


,  (55)

( )[ ] 
∞

=







−∞

=

−−
∗==

Δ
Δ=

0

sin
2

0
0

1
)(

2
2

2
)(

;,)(
E

E

E

d
En

n

n
Nam

n

ENd eenn
n

aZ
πββ

βρβ


.  
(56) 

The partition function is a quantity of maximal informational importance, because all the thermodynamic 
functions can be expressed through the partition function. But, in the case of free particle in an infinite quantum 
well (or, precisely, for such a “quantum gas”), due to their mathematical structure, these quantities cannot be 
expressed analytically and must be calculated numerically or adopted some approximations. In the Appendix A, 
we have drawn some considerations regarding the partition function. 

However, for the continuous case, the partition function can be evaluated also analytically. So, as an example, 
let us consider a free electron (with mass ∗m  = 9.1·10−31 kg), in an infinite quantum well with length m 10 = -9L  
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and equilibrium temperature T  = 300 K. With   = 1.054·10−34 J·s and Bk  = 1.38 · 10−23 J·K−1, the 
exponential into the sum, for 1=En  becomes 13

1 10)30exp()exp( −≈−≈− Eβ , i.e., extremely small. So, we can 
replace the sum with the integral by replacing Enly = , where we take into account the dimensional aspects: 

 
∞

=

∞

→
0 0

1

En
dy

l


   
(57)

In this manner, we obtain: 





∞ ∗

∗

−

∞

=

−

=
→

∞→

==→

→













=≡=

∗

∗

0
2

22

22

1
2

0

2)()(

0

)(

21
2

2
111

)(lim)(lim)(

2
22

22

2

2

22







πβπβ

π

βββ

πβ

πβ

mL

lLm
l

dye
l

eZZZ

y
lLm

n

n

Lmd

cQM

d

LaN
a
N

c

E

E

.  (58)

The last result is the same as in [11]. 
Let us solve the Bloch equation for a free particle of mass ∗m  in an infinite quantum well. In coordinate 

x —representation for the continuous case this equation reads: 

( ) ( )βρβρ
β

;',
2

;', 2

22

xx
xm

xx
∂
∂−=

∂
∂− ∗


  (59)

with the initial condition ( ) ( )'0;', xxxx −= δρ . 
By passing to the discrete space naxx n =→  this equation becomes 

( ) ( )βρβρ
β

;',
2

;', 2

2

2

2

nn
nam

nn
Δ
Δ−=

∂
∂− ∗


  (60)

which is a differential-difference equation. 
We try to solve this equation by using a new less dimensional thermal variable: 

2

2

2 am
f ∗= β . So, we have: 

( ) ( )fnn
n

fnn
f

;',;', 2

2

ρρ
Δ
Δ=

∂
∂

  (61)

or, equivalently 

( ) ( ) ( ) ( )[ ]fnnfnnfnnfnn
f

;',2;',2;',2
4
1;', −+−+=

∂
∂ ρρρρ   (62)

which is an differential-difference equation with partial derivatives. 
We will try to solve this equation by the separation variable method (similarly as we did for the Bloch 

equation for the Morse potential, see [12]), i.e.,: 

( ) 
∞

=

=
0

);'()(;',
E

EE
n

nn fnBnAfnnρ .  (63)

By substituting it into the Bloch equation, we obtain: 

[ ]
∞

=

∞

=

−+−+=
∂
∂

11
);'()2()(2)2(

4
1);'()(

E

EEEE

E

EE
n

nnnn
n

nn fnBnAnAnAfnB
f

nA   (64)

which means that 
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E

E

EEE

E

E

n
n

nnn
n

n

p
nA

nAnAnA
fnB

ffnB
−=

−+−+
=

∂
∂

)(
)2()(2)2(

4
1);'(

);'(
1

  (65)

where 
Enp is a positive constant which will be determined later. 

Now we have to solve the differential equation: 

EE

E

nn
n

pfnB
ffnB

−=
∂
∂ );'(

);'(
1

  (66)

);'();'(
'

0);'( fnBpfnB
n

fnB
f EEEE nnnn −=

∂
∂+

∂
∂

,  (67)

meaning that we should have: 

dfp
fnB
fndB

E

E

E
n

n

n −=
);'(
);'(

  (68)

En

EE

pf
nn enBfnB −= )0;'();'( ,  (69)

where, at the moment, )0;'(nB
En  is an arbitrary function, constant with respect to variable f , which will be 

determined later, from the symmetry condition of the density matrix (which, in our case is a real function). 
The second equation 

( ) 0)2()(212)2( =−+−−+ nAnApnA
EEEE nnnn   (70)

is a difference equation like the Schrödinger equation for a free particle in the infinite quantum well. For this 
reason, we can perform the identification and the quantization condition: 

E

d
n

n n
N

a
Em

p E

E

π22
2

)(

sin
2

==
∗


. (71)

Also, from the previous resolution of the Schrödinger equation, we take the solution: 







= n

N
nCnA E

nE

πsin~)(
.  

(72)

Consequently, the density matrix becomes 

( ) 
∞

=

−






=

0
)0;'(sin~;',

E

E

En

n
n

Epf nBn
N
neCfnn πρ .  (73)

Because the eigenfunctions )(n
EnΨ  are real functions, the density matrix is symmetric, so the function 

)0;'(nB
En

 must be: 







= 'sin~)0;'( n

N
nCnB E

nE

π
.  (74)

If we return to the old notations 

)(2
2

2

tan
2

d
nEn EE

En
Nam

fp βπβ == ∗


  (75)

the density matrix becomes 
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( ) 
∞

=

−














=

0

2 'sinsin~;',
)(

E

d
En

n

EEE n
N
nn

N
neCnn ππβρ β

.  (76)

Having in mind the expression of the discrete eigenfunctions )(n
EnΨ , it follows that we have 

L
CC 2~

2 ==

and so, the canonical density matrix becomes: 

( ) 
∞

=

−














=

0
'sinsin2;',

)(

E

d
En

n

EEE n
N
nn

N
ne

L
nn ππβρ β

,  (77)

i.e., exact the same mathematical structure as the one obtained from the general definition of the discrete canonical 
density matrix. 

Like the density matrix for the continuous case, their counterpart for the discrete one can be also normalized to 
unity and consequently, the discrete integral from the canonical density matrix is just the partition function )()( βdZ : 

( ) 
∞

=

−
−

−

=















Δ
Δ=

Δ
Δ

0

)(

0

2
1

0

1

)(sin2;,
)(

E

d
En

n

d
N

EE
N

Zn
N
n

n
ae

L
nn

n
a βπβρ β

.   (78)

The discrete integral in the above relation was previously calculated (see Equation (44)) and their value is 
2/N . Consequently, we obtain the correct expression for the partition function )()( βdZ . 

In this manner, the normalized discrete density matrix becomes  

( ) ( ) 
∞

=

−














=≡

0
)()( 'sinsin

)(
12;',

)(
1;',~ )(

E

d
En

n

EEE
dd n

N
nn

N
ne

ZL
nn

Z
nn ππ

β
βρ

β
βρ β

. (79)

On the other hand, the canonical density matrix (i.e., the solution of the Bloch equation) can fulfill the initial 
condition with respect to the variable β . So, we have: 

( ) )'(1'sinsin2;',lim
00

nn
a

n
N
nn

N
n

L
nn

En

EE −=













= 

∞

=→
δππβρ

β
,  (80)

where we have used the Fourier series representation for the Dirac delta function [13]: 

0,'sinsin2)'(
0

>













=− 

∞

=

Lx
L

kx
L

k
L

xx
k

ππδ .  (81)

Let us apply the continuous limit to the canonical discrete density matrix ( )βρ ;', nn . We obtain: 

( ) ( ) ( )

)'sin()sin(2'sinsinlim2

;',lim;',lim;',

0

~

1

0

2)(

E
n

E
n

n

EEE

cQM

cQM

LaN
a
N

nne
L

x
L
nx

L
ne

L

nnnnxx

E

E

E

d
En ααππ

βρβρβρ

ββ 
∞

=

−
∞

=

−

=
→

∞→

=



















=

=≡=

  (82)

where 
2

22

2
~

Lm∗≡ πββ  , x
L
πα ≡  and '' x

L
πα ≡ . 

As we have seen earlier, the quantity 
2

22

2
~

Lm∗≡ πββ   is very small and we can replace the sum with respect to 

En  by integral with respect to a continuous variable, say Enly =  as earlier. If we develop the sinus products using 
the Euler’s formulae 

[ ]EEEE nnnn
EE eeeenn )'(i-)'(i)'(i-)'(i

4
1)'sin()sin( αααααααααα ++−− −−+=   (83)

then we have to calculate four integrals of the following kind: 



Popov   Appl. Math. Stat. 2026, 3(1), 2  

https://doi.org/10.53941/ams.2026.100002  12 of 20  

( ) ( ) ( )[ ]*
22

*
112

1;',lim ++−− −−+= IIII
L

nn
cQM

βρ  (84)

where: 

2
2

2
2

2
)'(

2
2

~4
)'(

0

)'(i
~

1 2~2
11 xxm

y
l

y
l emLedye

l
I

−−∗−−∞ −+−
−

∗

==≡  


ββ

ααααβ

πββ
π

  
(85)

2
2

2
2

2
)'(

2
2

~4
)'(

0

)'(i
~

2 2~2
11 xxm

y
l

y
l emLedye

l
I

+−∗+−∞ ++−
+

∗

==≡  


ββ

ααααβ

πββ
π

. (86)

These integrals are of the following kind (see, 3.323/2 of Ref. [14]): 

2

22

2
2

4
2

0

2
i

2
1 p

q
p
qyp

e
p

dye
−∞











±−

=
π

. (87)

Note that the integrals do not depend on the sign in front of ( )'αα ±  and thus, ( )*11
−− = II  and ( )∗++ = 22 II . 

Apart from this, the last two integrals, +
2I  and ( )+

2I , which finally contain the sum 2)'( xx + , do not lead to the 
Dirac delta function at the limit 0→β , so they have no significance. 

Finally, we obtain the same results as in [11]: 

( )
2

2 )'(
2

22
;',

xxm

emxx
−−∗

∗

= 


β

πβ
βρ .  (88)

By normalizing this density matrix, we obtain the same expression of the partition function as the one 
obtained by applying the continuous limit (see, Equation (57) to the discrete partition function )()( βdZ : 

( ) F
L

c emLdxxxZ β

πβ
βρβ −

∗

===  2
0

)(

2
;,)(


,  (89)

where F  is the free energy of the quantum gas in the infinite quantum well [11]. 
This is another proof of the correctness of the calculations made for the discrete case of the free quantum 

particle in the infinite quantum well. 
The normalized density matrix then becomes: 

( )
2

2 )'(
21;',~ xxm

e
L

xx
−−

∗

= ββρ . (90)

Let us we calculate now the thermal expectation of the Hamiltonian 
2

22

2 xm
H

∂
∂−= ∗

  of free particle trapped 

in the infinite square quantum well, by using the canonical density matrix ( )βρ ;', xx . 
In the cQM this is given by the expression [11]: 


=

∗∗ 







∂
∂−=

∂
∂−=><

L

xxc

c xx
x

dx
Zmxm

H
0 '

2

22

2

22
)( );',(

')(
1

22
βρ

β


 (91)

where we must perform the following succession of operations: first we carry out the differentiation with respect 
to the variable 'x , then we replace 'x  with x  and finally we integrate with respect to the variable x . 

Then, in the dQM, the corresponding expression will be 
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N

nnc

d nn
nan

a
Zmnam

H
0'

2

2

2

12

2

2

2

2
)( );',(

'
1

)(
1

2
1

2 



















Δ
Δ

Δ
Δ−=

Δ
Δ−=><

=

−

∗∗ βρ
β


 (92)

with the same succession of operations as earlier. 
The discrete differentiation is easy to be performed if we use the Bloch equation (4.14), i.e., if we observe 

the operator equality which are applied to the function );',( βρ nn : 

2

2

2

2

2 nam Δ
Δ=

∂
∂

∗


β
  (93)

Then the expectation value becomes 

[ ] )(ln)(sin2
)(

1

);',(
)(

11
2

0 0

2
1

0'

1

2

2

2

2
)(

)(

β
β

ϕ
ββ

βρ
βββ

β
d

n

N
E

d

N

nnd

d

Zn
n

e
NZ

nn
n

a
Znam

H

E

d
En

∂
∂−=









Δ
Δ

∂
∂−=

=




















∂
∂

Δ
Δ−=

∂
∂−=

Δ
Δ−=><


∞

=

−
−

=

−

∗


 (94)

where we have used the notation πϕ
N
nE=  and Equation (26). 

In this manner, for dQM we have obtained the correct results, like for cQM. 

5. Infinite Quantum Wells and Their Associated Coherent States 

Previously, the Wigner and Q-distribution functions, which are characteristics of usual coherent states, were 
also defined for the discrete case [15]. Also, in a previous paper, Fiset and Hussin showed that particles in a 
quantum well have many properties specific to coherent states [16]. In this section, let’s see what is the expression 
of the coherent states associated with a particle embedded in a potential well of infinite height. 

In a previous paper we showed that this model can be associated with the quantum group SU(1, 1), with the 
Bargmann index 2/1=k  whose generators are ±K  and 0K  [17]. They act on the Fock vectors 

...,2,1,0,| => EE nn  as follows: 

( ) >





 +>=>−>=>++>= −+ EEEEEEEEE nnnKnnnKnnnK |

2
1|,1||,1|1| 0  (95)

For a Hamiltonian with the eigenequation >>= E
c

nE nEnH
E

|| )( , with energy eigenvalues 

)(
2

)(
1

2
2

22
)(

E
c

E
c

n neEn
Lm

E
E

≡= ∗

π , the coherent states can be defined in the Barrt-Girardello manner [18], i.e., as the 

eigenvectors of the annihillation operator. 

)iexp(||,|| ϕzzzzzK =>>=−  (96)

Their expansion on the Fock vector’s basis, after normalization is [17] 

( ) ( ) ( ) >>=>=  E
n E

n

E
n E

n

n
n
z

zI
n

n
z

zI
z

E

E

E

E

|
!||2

1|
||2

1|
00 ρ

 (97)

where ( )||20 zI  is the modified Bessel function of the first kind, and ( )Enρ  is the structure constant of the 
coherent states, defined as 

( ) ( ) ( ) ( ) ( ) ( ) ( )2222

1
!...21...21 EEE

n

j
E nnneeejn

E

=⋅⋅⋅=== ∏
=

ρρ  (98)

Any set of coherent states must satisfy some minimal conditions (named “Klauder’s prescriptions” [19]). 
They form a complete set, i.e., the identity operator can be resolved as 
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( ) 1|| =<> zzzdμ  (99)

where ( )zdμ  is the integration measure. For our problem this is expressed in terms of the modified Bessel 
functions, of the first and second order [17]. 

( ) ( ) ( ) ( )||2||2||
2

2 00
2 zKzIzddzd

π
ϕμ =   (100)

Multiplying the previous relation by >En| , we obtain 

( ) ( )
( ) >>=

∗

 z
n
z

zI
zdn

E

n

E

E

|
!||2

1|
0

μ  (101)

This relation shows that the information contained in the Fock state >En|  has been redistributed towards the 
coherent state >z| , that is, “divided” into an infinity of copies, with a different weight, because the spectrum of 
the variable z  contains an infinity of values, z  being a continuous variable. 

If we represent the base Fock vectors in the form of column and row matrices, that is 




























−









>=

0

0
1

1
0

0

|



 E

E

n

n , 












=< 00100| 




En

En    (102)

then, in particular, we will have 









≡>

0
1

0|
,
 








≡>

1
0

1|   (103)

A qubit >Ψ|  can be represented as a given point over the Bloch sphere (a sphere with unitary radius), by 
means of the spherical coordinates ( )ϕθ ,  i. e. as a linear combination of these two states 

>+>=>Ψ 1|0|| 10 aa , ( )2/cos0 θ=a , ϕi
1 ea = , 1|||| 2

1
2

0 =+ aa   (104)

Assuming that the particle in the potential well is a system with two energy levels, 1E  and 2E , then we will have 

( ) ( ) >>=  z
zI

zd |
||2

10|
0

μ , ( ) ( ) >>= ∗ zz
zI

zd |
||2

11|
0

μ  (105)

so the expression of the qubit becomes 

( ) ( ) ( ) >+=>Ψ ∗ zzaa
zI

zd |
||2

1| 10
0

μ  (106)

This relationship shows that any qubit can be expanded into associated coherent states, which allows us to 
manage quantum information for the most general evolution of the system states. 

Conversely, using the general expression of coherent states, Equation (97), for the case of systems with two 
energy levels, the coherent states will be 

( ) ( ) ( ) >+>=>→>=> 
=

1|
||2

0|
||2

1||
!||2

1|
00

)2(
1

00

)2(

zI
z

zI
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n
z

zI
z

E

E

n
E

E

n

 (107)
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( ) ( )
( ) ( ) +=→= 

=

1||2
!
||||2 0

1

0
20 zI

n
zzI

E

E

n E

n
2|| z   (108)

Finally, we obtain 

>
+

+>
+

=> 1|
||1

0|
||1

1|
22

)2(

z
z

z
z  (109)

Calculating the sum of the squares of the complex coefficients, we will have 
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By concluding, this expression has exactly the structure of a qubit. In other words, a two-level particle 
embedded into an infinite potential quantum well is just a qubit. To highlight this type of qubit, which depends on 
the complex variable z , characteristic of coherent states, we will call it the coherent qubit. 

With this, we have concrete proof of the connection between the model of a particle embedded in an infinite 
potential well with rectangular walls and the basic elements of quantum computing. 

Thus, coherent states become a very important entity in quantum computing. 
Assuming that a quantum message >M|  is represented by a tensor product of a finite number of qubits, it 

can be written in two equivalent ways: 
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The Hilbert space H associated with the message |> is a tensor product of the Hilbert spaces associated with 
the individual qubits: >⊗⊗>⊗>=>⊗=

= Nj

N

j
HHHHH |...||| 211

. 

Other aspects of the connection between coherent states and qubits the readers can find in our previous paper [20]. 
In principle, the discretization method can also be applied to the case of a more realistic or finite potentials, 

for which in a certain region of space the potential (outside the quantum well) is NjU j ≤≤≠ 1,0 . The 

appropriate discretization method is also that of centered finite differences. This assumes that the discretized 
Hamiltonian is also a tridiagonal matrix, but which, for these cases, has the elements on the main diagonal equal 
to 

( ) jU
xm

+
Δ 2

2 , and the off-diagonal ones equal to 
( )2

2

xm Δ
−  . Of course, unlike the potential well with infinite 

walls, there will also be a tunneling phenomenon, with a non-zero probability of finding the particle even outside 
the potential pit. Consequently, the boundary conditions for the wave function will be written 0

20 =





−Ψ L  and 

0
21 =





+Ψ +

L
N

, where ∞≤L  is a sufficiently wide spatial coordinate, outside the potential well [7,9,21]. 

As a general remark, if you compare the centered difference method with the similar forward / backward 
methods, for solving finite difference equations (therefore Schrodinger’s equation), it is found that the first one 
brings more accuracy, that is, it produces smaller errors for a chosen xΔ  step. Implicitly, the computational 
efficiency is higher due to the fact that, although it uses the same number of points (adjacent neighbors), the 
stability is higher. In addition, in the case of using the method with centered differences, the precision is higher, 
compared to that of the forward / backward methods, being of the order of ( )[ ]2xO Δ  [22]. 

Also, some properties of coherent states, particularly associated with a particle (or quantum particle gas) 
confined in a infinite potential well can be connected with the thermofield dynamics (TFD) approach. At the same 
time this constitute the nowest application of this method. 

It is known that, in general, quantum computers need to be cold, due to their fundamental quantum 
elements—qubits, which can exist simultaneously in multiple states, a phenomenon called superposition. These 
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elements are very sensitive to the environment and any type of interaction with it (thermal, electromagnetic or 
vibrational) can lead to the collapse of the initial states or, in happier cases, the device’s operation slows down, 
freezes, or even stops unexpectedly. 

That is why research is being developed with the aim of finding new cooling methods and improving the 
stability of quantum systems to handle larger quantum processors in the future. Methods that allow computers to 
function at the lowest possible temperatures (ideally, as close to absolute zero as possible). 

In this sense, it is necessary to establish a connection between the phenomena occurring at non-zero 
temperatures and those corresponding to temperatures close to theoretical absolute zero. This step is performed by 
the thermofield dynamics (TFD) theory or model. In essence, TFD is a formalism in quantum field theory that 
extends the theory formulated from zero temperature phenomena to corresponding phenomena involving finite 
temperatures. In this formalism description of thermal effects and phenomena at temperature 0→T  is extended 
to respective phenomena at non-zero temperatures 0≠T , ( ) 1−= βBkT , where Bk is the Boltzmann constant, and 

( ) 1−= TkBβ  is the temperature parameter. TFD is a natural way to studying quantum states at finite temperatures 
by doubling the degrees of freedom in a Hilbert space and applying a temperature-dependent Bogoliubov 
transformation. In the TFD theory, the physical quantities at equilibrium are represented by their thermal 
expectation values. The central idea in TFD is to express this ensemble average as an expectation value over just 
one state ( ) ( ) >≡>Ψ ββ 0|| , called the thermofield double vacuum state or the thermal vacuum state. Their 
expression is [23] 

( ) ( ) ( )
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Just in general terms, let’s mention the connection between TFD and quantum computing. If we consider the 
case when the particle confined in the infinite quantum well is a two-level, where the ground energy level is zero, 
i.e., 00 =E  (as in the case of the particle embedded in an infinite rectangular potential well), the expression of the 
fundamental entity from TFD, i.e., the thermal vacuum, will be 
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where the partition function is ( ) 11)2( EeZ ββ −+= , so that finally we have 
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EE ee ββ

β   (114)

It can be verified that the sum of the squares of the coefficients is equal to 1, so we identify >≡> 0|0~,0|  
and >>≡ 1|1~,1| . It can therefore be seen that the thermal vacuum of TFD ( ) >β0| is identical to the so-called 
thermal vacuum qubit or thermal qubit: 

( ) 1,1|0|0| 2
1

2
010

)2( =+>+>=> ccccβ  (115)

This clearly shows the connection between thermofield dynamics and quantum computing [24–26]. 

6. Concluding Remarks 

In the present paper, we presented a type of treatement of the infinite square quantum well in discrete quantum 
mechanics using a central difference second-derivatives approach. The results obtained by discretization of both 
the Schrödinger and the Bloch equations could be of certain interest in a different context, especially in the 
condensed matter physics. 

The aim of our paper was to solve the Bloch equation for quantum non interacting particles trapped in a 
square quantum well of discretized space of the length L . For this purpose, at the beginning, we recalled some 
(earlier known) methods and results regarding the solving of the Schrödinger equation of a quantum particle 
trapped in the square infinite well, in the discrete space. The depth of the quantum well is considered infinite 

∞→U  so, inside the well the potential is zero. 
If we compare the two approaches (discrete and continuous) for the purpose of studying the behavior of the 

free particle (or the “quantum gas” of free particles) in the infinite quantum well of the same length, we can observe 
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some fundamental differences. The paper lead to the conclusion that, for the problems which include the resolution 
of the Schrödinger equation (respectively, the Bloch equation) in the discrete space for a particle (respectively, 
non interacting particle gas) trapped in an infinite square well, the most useful form of the discrete derivatives 
(between forward, backward and central variants) is the central difference formula, because this approach is 
consistent with the oscillatory behaviour of the wave functions of the examined problem. The main difference 
refers to the energy spectrum and, consequently, to the band structure. If in the continuous case the energy has 
parabolic dependence on the main or principal quantum number En , in the discrete case this dependence is more 
complicated, being achieved by means of the square sinus function 









N
nEπ2sin . 

By applying the continuous quantum mechanical limit (
cQM
lim ) to the physical quantities or formulae regarding 

the discrete case, we lead to the corresponding quantities or formulae for the continuous case. 
As we pointed out, the main purpose of the paper was to solve the discretized Bloch equation for the free 

particle in the infinite quantum well which is, in our opinion, a completely new approach which had not appeared 
yet in the scientific literature. 

The discretized approach is appropriate for many problems e.g., in condensed matter physics, because in this 
scientific area many physical systems are achieved from crystalyne materials wherein the spacing between atoms 
is finite. 

On the other hand, the discretization approach can be used successfully in different nanostructures including 
quantum wells, wires and dots, i.e., in the physical systems containing a finite number of atoms. 

In the last part of the paper, we showed how the formalism of coherent states, in particular those associated 
with a particle embedded in the infinite quantum square well, leads to an important connection with quantum 
computation. In this way, the coherent state—qubits connection provides a new and important application example 
of the coherent state concept. 

In conclusion, together with other works examining some aspects of the quantum infinite square well, for 
example tight-binding models [7,9], or coherent states [20,26], we believe that our paper will be a small step 
forward and will contribute to a better understanding of the phenomena involving quantum infinite square well, 
especially as regarded of quantum computation and quantum information. 

Finally, we can say that the paper presents a theoretical connection from the model of the particle confined 
in an infinite potential well ( QW−∞ ), treated under continuous-discrete aspect, the formalism of associated 
coherent states (CSs), aspects of thermofield dynamics (TFD) and up to quantum computing (QC). 

The ideas presented in this paper can be summarized in the following} block diagram: 
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Appendix A 

The evaluation in an analytical manner of the partition function of the canonical partition function, both for 
the discrete and also for the continuous case would be an extremely difficult task [8]. Therefore, we try to express 
the canonical partition function of the discrete case in an approximate manner, by reteining only two terms of the 
sum. This is motivated by the fact that in the low temperature limit, the exponent is exceedingly small, so only the 
first two terms make a most important contribution (see the numerical example in the Section 4). So, we can 
consider that the particle is a two-level system, with energies 0)(

0 =dE  and 






= ∗ Nam

E d π2
2

2
)(

1 sin
2
 . 

We denote this approximation with )()2( βdZ , where 0)(
0 =dE : 

)(
11)()2( dE

d eZ ββ −+=   (A1)

Let us use this expression in order to calculate the molar heat capacity at the constant volume )2(
VC , defined as: 
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After some simple algebraic calculations we arrived at an interesting final expression: 
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where the argument of hyperbolic function is: 
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As a matter of fact we indicate that the continuous canonical partition function )()( βcZ  (55) can be evaluated, 
up to an additional constant, by the help of the Jakobi theta function which is an integral functions defined as 
follows [27]: 
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For 0=z  we have )(),0( 33 μϑμϑ ≡ , i.e., [15]: 
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For 1<<μ  we can neglect the correction terms to order μ
π 2

−
e  and so, we have 

μ
πμϑ =)(3 .  (A7)

Consequently, by identifying 
2

22

2 Lm∗= πβμ  , the continuous partition function )()( βcZ  becomes: 
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Thus, with an accuracy up to a constant term, which does not contribute to the heat capacity value, we 
obtained in another way Equation ( 58). 

For the case of two-level system, the partition function is 
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Formally, the expression of molar heat capacity at the constant volume )2(
VC  is identical 
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respecting the limit: 
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