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1. Introduction

The accurate simulation of energies and properties of molecules in electronically excited states remains one
of the central challenges in quantum chemistry. This task becomes particularly demanding for large conjugated
systems embedded in heterogeneous or strongly interacting environments, where electronic delocalization and
environmental effects couple in complex ways. Capturing these features with predictive reliability requires methods
that combine electronic-structure accuracy and robustness with computational efficiency, while properly accounting
for the influence of solvents, biomolecular matrices, or other complex surroundings.

In many practical scenarios, time-dependent density functional theory (TD-DFT) is the only viable option,
thanks to its favorable compromise between accuracy and computational cost. Its efficiency enables the treatment of
large molecular systems and, when necessary, the explicit inclusion of selected components of the environment to
capture key specific interactions. Furthermore, TD-DFT can be easily integrated with classical descriptions of the
environment, such as continuum solvation models or molecular mechanics—based approaches, thus allowing the
incorporation of both bulk effects and specific interactions at a computational cost that remains tractable for large
and complex systems.

Despite these advantages, TD-DFT suffers from well-known limitations that undermine its reliability in
critical cases. A prominent example is its inadequate description of long-range charge-transfer (CT) excitations,
which often leads to substantial errors in excitation energies and excited-state character. Although numerous
exchange—correlation functionals—particularly long-range corrected and range-separated hybrids—have been
developed to alleviate these deficiencies, their performance remains system-dependent and falls short of delivering
the robustness required for general predictive applications. This issue becomes especially severe when one aims to
describe, with comparable accuracy, excited states of fundamentally different nature, such as locally excited (LE) and
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CT states. In principle, wavefunction-based methods could overcome these limitations, but their application to large
systems is still hindered by prohibitive computational costs.

The differences between TD-DFT and wavefunction-based approaches in predicting excitation energies and
related properties become even more pronounced when these quantum-mechanical descriptions are embedded in a
polarizable environment. The influence of such an environment on the excitation process of an embedded molecule
is multiple. First, the environment alters the relative energies of the electronic states involved in the transition
through the distinct polarization induced by each state. In addition, the environment responds dynamically to the
excitation process itself, introducing a contribution associated with a dispersion-like term that originates from
its response to fluctuations in the molecular electronic density [1]. In the literature, these two contributions are
commonly referred to as the State-Specific (SS) and Linear-Response (LR) terms, respectively [2—5].

Computational studies on various embedded chromophores have shown that only by including both ef-
fects—arising from the mutual polarization between the chromophore and its environment—can the full spectral
tuning be accurately reproduced [4,6,7]. The SS contribution requires the evaluation of the excited-state electronic
density of the quantum subsystem and is therefore naturally compatible with wavefunction-based approaches such as
Complete Active Space Self-Consistent Field (CASSCF). In contrast, the LR contribution depends on the transition
density associated with the targeted excitation and is inherently accounted for in linear-response formalisms such
as TD-DFT.

Recently, some of the present authors have developed a new implementation of the CASSCF method [8—12]
that exploits the Cholesky decomposition (CD) of two-electron integrals [ 13—18] to achieve significant computational
savings. This implementation, integrated into the CFOUR suite of programs [19,20], relies on a robust second-order
optimization scheme [21-23] for computing the CASSCF wavefunction. It enables the calculation of ground- and
excited-state energies, molecular structures, and both static and dynamic response properties [24,25], for which we
have developed particularly stable numerical procedures [26,27]. Coupling CASSCF approaches with classical
models of the environment is far from trivial, especially when mutual polarization effects between the QM and
classical subsystems must be included. Early implementations relied on simplified continuum descriptions of
the environment [28], whereas more recent developments have introduced polarizable QM/MM schemes [29-36].
Within this framework, the most widely adopted strategy relies on state-averaged (SA) CASSCEF, which provides a
balanced description of multiple excited states within a common set of molecular orbitals. During the CASSCF
optimization, the environment’s polarization is driven to self-consistency with the state-averaged electronic density
of the quantum subsystem. However, to recover a physically meaningful, state-specific polarization response for
each individual excitation, which is crucial when states differ significantly in charge distribution, an additional
corrective step is typically introduced. This correction re-polarizes the environment according to the density of each
specific state, thereby improving the accuracy of excitation energies and related properties [30].

This strategy has been recently applied to couple CASSCF with the AMOEBA polarizable force field [37] by
using an interface between OPENMMPOL [38], an open-source library which couples QM codes with MM models,
and a development version of the CFOUR quantum chemistry software suite. The implementation supports both
single-point energy calculations and geometry optimizations. In this work, we extend the CFOUR-OPENMMPOL
interface to enable LR-CASSCEF calculations, building upon our recent implementation [25,27].

In order to investigate the performance of the LR and SA-CASSCF/AMOEBA formulations, we chose as
example a photoenzyme, known as Chlorella variabilis fatty acid photodecarboxylase (CvFAP). In a nutshell, CvFAP
catalyzes the redox-neutral, light-driven decarboxylation of free fatty acids to yield Cl-shortened n-alka(e)nes
without requiring external cofactors [39,40]. Its non-covalently bound oxidized flavin adenine dinucleotide (FAD)
serves simultaneously as cofactor and chromophore (see Figure 1). Upon absorbing blue or violet light, FAD reaches
its singlet locally excited state, becoming a strong oxidant capable of abstracting an electron from the deprotonated
fatty acid in the active site. The protein-driven electron transfer is favored by structural rearrangements taking place
within the enzyme’s active site, which in turn contribute to the stabilization of the CT state’s energy at the expense
of the LE state on FAD.

First, we provide a brief overview of the CASSCF/AMOEBA implementation in both its state-averaged and
newly developed linear-response formulations. We then present the results obtained for the LE and CT states of
CvFAP, using TD-DFT/AMOEBA calculations for comparison.
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Figure 1. Representation of CvFAP with the active site highlighted in the inset. RSCB PDB entry: 6YRU
(https://doi.org/10.2210/pdb6 YRU/pdb)

2. Methods

Following the notation and general scheme of Ref. [41], the AMOEBA force field is defined by a fixed
multipolar distribution, including charges (¢), dipoles (1*), and quadrupoles (@), that are borne by each MM atom
and a polarization distribution represented via induced point dipoles (IPDs). We recall that AMOEBA, due to
different screening rules used in the polarization step and in energy calculations, introduces two independent sets of
induced dipoles that are called ‘polarization’(xP) and ‘direct’ (u?) [37].

The Lagrangian employed to describe a QM system interacting with the AMOEBA environment is

1

Lk, e, p, ) =€k, 0) + E(M) + E%(k, e, M) — §<ud, E(k, c) + EP(M))

+ - (P, Tt — E(x,¢) — EY(M)), (1
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where £°45(k, c) is the total CASSCF energy, which depends only on the QM parameters. The underlying
wavefunction Ansatz used to obtain this energy is
2 0)+Ple
|T) =e u 2)
1+ (c| Plc)
with & expressed in terms of antisymmetrized single-excitation operators Ep_q and orbital parameters k,,. Here, |0)

is the current expansion point, |¢) a CI vector, while P = 1 — |0) (0] is the orthogonal projector [42].

The term
p Noam 2 -
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k#l=1 L,L'=0

is the self-interaction energy of the multipolar distribution (M), with L = 0, 1,2 corresponding to charges, dipoles,
and quadrupoles, respectively. The factor s} screens short-range interactions to remove spurious contributions,
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is the generalized Coulomb kernel, and Ny denotes the number of MM atoms.
Nym
EM(R, e, M) =Y > M (Z Tz, — @,5) 5)
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is the electrostatic interaction energy between the MM multipoles and the QM density and ©F = (0| ££ |0) is the
QM multipole moment (for L = 0 the potential, L = 1 the electric field, and L = 2 the field gradient), and the
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second-quantized operator reads
L Lop
= th 1 Fpy. (6)

Pq

The second-to-last term in Equation (1) is the AMOEBA polarization energy, which is written as the scalar product
between the induced dipoles (11¢) and the total electric field acting on the MM sites. The total field is the sum of the
QM field, Ey(k, ¢), and the polarization field produced by the other MM multipoles

-- (Z <) Zm%) , ™
l L

Here ’Eﬁy is a damped interaction kernel used to avoid the so-called polarization catastrophe:

ot oL N(|ri —r1])

P 8
M ork ort |ri —m| ®)
with A(r) the chosen damping function.

Differentiation with respect to u¢ and P leads, respectively, to the following polarization equations
Tp’ = E(x, ¢) + EY(M), ©)
Tu? = E(k,c) + EP(M) (10)

The kl—th block of matrix T is defined as follows

Tia = a0+ (1= 6) T (n

where o, is the polarizability of the k-th MM atom. In our implementation, the AMOEBA polarization equations
are solved via an efficient iterative solver [43], and linear scaling in computational cost is achieved by using the Fast
Multipole Method [44—46].

The coupled CASSCF/AMOEBA equations can be obtained by imposing the stationarity conditions on the
Lagrangian. In particular, the gradient with respect to a generic CASSCF parameter (A = (k, ¢)) reads:

agenv Nym 1 Npo1 OF;
:_ZZ kﬁ—gé(u%u@% (12)

where the first contribution stems from the static multipolar distribution, while the second one is due to the
polarization, with Np,; < Ny as the number of polarizable atoms. By differentiating Equation (1) with respect to
Kpq» We get the orbital part of the gradient,

Nym

o = 0 = 2 DI ME (O | Bype ] 0) Z i+ 127) (O] | By 2] 100, (13)

which can be assembled using a modified inactive Fock matrix

S , Nyvm 1 Npol
Fpy = Fz?é - Z ZMk pak T o Z (Mk +Mk) P,k (14)
k=1 k=1

which includes the effects of the environment as additional one-electron contributions. We denoted with a 0
superscript the vacuum contribution. The configurational gradient can be obtained analogously

Nyvm Npo1
gr=97—2Y Y M@ Pi|0) = > (uf + pk) (1] Pl 0) (15)
= L k=1

Our implementation is also compatible with second-order CASSCF optimization algorithms, for which the
Hessian must be evaluated. This, in turn, requires computing the second derivatives of the environment contributions
with respect to the general CASSCEF parameters, which can be written as
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The first two terms are the direct analogues of the gradient environment contributions and are automatically
handled by using the modified Fock matrix (see Equation (14)), whereas the last term constitutes an additional
contribution stemming from the dependence of the induced dipoles on the CASSCF parameters. Moreover, we note
that for the last term only a single set of induced dipoles needs to be computed, since only the QM field depends
on the CASSCF parameters; consequently, Equations (9) and (10) are identical and a single polarization equation
need to be solved. In the implementation, the Hessian is never constructed explicitly; instead, we evaluate its
action on a trial vector, either orbital (v,4) or configurational (v7). We therefore show below the expressions for the
Hessian—vector product with an orbital trial vector (0°) and with a configurational trial vector (o)

Npo1
DN a
e o
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07 =07 — ——Upq , (19)
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Npo1 d el
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The contraction of the induced dipoles derivatives with either an orbital or a configurational trial vector is
obtained by solving the polarization equation using an effective electric field. This field is constructed from the
transition density matrix in the configurational case,

Z%m =2 (] P} |0) vy, 21
J

and from the one-index—transformed density matrix in the orbital case,

C{?Tlil:vrs - Z 0] { Ts7tk} 0) vrs (22)

rSs

Excitation energies can be obtained using either the state-averaged (SA) or the linear-response (LR) approaches.
In the SA-CASSCEF approach, the environment polarization is converged with respect to the state-averaged density
of the QM system [32]. In order to recover a state-specific polarization of the environment for each excitation,
a correction is introduced following the approach proposed by Li et al. [30]: at convergence of the state-average
calculation, for the two states involved in the excitation, we compute the induced dipoles using the corresponding
state density (7X) and we recompute the electrostatic and polarization terms of the energy
b'e le—pol [ X X le—pol/ X (=
Ecorr - gee pe (7 7”(7 )) - gee pe (7 3/1‘(7)) (23)
Finally, we correct the state-averaged excitation energy (Aé’gg ) to get the state-specific corrected one as
it follows:

A = AEJE + AEOE (24)
A& =E — Eooe (25)

where 0 and F' indicate the initial and the final state involved in the excitation, respectively.
The LR approach requires one to solve a generalized eigenvalue problem; for CASSCEF, in the presence of a
polarizable environment, it assumes the following form

(%7 a2 ()= D) 2
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We note that both A + B and A — B contain contributions from static multipoles and induced dipoles, that is
the first two terms of Equation (16), while the third contribution only enters A + B, that is

N
- B Pol aug OE)
(A+ B)w = (A—i—B)” o Pt 8)\]' N

27

As discussed before, this additional contribution requires one to solve the polarization equation at each step of
the LR problem, using as the right-hand side the effective field of Equations (21) and (22).

3. LR-CASSCF and SA-CASSCEF Results for CT and LE States of CvFAP

We investigated the nature of the excited states of the fatty acid—FAD complex in the active site of CvFAP by
analyzing three structures of the active site obtained from (TD)DFT/MM optimizations in our previous work [47]:
the ground-state geometry (@opt(GS)), the locally excited configuration (@opt(LE)), and the charge-transfer
minimum (@opt(CT)). As discussed in the reference work, the GS and LE structures of the active site are essentially
similar, with a water molecule forming a hydrogen bond with one of the carboxylate oxygens of the fatty acid.
In contrast, the CT state shows a more substantial structural reorganization. In particular, the hydrogen-bond
network is altered: the water molecule rotates to form a new hydrogen bond with the nitrogen of FAD, and this
rearrangement is accompanied by a twisting of the fatty acid’s carboxylate group (see Figures 2 and S1 in the
Supplementary Materials).

Figure 2. Active site configuration in the @opt(GS) (left) and @opt(CT) (right) scenarios. Carbon is represented in

silver, oxygen in red, nitrogen in blue, and hydrogen in white.

Excitation energies and oscillator strengths were computed employing both Linear-Response CASSCF (LR-
CASSCEF) and State-Averaged CASSCF (SA-CASSCEF). For comparison, TD-DFT calculations were also performed,
using the range-separated hybrid wB97X-D functional, with the standard LR treatment of the polarizable environment
as well as by applying a SS correction to the environmental polarization obtained within the so-called corrected
linear response (cLR2) scheme originally formulated for continuum models [4]. All QM calculations were carried
out using the 6-31G(d) basis set. The basis set choice was validated by performing some calculations using the
larger 6-311G(d,p) basis set. The results obtained with the larger basis were in excellent agreement with those
obtained with the smaller 6-31G(d) basis, thus justifying our choice.

For each of the three reference geometries, the QM subsystem comprised a truncated fatty acid (the first three
carbon atoms including the -COO™ group), the isoalloxazine core of the FAD cofactor, and the bridging water
molecule. The remaining portion of the fatty acid and FAD, the protein environment, and the crystallographic
water molecules were treated with the polarizable AMOEBA force field. The input file was generated using
the ommp_ip.py script from the OpenMMPol repository. The script reads the PDB, the Tinker . xyz file, the
AMOEBA parameters file, and the MDAnalysis selection string used to define the QM and MM regions, and
produces a single JSON file containing all the information required to initialize the library.

For the LR-CASSCEF calculations, the active space was determined automatically via the unrestricted natural
orbitals (UNO) procedure, which resulted in a CAS(8,8) space in the QM/AMOEBA embedding scheme (see
Figure S2 in the Supplementary Materials). Notably, this type of selection does not include the low-lying 7 orbital of
the fatty acid’s carboxylate group, which does not participate in the multiconfigurational wavefunction. In contrast,
the SA-CASSCEF calculations were performed starting from converged molecular orbitals of the ground-state
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CAS(8,8) calculation. Based on this orbital framework, two active spaces were defined: a CAS(14,8) consistent
with that previously employed by Sorigué et al. [40], and a more extensive CAS(14,11) (see Figure S3 in the
Supplementary Materials). The CAS(14,8) active space includes three carboxylate 7 orbitals, four 7 orbitals on the
isoalloxazine core, and a 7* orbital on the same moiety, while the CAS(14,11) further incorporates three additional
7* on the isoalloxazine ring. In the following, we focus our discussion on the CAS(14,11) results. The CAS(14,8)
results can be found in the Supplementary Materials and provide a qualitatively similar picture to their CAS(14,11)
counterpart. However, a (14,8) active space is very unbalanced, given that only one virtual orbital is present in the
definition, and is only appropriate if a subsequent treatment of electronic correlation is applied, as in the work by
Sorigué et al. [40]

To investigate the character of the electronic excitations, we examined the natural transition orbitals (NTOs) [48]
for each of them. This type of analysis provides a compact representation of the transition density matrices, since it
condenses the electronic excitations into a hole-particle orbital pair. The most interesting NTOs arising from the
LR-CASSCEF calculations are reported in Figure 3, for the first transition of the @opt(GS) and for the first and the
seventh transition at @opt(CT) (the analysis of NTOs for @opt(LE), which is very similar to what was obtained at
@opt(GYS), is reported in Figure S4 of the Supplementary Materials). These NTOs clearly show the LE and CT
nature of the corresponding excitations. It is worth noting that LR-CASSCF(8,8), which only includes orbitals
localized on the flavine core, is able to describe the CT state.

Figure 3. Natural transition orbitals obtained through the LR-CAS(8,8) calculation for the first transition at the
@opt(GS) geometry (top) and for the first (central) and seventh (bottom) ones at @opt(CT) geometry.

In Figure 4 we report the NTOs obtained at SA-CAS(14,11) for the first and third transitions at the @opt(CT)
geometry. These two transitions clearly represent the CT and LE excitations, respectively.

The excitation energies and the oscillatory strengths for the selected LE and CT states at both LR and SA
formulations of CASSCF/AMOEBA are shown in Table 1. In the case of SA-CASSCEF, transition energies including
the SS correction are also reported. The energies for the full set of states are reported in Table S1 for LR-CAS(8,8),
S2 for SA-CAS(14,8), and S3 for SA-CAS(14,11) in the Supplementary Materials.
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Figure 4. Natural transition orbitals obtained through the SA-CAS(14,11) calculation for the first (top) and third
(bottom) transitions at the @opt(CT) geometry.

Table 1. LR/SA-CASSCF/6-31G(d)/AMOEBA transition energies E (eV) and oscillator strengths f for the LE
and CT states. Calculations were performed at the LR-CASSCF(8,8) level for all geometries. For SA, excitation
energies including the state-specific corrections are also shown (Esa/Ess). The state average was over 7 states for
the @opt(GS) and @opt(LE) geometries and 6 states for the @opt(CT) geometry.

@opt(GS) @opt(LE) @opt(CT)
State E f E f E f
LE(LR) 3.70 0.296 3.03 0.148 3.06 0.316
CT(LR) 5.82 0.004
LE(SA) 3.51/3.49 0.719 2.85/2.84 0.651 2.82/2.80 0.658
CT(SA) 5.99/5.70 0.004 5.41/5.01 0.007 2.59/2.44 0.005

The two CASSCF/AMOEBA formulations provide qualitatively consistent results for the LE state: the
corresponding excitation energy decreases significantly when moving from the @opt(GS) to the @opt(LE) geometry,
although the magnitude of this red-shift is smaller within the LR formulation, and then it changes only slightly when
considering the @opt(CT) structure. However, when we consider the CT state, the two methods start to diverge.
For the @opt(GS) and @opt(LE) geometries, both approaches predict the CT state to be strongly destabilized.
As a matter of fact, for LR-CASSCF at @opt(GS) and @opt(LE) geometries, the value for the CT transition is
not reported as it could not be found in the lowest 14 excitations. At the @opt(CT) structure, the LR formulation
describes the CT state at lower energy but still much higher than the LE. On the contrary, the SA treatment yields a
substantial stabilization that renders the CT state the lowest in energy. This discrepancy between the two CASSCF
formulations is already evident in the gas-phase results (see Table 2), and is due to the uneven treatment that
LR-CASSCEF provides for the two excitations: while the LE state is well described within the active space and is
therefore correlated both at the CAS-CI and particle-hole level, the CT state involves orbitals outside the active
space and is thus only affected by the particle-hole correlation.

When environmental effects are taken into account, the LR and SA CASSCF/AMOEBA formulations yield a
consistent description for the LE state. Both predict a red-shift relative to the gas phase, with a magnitude increasing
progressively from the @opt(GS) to the @opt(LE) and @opt(CT) geometries. This similar behavior is expected, as
the SS correction, which is present only in the SA treatment, is small for a locally excited state, whose electronic
density differs only modestly from that of the ground state. The situation becomes more complex for the CT
transition. In this case, both CASSCF formulations predict a blue-shift with respect to the gas phase. This is
consistent with the physical picture: in the isolated system, the CT state is strongly stabilized because the excitation
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promotes charge delocalization from the carboxylate group onto the fatty acid—FAD pair. Embedding the system in
a polarizable environment largely stabilizes the ground state with the charge localized in the fatty acid and less the
CT, thereby shifting the CT excitation to higher energies. Despite the opposite signs of the environmental shifts
for LE and CT, the CT transition remains the lowest-energy excitation at the @opt(CT) geometry. This indicates
that, although the environment disfavors the CT character relative to the gas phase, the geometric rearrangements
accompanying CT formation dominate the energetics and ensure that the CT state is still the energetically preferred
excited state at the CT minimum. However, it is interesting to note that the magnitude of the SS correction for CT is
larger in the @opt(GS) and @opt(LE) geometries than at the @opt(CT) structure.

Table 2. LR/SA-CASSCF/6-31G(d) gas-phase excitation energies E (eV) and oscillator strengths f for the LE
and CT states. Calculations were performed at the LR-CASSCF(8,8) level for all geometries. For SA, these were
computed at the SA-CAS(14,11) level, averaging over 8 states for the @opt(GS) and 6 states for the @opt(LE) and
@opt(CT) geometries.

@opt(GS) @opt(LE) @opt(CT)
State E f E f E f
LE(LR) 4.07 0.097 3.62 0.148 3.65 0.233
CT(LR) 7.25 0.004 6.50 0.013 4.79 0.000
LE(SA) 3.88 0.603 3.22 0.686 3.73 1.088
CT(SA) 5.56 0.005 4.04 0.001 1.63 0.006

To explain these findings we have compared the electrostatic potential generated on the atoms of the QM
subsystem by the AMOEBA induced dipoles in the @opt(GS) and @opt(CT) geometries. The induced dipoles have
been calculated using the GS density from the LR-CASSCF/AMOEBA calculation and three different densities
from the SA-CASSCF/AMOEBA calculations, SA, GS, and CT, respectively. The results are reported in Figure 5.

As shown in Figure 5, at the @opt(GS) geometry the LR and SA descriptions yield similar electrostatic
potentials for their respective ground states. Both reflect the expected behavior of an R-COO~/FAD complex,
characterized by large positive electrostatic potentials on the atoms of the anionic carboxylate group of the fatty
acid. This situation is reversed in the CT state where the carboxylate group donates an electron to FAD and the
electrostatic potential induced by (7T becomes negative on the fatty acid. The electrostatic potential generated
by the AMOEBA dipoles induced by the state-averaged density, 1(7), represents an intermediate picture between
the GS and CT polarization patterns. When moving from the @opt(GS) to the @opt(CT) geometry, the electrostatic
potential due to 1(y“®) undergoes a marked change, becoming strongly negative on FAD. In contrast, the potentials
corresponding to 1(y“T) change only slightly relative to those at @opt(GS). As expected, the electrostatic potential
arising from £(%) again lies between these two limiting cases.

These results show clearly that the twisting of the charged carboxylate group and the reorganization of the
water hydrogen bond in the @opt(CT) geometry have a substantial impact on the ground-state electronic structure
of the system, particularly on the electron density localized on FAD. This observation rationalizes why, at this
geometry, the state-specific (SS) correction for the CT transition is markedly reduced compared with the other
two geometries. The SS contribution is defined as the difference between the CT and GS adjustments relative to
the state-averaged picture (see Equation (23)). At the @opt(CT) geometry, these adjustments become similar for
the GS and CT states, whereas at the @opt(GS) and @opt(LE) geometries the CT state undergoes a much larger
environment-driven redistribution than the GS state.

We now compare the two CASSCF/AMOEBA formulations with TD-DFT/AMOEBA. In the latter case,
we report the excitation energies calculated within the standard LR scheme for the response of the polarizable
embedding and those in which we have added a state-specific correction calculated on the TD-DFT relaxed densities
and the corresponding AMOEBA induced dipoles (E.r,g2). The TD-DFT results for the LE and CT excitations are
reported in Table 3. The full results are reported in Table S4 in the Supplementary Materials.

As shown in Table 3, the LE state exhibits a qualitatively consistent behavior across TD-DFT and both the
LR and SA variants of CASSCEF. For this state, the magnitude of the SS correction remains small, in line with
expectations. In the case of the CT state, the chosen functional reproduces the SA-CASSCEF trends reasonably well
at all geometries. However, for TD-DFT the SS correction remains sizable at every structure and shows its largest
value at the CT-optimized one.
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Figure 5. In the (top panel), we show the electrostatic potential due to the AMOEBA induced dipoles stemming
from the converged ground-state CASSCF density using a CAS(8,8) active space. In the (bottom panel), we
depict the electrostatic potential due to the induced dipoles stemming from the averaged density at convergence of
the SA-CASSCF(14,11) calculation (top row), from the GS state density (central row) and from the CT density
(bottom row). The left column shows the results obtained for the @opt(GS) while the right column for the @opt(CT)
geometry. The reported values were shifted by their mean to enable a consistent comparison between geometries.

Table 3. TD-DFT/wB97X-D/6-31G(d)/AMOEBA excitation energies E, g and their corrected values E.r, 2 after
including the state-specific corrections SS., in eV, and oscillator strengths f at the three optimized geometries.

@opt(GS) @opt(LE) @opt(CT)
State Err EcrRro f Err EcrRro f Err EcrRro f
LE 3.19 3.17 0.297 2.71 2.69 0.210 2.63 2.61 0.222
CT 4.37 3.66 0.004 3.95 3.23 0.008 1.60 0.67 0.003

As a final analysis, it is interesting to compare all QM/AMOEBA formulations in terms of how the energies of
the different states evolve when moving from the Franck—Condon geometry to the structures optimized for the LE
and CT states. This analysis shows more clearly how the various approaches capture the relative likelihood of the
photoinduced electron-transfer process in the photoenzyme. To enable a direct comparison, all energies were shifted
so that each method uses the corresponding ground-state energy at the GS geometry as a common reference. The
resulting trends are illustrated in Figure 6. For LR-CASSCEF, we report only the GS and LE energies, as the CT state

is poorly described by this level of theory.
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Figure 6. GS (black), LE (red), and CT (blue) energies computed on top of each geometry using as a reference the
ground-state energy at the GS geometry. The linestyle denotes the level of theory: solid line for SA-CAS(14,11),
dotted line for LR-CAS(8,8), and dash dotted line for TD-DFT. SA-CASSCF and TD-DFT energies include the
respective SS corrections.

Overall, the SA-CASSCF and TD-DFT calculations yield qualitatively consistent trends. The LE state exhibits
a modest stabilization at the LE geometry which reflects the small geometrical relaxation, followed by a pronounced
destabilization at the CT geometry. In contrast, the CT state is progressively stabilized along the same coordinate
and becomes the lowest excited state at the CT geometry. Notably, TD-DFT predicts the LE and CT states to lie
much closer in energy at both the GS and LE geometries, with a substantial splitting emerging only at the CT
geometry. In the SA-CASSCF/AMOEBA results, however, the two states are already well separated at the GS and
LE geometries and become significantly closer only at the CT geometry. It is important to note that all geometries
considered are true minima only at the (TD-)DFT level, which may lead to a reduced stabilization of each state at its
corresponding optimized geometry when evaluated with both LR- and SA-CASSCF.

4. Discussion

In this work, we have presented the extension of the CFOUR-OPENMMPOL interface that includes the newly
implemented LR-CASSCF framework, enabling the description of electronic excitations in embedded molecular
systems at the CASSCF/AMOEBA level. This allowed us to compare LR- and SA-CASSCF/AMOEBA to study
the electronically excited state of the fatty acid-FAD complex in the active site of CvFAP. The main methodological
challenge, which is general to many systems, is achieving a consistent and balanced description of excited states
with different characters, namely a locally excited (LE) and a charge-transfer (CT) state. This is difficult not only
from the electronic structure perspective but also in capturing environmental effects, which are crucial for the correct
physics of such systems.

LR-CASSCEF offers two key advantages. First, it is as unbiased as CASSCF allows: the active space
accounts only for static correlation, not for targeting specific excitations. States that are poorly represented in the
active space can still be described thanks to the inclusion of all particle-hole excitations from the ground-state
wavefunction. Second, LR-CASSCEF provides a better treatment of electron correlation, as both active-space
expansion and particle-hole excitations contribute to the excited-state description. However, LR-CASSCEF has two
main shortcomings. Because states can be described both within the active space and via particle-hole excitations,
an unbalanced treatment of states of different nature may arise. Excitations that are well described by the active
space benefit from both contributions, whereas those dominated by inactive orbitals rely only on particle-hole terms.
This explains why, at the LR level, the CT state of CvFAP is stabilized but remains higher in energy than the LE
state. Moreover, LR-CASSCF cannot currently handle state-specific environmental corrections, which are critical
for CT states due to large density rearrangements and associated solvation effects.

SA-CASSCEF, in contrast, requires that all orbitals involved in the excitation be included in the active space.
This makes the method inherently biased, as one is required to already know the nature and main characteristics of
an electronic excitation to describe it. Furthermore, the use of averaged orbitals, especially when the electronic
states of interest are quite different in nature, offers a reasonable compromise for each state, but is not optimal
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for any of them. Finally, the orbitals required to describe an excitation might not be relevant for the treatment
of static correlation. This triggers a cascade of numerical issues. The CASSCF optimization may in fact try to
rotate an orbital that is required for the description of an excited state out of the active space itself, swapping it for
one that is more relevant for strong correlation. Even if one manages to overcome this problem, optimization can
exhibit instabilities, root flipping, unwanted local minima, and overall poor convergence. We further remark that
larger active spaces are often needed in practice, sharply increasing computational cost. Despite these difficulties,
SA-CASSCEF allows straightforward state-specific embedding corrections, enabling us to model the inversion in
stability between LE and CT states at the CT geometry. It should however be noted that the results are heavily
influenced by the choice of the active space, as it can be seen from the comparison between the CAS(14,8) and
CAS(14,11) results, and that converging the SA calculations is significantly more difficult for this system.

A final remark concerns the computational cost of LR and SA calculations. LR requires a prior ground-state
CASSCEF optimization followed by the solution of a generalized eigenvalue problem, whose cost scales with the
number of targeted states, making the overall LR effort roughly equivalent to that required for a ground-state
second-order CASSCF calculation multiplied by the number of states. For example, a CAS(8,8) LR calculation
at the CT geometry required about 4 hours on a dual AMD EPYC 7282 node (32 threads), with 24 min spent
on ground-state optimization and the remainder on the LR equations for 10 states. SA calculations are generally
cheaper than LR for comparable active spaces. For the same CT geometry, a CAS(14,11) SA calculation for six
states required about 15 min. This efficiency arises from the use of a first-order Super-CI solver and from the
fact that a single set of orbitals is shared among the various states, which limits the additional cost to the CI step.
However, first-order optimization lacks the robustness of second-order methods, making state convergence difficult.
Thus, while SA-CASSCEF is computationally less demanding, second-order ground-state optimization followed by
LR calculations is more black-box, requiring higher computational cost but significantly less human effort.

In conclusion, we believe that LR- and SA-CASSCEF are best used in combination. LR-CASSCF can be used
to explore the excitation manifold in an unbiased manner, and the results can then be refined using SA-CASSCF to
achieve a more quantitative description. Both methods present advantages and shortcomings, but they tend to be
complementary. Further developments are nevertheless needed to overcome the difficulties that we have encountered.
First, a treatment of electronic correlation is mandatory to achieve quantitative accuracy for both strategies. For
LR-CASSCEF, the implementation of state-specific corrections, although nontrivial, is also highly desirable. Finally,
it is worth underlying that our study shows how sensitive the results can be with respect to the geometry. Therefore,
the implementation of analytical gradients for both methods, including the polarizable environment in the picture,
looks like a promising direction to further improve their applicability.

Supplementary Materials

The additional data and information can be downloaded at: https://media.sciltp.com/articles/others/2602040933
530175/PS-25120088-Supplementary _Materials.pdf. The supporting information reports tables with excitation
energies and oscillator strengths for all the computed states at the LR and SA CASSCF and TD-DFT level of theory,
and pictures of the active orbitals used for the CASSCF calculations.
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