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Abstract: With the widespread applications of large-scale multi-agent systems,
optimal control and differential game have become essential components of modern
control theory. However, traditional methods often struggle with the inherent chal-
lenges posed by high dimensionality when addressing high-dimensional problems.
The rapid development of deep learning has provided new solution ideas and methods
to address this challenge. This paper reviews the research status and progress of solu-
tion methods for optimal control and differential game. First, this review elaborates
on the fundamental theoretical frameworks of optimal control theory for continuous-
time systems and differential game. Second, this paper introduces in detail two main
deep learning methods: Deep Reinforcement Learning (DRL) and Physics-Informed
Deep Learning (PIDL). Based on this, this study analyzes the specific applications of
these two methods in addressing the aforementioned problems. Finally, this article
summarizes the main problems and limitations of existing research and points out
future research directions.

Keywords: multi-agent systems; optimal control; differential game; deep reinforcement
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1. Introduction

As two major streams of modern control research, optimal control and differential game methodologies have
seen broad deployment across diverse areas. For instance, in autonomous driving systems, optimal control is applied
to vehicle path tracking [1]; in intelligent manufacturing, it is utilized to address complex scheduling problems [2].
In the field of UAV target capture and tracking, differential game theory provides a theoretical foundation for
achieving optimal cooperative capture strategies among multiple UAVs in dynamic environments [3]. Moreover, in
the energy systems domain, differential game theory is applied to assess the dynamic interactions among various
agents [4]. These studies indicate that optimal control and differential game theory are not only the basic theoretical
pillars of modern engineering, but also a powerful way to optimize complex dynamic systems.

Optimal control is a mathematical approach aimed at determining a control strategy that can optimize the
performance index of the system. Game theory refers to the mathematical framework specially used to analyze
the strategic decision-making of multiple subjects under mutual influence [5]. Each agent chooses a suitable
strategy according to its own objectives and its expectations regarding the actions of other agents, with the goal of
maximizing their individual interests. Differential game theory is a dynamic decision-making framework developed
on the basis of game theory. Its core is to incorporate the system dynamics described by differential equations into it.
Within a continuous-time framework, the system states evolve according to these equations, while agents influence
the evolution through their control strategies to achieve the optimization of performance indices.

Traditionally, the methods used to solve optimal control and differential game problems mainly include
Pontryagin’s Minimum Principle (PMP), the Hamilton–Jacobi–Bellman (HJB) equation, and Dynamic Programming.
Traditional methods possess a solid theoretical foundation and typically exhibit high solution accuracy and reliability
in solving low-dimensional systems. However, these methods still have certain limitations when applied to complex
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high-dimensional systems: such techniques are apt to run into the challenges of dimensionality growth — as the
system dimensionality increases, the computational cost rises sharply, which in turn results in a substantial drop in
solution efficiency. The “curse of dimensionality” arises from two disparate origins: first, high-dimensional state
spaces pose a critical challenge: as the scale of state variables expands, a rise in the quantity of state variables per
agent results in a substantial surge of computational burden; second, large-scale multi-agent systems, in which
an increasing number of agents causes the complexity of policy interactions to grow exponentially. In addition,
traditional methods usually rely on accurate mathematical models, which may limit their practical application.
Therefore, when addressing large-scale or model-free control problems, traditional techniques often fail to achieve
the expected results. In order to overcome the above obstacles, researchers have begun to study the use of deep
learning methods to solve differential game and optimal control problems.

In recent years, deep learning, with its powerful generalization ability and excellent scalability, has shown
great potential in solving optimal control and differential game problems, effectively alleviating the limitations of
traditional methods in high-dimensional system solutions. This review roughly classifies the existing research on
deep learning-based optimal control and differential game into two categories: Deep Reinforcement Learning (DRL)
methods and Physics-Informed Deep Learning (PIDL) methods. DRL is a method that integrates Reinforcement
Learning (RL) and deep learning [6], utilizing deep neural networks to approximate value and policy functions,
thereby alleviating the shortcomings of traditional RL when operating in high-dimensional state spaces. PIDL is a
method that incorporates physical laws into the deep learning framework, combining with physics-based constraints
to optimize the accuracy and reliability of deep learning models [7]. DRL and PIDL offer new methods for optimal
control and differential game problems, especially in high-dimensional and complex scenarios where conventional
approaches face limitations. In summary, this survey systematically reviews the applications of DRL and PIDL
in optimal control and differential game problems, which are analyzed in terms of their theoretical foundations,
algorithmic frameworks, and main advantages, as well as the challenges that remain in current research.

This paper’s remaining sections are arranged as follows. Section 2 introduces the fundamental concepts,
theorems, and algorithms related to optimal control, differential game, DRL, and PIDL. The applications of DRL
and PIDL to differential game and optimal control issues are covered in Sections 3 and 4, respectively. The main
conclusions of this work are outlined in Section 5, which also suggests possible directions for further investigation.

2. Fundamental Conceptions

2.1. Optimal Control

The optimal control problem is a fundamental concept in the fields of engineering, with its primary objective
being to determine the optimal control strategy for a dynamic system by minimizing a predetermined performance index
while satisfying all constraints [8]. While performance index offer the standards for assessing control effectiveness,
constraints establish the system’s operational bounds. They jointly determine the optimal control strategy.

Consider a dynamic system described by:
dx(t)
dt = f(x(t), u(t), t),

x(t0) = x0,

u(t) ∈ U ⊆ Rm.

(1)

where x : [t0, tf ]→ Rn denotes the state vector of the system; u ∈ U ⊂ Rm represents the control variable, with
U being the admissible control set; f : [t0, tf ]× Rn × U → Rn is the dynamics function that determines how the
state changes over time; dx(t)

dt denotes its time derivative; x0 represents the system’s initial state at time t0.
The performance index is given as follows:

J = ϕ(x(tf )) +

∫ tf

t0

C(x(t), u(t), t)dt, (2)

where C(t, x(t), u(t)) is the instantaneous utility function, and ϕ(x(tf )) is the terminal utility function.
The main objective is to minimize the performance index J , which is accomplished by determining the optimal

control u∗(t), i.e.,

J(t, x∗(t), u∗(t)) ≤ J(t, x(t), u(t)), (3)

x∗(t) indicates the state trajectory associated with the optimal control input u∗(t). The following is an alternate
way to formulate the optimal control issues:
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u∗(t) = arg min
u(t)∈U

J. (4)

2.2. Differential Game

A differential game is a continuous-time dynamic game model [9], the core of which resides in the system
state evolution being characterized by differential equations. Unlike single-agent optimal control, a differential
game involves multiple agents (M ≥ 2) whose decisions mutually influence each other. The primary distinction lies
in the objective function formulation: in optimal control, a single performance index J is minimized; whereas in
differential game, each agent i aims to optimize its own cost Ji which is coupled with the strategies u−i of all other
agents. Each agent selects a continuous control strategy over time to regulate the system’s dynamic progression,
thereby maximizing its own payoff.

An M -player differential game can be formulated as follows. The system dynamics are described by:{
dx(t)
dt = f (x(t), u1(t), u2(t), · · · , uM (t), t) ,

x(t0) = x0.
(5)

where x(t) ∈ Rn denotes the state vector and ui(t) ∈ Ui ⊆ Rmi stands for the control variable corresponding to
player i.

For each agent i, the cost function Ji is usually formulated as the sum of the integral of the running cost Ci

and the terminal cost ϕi.

Ji(ui, u−i) = ϕi(x(tf )) +

∫ tf

t0

Ci(ui, u−i)dt, (6)

where ui is the strategy of agent i, while u−i represents each agent’s combined strategy set, with the exception of
agent i.

The following is the definition of the Nash equilibrium for this differential game: let u∗
i represent the best

control approach for each agent, and for all (i = 1, 2, . . . ,M), the following condition is satisfied:

Ji(u
∗
i , u

∗
−i) ≤ Ji(ui, u

∗
−i) ∀i ∈ {1, . . . ,M}, (7)

where u∗
i represents the optimal strategy for agent i, and u∗

−i is the set of optimal strategies for all agents except i.
In other words, if all other agents follow their optimal strategy u∗

−i, then no agent can unilaterally stray from u∗
i to

attain a lower cost.

2.3. Mean Field Game (MFG)

The core idea of MFG theory is that when the agent count tends to an infinite value, the interactions among
individual agents can be described by the average behavior of all agents, which is represented by the probability
distribution of the population states [10]. This approach greatly simplifies the evaluation of large-scale multi-agent
systems. It substitutes a single mean-field term that characterizes the general population behavior for direct pairwise
interactions between agents. Within the framework of MFG, consider the state of any individual in the system as
x(t) ∈ Rn (where t stands for time and n stands for the dimension of the state). The dynamic evolution of this state
is depicted via the subsequent stochastic differential equation:

dx(t) = f
(
x(t), u(t), t

)
dt+ g

(
x(t), t

)
dW (t),

x(t0) = x0 ∈ Rn,

u(t) ∈ U ⊆ Rm.

(8)

x(t) stands for the individual state vector, u(t) refers to the control input, f signifies the drift coefficient, g
corresponds to the diffusion coefficient, and W (t) denotes the standard Brownian motion.

The MFG system comprises the backward Hamilton-Jacobi-Bellman (HJB) equation coupled with the forward
Fokker-Planck-Kolmogorov (FPK) equation. These two equations make up a system of coupled Partial Differential
Equations (PDEs) [11]. The FPK equation explains the evolution of the population distribution, while the HJB
equation solves the optimal control. A concise summary of the MFG system is presented below.

−∂tV −
g2

2
∆V +H(x,m,∇V ) = 0, (9)
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∂tm−
g2

2
∆m− div (∇pH(x,m,∇V )m) = 0, (10)

m(t0) = m0, V (x, tf ) = ϕ (x,m(tf )) . (11)

Equation (9) presents the backward Hamilton–Jacobi–Bellman (HJB) equation that governs the value function
V (x, t) over the domain Rn × [t0, tf ], where x ∈ Rn denotes the n-dimensional state vector and t represents time.
The coefficient g2

2 corresponds to the viscosity term induced by the diffusion coefficient g defined in Equation (8),
and ∆ denotes the Laplace operator. The Hamiltonian H(x,m,∇V ) is characterized by the Legendre–Fenchel
transform associated with the Lagrangian. In the arguments of the Hamiltonian, x is the spatial state variable, m
denotes the population density, and ∇ represents the gradient operator. Equation (10) is a forward PDE defined
in the same domain Rn × (t0, tf ), reflecting the evolution of the population distribution m(x, t) over time, as
determined by the divergence operator and the gradient of the Hamiltonian with respect to momentum ablapH .
Equation (11) specifies the boundary conditions of the system, including the initial value m(t0) = m0 and the
terminal value V (x, tf ) = ϕ(x,m(tf )).

2.4. Deep Learning

As an important area of machine learning, deep learning constructs its foundation on artificial neural net-
work structures, which use the backpropagation algorithm to update network parameters so that each layer of
neurons can be iteratively optimize according to the output of the preceding layer [12]. Deep learning has been
widely adopted across diverse fields, including computer vision [13], natural language processing [14], and large
language model [15].

The following mathematical formulas can be used to characterize the input layer, intermediate hidden layers,
and final output layer that make up a neural network’s architecture.

H0(x) = x,

Hl(x) = σ(W lHl−1(x) + bl),

ŷ(x; θ) = W lH−1(x) + bl.

(12)

These formulas describe the forward propagation process of data changing in order in each layer.
LetHl(x) denote the output of the l-th hidden layer, with W l and bl standing for the associated weight matrix

and bias vector, respectively. The input to the network is denoted by x, which corresponds to the output of the 0-th
layerH0(x). σ(·) is an activation function, and the final output of the network after l layers is denoted by ŷ(x; θ),
where θ is the set of all learnable parameters of the network.

2.5. Reinforcement Learning

RL is a machine learning technique used to solve issues represented by Markov Decision Process (MDP).
Each MDP comprises a state space S, an action space A, a state transition probability P (s′|s, a), a reward function
R(s, a), and a discount factor γ ∈ [0, 1). In this approach, each agent learns an optimal policy π∗(a|s) that
maximizes the predicted cumulative reward by interacting with the environment through trial and error.

The only used RL algorithms are as follows.

2.5.1. Q-Learning Algorithm

Q-Learning is centered on temporal difference (TD) learning. This algorithm iteratively updates the action-
value by computing the TD error, which is the difference between the present prediction of Q(s, a) and the sum of
the immediate reward and the optimal future value. Through interaction with the environment, the agent can make
Q(s, a) gradually converge to the optimal action-value Q∗(s, a), and ultimately obtain the optimal policy [16]. The
updating mechanism for Q-Learning is as follows [17]:

Q(s, a)← Q(s, a) + α[R(s, a) + γmaxa′ Q(s′, a′)−Q(s, a)], (13)

where α is the learning rate, which is used to control the update magnitude of Q(s, a).
This process is repeated until convergence, ultimately yielding a Q-table Q(s, a) that approximates the

optimal policy.
However, when the state or action space grows big, the dimension of the Q-table grows exponentially,

making storage and computation intractable. DRL replaces tabular representations with parameterized function
approximators, eliminating the need to enumerate all state–action pairs. By using deep neural networks to directly
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take continuous or high-dimensional states as inputs and output the corresponding action-value estimates, the number
of trainable parameters is mainly determined by the network architecture rather than growing exponentially with the
state dimension. As a result, efficient learning can be achieved in large-scale or continuous-state environments. To
address this issue, the Deep Q-Network (DQN) algorithm extends Q-learning by employing a deep neural network to
approximate the action-value function Q(s, a; θ). Furthermore, it includes experience replay techniques and a target
network to stabilize training and allow for effective learning in environments with high-dimensional continuous
state spaces but discrete action spaces.

Two neural networks with the same architecture are used in the algorithm: the online network parameterized
by θ and the target network parameterized by θ−. The online network Q(s, a; θ) is employed to select actions and
to perform gradient updates. In contrast, the target network Q(s, a; θ−) is employed to select the maximum Q-value
of each subsequent state, thereby constructing the TD target.

The mean squared error loss between the estimated Q-value and the TD target is minimized in order to update
the network parameters:

L(θ) = E
[(

r + γmax
a′

Q(s′, a′; θ−)−Q(s, a; θ)
)2

]
. (14)

Although DQN exhibits certain advantages in high-dimensional state spaces, its core mechanism relies on
maximizing the action-value function, which makes it difficult to apply in continuous action spaces. Actor-critic
frameworks and policy gradient approaches, on the other hand, can directly output actions in continuous action
spaces, avoiding the computational difficulty of Q-value maximization and making them more appropriate for
intricate continuous control problems.

2.5.2. Policy Gradient Methods

Instead of depending on value function estimates, policy gradient methods are a fundamental class of RL
algorithms that optimize the policy function directly. Gradient descent is used in policy gradient techniques to
minimize a cost function J(θ) for policy πθ(a | s) with parameter θ. The definition of the cost function is as follows:

J(θ) = −Eτ∼πθ

[
T∑

t=0

γtRt

]
, (15)

τ = (s0, a0, R0, s1, a1, R1, . . . ) refers to a trajectory consisting of states, actions, and rewards in temporal sequence;
Eτ∼πθ

denotes the expectation over trajectories τ under policy πθ; Rt is the immediate reward;
∑T

t=0 γ
tRt stands

for the cumulative discounted reward of a single trajectory across time steps 0 to T . Based on the Policy Gradient
Theorem [18], the gradient expression of the cost function J(θ) is as follows.

∇θJ(θ) = −Eτ∼πθ

[
T∑

t=0

∇θ log πθ(at | st)Qπθ (st, at)

]
. (16)

∇θ log πθ(at|st) represents the gradient of the log probability of policy πθ selecting action at in state st with
respect to θ. Qπθ (st, at) is the action-value function for state st and action at under policy πθ. In accordance with
the Policy Gradient Theorem, the policy parameters θ are iteratively updated using gradient descent as follows:
θ ← θ− α∇θJ(θ), where α is the learning rate. By continuously repeating the process of sampling trajectories and
updating parameters until the policy converges, we can approximate the optimal policy.

2.5.3. Actor-Critic Algorithm

The benefits of both value-based and policy-based approaches are combined in Actor-Critic algorithms, a
hybrid approach in RL. This dual network structure makes more stable and efficient learning possible, especially in
high-dimensional or continuous action space. The Actor-Critic framework consists of two neural networks: The
Actor is a policy network, denoted as πθ(a|s). After mapping the given state to the action distribution, it samples
an action from the action distribution. Its goal is to adjust its parameters θ to minimize the cumulative cost, with
the instantaneous cost defined as −R where R is the reward from the environment. The Critic is a value network,
which evaluates the performance of the current policy and guides the Actor to make improvements.

The two main categories of value-based and policy-based techniques are combined in Actor–Critic. The
actor, parameterized by θ, defines the policy πθ(a|s), while the critic, parameterized by ω, estimates the value
function Vω(s). In each iteration, the agent samples a state s and then chooses an action a based on the distribution
a ∼ πθ(a|s), then interacts with the environment to obtain the immediate cost R and the next state s′. The TD error
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is computed as δ = −R + γVω(s
′) − Vω(s). The critic is updated according to ω ← ω + β δ∇ωVω(s), and the

actor is updated by θ ← θ − α∇θ log πθ(a|s) δ [19]. This iterative process continues until convergence.

2.5.4. Integral Reinforcement Learning (IRL)

IRL is a RL method suitable for continuous systems with unknown system model parameters [20]. Its core
idea is to derive the integral Bellman equation by performing time integration on the Bellman equation. In the policy
evaluation step, this method does not rely on the system’s drift term dynamics; it only needs to use the system’s
state and control data over a time period T to learn the value function. The Bellman equation in integral form is
as follows:

V (x(t)) = min
u(τ)

∫ t+T

t

r(x(τ), u(τ))dτ + V (x(t+ T )). (17)

r(x(τ), u(τ)) indicates the instantaneous cost incurred at time τ ; u(τ) indicates the control action carried out at
time τ ; and V (x(t)) indicates the optimal value function associated with state x(t) at time t. This formula enables
IRL to learn optimal control strategies directly from measurement data, making it suitable for real-world control
problems that are difficult to obtain accurate system models.

2.6. Physics-Informed Neural Networks (PINNs)

PINNs are a machine learning approach designed to solve PDE problems. Their core idea is to incorporate
physical constraints into the loss function of the neural network [21], so that the network learns to approximate the
PDE solution by minimizing the loss during training. The total loss function of PINNs is typically defined as:

L(θ) = λPDE · LPDE(θ) + λBC · LBC(θ) + λIC · LIC(θ), (18)

where λ is a weight, LPDE(θ) penalizes the residual loss when the network solution does not satisfy the PDE. LBC(θ)

and LIC(θ) are the constraint loss terms for boundary conditions and initial conditions, respectively. The choice of
these weight coefficients is critical, as they directly influence the training stability and the convergence rate of the
neural network.

The gradient descent approach is used to iteratively update the model parameters θ in order to minimize the
loss function L(θ). The update rule is formulated as:

θk+1 = θk − η · ∇θL(θk). (19)

The gradient of the loss function is represented by η and the learning rate is symbolized by∇θL(θk). In the field
of computer science and engineering, this gradient-based optimization technology can help PINNs solve problems.

3. Deep Learning Methods for Optimal Control

3.1. DRL Methods

Traditional optimal control solution methods often face the following limitations in practical scenarios: First,
the inherent complexity of systems and the uncertainty of external environments make it difficult to establish accurate
prediction models [22]; Second, traditional solution methods are less robust and struggle with high-dimensional
problems. DRL provides a novel solution for solving optimal control problems [23], with its core advantages lying
in three aspects: effectively avoiding the “curse of dimensionality”, exhibiting high robustness, and eliminating the
need to depend on an accurate system model.

In the previous research, due to the limitations imposed by the “curse of dimensionality” and nonlinear
characteristics when solving the HJB equation directly, researchers developed Adaptive Dynamic Programming
(ADP) to circumvent the challenge of solving the HJB equation directly. Its main concept is to approximate the value
function related to the HJB equation using the Critic network, the control strategy using the Actor network, and
then progressively converge to the ideal solution of the equation using an iterative approximation technique. Based
on the ADP framework, Heydari [24] proposed adjusting the function approximator parameters offline through a
learning algorithm to approximate the value function. When using impulse actuators to solve spaceship rendezvous
difficulties, this technique is crucial.

With the developing of research, researchers are conducting further exploration based on ADP. Zhou et al. [25]
proposed an Actor-Critic approach for high-dimensional HJB-type elliptic PDEs that is based on neural networks.
This method reconstructs the HJB partial differential equation into an optimal control problem and employs the
policy gradient method along with the least-squares temporal difference method for solution, successfully addressing
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high-dimensional problems that are difficult to solve with traditional approaches.
For certain optimal control problems that are partially unknown and subject to input constraints, Modares et al. [26]

created an IRL algorithm using the Actor-Critic framework, incorporating experience replay to effectively increase
the algorithm’s convergence speed and update the Critic network weights. For continuous-time nonlinear systems
with input saturation, Xue et al. [27] proposed an event-triggered control method based on IRL. This method
does not rely on the system’s drift dynamics, designs a single critic neural network, and employs a new weight
update rule. By designing the triggering rules of the event-triggered mechanism, the method ensures the stability
of the system. Mu et al. [28] addressed the optimal control problem for certain unknown nonlinear systems and
proposed an event-sampling IRL algorithm with a novel dynamic event-triggering strategy by introducing dynamic
variables. This algorithm, based on policy iteration techniques and the Actor-Critic architecture, not only guarantees
system stability but also prevents Zeno behavior. Li et al. [29] combined the IRL algorithm with a Dynamic Event
Triggering mechanism to address the distributed optimal control problem of heterogeneous vehicle platoons without
requiring accurate knowledge of vehicle dynamics models, thereby improving system efficiency.

For multi-agent systems with communication delays, Liang et al. [30] proposed a hybrid impulsive control
strategy. The core of this strategy is to integrate deep learning with the Q-Learning algorithm to construct a Double
Deep Q-Network (DDQN), and thus solves the prespecified-time formation tracking challenge of such systems.

Ren et al. [31] combine Contrastive Pretraining Reinforcement Learning with the Lambert algorithm. To
overcome the convergence difficulties caused by sparse rewards during training, they first employ the contrastive
pretraining approach, and then optimize the policy parameters using the policy gradient method, in order to solve
the issues of rendezvous and multi-pulse orbital interception under various limitations. Nasir and Durlofsky [32]
proposed a universal control strategy framework based on DRL and employed the Proximal Policy Optimization
(PPO) algorithm to address the associated optimization problems. This approach simplifies the repetitive optimiza-
tion process of traditional CLRM into a single policy that can achieve real-time decision-making after just one
training session, thereby reducing computational costs. To further address the challenge of high computational
complexity in the pathwise differentiation method under high-dimensional scenarios, Wang et al. [33] proposed
an unbiased stochastic gradient estimator called the generator gradient estimator. This estimator can significantly
improve efficiency while not affecting the estimation variance. Dixit and Elsheikh [34] proposed a multi-level RL
framework, and based on this framework, they introduced a multi-level PPO algorithm. Compared with traditional
algorithms, this algorithm can significantly reduce computational load and effectively reduce costs.

3.2. PIDL Methods

Raissi et al. [35] proposed PINNs and designed two different types of algorithms for continuous-time and
discrete-time, addressing data-driven forward and inverse problems of partial differential equations, with their
effectiveness validated in a series of classical problems.

Subsequently, Garcı́a-Cervera et al. [36] proposed a novel mesh-free algorithm based on PINNs, effectively
addressing the high-dimensional controllability problem by parameterizing the solution of PDEs as a deep neural
network and obtaining optimal parameters through network training. Building upon this basis, Furfaro et al. [37]
focused the application of PINNs from general PDE controllability problems to closed-loop guidance and control
in the aerospace field. They proposed a numerical framework combining PINNs with the Theory of Functional
Connections, which learns the solution of the HJB equation to synthesize optimal closed-loop guidance and control
strategies, thereby overcoming the “curse of dimensionality” associated with traditional methods. Similarly, to
address the conflict between security and performance, Tayal et al. [38] created a machine learning framework
based on physics that treats the simultaneous optimization of security and performance as a state-constrained limited
optimum control issue. This framework can also be applied to high-dimensional systems, and its central idea is to
minimize the performance cost function under the assumption that the system state always stays within the safe range.
Mowlavi and Nabi [39] proposed extending the PINNs framework to PDE-constrained optimal control problems.
Prior to applying a two-step line search approach to identify the key weights of the loss function, the forward
issue serves as a reference for choosing an appropriate PINNs architecture and training parameters. To address the
limitations of traditional PINNs in practical control applications, Antonelo et al. [40] proposed the Physics-Informed
Neural Network Control framework, which incorporates system initial states and control signals as additional inputs.
It achieves variable-length time domain simulation by setting the initial state of the subsequent time domain as
the final predicted state of the previous time domain. Demo et al. [41] proposed extending the physics-informed
supervised learning strategy to PDEs. The core of this method lies in introducing ”additional features” and the
“physics-informed architecture” for parametric PDE-constrained optimal control problems. Additionally, in order to
solve high-dimensional stochastic control issues built using dynamic programming and physics-informed learning,
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Jiao et al. [42] also proposed a deep learning-based algorithm. The core of this algorithm lies in introducing path
operators related to the HJB equation and designing two numerical methods, namely a single neural network and a
dual neural network.

Existing methods of applying PINNs to PDEs and optimal control still face challenges such as insufficient
optimization efficiency and loss balancing. To address this, Müller and Zeinhofer [43] proposed adopting the
paradigm of ”optimize first, then discretize” for scientific machine learning optimization problems. The core of
this paradigm lies in selecting an appropriate optimization algorithm in the infinite-dimensional function space
and then discretizing it, thereby significantly improving optimization accuracy and efficiency. Song et al. [44]
proposed combining the Alternating Direction Method of Multipliers (ADMM) with PINNs, namely the ADMM-
PINNs framework, aiming to solve optimization problems constrained by nonsmooth PDEs. However, current
approaches face notable challenges in addressing the intricate nonlinear dependencies between the optimization
objective and PDE constraints, Hao et al. [45] proposed a Bi-level Physics-Informed Neural Network framework
to solve PDE-constrained optimization problems. The inner loop uses PINNs to solve the PDE constraints; the
outer loop independently optimizes the objective function based on the optimal states from the inner loop. Wang
and Wu [46] proposed a model-free framework called Physics-Informed Reinforcement Learning, it solves the
infinite-horizon optimal control issue for general nonlinear systems with input constraints by integrating Lyapunov
stability theory into the loss function and using PINNs to estimate the value function and control strategy separately.
To further address the challenge of relying on real data in optimal control problems, Kamtue et al. [47] proposed the
CalVNet framework. This framework designs deep neural networks based on the fundamental theorem of calculus
of variations, incorporates the necessary conditions satisfied by the optimal functions derived from variational
calculations into its deep architecture, and can solve optimal control problems in an unsupervised manner without
relying on real data.

Due to the fact that PINNs require repeated training when dealing with PDE problems involving multiple
scenarios and parameters, the computational cost is relatively high. Operator learning serves as a promising
approach to tackle this challenge, since it seeks to learn a direct mapping from input parameters to associated
solutions. The fundamental difference between PINNs and operator learning lies in their mapping objectives. Under
particular initial and boundary conditions, PINNs usually learn a mapping from spatiotemporal coordinates to state
variables in order to estimate the solution of a given PDE. In contrast, operator learning aims to learn the underlying
operator that maps function spaces, such as initial conditions or control functions, to the corresponding solution
space. Wang et al. [48] proposed a self-supervised framework based on Physics-Informed Deep Operator Networks
(DeepONets). It can not only handle continuous infinite-dimensional control functions but also quickly solve
PDE-constrained optimization problems without requiring input-output training data. Shukla et al. [49] employed
DeepONets neural operators to infer the flow field over airfoils for shape-constrained optimization, utilizing a
modular integrated design framework. This framework uses hyperparameterized neural operators as surrogate
models with strong generalization capabilities, significantly reducing both generalization error and computational
cost compared to high-dimensional CFD solvers. In addition, Song et al. [50] proposed two enhanced primal-dual
approaches: one featuring an enlarged step size and the other leveraging operator learning, which tackle PDE-
constrained nonsmooth optimal control problems. Subsequently, Hwang et al. [51] proposed a general two-stage
framework for solving PDE-constrained optimal control problems. The first stage involves solution operator learning
for PDE constraints, while the second stage searches for the optimal control. This framework not only significantly
reduces computational costs but also applies to both data-driven and data-free scenarios. Chen and Wu [52] proposed
a data-driven modeling framework based on spatiotemporally continuous neural dynamical operators. Through the
use of gradient-based and derivative-free approaches, this framework is able to align short-term trajectories and
efficiently capture the long-term dynamic behavior of the system.

When accelerating PDE-constrained optimization problems, neural operators are confronted with problems of
inefficiency and instability. To address this, Négiar et al. [53] developed a differentiable constraint layer—PDE-
Constrained-Layer—that can be integrated into any neural network architecture. By directly imposing PDEs as
hard constraints, compared to soft constraint methods, this approach not only requires fewer iterations but also
achieves lower PDE residuals and relative errors. Building on this foundation, Cheng et al. [54] proposed a
framework integrating optimization-oriented training, enhanced derivative learning, and hybrid optimization. This
framework accurately learns operators and their derivatives, thereby significantly enhancing the robustness of
gradient-based neural operator optimization. LUO et al. [55] proposed the multi-input reduced basis derivative
informed neural operator (MR-DINO) to address optimization under uncertainty constrained by PDEs. MR
compresses high-dimensional random parameters and PDE solutions into a low-dimensional space, while DINO can
accurately represent the derivatives with respect to the optimization variables and the relationship between random
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parameters and optimization variables and the PDE state. This method offers the advantages of high accuracy and
low computational cost. In addition, Go and Chen [56] designed a precise, scalable, and computationally efficient
framework built upon DINO. By reducing the parameter dimension through derivative-informed dimensionality
reduction and replacing the parameter-to-observable map and their derivatives with DINO, they solved the Bayesian
optimal experimental design problems with infinite-dimensional parameter inputs that were restricted by PDEs.

4. Deep Learning Methods for Differential Game

4.1. DRL Methods

In order to overcome the dependence on precise system models and the “curse of dimensionality” in traditional
differential game solutions, researchers have proposed using RL to solve differential game problems. Su et al. [57]
proposed an online adaptive event-triggered control framework based on IRL to address multi-player non-zero-sum
games in nonlinear continuous-time systems with partially unknown dynamics. This approach ensures system
stability while facilitating computational resource conservation. On this basis, Wang and Zhang [58] proposed a
hierarchical network structure based on post-experience replay and the reachable domain method. By using a method
of centralized training and hierarchical execution, networks at all levels can learn in sparse reward environments,
addressing the convergence challenges in RL training under sparse rewards. The proposed method elevates training
efficiency while reinforcing its stability.

With the number of players tending toward infinity, the complexity of direct solution grows substantially, and
MFG serves as a new method to address this difficulty. Chen et al. [59] proposed a novel framework that, in the
context of interbank contacts, formulates the bank interest rate problem as a major-minor MFG. The core of this
framework is the use of deep Q-networks (DQN) to solve the major-minor MFG problem, which not only overcomes
the limitations of existing algorithms restricted to finite state spaces but also applies to continuous state spaces.

4.2. PIDL Methods

Due to the fact that existing numerical methods easily lead to the “curse of dimensionality” through spatial
discretization, to address this issue, Ruthotto et al. [60] presented a machine learning framework that made it
possible to solve mean-field control (MFC) and MFG models numerically. This framework combines Lagrangian
and Eulerian perspectives and leverages neural network parameterization to solve high-dimensional problems in
MFG and MFC.

In general-sum differential games involving two players and state constraints, the safety performance of PINNs
is often found to be insufficient. This issue stems from value function discontinuities caused by state or temporal
logical constraints. To resolve this issue, Zhang et al. [61] proposed three improved methods based on PINNs:
hybrid learning, value-hardening, and epigraphical technique. These methods effectively enhance generalization
capability and safety performance. Chen et al. [62] addressed the challenge of solving the mean field equilibrium
(MFE) in spatio-temporal MFG by proposing a framework that combines RL with physics-informed deep learning
(RL-PIDL), as well as a purely PIDL-based framework. Compared with traditional numerical methods, this approach
can significantly enhance spatio-temporal resolution and is applicable to both monotone and non-monotone MFG
scenarios. To address the MFG problem in high-dimensional scenarios, Yin et al. [63] proposed an online interactive
physics-informed adversarial network, which leverages the variational structure of MFG to transform dynamic
games into static optimization problems. The approach solves the value function and density function through two
mutually adversarial online physics-informed networks and introduces a self-attention mechanism, significantly
improving training efficiency.

Based on the previous findings, Zhang et al. [64] introduced the Pontryagin Neural Operator (PNO) to resolve
the convergence problems in differential games with state constraints—problems caused by the value function’s
large Lipschitz constant. This operator requires no manual adjustment of supervised data or prior knowledge, and
features low computational cost and high safety performance.

To address the computational challenges faced by MFG, Liu et al. [65] proposed a scalable learning framework
based on the Physics-Informed Neural Operator (PINO). The core of this framework lies in utilizing PINO to solve
the forward-backward PDE system generated by MFG. Compared to the traditional PINNs method, this approach
significantly enhances both generalization capability and efficiency. Similarly, Zeng et al. [66] proposed a three-
stage solution framework based on Physics-Informed Operator Learning (PIOL) and a two-stage solution strategy
that integrates PIOL with DRL. Both approaches build operator networks based on DeepONets and Variational
Autoencoders, tackling the numerical challenge of solving MFG equilibria in autonomous vehicle congestion
mitigation scenarios.
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5. Conclusions

This paper systematically reviews the fundamental theoretical frameworks and algorithmic advances in the
fields of optimal control and differential game, with a particular focus on the applications of DRL and PIDL in
addressing these problems. Through an analysis of existing studies, it can be observed that deep learning methods
demonstrate great potential in handling high-dimensional, nonlinear, and uncertain dynamic systems, offering new
perspectives for solving optimal control and differential game problems. Due to its model-free nature, DRL is
suitable for dynamic scenarios with unknown or partially known system models and real-time decision-making
requirements. In contrast, PIDL incorporates known physical laws as prior knowledge into the learning framework
and is therefore more suitable for offline optimization problems with explicit physical constraints and high demands
on safety and solution accuracy.

However, several limitations still exist. Overall, the theoretical foundation of deep learning methods in these
areas requires further refinement, and their algorithmic stability remains to be improved due to the model’s numerical
instability during training, including convergence difficulties, vanishing gradients and exploding gradients. In
addition, the computational efficiency in high-dimensional complex systems continues to pose a challenge.

To address the aforementioned limitations, future research may focus on the following three aspects. In terms
of algorithmic stability, adaptive weighting mechanisms can be introduced to improve the design of the loss function,
thereby balancing the contributions of the PDE residuals and the initial and boundary condition terms in PINNs,
and alleviating numerical instability caused by improper weight settings during training. Neural operator-based
techniques can be used to learn the direct mapping from system parameters to optimal control policies in terms of
computational efficiency, allowing for real-time decision making in novel settings without retraining. In terms of
engineering applications, further work needs to be done to extend the theoretical framework to complex practical
scenarios such as multi-agent cooperative pursuit–evasion games and coordinated control of autonomous vehicles.

Figure 1 summarizes the deep learning frameworks employed for solving optimal control and differential game
problems, highlighting the roles of DRL and PIDL together with their representative algorithmic architectures.

Figure 1. Deep learning frameworks for optimal control and differential game.

Table 1 summarizes selected authors and their key contributions to the fields of optimal control and differential
game. It should be noted that Table 1 lists only representative examples rather than a complete collection, and many
other valuable works also contribute significantly to the development of this field [67].
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Table 1. Some representative authors and their contributions

Authors/References Research Interests Contributions

Zhou, et al. [25]
Reinforcement Learning; Deep Learning;

Optimal Control; Mean field control
and games

Actor-critic framework for
high-dimensional static HJB equations

Modares, et al. [26]
Cyber-physical Systems; Reinforcement

Learning; Cooperative Control
Systems; Robotics

Integration of experience replay with IRL

Dixit and Elsheikh [34]
Reinforcement learning; AI; Fluid

Control; Uncertainty Quantification
Multilevel RL framework for

PDE-based control

Raissi, et al. [35]
AI for Science; Uncertainty

Quantification; Machine learning (ML)
Proposal of the PINNs framework

Demo, et al. [41]
Scientific Computing; Applied Math;

ML; Model Order Reduction
Proposal of the Physics-Informed

Architecture (PI-Arch)

SONG, et al. [44]
Optimal Control; Optimization; ML;

PDE Constrained Optimization
ADMM-PINNs algorithmic framework

Hao, et al. [45]
ML; AI for Science;

physics-informed ML; RL
Bi-level optimization framework (BPN)

for PDECO

Wang, et al. [48]
Scientific ML; Deep Learning;

Operator Learning
Self-supervised operator learning for

PDE constraints

Ruthotto, et al. [60]
Scientific Computing; Inverse Problems;

PDE-constrained optimization; ML
Mesh-free ML framework for

high-dimensional MFGs
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