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1. Introduction

The infrared triangle [1] establishes a relationship, in massless theories, between soft theorems [2—15],
asymptotic symmetries [ 16-30], and memory effects [31-49]. Among countless other new developments, thinking
about these topics has in particular shed new light on the notion of dualities. The quintessential example is
electromagnetic (EM for short) duality, which exchanges the electric and magnetic fields in Maxwell’s theory.
While the classical realization of this duality has of course been known for a while [50-52] (see also [53-57]),
it is only recently that a new picture has emerged, connecting in particular soft photon theorems to dual large
gauge transformations and magnetic soft charges [13,58—63]. Interestingly, this has also fostered work on dual
gravitational charges [64—73], in spite of there being no known gravitational analogue of EM duality in the full
theory [74—78] (see [79,80] for a notion of dual charges in 3-dimensional triad gravity and [81] for a gravitational
duality at null infinity). Dual charges corresponding to soft theorems have also been discussed in the case of the
massless scalar [82—85].

In the context of Maxwell’s theory, these developments have motivated the study of (asymptotic) magnetic
charges. This was done recently in [86] using the so-called duality-symmetric formulation [87-91], and in [92]
(see also [93,94]) by introducing magnetic edge modes on an extended phase space. The remarkable result of these
constructions is that the electric and magnetic charges satisfy a current algebra with non-vanishing central charge
(see however [95]). This appearance of Kac—-Moody current algebras has been discussed in [60] (see also [96,97] in
a different context).

In the present note we sketch a new (and more speculative) viewpoint on the magnetic charges and the
centrally-extended EM charge algebra. This exploits the first order formulation of Maxwell’s theory as a constrained
topological BF theory. The idea behind this proposal is the observation that EM duality swaps Maxwell’s field
equations dxF" = 0 and the Bianchi identity dF" = 0. These are second order equations, and as their names indicate
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the first one is an equation of motion while the second one is an identity. This therefore suggests to study the first
order formulation, where instead of a single second order equation of motion one has two first order equations [98].
The first order formulation of Yang—Mills theories can be obtained from topological BF theory [99] supplemented
by a potential [100, 101]. It is known that BF theory admits two types of charges (which we could suggestively call
electric and magnetic), arising from two independent gauge symmetries, and that these charges form a centrally-
extended current algebra [102] (see also [79,103] in the case of 3-dimensional gravity as a BF theory and [104, 105]
in the case of first order 4-dimensional gravity). The idea is then to argue that Maxwell’s theory could inherit
its magnetic charge from BF theory, as well as the corresponding centrally-extended EM charge algebra. The
catch, however, is that the magnetic charges of BF arise because of the topological nature of the theory, and the
existence of so-called “translational” gauge symmetries. In Maxwell’s theory, which is evidently not topological,
this symmetry is broken. Depending on the dimensionality of spacetime, the translational symmetries can however
be reducible [106], and therefore admit zero-modes. Here we argue that in the 4-dimensional case these zero-modes
can be identified with the magnetic gauge parameter of Maxwell’s theory. The magnetic charges are then seen as
arising from the reducible part of the broken translational symmetries of a topological theory. For p-form theory
(With our conventions p denotes the degree of the field strength F' = d A of the (p — 1)-form A.) in a d-dimensional
spacetime, this is possible as long as d — p > 1, and in this case the translation zero-mode and the magnetic gauge
parameter both have degree d — p — 2. Consistently, this argument can also be applied to 3-dimensional Maxwell
theory to show that it does not admit magnetic charges.

More generally, this proposal is motivated by the following natural question: In a given theory, specified
by a Lagrangian and admitting asymptotic charges, how can we know if there are “hidden” dual charges? In the
gravitational case it has already been suggested that a complete description of the charges (i.e. including the dual
ones) should rely on the first order formulation [64—-68,72, 107, 108], using e.g. the first order Einstein—Cartan
Lagrangian with topological terms such as the Holst term [109]. In electromagnetism it is necessary to resort to
a BF theory with potential in order to have a first order formulation. Since 4-dimensional Maxwell theory does
indeed satisfy d — p > 1, it admits magnetic charges. Instead of introducing them by hand or with the the extended
Lagrangians of [86,92], we argue that they are present in the first order BF-type formulation provided we take into
account the reducibility of the translations.

This note is organized as follows. In Section 2 we recall the study of the charges and charge algebra in the
case of topological BF theories with Abelian gauge group. This includes the derivation of the electric and magnetic
BF charges and of their centrally-extended charge algebra. For completeness and in order to describe dual scalar
fields as well, we consider a BF theory of p-forms in d-dimensional spacetimes. In Section 3 we briefly introduce
p-form theories. We then explain in Section 4 how p-form theories can be written in a first order formulation
by adding a potential to the p-form BF theories. We apply this to 4-dimensional Maxwell theory and derive our
observation concerning the origin of the magnetic charges as zero-modes of BF translations. We also apply this
idea to 3-dimensional Maxwell theory, where it shows consistently that there are no magnetic charges. This is
reinterpreted as the non-reducibility of the translations in 3-dimensional BF theory. Finally, we present some
perspectives in Section 5.

Our conventions and notations are as follows. We work on a d-dimensional Lorentzian manifold M with
boundary OM. It is foliated by Cauchy slices ¥ with (d — 2)-dimensional boundary 0%. This boundary has
poles, which can be understood as Wilson line singularities, surrounded by (d — 3)-dimensional “circles” C
providing a regularization of such singularities. This geometrical setup is depicted on Figure 1 below. As we
work with differential forms in d dimensions, we recall that the wedge product P A Q@ = (—1)P9Q A P is
amap QP(M) x QI(M) — QPTY(M), where P is a differential p-form on M. With the exterior derivative
d: QP(M) — QP (M) we have the Leibniz rule d(P A Q) = dP A Q + (—1)? P A dQ. Finally, using a metric
guw on M we can define the Hodge duality map = : QP (M) — Q2~P(M), whose only property we will need is
that x x P = (—l)p(d’p)HP. The variables used throughout this work and their corresponding form degree are
summarized in Table 1 below. For the covariant phase space, we use the convention dd = + dJ, and use u to denote
the inner product in field space between a field variation and a field space differential form.

Table 1. Variables and their associated form degree in d dimension. Note that with our conventions when talking
about a p-form theory the degree p is that of the curvature F' = dA.

Variable A B F=dA (a, B) (¢, x)

o))

Form Degree p—1 d—0p D p—2 d—p-—1 d—p—2
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oM

Figure 1. A spacetime M with boundary M and codimension-1 Cauchy slice ¥. The boundary of this latter is
0% = ¥ N OM. In the case where 9 has poles, we can think of 93\ {poles} as having a set {C} of codimension-3
boundaries encircling these poles. In 4 dimension, this is the usual picture of a Dirac string piercing through the
north and south poles of a 2-sphere.

2. BF Theories

We begin by reviewing the covariant phase space of Abelian BF theory in the case of p-forms in d-dimensional
spacetimes. This is a topological field theory whose basic fields are a connection (p — 1)-form A with curvature
F =dA, and a (d — p)-form B. The Lagrangian is

Lgs[A,B] = F A B, (1)

where the order of wedge product has been chosen in order to minimize the amount of signs showing up below.
Varying this Lagrangian gives

0Lgr[A,B] = FANdB+ (—1)PdAANdB + d(6A A B), 2)
which leads to the equations of motion
F=0, dB = 0. 3)

The symplectic potential is § = § A A B. Given a Cauchy slice 3 C M, the corresponding symplectic structure is

922/69:—/&4/\53, @
3 3

and as usual it is independent of ¥ provided there is no symplectic flux leaking through the time-like boundary 0M.

We now turn to the analysis of the Hamiltonian charges of BF theory. There are two kinds of conserved
charges, associated with the two symmetries of the theory, namely the gauge symmetries and the translational
symmetries (one can also use field-dependent combinations of these to describe diffeomorphisms).

2.1. Gauge Symmetry

If p > 2, the BF Lagrangian (1) is invariant under the infinitesimal U(1) gauge transformations
¥ A = da, §¥B =0, )

where « is a (p — 2)-form. The Hamiltonian generator associated with this symmetry can be computed as
SH®a] = —6¥ 4 Q5 = / da A SB. (6)
b
On-shell, the gauge charges are therefore given by

H®[a] = / da A B~ a A B. (7
b [9)>

These charges satisfy as expected a U(1) algebra

{H®[a], HO[8]} = —6@ w0 1 Qs = 0. (8)
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2.2. Translational Symmetry

By virtue of the Bianchi identity dF" = 0, in the case d — p > 1 the BF Lagrangian (1) is also (quasi-)invariant
(Quasi-invariant means that the Lagrangian (1) is not strictly invariant under the shift symmetry, but transforms by a
total derivative. Consequently, the associated action is invariant modulo boundary terms.) under translational (or
shift) symmetries, whose infinitesimal action is

5y A=0, 5y'B = do, ©

where ¢ is a (d — p — 1)-form. The Hamiltonian generator is found from
SHO[¢] = =6 4Oy = — /2 SA N do, (10)
from which we get that the translational charges are
HY[¢] :—/A/\d¢%(—1)p AN . (11)
pX s

These charges obey the Abelian algebra
{HO[], HOIX]} = =05 26V w05 = 0. (12)

2.3. Central Extension

The gauge and translational charges form a U(1) x U(1) Kaé-Moody algebra, where in addition to the brackets
given above we have a central term given by the mixed bracket

{H®[a], HO[g]} = —0¥ 463 1O = (-1)@/ da A ¢. (13)
%
Our goal is now to show that, when going from topological BF theory to a dynamical p-form theory (such
as 4-dimensional Maxwell) the translational charge (11) can survive as a magnetic charge, which then has a
centrally-extended bracket (13) with the electric charge.

3. p-Form Theories

We are interested in the EM duality for Abelian p-form theories, where p is the degree of the curvature F'. We
note that asymptotic symmetries in p-forms theories were studied in [110]. Let us first recall that the Lagrangian for
such theories is

1
Ly[4] = J+F AF, (14)
where ' = d A is again the curvature of the gauge field A. The equations of motion are
d+F =0, dF =0, (15)

where the second equation is the Bianchi identity. The theory is invariant under the action of U(1) gauge transfor-
mations, whose infinitesimal form is A — A + da. The conserved charges associated with this gauge symmetry are
the electric charges

Q(E)[a]:/ *F A a, (16)
s

as can be worked out by computing the symplectic structure and contracting it with an infinitesimal gauge
transformation.

The equations of motion (15) and the Lagrangian suggest that interchanging F' and xF' leaves the theory
unchanged. In other words, instead of using /' = d A we can define xF' = d A and work with A. This is the duality
between a p-form and a (d — p)-form theory. In the case of Maxwell theory in 4 dimensions, which is a 2-form
theory, this map is the EM duality. In the general case of a d-dimensional p-form theory, this suggests that there
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must exist another type of charges, the magnetic charges, of the form
QM[5] = / GAF. (17)
)

Since 0% is a codimension-2 manifold, a necessary condition for these magnetic charges to exist is that the
form degree of the field strength F' be such that p < (d — 2), i.e. d — p > 1. This ensures that (d — p — 2)-forms
exist, so that the wedge product of F' with a such a (d — p — 2)-form & produces a (d — 2)-dimensional form which
can be integrated on the codimension-2 boundary 03. This is the reason for which magnetic charges cannot exist in
e.g. 3-dimensional Maxwell theory.

As it is well-known, differently than for the electric charge, the magnetic counterpart does not arise as the
Noether charge of a bulk gauge transformation in the theory (14). It is however possible to achieve this by changing
the starting theory, and working instead with the so-called dual symmetric formulation as in [86] or with an extended
phase space as in [92]. Here we want to show that another understanding of these magnetic charges can be achieved
from the first order formulation of the p-form theory, which we now present.

4. First Order p-Form Theories from BF Theories

The first order formulation of a p-form theory can be obtained as a BF theory with quadratic potential. The
corresponding d-dimensional Lagrangian is

L[A, B] :F/\BJr%*BAB. (18)

The presence of the metric in the definition of the Hodge dual breaks the topological nature of this theory.
Its canonical analysis is performed in [100, 101]. To see that it indeed describes a p-form theory, we compute the
variation

O0L[A,B] = (F +*B)AN0B + (1)’ 6ANdB + d(dA A B), (19)
which gives the first order equations of motion
F=—(xB) = B=(-1)PUPxp dB = 0. (20)

Combining these leads to the second order p-form Maxwell equation d+F" = 0. On-shell of the first equation
of motion (20), the initial first order Lagrangian (18) then reduces exactly to the p-form Lagrangian (14).

Evidently, because of this on-shell equivalence, performing the analysis of the symmetries and of the charge
algebra at the level of the first order p-form Lagrangian (18) cannot a priori teach us anything valuable about the
magnetic charges. This Lagrangian is indeed not invariant under the translational symmetry (9) because of the
presence of the potential term. Instead, our (admittedly non-standard) strategy will therefore be to first consider
the charges and the charge algebra of BF theory alone, and only then impose in this structure the reduction to the
non-topological p-form theory. The idea is simply to study how the reduction from BF theory to the p-form theory
affects the charges discussed above in section 2. The gauge symmetry A — A + da survives this reduction, since
this is still a symmetry of the p-form theory. Using the first equation of motion in (20) shows that the BF gauge
charge (7) becomes

HOla] — QP[a] = / *F A, 1)
o)y
which is the electric charge (16).

At first, the translational charges seem not to exist because, once the B field is integrated out, the translation
symmetry no longer survives. It is indeed evidently not a symmetry of the p-form theory. However, the subtlety is
that the translational symmetry is reducible [106], so that one should actually think of its breaking as a constraint on
the transformation parameter ¢. This latter must be such that

¢ =da whend —p > 1

22
¢ = const. whend —p =1 (22)

dp=0 = {

everywhere except at poles where d2& # 0. These restricted translations are symmetries of the Lagrangian (18).
When d — p > 1, which is precisely the condition of existence of magnetic charges as explained below (17), the
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reducible part of the translational symmetry is encoded in the (d — p — 2)-form &, which has the same form degree as
the dual *a of the electric gauge parameter. With this identification, the translational charges become the magnetic
charges as

HOY[g] —» OM[a] = (-1)? | AAda. (23)
0%

Notice how this expression differs from the guess (17). To understand this difference, we should recall that
when poles are present the space 0¥ can be seen as having boundaries by cutting out all the poles. The resulting
space, 0%\ {poles}, is the (d — 2)-dimensional space with small compact boundaries {C} enclosing the poles, as in
Figure 1. This allows us to use integration by parts to obtain

Q(M)[d}:/ FAa—Z%A/\a 24)
90X\ {poles} )

which agrees with the magnetic charge derived in [86,92].
The algebra of electric and magnetic charges then inherits the central extension of BF theory, and in addition
to the vanishing Abelian brackets we find that (13) becomes

(0Pl @il = (<1 [ danda=-Y  dana, @
{c}

which is also in agreement with [86,92]. It is now useful to study some explicit examples, such as Maxwell theory
as well as scalar field theory and its dual.

4.1. Maxwell Theory

For Maxwell theory the form degree is p = 2. When d = 4, we have the duality between the 2-forms F' and
* I, and on the 2-sphere 9% = S we get the electric and magnetic charges

QB a] = / a*F, oM[a] = / aF -y ]{ GA, (26)
S2 S2\{poles} c}
They form the U(1) x U(1) Ka¢-Moody algebra
{Q®[a], ™[9]} =->_ ]{ adar. 27)
{c}

For other dimensions, the magnetic charges and the centrally-extended algebra exist in p = 2 Maxwell theory
as long as d > 4, with the degree of the various fields given in Table 1.
For d = 3 there is an electric charge, but since ¢ = const. according to (22) there is only a global charge

atel =0 [ A (8)

and therefore no current algebra nor central extension.
Now, recall that while 4-dimensional Maxwell theory is self-dual, 3-dimensional Maxwell theory is dual to a
scalar field theory. Let us therefore study the duality and first order formulation of a d-dimensional scalar field.

4.2. Scalar Field Theory

A free massless scalar field theory in d dimensions can equivalently be thought of as a 1-form theory with
Lagrangian

1
Lycual ®] = 5#d® A d®, (29)

where the O-form ® € Q°(M) is the scalar field on M. Since this is not a gauge theory, it does not a priori admit
conserved gauge charges. It is indeed obvious that the electric gauge transformations are not defined, since they
require the form degree to be p > 2. As such, this theory has no electric charges (21).

It was however shown in [82, 111] that scalar field theories do admit a reformulation of the soft theorem in
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terms of asymptotic symmetries, and contain scalar soft charges. Following the argument built from the first order
formulation, these are precisely the magnetic charges (23), which in the scalar case become

oM[a) = — / dda, (30)
o

where now & € Q4=3(M). This is consistent with the proposal of [3—85], which is to understand the scalar soft
charges in terms of a gauge theory dual to the scalar field theory. In this reformulation, the above magnetic charges
are interpreted as the electric charges of the gauge theory dual to the scalar theory (29). This relies on the fact that a
d-dimensional scalar field theory is dual to a gauge theory of (d — 1)-forms via the identification

F(dfl) = dA(d,Q) = xdP. (31)

One can now apply our first order argument to this dual gauge theory, and verify by looking at the form degree
that the electric charge exists while the magnetic one does not. The electric charge is given by

Q<E>[a]:/ *(F(d_l))/\a:(—l)d/ dd A a, (32)
ox [)>)

where o € Q?=3(M). We see that the magnetic charge in the scalar field theory agrees (up to an integration by
parts and a possible sign) with the electric charge in the dual gauge theory. This charge, which is either magnetic for
the scalar theory or electric for its dual, is the hidden scalar soft charge.

The same conclusion is reached when using the first order BF formulation. For a 4-dimensional scalar field,
the dual is a theory of 3-forms. This latter has a first order formulation where the B field is a 1-form. The
translational symmetry is therefore not reducible, and no zero-mode survives the reduction from BF to the 3-form
theory. Consistently, we get only a single charge for the scalar field or its dual, as described above.

5. Perspectives

In this short note we have presented a new viewpoint on electromagnetic duality, motivated by recent studies
of boundary magnetic charges and their centrally-extended algebra with electric charges [60, 86,92]. Instead of
reformulating the second order Maxwell theory by introducing extra bulk or boundary fields as in [86,92], we have
followed the suggestion (which finds support in the gravitational case) that dual charges are naturally described
in the first order formulation. We have described the first order formulation of Maxwell’s theory as a topological
BF theory with potential in Section 4. In this first order formulation it is however still not clear where magnetic
charges can come from. We have therefore put forward the following argument. A necessary condition for magnetic
charges to exist in a d-dimensional p-form theory is that d — p > 1. This condition turns out to be the one for
which the translational symmetry of topological BF theory becomes reducible, and therefore admits zero-modes.
These zero-modes have the same form degree as the would-be magnetic gauge parameters. Although the subset of
translation symmetries corresponding to their reducible part describes trivial symmetries of the first order p-form
Lagrangian (18), these symmetries can be assigned non-trivial charges which turn out to agree with the magnetic
charges derived e.g. in [86,92]. Moreover, the electric and magnetic charges inherit the centrally-extended charge
bracket descending from BF theory. In this picture the magnetic charges are the zero-modes of the translations of a
topological theory.

To make this argument tighter one should study the treatment of reducible gauge transformations from the
point of view of boundary charges. Our derivation of the magnetic charges does indeed rely on the expectation that
a subset of the gauge charges can survive the imposition of the constraint reducing BF theory to Maxwell. It would
also be interesting to study how this construction can be extended to the non-Abelian case. A new complication in
this case is that the reducibility condition (22) now involves a covariant derivative d 4¢ = 0, and cannot naively be
solved without imposing a condition e.g. on the boundary field strength. Finally, we note that here we have focused
on finite boundaries, and that it would be interesting to properly study the appearance of magnetic charges from BF
theory asymptotically, following e.g. [95] and [110].

Finally, let us comment on the relation between our formulation and some recent developments that have led
to similar results in the Hamiltonian treatment of electrodynamics [1 12, 113] and scalar fields [1 14] at null infinity,
obtained without passing through a B F' description as in our approach. In the Hamiltonian framework, the role of
the (d — p)-form field B is effectively played by some components of the canonical momentum conjugate to the
connection field when performing the canonical analysis. These canonical momenta obey first-class constraints that
are closely analogous to the first-order equations of motion (20) of p-form theories, and the transformations they
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generate correspond to the analog of translational symmetry. Importantly, this subset of constraints acts only at
infinity and gives rise to new asymptotic charges related to magnetic large gauge transformations. The corresponding
canonical charges can be written as bulk integrals, analogously to the expressions (7) and (11), and the canonical
symplectic 2-form reproduces the same centrally-extended algebra.
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