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Abstract: In this paper, we study the filtering issue for a class of complex networks (CNs) with filter-and-forward
relays (FFR) under fading channels. To facilitate transmission, the FFRs deployed between the sensor and filter
are employed to orchestrate the signal communication. Here, the phenomena of fading channels are considered in
both the sensor-relay and relay-filter channels, which are depicted by two sets of random variables. The aim of
this paper is to jointly design the recursive filters for the FFRs and the underlying CNs in the presence of fading
channels. Initially, the inductive method is utilized to obtain upper bounds on the filtering error covariances which,
by following this, are minimized by the design of suitable filter gains. Finally, an example is given to showcase the
effectiveness of the filtering strategy.

Keywords: recursive filtering; complex networks; relay networks; fading channels

1. Introduction

For decades, research interest in complex networks (CNs) has surged owing mainly to its effective ability to
describe various large-scale systems including smart grid systems, transportation systems, social networks and
biological engineering [1–6]. The defining feature of CN lies in that it composes a vast number of interconnected
nodes, whose dynamics are influenced by their neighboring nodes within a given topology. In particular, the complex
dynamics and intricate couplings of CN nodes have generated escalating attention yielding many excellent findings
related to stability, control, synchronization and filtering (or estimation), see e.g., [7–11].

For CNs, the information of node states has been well recognized to be practically significant for accomplishing
certain synchronization/tracking tasks. Unfortunately, due mainly to the resource constraints, obtaining/computing
all state information is usually challenging, especially in huge-scale networks. In response, over the years, the
filtering issue, aiming at offering estimates of node states with help of partial measurements, has appeared as
a prominent research topic with many effective filtering algorithms proposed in the literature, see e.g., [12–16].
For example, in [13, 17, 18], the variance-constrained filtering method, the H∞ state estimation strategy and
set-membership filtering techniques have been put forward for CNs with respect to Gaussian-type noises, energy
bounded disturbances and unknown-but-bounded noises, respectively.

It is noteworthy that, most existing results on the filtering issue have been obtained based on the foundational
presumption that sensors are capable of transmitting their signals to the filter across arbitrary distances without
limitation. This presumption, however, proves unrealistic in the field of wireless communication particularly
in long-distance scenarios, when considering the technical/physical constraints of the energy-limitation sensors.
To tackle the transmission concerns, the relay-aided techniques have been extensively employed in practice, whose
essence is to receive/process the signal from sensor and then forward it to the distant filter with aim to enhance the
reliability of long-distance transmission. In most recent, the use of relay-based strategies in filtering issues has been
explored in [14,19–22] for various networked systems.

Broadly saying, common relays can be classified into three types, i.e. compress-and-forward relays, amplify-
and-forward relays, and filter-and-forward relays (FFRs), see [23–28]. In FFRs, the relay performs a linear filtering
on the incoming signal and immediately retransmits the filtered output to the destination. A distinct benefit of FFRs
lies in its ability to realize a trade-off between the system performance and the computational complexity [29].
Owing to this advantage, the FFRs have been widely embraced within the signal processing community, see
e.g., [30,31]. On the other hand, as a kind of resource that impairs the signal quality in wireless communication,
fading inevitably arise from the limited bandwidth, shadowing or multiple-path propagation. Accordingly, research
on the control/filtering issues under fading effects has emerged as a hot topic in the last years with some elegant
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results displayed in [32–36]. Notably, FFRs have not yet been examined in the filtering issue for CNs, especially
not in cases under the fading effects. This unaddressed gap promotes the main motivation of the current study.

Building upon the above discussions, this paper delves into the study of estimation of CNs under the FFR
framework. The key contributions can be summarized as follows: (1) FFRs are, for the first time, introduced into
the design of recursive filters of CNs, hence providing an insight closer to practical applications; (2) Upper bounds
on the filtering error covariances(FECs) are obtained by solving two recursive equations, which are seen as an
important index for evaluating the filtering performance; and (3) The desired filters are jointly designed for both the
FFRs and the CNs to minimize the obtained upper bounds, which ensures the efficiency of the estimation process.

Notations. In this paper, the notation is fairly standard. Rn and diag{· · · } mean the n-dimensional Euclidean
space and the block diagonal matrix. For a matrix ð, let (ð)−1, (ð)T , λmax(ð), E{ð} and tr{ð} be the inverse, the
transpose, the largest singular value, the mathematical expectation and the trace of ð. For symmetric matrix ð,
ð > 0 (ð ≥ 0) represents that ð is positive (semi-positive).

2. Problem Formulation

Consider a CN having Q nodes whose dynamics is described as

xpι+1 = Ap
ιx

p
ι +

Q∑
q=1

ωpqΓx
q
ι +Bp

ι wι

ypι = Cp
ι x

p
ι +Dp

ι υι

(1)

for p = 1, . . . , Q, the state and measurement of node p are denoted by xpι ∈ Rnx and ypι ∈ Rny , respectively.
W = WT = (ωpq)Q×Q is the outer-coupled matrix with ωpp = −

∑Q
q=1,q ̸=p ωpq and ωpq ≥ 0 (p ̸= q) but not

all elements zeros. Γ = diag{o1, . . . , onx
} represents an inner coupling matrix. Ap

ι , Bp
ι , Cp

ι and Dp
ι are known

matrices. wι ∈ Rnw and υι ∈ Rnυ are noises obeying Gaussian distributions with mean 0 and variances Wι and Vι.
The initial values of state xp0 is a Gaussian distributed variable with E

{
xp0

}
= x̄p and E

{
(xp0−x̄p)(x

p
0−x̄p)T

}
= Ξp.

In this paper, for each node p, its measurement output is transmitted in accordance with an FFR with aim to
improve the signal quality especially in long-distance wireless transmission. The FFR first receives the data from
sensor and then generates an estimate by its own filter. Meanwhile, the relay forwards such an estimate to the remote
filter. Here, denoted ŷpι by the received signal of the p-th FFR with

ŷpι =
√
Epτ

p
ι y

p
ι + ϑι (2)

where Ep is the average transmission energy of sensor node p. ϑι ∈ Rny is the channel noise obeying Gaussian
distribution with mean 0 and variances Φι. τpι ∈ R is the stochastic fading coefficient in the sensor-to-relay channel
with E

{
τpι

}
= τ̄p and E

{
(τpι − τ̄p)

2
}
= τ⃗p.

Based on the received data ŷpι , the filter in the relay side is construed as follows:

ψp
ι = Ap

ι−1ψ
p
ι−1 +Kp

ι (ŷ
p
ι −

√
Epτ̄pC

p
ι A

p
ι−1ψ

p
ι−1) (3)

where ψp
ι is the estimate signal of state xpι in the relay p. Kp

ι is the filter gain to be designed.
Afterward, let ψ̃p

ι = Cp
ι ψ

p
ι be the signal delivered by the relay to the remote filter. The real signal received by

the remote filter is

ỹpι =
√
Fpµ

p
ι ψ̃

p
ι + νι (4)

where Fp is the average energy delivered by the relay p. νι ∈ Rny is the channel noise obeying Gaussian distribution
with mean 0 and variances Ψι. µp

ι ∈ R stands for the stochastic fading coefficient in the relay-to-filter channel with
E
{
µp
ι

}
= µ̄p and E

{
(µp

ι − µ̄p)
2
}
= µ⃗p.

Assumption 1. All these random variables xp0, wι, υι, ϑι, νι, τpι and µp
ι are auto-uncorrelated and

mutually uncorrelated.

Remark 1. In this paper, we consider the relay-based communication between the sensor and filter for the purpose
of enhance the signal quality by splitting the long transmission path into two shorter ones. Specifically, the
FFR (2)–(4) has been deployed due to its ability to suppress the effects of channel noises on the delivered signal
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by developing a suitable filtering strategy in the relay node, thereby guaranteeing a satisfied communication
performance. In addition, note that the fading phenomenon is also considered in both the sensor-relay channel and
the relay-filter channel to account for the possibly unreliable wireless network.

With the local data ỹpι , the following filter is constructed for CN (1):

x̂pι+1|ι =A
p
ι x̂

p
ι|ι +

Q∑
q=1

ωpqΓx̂
q
ι|ι

x̂pι+1|ι+1 =x̂pι+1|ι +Gp
ι+1

(
ỹpι+1 −

√
Fpµ̄pC

p
ι+1x̂

p
ι+1|ι

) (5)

where, at instant ι, the one-step prediction of xpι is denoted by x̂pι+1|ι and the estimate of xpι is denoted by x̂pι|ι.
The gain of the filter designed later is denoted by Gp

ι .
Defining −→x p

ι ≜ xpι − ψp
ι , it is known from (1) and (3) that

−→x p
ι+1 =(Ap

ι −
√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )
−→x p

ι + (I −
√
Epτ̄pK

p
ι+1C

p
ι+1)

Q∑
q=1

ωpqΓx
q
ι

−
√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1A

p
ιx

p
ι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1

Q∑
q=1

ωpqΓx
q
ι

+ (I −
√
Epτ̄pK

p
ι+1C

p
ι+1)B

p
ι wι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1B

p
ι wι

−
√
Epτ̄pK

p
ι+1D

p
ι+1υι+1 −

√
Epτ̃

p
ι+1K

p
ι+1D

p
ι+1υι+1 −Kp

ι+1ϑι+1

(6)

with τ̃pι+1 = τpι+1 − τ̄p.
Defining x̃pι+1|ι ≜ xpι+1 − x̂pι+1|ι and x̃pι+1|ι+1 ≜ xpι+1 − x̂pι+1|ι+1 by the prediction error and the filtering

error, according to (1) and (5), it is easy to obtain the following error dynamics:

x̃pι+1|ι =A
p
ι x̃

p
ι|ι +

Q∑
q=1

ωpqΓx̃
q
ι|ι +Bp

ι wι

x̃pι+1|ι+1 =(I −
√
Fpµ̄pG

p
ι+1C

p
ι+1)x̃

p
ι+1|ι −

√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1x

p
ι+1 (7)

+
√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1

−→x p
ι+1 +

√
Fpµ̄pG

p
ι+1C

p
ι+1

−→x p
ι+1 −Gp

ι+1νι+1

where µ̃p
ι+1 = µp

ι+1 − µ̄p.
Now, denote the FECs as Xp

ι|ι ≜ E
{
x̃pι|ιx̃

pT
ι|ι

}
and Zp

ι ≜ E
{−→x p

ι
−→x pT

ι

}
. We are aimed at designing filters of

forms (3) and (5) such that upper bounds on FECs are ensured and then minimized by designing appropriate gain
Kp

ι and Gp
ι , respectively.

3. Main Results

The following three helpful lemmas are given to obtain our main results.

Lemma 1. Given matrices 𭟋 and ℸ, and scalar π > 0, the following holds:

𭟋ℸT + ℸ𭟋T ≤ π𭟋𭟋T + π−1ℸℸT .

Lemma 2. Denote ℜp
ι ≜ E

{
xpιx

pT
ι

}
. For a given scalar a1, if there exists a set of positive definite matrices

ℜp

ι satisfying

ℜp

ι+1 =(1 + a1)A
p
ιℜ

p

ιA
pT
ι +Bp

ι WιB
pT
ι + (1 + a−1

1 )ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ (8)

with initial value ℜp

0 = Ξp + x̄px̄
T
p and ω̂ =

∑Q
q=1 |ωpq|, then ℜp

ι is an upper bound of ℜp
ι , i.e. ℜp

ι ≤ ℜp

ι .

Proof. It follows from (1) that
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ℜp
ι+1 = E

{
xpι+1x

pT
ι+1

}
=E

{[
Ap

ιx
p
ι +

Q∑
q=1

ωpqΓx
q
ι +Bp

ι wι

][
Ap

ιx
p
ι +

Q∑
q=1

ωpqΓx
q
ι +Bp

ι wι

]T}
(9)

≤(1 + a1)E
{
Ap

ιx
p
ιx

p
ιA

pT
ι

}
+ (1 + a−1

1 )E
{ Q∑

q=1

ωpqΓx
q
ι

×
[ Q∑
q=1

ωpqΓx
q
ι

]T}
+Bp

ι E
{
wιw

T
ι

}
BpT

ι

by using Lemma 1.
Furthermore, we deduce that

E
{ Q∑

q=1

ωpqΓx
q
ι

[ Q∑
q=1

ωpqΓx
q
ι

]T}

=
1

2
E
{ Q∑

q=1

Q∑
l=1

ωpqωplΓ
[
xqιx

lT
ι + xlιx

qT
ι

]
ΓT

}
(10)

≤1

2
E
{ Q∑

q=1

Q∑
l=1

|ωpq||ωpl|Γ
[
xqιx

qT
ι + xlιx

lT
ι

]
ΓT

}

≤ω̂
Q∑

q=1

|ωpq|Γℜq
ιΓ

T .

Inserting (10) into (9) results in

ℜp
ι+1 ≤(1 + a1)A

p
ιℜp

ιA
pT
ι +Bp

ι WιB
pT
ι (11)

+ (1 + a−1
1 )ω̂

Q∑
q=1

|ωpq|Γℜq
ιΓ

T .

Clearly, we can confirm ℜp
ι ≤ ℜp

ι based on the mathematical induction.

Lemma 3. For given scalars a2 and a3, if there exists a set of positive definite matrices Z
p

ι satisfying

Z
p

ι+1 =(1 + a2)(A
p
ι −

√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )Z

p

ι (A
p
ι −

√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )

T

+ (1 + a−1
2 )(I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
T
)
(I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T

+ (1 + a3)Epτ⃗pK
p
ι+1C

p
ι+1A

p
ιℜ

p

ιA
pT
ι CpT

ι+1K
pT
ι+1 + (1 + a−1

3 )Epτ⃗pK
p
ι+1 (12)

× Cp
ι+1

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
T
)
CpT

ι+1K
pT
ι+1 + (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)B

p
ι Wι

×BpT
ι (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T + Epτ⃗pK
p
ι+1C

p
ι+1B

p
ι WιB

pT
ι CpT

ι+1K
pT
ι+1

+ Ep(τ̄
2
p + τ⃗p)K

p
ι+1D

p
ι+1Vι+1D

pT
ι+1K

pT
ι+1 +Kp

ι+1Φι+1K
pT
ι+1

with initial value Z
p

0 = Ξp, then Z
p

ι is an upper bound of Zp
ι , i.e. Zp

ι ≤ Z
p

ι .

Proof. Referring to (6), we have
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Zp
ι+1 =E

{−→x p
ι+1

−→x pT
ι+1

}
=E

{[
(Ap

ι −
√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )
−→x p

ι + (I −
√
Epτ̄pK

p
ι+1C

p
ι+1)

Q∑
q=1

ωpqΓx
q
ι

−
√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1A

p
ιx

p
ι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1

Q∑
q=1

ωpqΓx
q
ι + (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

×Bp
ι wι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1B

p
ι wι −

√
Epτ̄pK

p
ι+1D

p
ι+1υι+1 −

√
Epτ̃

p
ι+1K

p
ι+1D

p
ι+1υι+1

−Kp
ι+1ϑι+1

][
(Ap

ι −
√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )
−→x p

ι + (I −
√
Epτ̄pK

p
ι+1C

p
ι+1)

Q∑
q=1

ωpqΓx
q
ι

−
√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1A

p
ιx

p
ι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1

Q∑
q=1

ωpqΓx
q
ι + (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

×Bp
ι wι −

√
Epτ̃

p
ι+1K

p
ι+1C

p
ι+1B

p
ι wι −

√
Epτ̄pK

p
ι+1D

p
ι+1υι+1 −

√
Epτ̃

p
ι+1K

p
ι+1D

p
ι+1υι+1 (13)

−Kp
ι+1ϑι+1

]T}
≤(1 + a2)(A

p
ι −

√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )E

{−→x p
ι
−→x pT

ι

}
(Ap

ι −
√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )

T

+ (1 + a−1
2 )(I −

√
Epτ̄pK

p
ι+1C

p
ι+1)E

{ Q∑
q=1

ωpqΓx
q
ι

[ Q∑
q=1

ωpqΓx
q
ι

]T}
× (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T + (1 + a3)τ⃗pEpK
p
ι+1C

p
ι+1A

p
ιE

{
xpιx

pT
ι

}
ApT

ι CpT
ι+1K

pT
ι+1

+ (1 + a−1
3 )τ⃗pEpK

p
ι+1C

p
ι+1E

{ Q∑
q=1

ωpqΓx
q
ι

[ Q∑
q=1

ωpqΓx
q
ι

]T}
CpT

ι+1K
pT
ι+1

+ (I −
√
Epτ̄pK

p
ι+1C

p
ι+1)B

p
ι WιB

pT
ι (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T + Epτ⃗pK
p
ι+1C

p
ι+1B

p
ι

×WιB
pT
ι CpT

ι+1K
pT
ι+1 + Ep(τ̄

2
p + τ⃗p)K

p
ι+1D

p
ι+1Vι+1D

pT
ι+1K

pT
ι+1 +Kp

ι+1Φι+1K
pT
ι+1.

Similar to (10), it contributes to

Zp
ι+1 ≤(1 + a2)(A

p
ι −

√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )Z

p
ι (A

p
ι −

√
Epτ̄pK

p
ι+1C

p
ι+1A

p
ι )

T

+ (1 + a−1
2 )(I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

(
ω̂

Q∑
q=1

|ωpq|Γℜq
ιΓ

T
)
(I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T

+ (1 + a3)Epτ⃗pK
p
ι+1C

p
ι+1A

p
ιℜp

ιA
pT
ι CpT

ι+1K
pT
ι+1 + (1 + a−1

3 )Epτ⃗pK
p
ι+1 (14)

× Cp
ι+1

(
ω̂

Q∑
q=1

|ωpq|Γℜq
ιΓ

T
)
CpT

ι+1K
pT
ι+1 + (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)B

p
ι Wι

×BpT
ι (I −

√
Epτ̄pK

p
ι+1C

p
ι+1)

T + Epτ⃗pK
p
ι+1C

p
ι+1B

p
ι WιB

pT
ι CpT

ι+1K
pT
ι+1

+ Ep(τ̄
2
p + τ⃗p)K

p
ι+1D

p
ι+1Vι+1D

pT
ι+1K

pT
ι+1 +Kp

ι+1Φι+1K
pT
ι+1.

Bearing in mind Lemma 2, it is not difficult to see that Zp
ι ≤ Z

p

ι holds by means of mathematical induction.

Lemma 4. For given scalars cl, c2 and c3, if there exists a set of positive definite matrices X
p

ι|ι satisfying

X
p

ι+1|ι+1 =(1 + c2)(I −
√
Fpµ̄pG

p
ι+1C

p
ι+1)X

p

ι+1|ι(I −
√
Fpµ̄pG

p
ι+1C

p
ι+1)

T + (1 + c−1
2 )

× Fpµ̄
2
pG

p
ι+1C

p
ι+1Z

p

ι+1C
pT
ι+1G

pT
ι+1 + (1 + c3)Fpµ⃗pG

p
ι+1C

p
ι+1ℜι+1C

pT
ι+1G

pT
ι+1 (15)

+ (1 + c−1
3 )Fpµ⃗pG

p
ι+1C

p
ι+1Z

p

ι+1C
pT
ι+1G

pT
ι+1 +Gp

ι+1Ψι+1G
pT
ι+1

with X0|0 = X0|0 = Ξp and X
p

ι+1|ι = (1 + c1)A
p
ιX

p

ι|ιA
pT
ι + Bp

ι WιB
pT
ι + (1 + c−1

1 )ω̂
∑Q

q=1 |ωpq|ΓX
q

ι|ιΓ, then
X

p

ι|ι is an upper bound of Xp
ι|ι, i.e. Xp

ι|ι ≤ X
p

ι|ι.
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Proof. Bearing in mind the initial condition, assume that Xp
ι|ι ≤ X

p

ι|ι. If we verify Xp
ι+1|ι+1 ≤ X

p

ι+1|ι+1 as follows,
then this theorem will be proved in light of mathematical induction.

First, denote Xp
ι+1|ι ≜ E

{
x̃pι+1|ιx̃

pT
ι+1|ι

}
by the prediction covariance. It is determined from (7) that

Xp
ι+1|ι =E

{[
Ap

ι x̃
p
ι|ι +

Q∑
q=1

ωpqΓx̃
q
ι|ι +Bp

ι wι

][
Ap

ι x̃
p
ι|ι +

Q∑
q=1

ωpqΓx̃
q
ι|ι +Bp

ι wι

]T}
≤(1 + c1)E

{
Ap

ι x̃
p
ι|ιx̃

pT
ι|ιA

pT
ι

}
+ E

{
Bp

ι wιw
T
ι B

pT
ι

}
(16)

+ (1 + c−1
1 )E

{ Q∑
q=1

ωpqΓx̃
q
ι|ι

[ Q∑
q=1

ωpqΓx̃
q
ι|ι

]T}
,

which, according to (10), can be further obtained as

Xp
ι+1|ι ≤(1 + c1)A

p
ιX

p

ι|ιA
pT
ι +Bp

ι WιB
pT
ι + (1 + c−1

1 )ω̂

Q∑
q=1

|ωpq|ΓX
q

ι|ιΓ. (17)

Then, we have

Xp
ι+1|ι ≤ X

p

ι+1|ι. (18)

Next, the local FEC is calculated as

Xp
ι+1|ι+1 =E

{
x̃pι+1|ι+1x̃

pT
ι+1|ι+1

}
=E

{[
(I −

√
Fpµ̄pG

p
ι+1C

p
ι+1)x̃

p
ι+1|ι −

√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1x

p
ι+1

+
√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1

−→x p
ι+1 +

√
Fpµ̄pG

p
ι+1C

p
ι+1

−→x p
ι+1 −Gp

ι+1νι+1

]
×
[
(I −

√
Fpµ̄pG

p
ι+1C

p
ι+1)x̃

p
ι+1|ι −

√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1x

p
ι+1

+
√
Fpµ̃

p
ι+1G

p
ι+1C

p
ι+1

−→x p
ι+1 +

√
Fpµ̄pG

p
ι+1C

p
ι+1

−→x p
ι+1 −Gp

ι+1νι+1

]T}
≤(1 + c2)(I −

√
Fpµ̄pG

p
ι+1C

p
ι+1)X

p
ι+1|ι(I −

√
Fpµ̄pG

p
ι+1C

p
ι+1)

T + (1 + c−1
2 ) (19)

× Fpµ̄
2
pG

p
ι+1C

p
ι+1Z

p
ι+1C

pT
ι+1G

pT
ι+1 + (1 + c3)Fpµ⃗pG

p
ι+1C

p
ι+1ℜι+1C

pT
ι+1G

pT
ι+1

+ (1 + c−1
3 )Fpµ⃗pG

p
ι+1C

p
ι+1Z

p
ι+1C

pT
ι+1G

pT
ι+1 +Gp

ι+1Ψι+1G
pT
ι+1

≤(1 + c2)(I −
√
Fpµ̄pG

p
ι+1C

p
ι+1)X

p

ι+1|ι(I −
√
Fpµ̄pG

p
ι+1C

p
ι+1)

T + (1 + c−1
2 )

× Fpµ̄
2
pG

p
ι+1C

p
ι+1Z

p

ι+1C
pT
ι+1G

pT
ι+1 + (1 + c3)Fpµ⃗pG

p
ι+1C

p
ι+1ℜι+1C

pT
ι+1G

pT
ι+1

+ (1 + c−1
3 )Fpµ⃗pG

p
ι+1C

p
ι+1Z

p

ι+1C
pT
ι+1G

pT
ι+1 +Gp

ι+1Ψι+1G
pT
ι+1

which implies that

Xp
ι+1|ι+1 ≤ X

p

ι+1|ι+1. (20)

The proof is complete now.

Theorem 1. The upper bounds obtained in (12) and (15) could achieve their minimum values by designing Kp
ι+1

and Gp
ι+1 as

Gp
ι+1 = Λp

ι+1(Ω
p
ι+1)

−1, Kp
ι+1 = ℵp

ι+1(Υ
p
ι+1)

−1 (21)
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where

Λp
ι+1 =(1 + c2)

√
F pµ̄pX

p

ι+1|ιC
pT
ι+1,

Ωp
ι+1 =(1 + c2)Fpµ̄

2
pC

p
ι+1X

p

ι+1|ιC
pT
ι+1 + (1 + c−1

2 )Fpµ̄
2
pC

p
ι+1Z

p

ι+1C
pT
ι+1

+ (1 + c3)Fpµ⃗pC
p
ι+1ℜι+1C̄

pT
ι+1 + (1 + c−1

3 )Fpµ⃗pC
p
ι+1Z

p

ι+1C
pT
ι+1 +Φι+1,

ℵp
ι+1 =(1 + a2)

√
Epτ̄pA

P
ι Z

p

ιA
PT
ι CpT

ι+1 + (1 + a−1
2 )

√
Epτ̄p

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)
CpT

ι+1

+
√
Epτ̄pB

p
ι WιB

pT
ι CpT

ι+1, (22)

Υp
ι+1 =(1 + a2)Epτ̄

2
pC

p
ι+1A

P
ι Z

p

ιA
PT
ι CpT

ι+1 + (1 + a−1
2 )Epτ̄

2
pC

p
ι+1

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)

× CpT
ι+1 + (1 + a3)Epτ⃗pC

p
ι+1A

p
ιℜ

p

ιA
pT
ι CpT

ι+1 + (1 + a−1
3 )Epτ⃗pC

p
ι+1

×
(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)
CpT

ι+1 + Ep(τ̄
2
p + τ⃗p)C

p
ι+1B

p
ι WιB

pT
ι CpT

ι+1

+ Ep(τ̄
2
p + τ⃗p)D

p
ι+1Vι+1D

pT
ι+1 +Ψι+1.

Proof. Noting(12) and (15), taking the partial derivatives of the traces of Z
p

ι+1 and X
p

ι+1|ι+1 with respect to Kp
ι+1

and Gp
ι+1, respectively, we have

∂

∂Kp
ι+1

tr(Z
p

ι+1)

=− 2(1 + a2)
√
Epτ̄pA

P
ι Z

p

ιA
PT
ι CpT

ι+1 − 2(1 + a−1
2 )

√
Epτ̄p

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)
CpT

ι+1

− 2
√
Epτ̄pB

p
ι WιB

pT
ι CpT

ι+1 + 2Kp
ι+1

(
(1 + a2)Epτ̄

2
pC

p
ι+1A

P
ι Z

p

ιA
PT
ι CpT

ι+1 (23)

+ (1 + a−1
2 )Epτ̄

2
pC

p
ι+1

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)
CpT

ι+1 + (1 + a3)Epτ⃗pC
p
ι+1A

p
ιℜ

p

ιA
pT
ι CpT

ι+1

+ (1 + a−1
3 )Epτ⃗pC

p
ι+1

(
ω̂

Q∑
q=1

|ωpq|Γℜ
q

ιΓ
)
CpT

ι+1 + Ep(τ̄
2
p + τ⃗p)C

p
ι+1B

p
ι WιB

pT
ι CpT

ι+1

+ Ep(τ̄
2
p + τ⃗p)D

p
ι+1Vι+1D

pT
ι+1 +Ψι+1

)
= −2ℵp

ι+1 +Kp
ι+1Υ

p
ι+1

and

∂

∂Gp
ι+1

tr(X
p

ι+1|ι+1)

=− 2(1 + c2)
√
F pµ̄pX

p

ι+1|ιC
pT
ι+1 + 2Gp

ι+1

(
(1 + c2)Fpµ̄

2
pC

p
ι+1X

p

ι+1|ιC
pT
ι+1

+ (1 + c−1
2 )Fpµ̄

2
pC

p
ι+1Z

p

ι+1C
pT
ι+1 + (1 + c3)Fpµ⃗pC

p
ι+1ℜι+1C̄

pT
ι+1 (24)

+ (1 + c−1
3 )Fpµ⃗pC

p
ι+1Z

p

ι+1C
pT
ι+1 +Φι+1

)
=− 2Λp

ι+1 + 2Gp
ι+1Ω

p
ι+1

where Λp
ι+1, Ωp

ι+1, ℵp
ι+1 and Υp

ι+1 are defined in (22). Setting (23) and (24) to be zero, X
p

ι+1|ι+1 and Z
p

ι+1 could
achieve their minimums when Kp

ι+1 and Gp
ι+1 are designed as (21).

Remark 2. In this paper, a thorough examination has been provided for the recursive filtering over FFR networks
subject to fading channels. Comparing to existing results, the novelty of this paper lies in the following three
key aspects: (1) the proposal of the FFRs within the long-distance transmission with aim to enhance the signal
quality; and (2) the designation of recursive filters that effectively quantify the effects from the deployed FFRs and
fading channels.
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4. Numerical Example

The simulation parameters of CN (1) with 3 nodes are given by:

A1
ι = A2

ι = A3
ι =

[
0.8sin(2ι) 0

0.1 0.5

]
, Γ =

[
1 0

0 1

]
, ωij =

{
− 0.2, i = j,

0.1, i ̸= j.

B1
ι =

[
0.1

0.1

]
, B2

ι =

[
0.12cos(2ι)

−0.1

]
, B3

ι =

[
−0.15

0.1cos(2ι)

]
.

The measurement is considered under FFR-based communications (2)–(4) with the following parameters:

C1
ι =

[
1 + 0.01cos(2ι) 0.9

]
, C2

ι =
[
0.9 0.8− 0.01sin(2ι)

]
,

C3
ι =

[
0.8 0.8 + 0.01cos(2ι)

]
, D1

ι = 0.15, D2
ι = 0.1, D3

ι = 0.2,

E1 = E2 = E3 = 1, F1 = F2 = F3 = 1,

and the channel coefficients satisfy τ̄1 = τ̄2 = τ̄3 = 0.99, µ̄1 = µ̄2 = µ̄3 = 0.9, τ̃1 = τ̃2 = τ̃3 = 0.01 and
µ̃1 = µ̃2 = µ̃3 = 0.01. Moreover, the introduced parameters are selected as a1 = a2 = a3 = c1 = c2 = c3 = 1.

For node p, the following mean-squared errors (MSEs) are used:

MSE1p
ι =

1

P

P∑
ι=1

2∑
s=1

(
xp(s)ι − x̂

p(s)
ι|ι

)2
, MSE2pι =

1

P

P∑
ι=1

2∑
s=1

(
xp(s)ι − ψp(s)

ι

)2
(25)

where xp(s)ι , ψp(s)
ι and x̂p(s)ι|ι is the sth element of xpι , ψp

ι and x̂pι|ι, P = 300 is the Monte Carlo trials number.
The covariances of the random noises are given as Wι = 0.5, Vι = 0.1, Φι = 0.1, Υι = 0.1. The initial

value of network state has mean x̄p = 0 and covariance Ξp = 0.2. According to these given parameter settings, the
filter gains and the minimal upper bounds can be obtained from Theorem 1. The simulation results are given in
Figures 1–6. The network states and their corresponding estimates both in the relay side and filter side are illustrated
in Figures 1–3. In Figures 4–6, the traces of the minimal upper bounds X

p

ι|ι and Z
p

ι as well as the actual MSEs are
plotted. It is observed that the proposed filtering method is capable of effectively estimating the real network states,
even when the measurement signals are subjected to the FFRs and fading channels.
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Figure 1. State x1
ι and its estimates both in relay side and filter side.
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Figure 2. State x2
ι and its estimates both in relay side and filter side.
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Figure 3. State x3
ι and its estimates both in relay side and filter side.
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Figure 4. Trace of error variance and their upper bounds for node 1.
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Figure 5. Trace of error variance and their upper bounds for node 2.
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Figure 6. Trace of error variance and their upper bounds for node 3.

5. Conclusions

This paper has been dedicated to designing a recursive filter for CNs with FFRs under fading channels. In order
to facilitate transmission, the FFRs have been deployed between the sensor and filter to orchestrate the signal
communication. Further, the phenomena of fading channels have been considered in both the sensor-relay and
relay-filter channels, which are depicted by two sets of random variables. Making good use of the mathematical
induction, the corresponding filtering algorithm has been proposed for the FFRs and the underlying CNs through
solving a minimization issue based on the upper bounds of the FECs. Finally, an example is given to showcase the
effectiveness of the filtering strategy.
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