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Abstract: This review examines mathematical models of elongational Flow-Induced
Crystallization (FIC) from a computational modeling perspective, emphasizing their
practical integration within transport-based simulation frameworks. The work targets
researchers in computational fluid dynamics (CFD) who model the cooling stages of
polymer processing operations such as melt spinning and injection molding. Rather
than reiterating the extensive physics of FIC, the review focuses on the choice of math-
ematical formulation best suited for a given simulation objective. Existing approaches
are classified into four model types distinguished by their complexity, required input
data, and computational cost: Type 1 models introduce empirical crystallization terms
within simplified rheological frameworks; Type 2 combine the Avrami formulation
with correlations that account for flow-induced effects; Type 3 embed crystalliza-
tion kinetics directly into constitutive equations through stress or strain tensors; and
Type 4 represent molecular or atomistic simulations that resolve chain dynamics
in detail. Each model type is critically evaluated in terms of predictive accuracy,
implementation practicality, and suitability for different process scales. Comparative
tables summarize these attributes, guiding the selection of an appropriate correlation
strategy consistent with available data and computational resources. The review con-
cludes by identifying current challenges—including polymer blends, non-isothermal
effects, and anisotropic morphologies—and outlining promising directions for future
research. Overall, this work serves as a concise reference for CFD practitioners
seeking reliable FIC formulations that balance fidelity, efficiency, and applicability
across polymer-processing simulations.

Keywords: modeling; crystallization; flow-induced crystallization; flow-enhanced
nucleation; simulation

1. Introduction

This review examines mathematical models for elongational flow-induced crystallization (FIC) of polymeric

materials and provides guidance for selecting suitable formulations for computational fluid dynamics (CFD)
simulations of polymer processing operations such as spinning, blow molding, and injection molding. The
discussion focuses on how different model types balance physical fidelity, computational efficiency, and data
requirements to match specific simulation scopes.

Crystallization strongly influences the final mechanical, thermal, and optical properties of polymer products.
During solidification, the ordered arrangement of molecular chains defines material performance. Among the mech-
anisms governing this transition, FIC is particularly important because the deformation field accelerates nucleation
and directs crystal growth, producing anisotropic morphologies.
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FIC has been shown to enable the in situ formation of all-polymeric nanocomposites under well-defined shear
and elongational flow fields. In particular, shear deformation significantly increases the crystallization temperature
of polymer inclusions, enabling the rapid formation and stabilization of nanofibers during processing. In some
systems, viscosity enhancement and melt memory effects associated with self-nucleation further amplify FIC,
leading to a larger upward shift in crystallization temperature and a narrower crystallization window under shear [1].
In addition, FIC at elevated temperatures promotes molecular orientation, which is essential for achieving effective
mechanical reinforcement in flow-processed polymer systems [2].

Under elongational flow, FIC generates the characteristic shish—kebab structures, where fibrillar “shish”
backbones align with the flow and lamellar “kebabs” grow radially from them, as illustrated in Figure 1.
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Figure 1. Crystalline structure formation under high-flow conditions: shish—kebab morphology in entangled polymer
melts. Reprinted with permission from Ning et al. [3]. Copyright 2007 American Chemical Society.

Figure 2 schematically depicts several common polymer-processing operations involving elongational FIC. In
all these processes, the molten polymer exits a die and cools in a downstream region where elongational deformation
is a principal factor. Various polymer-processing techniques such as Melt Spinning (MS), Spunbonding (SB), Melt
Blowing (MB), Injection Molding (IM), and Blow Molding (BM) are illustrated in Figure 2. In all these operations,
elongational deformation in the cooling region governs both stress development and crystallization kinetics.
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Figure 2. Schematic comparison of polymer processing routes involving flow-induced crystallization (FIC),
highlighting differences in die geometry, dominant deformation modes, and cooling conditions: (a) melt spinning
(uniaxial elongation), (b) spunbonding (air-assisted draw), (¢) melt blowing (high strain-rate elongation), (d) injection
molding (transient shear and elongation), and (e) blow molding (biaxial stretching).

We examined a wide range of earlier reviews and monographs on polymer crystallization and process-
ing, summarized in Table 1. These works cover topics such as Avrami kinetics, non-isothermal crystallization,
and flow-induced morphology, but none provide systematic guidance for selecting mathematical models suited
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for computational simulations. In particular, the available reviews either emphasize experimental observations,
molecular-scale descriptions, or specific processes, while the coupling of crystallization kinetics with transport
equations—especially under elongational flow—remains insufficiently discussed.

Table 1. Chronological overview of key review articles, dissertations, and books relevant to polymer crystallization
and flow-induced crystallization (FIC), highlighting their primary scope and distinctive contributions.

Ref. Primary Focus and Distinctive Contribution
[4] Determination of Avrami parameters in crystallization modeling.
[5] Comprehensive overview of industrial fiber-processing techniques and the morphology.
[6] Non-isothermal quiescent crystallization kinetics & experimental validation of Avrami descriptions.
[7] Modeling approaches for non-isothermal crystallization during polymer processing.
[8] Unified treatment of thermal and athermal crystallization kinetics in polymers.
[9] Enthalpic and entropic barriers in crystallization, including Hoffman—Lauritzen theory.
[10] Simplified lattice-based models for polymer crystallization mechanisms.
[11] Experimental evidence & interpretation of shish—kebab under high shear and elongational flow.
[12] Dynamics of fiber formation and coupling between flow kinematics and solidification.
[13] Overview of classical and molecular-dynamics approaches to polymer crystallization.
[14] Review of spunbonding technology, process design, and industrial relevance.
[15] Rheological constitutive models suitable for CFD simulations of polymer processing.
[16] Review of polymer-chain crystallization models across length and time scales.
[17] Multiscale modeling of FIC
[18] Engineering aspects and components of spunbonding processes.
[19] Classification of polymer crystallization scenarios under thermal and flow conditions.
[20] Molecular-dynamics simulations elucidating crystallization mechanisms at the chain level.
[21] Atomistic simulation approaches for polymer nanocomposites and crystallization behavior.
[22] Activation-energy analysis methods for polymer crystallization kinetics.
[23] Experimental and modeling studies on elongational flow effects in polymer systems.
[24] Recent molecular-dynamics insights into segmental alignment, precursors, and shish formation.
Selected Review Articles Focused on Flow-Induced Crystallization (FIC)
[25] Early experimental investigations of crystallization mechanisms under flow.
[26] Comprehensive treatment of FIC, rheology, and two-dimensional space-filling models.
[27] Experimental observations of flow effects on polymer crystallization kinetics.
[28] Analysis of Avrami-type behavior observed under flow-induced crystallization conditions.
[20] Molecular-dynamics perspectives on FIC and flow-driven chain orientation.
[29] Advanced simulation and multiscale modeling approaches for FIC.
30] Molecular-network deformation mechanisms governing FIC in isotactic polypropylene.

[31]  Rheological classification and modeling framework underlying the Peters correlation (Equation (38)).

Despite the breadth of these contributions, no single work provides a structured comparison of existing FIC
correlations from the viewpoint of the simulation setup. The present review addresses this gap by organizing
available models into four categories based on their analytical formulation and the number of empirical constants
involved. Each category is evaluated for its suitability to CFD coupling, allowing readers to choose the most
appropriate correlation for a given process, dimensionality, and computational capacity.

The region where crystallization occurs is referred to as the cooling region, where the polymer melt exchanges
momentum and energy with its surroundings while solidifying. The overall force and energy balances may be
symbolically expressed as:

E F=F pressure + I Godet/Blower 1 E viscous E drag/friction + E weight + F; surface s (1)

AE’total = WGodet/blower/ﬂow + inscous + Wdrag + Wgravity + Wsurface + Qconvection + qusion + Qradiation~ (2)

These terms highlight the multiple interactions among flow, heat, and phase transformation that a model must
capture. In polymer processing simulations, flow-induced crystallization is strongly governed by the local thermal
history, as heat transfer, latent heat release, and temperature-dependent rheology jointly control crystallization
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kinetics and stress development.

For practical simulations, such equations are typically simplified; therefore, the degree of simplification serves
as one metric for classifying the models reviewed here.

The rheological constitutive model governs the stress—velocity coupling and must be consistent with the level
of overall model complexity. We listed multiple models commonly adopted among fluid dynamic researchers in
Table 2.While isothermal rheology is well established and supported by several open-source tools (e.g., [32,33]),
cooling-induced crystallization introduces additional elastic effects that significantly influence flow behavior. As
the melt cools, the relaxation time A increases, enhancing stress transfer and reinforcing crystallization [12,34].
Figure 3 plots strain and viscosity parameters, marking the characteristic relaxation times that will be further
discussed in Section 3. These regimes highlight how molecular stretching and entanglement affect the elonga-
tional viscosity, which in turn complicates the numerical stability and computational cost of detailed rheologi-
cal—crystallization coupling.

Table 2. Representative rtheology models used in FIC simulations.

Rheology Model Dim. Mathematical Tool Governing Equation
Newtonian 1D Curve-fit n,~T o =n(T) - f(strain)
Generalized Newtonian 1-3D Combined ¢ & ¥ o= f(T,n,D)
Maxwell 3D Spring—dashpot Elastic and viscous
Upper Convected Maxwell (UM) 2D Reduced matrix dimension N1 = Opg — Opp
Giesekus 1-3D Extended momentum A, viscous and polymer 7
Doi-Edwards 1-3D Multi-spring model Multi-bead
Suspension (rheometry) ! 1D Melt-phase interaction = [1— X ]
Pom—pom and extended 2—-3D Conformation A = trC

Refer to [15,26,35] for comprehensive listings.

! Filling factor x(¢) can be obtained from rheometry via x(t) = % [36].
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Figure 3. Variation of elongational viscosity with strain rate, showing four characteristic regimes due to chain
stretching and entanglement. Reprinted with permission from Marrucci and Ianniruberto [37]. Copyright 2004

American Chemical Society.

Simplified approaches such as suspension theory [38] treat the crystalline phase as dispersed within an
amorphous matrix, linking viscosity to crystallinity x. Although numerically efficient, such formulations may
compromise stability in complex geometries. Generalized Newtonian models often assume similar behavior in shear
and elongation, an acceptable approximation in thin geometries where thermal gradients dominate strain effects [39].

A recurring trade-off between model accuracy and computational cost has been widely reported in CFD-based
simulations of polymer processing and flow-induced crystallization [15,26]. The optimal balance depends on the
process, available data, and simulation objectives. This review identifies these trade-offs across the literature to aid
in model selection [40].
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We introduce the fundamental concepts of crystallization in Section 2, where models are classified by
their analytical formulation and empirical input parameters (denoted as const). Increasing the number of such
parameters generally enhances predictive accuracy but reduces the model’s adaptability across materials and
processes. Therefore, the present study emphasizes how this balance between accuracy and generality guides
the selection of an appropriate FIC correlation. Rather than classifying models solely by physical mechanisms,
we categorize available formulations according to their mathematical structure, level of empirical input, and
compatibility with transport equations for momentum, energy, and rheology. This classification framework is
intended to guide model selection for process-scale simulations, enabling readers to identify formulations that
balance physical fidelity, computational cost, and data availability. Each subsequent section concludes with
comparative tables summarizing the reviewed models.

2. Physics of Crystallization

In quiescent, isothermal cooling at constant ambient temperature (7), a polymer melt crystallizes below the
melting temperature 7,,,. As chains reorganize into ordered structures, crystallization initiates near 7T, and proceeds
down to the glass transition 7, yielding a semicrystalline solid. We denote the crystalline mass fraction by », which
increases from 0 toward the maximum absolute crystallinity X ..; the remaining fraction 1 —  is amorphous.

The Avrami equation [41] has been widely used as a kinetic model for polymer crystallization [5], often
showing good agreement across materials [42]. In its simplest application, nucleation is idealized and growth is
treated as isotropic (spherulitic). We use “Avrami” broadly to include later forms (e.g., Nakamura) that retain the
same conceptual structure. The basic relation is

Q(t) _x®) _ 0(t) = 1 —exp[—k(T)t"],

Qtotal Xoo 3
n, k aretwo consts.

Here ( is the heat flow, 6 the relative crystallinity, n an exponent related to nucleation and growth geometry,
t the elapsed time, and k(7") an empirical function of T encompassing nucleation and growth kinetics. Using
0 instead of x leverages calorimetric data (e.g., DSC), and reference values for y = 1 exist for many polymers
(e.g., [43]). The induction time ¢;,q precedes measurable growth, and the crystallization half time ¢, /> is commonly
extracted from DSC. Figure 4 illustrates typical isothermal behavior and its T'-¢ mapping context for simulations.
In practice, simulations are non-isothermal, so isothermal measurements are often used to calibrate a T—¢
mapping that recovers 0(t) along a computed T'(t) trajectory. A common approach fits experimental consts in an

induction-time relation and then applies it during cooling:

t = toa — 159, 80 = const - (T, — T)°°™t [44], ()

with extensions to non-isothermal cases such as

dT .
ting = 5 [451, ting < N [46], ting < ¥ [47]

Here [ is the cooling rate; N and ¢ indicate nucleation rate and elongation rate, respectively.

The scope and limitations of Avrami are well known [48,49]: (i) it is grounded in isothermal kinetics;
(ii) estimating x  is required; (iii) idealized nucleation/growth assumptions must be adapted for impingement and
regime competition; and (iv) it does not by itself encode melt squeezing, chain folding, or cross-linking. Numerous
extensions address these points (e.g., [6,50-52]). Table 3 lists selected quiescent milestones spanning k, growth rate
G, nucleation N , thermodynamics (K, 8, G, ...), and geometry.

Process data often need to enter the crystallization description through explicit kinetic or thermodynamic
sub-models when aiming at processing relevance. Rather than a universal equation, categories of models provide
practical references that match project scope and available data.

Many widely used forms (e.g., Equation (13)) combine two exponentials to capture the bell-shaped temperature
dependence seen in Figure 4b: one term acts as a diffusional barrier at low 7" and the other as a thermodynamic drive
with supercooling. Because activation energies can evolve during crystallization, isoconversional methods estimate
Ep(T) at fixed 0 [53]; this improves data description (e.g., [54]) but offers limited mechanistic transferability.
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Table 3. Selected milestones in the evolution of Avrami-type developments.

Physical Aspect Correlation(s) Explanation of Variables
.. 4am 3 . . -
Spherulitic growth kg = 5 N,G ng =3 5) G is a linear growth rate [5].
3
From N, and G to k and = In(2) No= 3 @ 1 ©) DSC yields kq and ¢1 /2 Ny follows by
ti/2 B 3, 7 G(t1)2) fitting G(t).

Isothermal induction time:
Induction time varies with

iso
the type and speed of cooling, t = tow — ting @ Experimental calibration provides consts
and several correlations have t::; = const - (T — T)°°™*t  [44] for use in simulations.

been suggested:
The non-isothermal examples in Equation 4

t
t1/2

A dimensionless time was reported to be used to form Avrami master curves [55].

Competing regimes (phase _ o —kpt"l __—kot™2 _
co-precipitation) 6(t) = w1 (1 € ) + w2 (1 € ) ) 1= w1 + wo, ()]

Weights w; represent competing regimes; the many consts complicate validation.

0(t) = 1 — exp {7 (/Ot K(T)ds) n] ,

Nakamura non-isothermal — n 1o 1/n L. is the material derivative; K can vary
K(T) = (n2) = k(D)™ © o
form [56] t1/2 with ¢.
Do n—1
— =nK(T)(1-6) |—In(1—-6) =
oL = nK=0) [ - 0) " |
0 =1—exp[—kys(T)t"f — kq(T)t"9] Under strong flow, k, =0 and k #0 h:

. . ) L kg f ave
Sporadic nuclejtlon and flow T 3 . . (10) been reported; reported n may shift with
activation (N = Ng + Ny) kf= 3 NG~, (N = Ny) mechanism [5].

Rod- and disk-like crystal kg = NGA, ng =1 (Rod) 7 disk radius, A area normal to growth;
growth models (illustrative) k. — onr NG? ng =2 (Disk) an irregular growth gives continuous n [42].

q = > q =

6=1 exp[f(T)] #is a simpl irical cooline funcii bsti

R . =4+ " is a simple empirical cooling function substi-

gi?nw&;]non—lsothermal A (12) tuting k(") with a few consts—this method
B = fixed cooling rate < 100—— is limited to a fixed and low cooling rate.
min

. _ _ Ep, R, and G are the activation energy of

Turnbull and Fisher model N Ep AG D, At 4l ! gy
N = t- — - —_—

(TF) [58] in 1949 addresses const - exp [ RT ] P [ RT molecular diffusion, the ideal gas constant,
details by introducing th (13) and the free energy of nucleation, respec-
nfl:;:e;ti%l:;:eo ucing the AG — const tively. AT = T, — T is the supercooling

. - (AT)? (undercooling) temperature.

Schneider et al. [59] suggested operator splitting to solve stepwise differential equations, assuming that crystals are spheres that fill up the space. This approach
can be applied to shish-kebab and other structure formation under flow with adjustments, while more information about G is known [60].

Differential Equation Initial Condition Physics
d33 = 87TNq ¢3 = 8T N, Quiescent N
$2 = Gos b2 = 87 Rerysaa Radius
ci&l = Gopo ¢1 = total surface Crystals’ surface
o = G ¢o = total crystal volume Crystals’ volume
$o = —1In(1 — xq) Impinging spherulitic Space filling
Xq = 1 — . . . .
exp [7 %r Pt ths] Spaces filled with grown crystals Quiescent solution with no morphology

t o, . t n
General solution [61]: Xq(t) =1 —exp [—constshape/ (Nq (v) + Nf(’l))) . (/ G(u) - du) . dv} (14)

0 0
1 -U* —-K
. K(T) = [ln(%)]l/” —— = consty exp[ } exp[ 4 } ,
Hoffman—Lauritzen (HL) ti/2 R(T — Tx) TfAT 1s)
5 2
[62,63] G . e “Ke . . T, ; or
= constg ex ex s = const - s = —
GO\ R(T — Ty | TP TrAT ¢ AH T+ T

Here U™ is a universal constant, A H the heat of fusion, f a melt-property correction, and T, a temperature well below T}, where crystallization ceases.
Measuring K and G, Lamberti [64] evaluated overall coefficients (K, K ) operationally associated with kinetic and thermodynamic contributions.
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Figure 4. Isothermal crystallization rates for different crystallization regimes of iPP over time (measured at MPML).
Critical temperatures annotate the Tt relationship. (a) 6(¢); (b) quiescent isothermal rate from DSC. In processing
simulations, non-isothermal conditions prevail, and local material derivatives W are required.

Among growth-rate formulations, HL (Equation (15)) remains prevalent; see [9] for regime competition and
related barriers. Complex non-isothermal fits with many consts (e.g., [65,66]) can capture multiple regimes but are
costly to generalize. A practical formulation used by Mubarak et al. [7] combines dual-regime Avrami (Equation (8))

with an induction-time map (Equation (4)), and Hammami’s set [67] (Equation (16)):
6(t) = 1 — exp[~K(T) "],
T.—T\"
G(T)lexp{K(T)( > } ,

B

K

K(T) = Equation (15),  B(t) € [1,100.} . n=3, (16)
min

tind T,

- At < AT

~ = — =1 (Equation (4)).
? tind TZ B tind

m

In this formulation, K (T") embeds G(T), nucleation is implicit, and the non-isothermal ¢;,4 is obtained from
the isothermal ¢59 via the cumulative relation. This provides a workable bridge from DSC-calibrated kinetics to
simulation time lines.

Next in Section 3, we extend to FIC models and their rheological assumptions, preparing for the model-selection
framework (Types 1-4) used later in this review.

3. Flow-Induced Crystallization (FIC)

Flow markedly alters crystallization [60,68], affecting kinetic parameters (k, n, t), the attainable crystallinity
(X0), thresholds (T¢, oyicia), and microstructure (G, IN). These effects have been probed by in-situ optical
imaging [69, 70], WAXS [71], image analysis [72, 73], stress measurements [74, 75], and rheometry [76, 77].
Understanding FIC is therefore essential for predictive simulations of polymer solidification.

Flow increases chain orientation and contact probability for stem formation, activating additional nucleation
sites and biasing growth direction along the principal stretch (Figure 5). The resulting anisotropy enables property
enhancement but also modifies the melt response compared with quiescent crystallization. Chain reorientation
lowers configurational entropy and produces elongational strain-hardening. Part of the mechanical input is stored
elastically in the entanglement network and conformation, contributing to the internal energy; its relaxation during
flow can shift effective barriers (e.g., observed changes in 7 .) under FIC conditions.

A mesoscale picture is provided by the Doi-Edwards (DE) framework [78,79], which represents chains as
multi-bead springs (rod-like segments connected by springs). Extensions separate nucleation N from growth G and
add them explicitly to modified Nakamura-type kinetics in the form of Equation (9) (e.g., [80,81]), acknowledging

71


https://mpml.mie.utoronto.ca/lab/

Mohajer et al. Therm. Sci. Appl. 2026, 1(1), 65-91

that drawing rate influences N (activation/orientation) and G (directional, often cylindrical growth) differently.
Interdependence between N and G motivates molecular-to-macro coupling; see [5, 16] for molecular-level rate
discussions, with qualitative outcomes summarized in Table 4.

8 um

Figure 5. Electron microscopy images of PP crystallization captured by the authors at MPML: (a) quiescent
crystallization, showing spherulitic structures embedded in the amorphous phase; (b) spunbonded PP fiber exhibiting
flow-induced crystallization; (¢) higher-resolution image of a spunbonded fiber after partial etching, highlighting
pronounced directional crystallization induced by elongational deformation. All images correspond to laboratory-
scale processing conditions representative of industrial spunbonding.

Although shear-induced and elongation-induced crystallization share features, the literature coverage is uneven,
with far fewer studies focused on elongational FIC [82].

Two characteristic thresholds are commonly discussed (Figure 6a): a reptation-related threshold and a Rouse-
stretch threshold (e.g., [83—86]). At low strain rate or short deformation time, only entangled sections relax via
reptation; at higher rates/times, chains disentangle and undergo finite extensibility. Dimensionless groups used to
organize these effects are

_ characteristic time A

De = — = —,
observing time t

Wi=¢é,

D Erept = Wirept =¢ )\repty

7)

Degouse = WiRouse = € ARouses
>\Rouse X Z27 >\rept X Z37
where Z denotes the number of entanglements per chain (Figure 6b). Reported estimates for their ratio include

Arept R 3Z Arouse [87] as well as the similar correaltion of % =3Z (1 - 1—\/571) ’ [78]. The regime boundaries
also appear in elongational rheometry (Figure 3). At very high ¢, elongational thinning can occur when chains
approach full stretch and slide past one another [88,89].

Wi and De encode different perspectives: W4 reflects the local deformation rate, whereas De compares
relaxation with the process timescale. Along a Lagrangian trajectory at fixed Wi, De typically decreases downstream
as the local observing time grows. Mechanical work has also been used as a single measure that correlates with
orientation and crystallization [90,91], with elongational flows requiring less work than shear to achieve similar
crystallization [92].

In this study we categorize FIC literature according to how deeply these formulations are used (Table 4), from
Type 1 (empirical add-ons) to multi-dimensional Type 2 (Avrami plus one flow-sensitive correlation), to Type 3
(stress-tensor based coupling of rheology and kinetics), and Type 4 (molecular/atomistic contour simulations). The
categories reflect increasing analytical detail and typically require different numbers of consts.

Next, we review each type in turn, emphasizing model-selection trade-offs (accuracy versus adaptability), and
highlighting novel correlations for G, N, T, and 7 relevant to elongational FIC.
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b) Chain model schematics

| a)Four crystallization .
= 1 regimes under £ 1 &
sl oA 1 1 Q@f\\@ b1) polymeric
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5 | | : I
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= o : P : Kun segments.
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1: DeRause Degouse = 1,i.e., Regimes Il & IV )3'\
Figure 6. Crystallization and chain behavior versus strain rate. (a) Four qualitative regimes classified by De, with
transitions near the reptation and Rouse relaxation times [31]; sketch based on [87]. (b) Chain representation:
(b1) contour; (b2) rigid Kuhn segments with unit vectors Gen (b3) for Derp > 1, reorientation (“‘snake-like”)
induces flow-activated nucleation; (b4) for De > Arouse, chains stretch axially, favoring cylindrical growth and
flow-enhanced crystallization; extreme stretch can induce segment rotation/isomerisation [87].
Table 4. N and G during crystallization, qualitative regimes versus strain rate, and summary of FIC model types
used in this review.
Quiescent Onset Middle End/Freezing
t Low (start of bell shape) ~ 12 High
T High (iu.st below Thy,) ~ Ty /2 Low (nf.:ar/above Ty)
Nand G N<G N=a~G! N>G
¢ regime 2 Avrami parameters in Equation (14) Physics De = )\/t3 Structure
1 Nq, Gg,mn =3, ky Section 2 Derept, Derouse < 1 Coarse spherulitic
I Nq +N . Gg.m =3, kq Orientation Derouse < 1 < Derept Fine spherulitic
111 Ng + Ny, Gq — Gy,n € (2,3), kg — ky Stretch 1 < Derept, Derouse  Fibrillar/sausage [93]
v Ng+ Ny, Gyp,on =2, ky Isomerisation 1 < Derept, DeRrouse Shish—kebab
FIC Type Correlation(s) * Accuracy Adaptability No. consts
Type 1 Ignoring N, G, and T, Low High Few
Type 2 Avrami Equation (9) + one of N, G, or T, Medium Medium High
Type 3 Mixed elongation & shear via o High Low Medium
Type 4 Molecular and mesoscale dynamics (MD) High Very low Medium

1 Qualitative comparison regardless of units. 2 See, e.g., [31,68,94]. 3 Many studies also use Wi = €\ to represent molecular stretch; De
emphasizes the time-scale ratio and strain-duration effects [87]. ¢ Types are introduced and compared in this review.

3.1. Type 1: Empirical Model

Type 1 models comprise 1D empirical approaches that prioritize simplicity and transferability over detailed
crystallization physics. They adapt readily to different throughputs, require minimal experimental input, and can be
ported across processes. A representative starting point is Hsiung et al. [44], who determined a const (e.g., k1/2)

using quiescent Avrami fits; a commonly used set is

f(t) =1 — exp [— In(2) (tf/z )"} [76]
T-Ty 2
k(T) = ki s - exp [4ln(2) (ﬁ) } [95]
(13)
k(T,0) = k(T) - exp| const - 0] [96]

k(T,0) = k(T) - exp Z const

K2

o2 multi-mode/polydisperse

where o is the stress; flow-related kinetics (ky, k,) are lumped into an empirical k. The peak rate & /5 corresponds
to the DSC maximum near 7' /5 (midway between T.. and Tieezing)- Fits may use DSC, microscopy, WAXS, and/or
rheometry to determine consts. Heterogeneous crystallization (nucleants, binders, additives, recycled content) also
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alters kinetics [97-99]; in Type 1, it is practical to combine k¢ and k, into a single k to reduce parameters during
fast cooling.

Stolin et al. [100,101] advocate a phenomenological kinetic equation written directly for the rate of crystal-
lization as a function of conversion. This equation yields an integral solution close to the Avrami law while being
more suitable for non-isothermal and engineering calculations:

tcrymﬂ
C:l—f =k0"(1 —0) = 0(terysta) = / k(T)-6"-(1—86)-dt (19)
0

where n and k are fitting consts regardless of the shape of the nuclei, and unlike Avrami, % is not a function of
t anymore.

Because Equation (18) is compact, it can be advanced alongside complex rheology with few numerical
difficulties in applied CFD (e.g., [38]). A frequent implementation updates the Avrami rate coefficient K in
Equation (9) via an empirical stress-based factor; effects on N or 7T, are neglected:

K = K, - exp[ const - Nj7™] ¢ Fauation (15) - ~
K = Kq-exp [Z const; - Nﬁ"”‘“"} . i=1,2,... (20)

oV
Nit =04z —0yy = 1 7 in 1D steady state.
T

Here N7 is the first normal-stress difference along the elongation direction and V' the axial velocity. The
multimode form captures multiple elongational regimes [31,102] given a known velocity field.
Another common Type 1 variant augments a generalized-Newtonian viscosity with a crystallinity-dependent
factor (a “Ziabicki-type” coupling), long used in spinning [12, 103]:
1e(T,x) = ne(T) - exp(const - x “")
1e(T,x) = ne(T) - (1 4 const - x) 1)

0e(T,x) = 1e(T) - (1 —6)" " [104]

These forms are appropriate when deformation effects on viscosity are small; Pantani et al. [105] noted that
x can act as a shift factor for both deformation and zero-shear viscosity. In thin, convection-dominated fiber
flows, using x(7") and a heat-transfer model often suffices. Zhao [106] and Kanai et al. [107] demonstrate applied
elongational cases. Inspired by [107], we adopted

ne(T,0) = 3n(T) - f(const-6) with Newtonian 7, = 37, (22)

where f is a numerical adjustment; 7(7") may also include strain-rate dependence (e.g., Carreau—Yasuda) if desired,
though Type 1 generally avoids additional consts.

A theoretical alternative is the step-wise isoconversional approach [108], which prescribes an Ep (1) distri-
bution. While powerful for quiescent crystallization [49,61], we found no applied FIC simulations using it. We
also note Chen et al. [109], who trained a machine-learning model on experiments to predict PP fiber diameter—an
empirical pathway consistent with Type 1.

Classic spinning formulations by Kase—Matsuo [110] and Beyreuther—Briinig [12] further illustrate Type 1
with simplified momentum/energy balances and various 7)(7T') choices, yielding quick estimates of axial velocity
U () under FIC couplings.

Nie et al. [111] showed that flow modifies conformation entropy (relaxation), orientation entropy (available
nucleation surface), phase-transition enthalpy (contact area), and solid-state enthalpy (e.g., shish), thereby shifting
crystallization free energy [17,112]:

AGy = constrold - constsuace - constan - AGy (23)

with each const linked to the corresponding entropy/enthalpy change. Follow-up MD studies [24] provide chain-
level support (see Section 3.4).

Overall, Type 1 is usually one-dimensional, fast, and practical for applied and industrial studies. It favors
experimental calibration and can approximate secondary dimensions (e.g., 1.5D die-swell in [38]). It is well-suited
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to new throughputs/blends when computational effort is reserved for rheology, and it can be implemented with
modest CFD expertise. Table 5 summarizes the main options.

Table S. Pros and cons of Type 1 models.

Type 1 Model Equation Comments
n
G(t) =1—exp [_ In(2) (tlt/2 ) } (18) Minimal inputs; suitable when FIC is weak or treated implicitly.
_ 2
k(T) = k; /2 €Xp {74 In(2) (%) ] Captures a single T-peak with minimal experimental effort.

k(T,o0) = k(T) exp [const . 02] Practical for near-fixed, low—moderate stress fields.

k(T, o) = k(T) exp [Zz const; - 02} Multimode/polydisperse tuning without adding separate

FIC submodels.

Conveniently couples with the energy equations. Close to Avrami

o _ pon(1 _
ko™ (1—0) (19 without an explicit time dependence

dt —

Modified quiescent kinetics; good when FIC acts mainly via

Equation (15)
—) . .
stress amplification.

K = Kqexp [const . fomt] (K G) (20)

Easier to tune than single-exponent forms; no explicit N and/or G
model needed.

Suits prolonged uniaxial elongation (e.g., spinning) with
known V (z).

K = Kgexp [El const; -Nlcfmti]

Ni1 = 0zz — oyy ®n0OV/0x (1D steady)

Embeds FIC via n; adequate when relative crystallinity control

ne(T, x) = ne(T) - exp(const - x°o"**) @n is sufficient.
Ne(T, x) = ne(T) (1 + const - x) Useful for simplified spinning; no CFD mesh needed for x (7).
1e(T,x) = 1e(T) (1 — x)~eonst May be stiff at high cooling rates; monitor stability.
1e(T, 0) = 35(T) - f(const - 0) 22) Handles complex external forcing (e.g., spunbonding) via a

calibrated f.

AGjf = constrolg - constsurface - constam - AGq (23) Useful to estimate shifts in effective 7. without full MD.

They are useful when operating the process is available to provide

Machine learning algorithms - an abundance of data.

Type 1 models are simple to implement, add a few transport couplings, and reduce divergence risk. They are fast for single- or multi-phase
polymers but do not capture full multidimensional effects and require informed supervision for validity.

3.2. Type 2: Avrami with a Flow Correlation

Type 2 methods upgrade Type 1 by coupling Avrami kinetics with an additional, semi-empirical flow correlation.
The add-on introduces specific FIC physics into the transport set by targeting one or more of T, G, or N [87]. This
increases the number of consts and the experimental burden, but typically yields higher accuracy and enables more
than one spatial dimension in applied studies [34,113,114]. Because strain distributions differ across a cross-section
versus along the flow, 2D implementations often include shear-related contributions within kinetics (e.g., through
Equations (11) and (14)) while remaining compatible with CFD transport equations.

3.2.1. Elevating the Effective 7T

Building on observations that flow can initiate crystallization above the quiescent 7 and, in certain cases, even
above T, [115], Haas and Maxwell [116] proposed

2
T.=T1 (1 + T) (quiescent 77 elevated by shear stress 7)
2 AH - Gkirchhoft
RT (24)
GKirchhoff = P % < (estimate via density p, R, and entanglement molecular weight M)

where chain orientation reduces configurational entropy .S and thereby free energy G = H — T'S, facilitating earlier
onset. Guo and Narh [117] emphasized contributions from strain rate, strain time, and stress relaxation, adopting an
empirical Godovsky—Slonimsky-type fit:

t
AT, =T. -T2 = const - eXp(cons > (valid within the experimental fitting range) 25)
T

with 6 : Equation (3), t;,q : Equation (4).

Kim and Kwon [1 18] embedded the elevated T as a function of stress in HL (Equation (15)) and advanced
Avrami in a 2D injection-molding CFD, resolving strong skin-layer shear and recommending region-specific
const tuning. Limitations include insensitivity to polydispersity and possible shifts in enthalpy under flow and
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cross-linking [29], which motivate additional adjustments when needed. Zhou et al. [66] similarly refined ¢, /5 (in
HL’s supercooling term) via two empirical relations (six consts), linking temperature and dissipation to G.

3.2.2. Stress-Assisted Nucleation and Rate Amplification

Coupling can also proceed by assuming G and AT, are T-driven while flow primarily augments nucleation
(IN = N4 + Ny). Ziabicki et al. [119] proposed a spinning-oriented model in which Ny; governs both K and Ny:

AT?

1/2 1-ref

—41n(2) - (T - Ty N y?
KT, N = Ky -oxp| DT To) oy (M )1 -

Nf = const - N11 Ny1 =0,, — o, (axial z, radial r for spinning)

Here the reference ratio N11 /N can be related to a birefringence (rheo-optical) ratio Am/Amyer, indi-
cating the fraction of aligned chain segments. Because the cooling region is inherently multidimensional, 2D
approximations are often preferred for robustness and experimental comparability.

Tanner and Qi [120] introduced a convolution-type contribution of flow-activated nuclei alongside quiescent
Avrami,

¢
6:1—exp{— (kt" + const-/ J\G(t—s)"ds)}
0 27

N = const - exp {— ﬁ} (relaxation-controlled activation; f empirical in \)

and, using HL for growth (Equation (15)), identified a minimum strain threshold (via f) to activate extra nucleation.
Derakhshandeh et al. [77] broadened validation for both shear and elongation.
Rong et al. [121] formulated an Avrami-consistent expression that separates pre-existing, shear-activated (of
duration ), and time-integrated nucleation:
te
kt" = consty - G(T)" [Nq "+ Np(t—ts)" + / Ni(s) (t—s)"ds
0
Ny = exp (const AT + const) (temperature-driven pre-existing nuclei) (28)
Nf =const-Ni1 = Ny= /Nf dt (flow-assisted nucleation via Nq7)

This decouples T-controlled growth from /N7;-controlled nucleation, enabling finer spatial resolution of 6 than
temperature-only fits.

3.2.3. Free-Energy Formulations and Viscoelastic Context

Zheng et al. [81,122] modeled stress effects by splitting free energy G = G, + G, with empirical closures:

N, = explconst - AT + const] = f1(Gg,t1/2) [n“mber]

volume

Gy = const - f2(2W4) (f2: empirical function of W) (29)

N
A f3(G) (f3: empirical function of total G)
const

The Weissenberg number captures stretch severity (and thresholds Wi, Wirouse); empirical f; require
substantial calibration.

Within a viscoelastic framework, Doi—-Edwards (DE) provides a more analytical bridge than W+ alone [78,79,123].
Marrucci and Grizzuti [46] expressed a deformation-dependent free energy contribution and proposed nucleation kinetics
for shear/elongation:
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G =Gys(De) + G4(T) (see [46] for explicit forms)
T
Gq = AHq <]. - 1‘?)

) t t
N =const-T-G- eXP<00;s> 'eXp<T(ngnsn)

N tind consty = 1or2

(30)

Acierno and Maffettone [124] validated the shear case against rheometry; we are not aware of an elongational
Gy application published for this specific form. Note the TF-like structure (Equation (13)) in N’s temperature
dependence.

It should be noted that the empirical correlations employed in Type 1 and 2 models are often calibrated for
specific polymers, flow conditions, and thermal histories. As a result, the transferability of fitted parameters across
materials and processing regimes is limited, and associated uncertainties may propagate into CFD predictions. While
these simplified formulations are attractive for their numerical efficiency, their applicability should be critically
assessed when extrapolated beyond the experimental conditions used for parameter identification. It has also been
reported that geometric complexity significantly affects FIC [125], which can limit the applicability of Type 1 and 2
models even in moderately twisted two-dimensional geometries.

3.2.4. When to Choose Type 2

Adding empirical coefficients can represent multiple growth regimes (e.g., [65]) and deliver process-specific
accuracy when experimentation is feasible. Without such resources, fewer consts are preferable, since fitted values
can drift with grade or operating window. Because many Type 2 variants still rely on empirical adjustments, a
practical question remains: is the added experimental and computational cost justified over Type 1 for your design
objective? In our experience, Type 2 is best for detailed process analysis and optimization once a baseline process
is known. Table 6 provides a summary of the corresponding models.

Table 6. Pros and cons of Type 2 models.

Type 2 Model Equation Comments

Elevates T, with minimal consts;
AT, = const - exp(<22st) (25) empirical fit valid over a measured stress
range; not chain-length aware.

9 Low experimental burden; effective for
K(T,N11) = K exp [w + const (1\7111() } (26) uniaxial FIC (e.g., spinning); relies on
1/2 - birefringence or stress proxy.

) Generalizable; needs several experiments;
0=1—exp [— (k:t" + const fot Ny(t — s)"ds)] 27 suitable for low-crystallinity, spherulitic
growth under modest flow.

) Extends the above; decouples 7'-driven G
kt" o« G(T)" [th" + Ni(t—ts)" + [5° Np(s)(t — s)"ds} (28) from NN1;-driven nucleation; useful for
blends/precursors.

Free-energy route; flexible but
= f3(G) (with G5 ~ fo(W73)) (29) calibration-heavy (empirical f;);
interpretable via W7 thresholds.

Ny
const

Nf—i-

Captures FIC severity via De; ting handling
G = Gy(De) + G4(T) (30) matters; simpler experiments but more
complex coding.

Type 2 improves accuracy at the expense of extra consts and measurements. With adequate lab support (DSC, birefringence, rheometry, WAXS),
it predicts large-scale structure well across processes. Caution: forcing Avrami forms deep into high-flow regimes may be problematic without
regime-aware modifications.

3.3. Type 3: Analytical Approach with the Stress Tensor

Type 3 targets a fuller, stress—aware description of FIC by solving for the stress tensor, o , over the domain
with minimal empirical adjustments. Compared to Type 2, it leverages viscoelastic rheology to capture coupled
shear—elongation effects for process design, not only analysis. As a result, Type 3 typically supplies explicit
correlations for N, G, and/or AT, and is more computationally demanding. Representative solvers that can host
such models and FIC add-ons include Ansys Polyflow [126], viscoelasticFluidFoam [15], theoTool [33,127], and
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LBFoam [128,129]. In some cases, inputs at chain/monomer scale are required.

A defining feature of Type 3 is the explicit use of the stress tensor with rheology that treats elongation and
shear concurrently. This realism raises numerical stiffness; many applied studies therefore reuse elongational FIC
forms developed for shear (as in Type 2) while solving a viscoelastic momentum set.

A common first step distinguishes elongational from shear viscosity via a Newtonian or linear viscoelastic
envelope (LVE):

Ne = 31 Newtonian

—t (31)
Ne = 31 {1 — exp <)\>} LVE

where 7 is the shear viscosity on the zr-plane (perpendicular to the spinline). Although elongational FIC is typically
stronger than shear [130], this simplification is often adequate for moderate flows in regimes II and (parts of)
IV [131] of Figure 6.

3.3.1. Doufas-McHugh Framework

Doufas and McHugh pioneered Type 3 by coupling a viscoelastic stress field with FIC kinetics. In [132], they
formulated dimensionless free-energy and rheology for elongational FIC (Giesekus melt; multi-bead crystallites),
and later applied it to MS [133]:

D6 tro

— = nk[-In(1 - )" D/"(1—0) - ex [ ( )}

Dt [ ( )} ( ) P f GKirchhoft (32)
0 = Tamorph T Terystal k from Equation (18)

The first line is a material-derivative form of Avrami with a stress-dependent amplification; tr is the matrix
trace and f is empirical. The second line couples amorphous and crystalline stress contributions. Chains exit the die
with M, [number of] average springs of length [; as crystallization progresses, springs convert to rigid segments
(Kuhn view [134]), stiffening the chain. They defined

M
0=1- A (fractional conversion of springs)
3kBOT (33)
Kpring = (effective spring constant)

N(1—0)2

with kp the Boltzmann constant and M the instantaneous average number of springs (microstructural segments). In
thin-fiber spinning they simplified Equation (2) (no AT, elevation; negligible t;,4), so 1" follows convection plus
sensible/latent heat; 6, M, and Kpyine then vary mainly along the spinline z in steady state. Two conformation
tensors were introduced: one for amorphous stretch (depending on kg, T', Kpring, Aamorph) and one for crystal
alignment (depending on 7', 8, Arysial, and U). The model predicts both the onset Zonse; and freezing x(6~1). Later
work [135] combined HL. (Equation (15)) to determine %, and was validated on additional materials (PLA, etc.)
with tuning [136-138].
Dhadwal [139] extended Doufas to MS and introduced a spherulitic link:

4r N, \'3 T-T 2
k:k1/2<ﬂ-.’1> - exp _<1/2>
3 Xoo Tc - Tfreezing (34)
Nuclei
N, =10 —=
1 cm3

where the numeric NN, is a material/grade-specific calibration.

3.3.2. Dual-Scale Coupling: Spina & Spekowius

Spina, Spekowius, and collaborators [80, 140,14 1] combined a macroscale FVM (Avrami, HL, Haas—Maxwell)
with a microscale FEM (Acierno/Maffettone) via SpharoSim [142]:

Macroscale —6 : Equation(9) & : Equation(15) 7T, : Equation(24) FVM: melt in air
Microscale — N : Equation(13) G : Equation(15) FEM: crystals in melt (35)
-F
Rheology —n(T) = Nt exp (RZ?) + Cross-WLF Generalized Newtonian
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Their probabilistic Monte Carlo growth accounts for blocking/impingement in 3D.

3.3.3. Shish-Kebab Morphologies: Roozemond et al.

Roozemond et al. [143] modeled pipe-flow shish—kebab by separating spherulitic backbone (sph), parent
lamellae (p), and daughter crystals (d), with macro-rate terms (Table 7). Precursors larger than /., activate at
lower T', while flow can stretch shorter precursors [ at rate [ until [ + [t > leritical- Shish grows along the flow but
may still be represented by spherulitic-type k-terms:

Table 7. Roozemond mathematical models

Equations Explanation

leritonl = ——————— Quiescent ] ) )
AH (1 _ T ) Starting from Schneider’s ODE framework (Equation (14)), s
Tm is the surface energy; Gvolumes Gside, and Gena are bulk/side/end
Ny = const - exp [—const - (T — Ther)] surface free-energy contributions of a cylindrical precursor. The
Neot = N, 4 - exp [con st ( A% — 1)] FIC radius change R captures specific shish growth; phase compe-

. iti ise [144].

G(l) = —Grolume + Guidge + Gen Shish  ttion between p and d may arise [144]. A measures average

backbone stretch from C'; tr mixes shear and elongation.
A=/(trC/3) - (A* - 1)]

Three morphologies in distinct flow regions [145]:

1. sph: acentral backbone (fibrillar shish) growing along the flow,
2. p: parent lamellae (kebab) growing radially,
3. d: daughter crystals at boundaries, growing on kebab surfaces.

kspn = %Nwmleph or Equation (5) Geph(T) - constspn - €xp [_ConStsph(T — ,Tref)Q] Quiescent
s G, Ga(T) - constq - exp [—constq(T — Tref)Q] Quiescent
kp =2rRG,;  wp = ———
Gp+ Ga Gp(t,T) = Go(T) [1 + const - exp( —t/A)] FIC
kg = 27 RGPG 4 wa=1—w, Parallel Avrami terms applied per morphology.

6 =1 — exp( — t[kspn + wpkp + waka])

3.3.4. 3D Deposition and Recent Extensions

Yarin—Pourdeyhimi’s group ported Types 1-2 elements into 3D fiber deposition with elongational stress and
deposition kinetics [146, 147]:
N : Equation (30)

ED const : :
n = const - exp Tl exp [const - X ] As in Equation (21)

__ g correlation
T =T - const

t s
0 =1-—exp [A/ G(v) - </ N (u) ~du) . dv} (cylindrical)
0 0

(36)

Later, for spunbonding [148], they included relaxation time, airflow, and an upper-convected Maxwell model in
Lagrangian coordinates, refining over multiple works [149—152]. Santoro et al. [153] combined ¢j,q (Equation (4))
with Kim et al. [118] (Type 2), i.e., Nakamura (Equation (9)) + HL (Equation (15)) with AT;,, from Haas—-Maxwell
(Equation (24)), tuning nine consts.

Saad et al. [154] proposed an Ozawa-inspired (3, Equation (12)) 3D form with deformation-rate coupling:

20 _ o 71@ 2 1/n/ o 1-1/n
Bi = (1) |5 gD +nK(D) /" (~n(1 - 0)) )

G :Equation (15) Tn(p) =T}, +const-p  Ty(p) =Ty + const - p

This incorporates D to treat shear and elongation simultaneously in 3D, employs Cross—WLF rheology, and
includes pressure effects p, using six consts overall. Despite local p deviations, the framework is practical for
complex molds.
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3.3.5. State-of-the-Art with Conformation Dynamics (Peters et al.)

Peters and coworkers developed XPP-based flow—structure models for injection molding [155], relating
entanglement count Z to A thresholds (Figure 3) and coupling conformation to nucleation/growth:

N, = const - exp (—const[T — Tr]) T dependence [156]
: Gi dNg,; .

Ng,i = S quT Multi-mod
Nj = f(T = Tret, @) Function chain stretch

2exp [consty - (A; — 1)] 3 1 3C, .

. (1= C. : R Conformat
Ve, + S wC, C, + oo \trC, 0 onformation

i trC
=N T - A== XPP
z Z NG D 3 (38)

Ny = f(T) - exp [const - (A* — 1)] Shish grows with nucleation along stretch N (C)
Gi = Gimaz * €Xp [consti (T - Tmf)Q] i : 3 growth modes in Table 7 [157]

lsnisn = 2N I V3¢ Other phases grow with affine motion

a’:,/%Q:Q LVM

1 .
tind X < OI t;nq = Equation(4) [47]
5

with mode index i, Aroyse (backbone stretch) and Ayen (Orientation) relaxations, and I the identity. They captured
near-wall FIC structures [68,93] and the regime-dependent transitions [31,60,94,155]. The conformation measure
A = /tr C/3 correlates with critical thresholds observed in shish micrographs and rationalizes strain hardening
via oriented lamellae transverse to load.

Type 3 delivers higher physical fidelity at the cost of complexity, solver modification, and extensive calibration
for transfer across processes/grades. Many comprehensive studies still collapse crystallization to temperature-driven
x when numerics become prohibitive. For high accuracy, Type 3 benefits from mesoscale inputs (e.g., shish growth
rates, Kuhn-statistics) and carefully designed validation (WAXS, birefringence, rheometry). We summarized the
selected models of Type 3 in Table 8.

Table 8. Pros and cons of Type 3 models.

Type 3 Model Equation Comments

Stress-coupled Avrami; requires
DO = nk[—1In(1 - 0)]"1/"(1 - 0) - exp[f(*2)] (32) viscoelastic stress and careful stabilization.
Good for thin spinline flows.

Schneider-ODE backbone with
morphology-specific rates; many tunables
but physically interpretable; stable
numerically when calibrated.

f=1-— exp( — tlkspn + wpkp + wdkd}) (Table 7) (14)

Conformation/XPP-driven nucleation +
Gi = Gi,maz €Xp [const,- (T — Trcf)Q] 38) multi-mode growth; accurate and modern,
heavier setup and calibration.

Type 2 structure embedded in 3D
deposition; practical for
spinning/deposition with measured
T, shifts.

6 =1—exp [A fot G(v) (fos N (u) du) dv] (36)

3D coupling (shear+elongation),
D8 =(1-9) [—%%trgz +nK(T)Y"(—In(1 — 9))1’1/"} 37 Cross—WLEF, pressure effects; good overall
performance in complex molds.

Type 3 resembles molecular FIC at a continuum level. It fits FEM/FVM but carries numerical risk due to many coupled fields. Best for
research/advanced design with strong experimental support (WAXS, birefringence, rheometry). Early variants blur shear/elongation; later ones
introduce conformation dynamics to address regime changes.

3.4. Type 4: Molecular and Mesoscale Dynamics

Up to this point, we have treated the polymeric melt as a continuum of solidifying fluid described by bulk
variables such as 6, T', G, and M. These domain-averaged quantities are powerful but can miss sub-continuum
phenomena (e.g., cross-linking, precursor activation, nascent nuclei). Type 4 instead models chains as discrete
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objects (monomers, Kuhn segments, or coarse-grained beads), providing access to microscopic mechanisms—most
importantly N—that are not directly resolvable with macroscopic thermodynamic/transport equations.

In this approach, one or several chains are represented as in Figure 6b: uniaxial stiff springs (UAs) store/release
energy as chains entangle/untangle, and a nucleus activates near stems where several Kuhn segments align within a
limited volume [158,159]. Molecular dynamics (MD) can be used directly, or adapted in spirit to the DE framework,
to interrogate entanglement under strain, chain folding, melt squeezing, cold crystallization, and relaxation at
chain/segment/monomer scales. Whether simulating individual molecules or coarse-grained particle ensembles,
MD provides a route to understanding FIC at the scale where it initiates.

At the mesoscale, crystallization can also be represented using empirically tuned parameters, in analogy with
Type 1 and Type 2 approaches. This strategy has been applied to model multiphase crystallization of nanofibers
within spunbonded fibers [160], where elongational forces vary significantly along the spinline [161].

Two broad strategies are common: (i) single-chain or few-chain simulations, and (ii) statistical/stochastic
analyses of many small-scale events, often within a dual-scale (micro—macro) pipeline. Because thermodynamic
variables (e.g., T') are bulk, a microscopic indicator for FIC must be defined. Typical choices are:

1.  Contour alignment (Hermans factor) P, [162], with a user-defined activation threshold:

2 (39)
P, — 1 : Perfect alignment P> — 0 : Random alignment

where ¢; and @ ; are segmental unit vectors (Figure 3b), and (-) denotes an ensemble average. An analogous
P» i is used when Kuhn segments are the primitive units.
2. Local free-energy drop as a nucleation trigger:

AGerysattization = f (AGparier, No. segments aligned, No. critical segments) (40)

In both routes, a threshold is selected (experimentally informed or protocol-based). The segment size remains
a hyperparameter chosen to match the scope. Flow is typically imposed with periodic boundary conditions. We
summarized the Type 4 information in Table 9.

Table 9. Scales of particles in Type 4 simulation

Scale Capabilities Ignoring Packages
P>, reptation, Rouse, e
Molecular  isomerization, £, transient  Droad molecular mass distribution, LAMMPS [163]
. . bulk 7', undercooling fields
FIC, ideal boundaries
P> i, reptation, Rouse, tind,
Kuhn local AG, constitutive-chain Sub-Kuhn monomers, absolute T polySTRAND [164] (dual-scale)
. fields
updates, transient FIC
Multi-bead chains, Monte Carlo .. . . GO [165], UEF [166],
Meso growth, local AG Explicit reptation/Rouse details GLaMM [167]
Thermodynamics (e.g., T'), . . .
Continuum particle tracking, secondqry Polydispersity, reptation/Rouse rheoTool [35], SphidroSim [140]

phases, heterogeneous N

detail, local entropy

Best Suited for

Strengths

Caveats

Nucleation physics (N, precursor
statistics, nano/micro features,
blend additives

Direct access to chain alignment,
local AG, reptation/Rouse, tind;
clarifies regime transitions

Small domains; idealized BCs;

expensive; requires thresholds

(alignment or energy); careful
coarse-graining

Dual-scale coupling to CFD

Supplies informed closures for
Type 2 & 3 (N, G, T shifts)

Calibration still required; mapping
micro — macro is non-unique

Post-processing on Type 1-3 fields

Robust for nano-fibrils or dispersed
phases without re-solving
full transport

Limited back-coupling to
continuum; assumes weak feedback
on flow/thermal fields

A complementary non-equilibrium thermodynamic path builds AG from conformation/orientation entropy
and structural enthalpy changes under flow, with polydispersity effects. Recent work by Li, Nie, Wang, and
coworkers [17,24,111,112] shows that long chains tend to act as nuclei under stretch, while short chains preferentially
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grow on them, yielding a mesoscale bridge to large-scale correlations such as Equation (23). Their comprehensive
review [29] summarizes these multi-scale links; we refer the reader there for details.

Classic molecular studies include Koyama et al. [168], Yamamoto [13], Luo et al. [169], and Sigalas et al. [170].
Graham [20] provides an accessible MD overview, including approaches to quantify N in entangled flows and
computational limits.

Type 4 has also proven valuable for modern blends and dispersed phases. Our recent in-situ fibrillation
work [171,172] indicates that, at this scale, the experimental-simulation gap narrows: particle tracking tools
(e.g., our rheoFibrillator [160, 173]) avoid the need to solve fully coupled transport equations and thus reduce
numerical instability. In practice, MD excels with idealized boundaries (periodic, fixed 7" or U), whereas complex,
spatially varying process conditions remain more naturally handled by CFD.

NEMD implementations in LAMMPS [163] can report local energy, UA states, chain stretch, and De
thresholds [166]. Read et al. [164] further derived statistical-entropy correlations for nucleation via counting
crystal-stem arrangements and segment distributions, reproducing the four FIC regimes. Many of these packages
are open-source.

Overall, Type 4 is most compelling when the target phenomenon lives at (or is controlled by) the chain/segment
scale—e.g., low-dosage blend morphology, precursor activation statistics, or nano-fibril formation. In such cases,
MBD (possibly as a post-processor atop Types 1-3) captures scale-separated effects that would be inaccessible or
unstable in a fully coupled continuum model.

4. Conclusions

From a thermal-science perspective, the selection of an FIC model directly influences predicted temperature
fields through latent heat release, temperature-dependent viscosity, and thermo-rheological coupling.

FIC couples kinematics, rheology, heat transfer, and phase change, making its mathematical formulation
complex and still evolving. This review surveyed the principal correlations used for elongational FIC and organized
the literature into four model types (Table 4), each progressively incorporating more physics and numerical depth
for different simulation scopes.

Section 3 traced the evolution in complexity and highlighted the assumptions that distinguish these types.
Table 10 summarizes selected studies chronologically and lists their rheological, momentum, and energy formula-
tions to show the degree of physical simplification. Together, these references form a guide for selecting a model
consistent with the desired fidelity and project scope.

In practice, highly detailed models that perform well for idealized or small-scale cases rarely transfer directly
to complex industrial geometries; simplifications become inevitable. Accurate FIC modeling in such systems usually
requires including at least one transport term among G, N, or AT.. Each inclusion increases the number of transport
equations, empirical coefficients, and computational stiffness. While additional consts introduce more physical
fidelity, they reduce robustness to variations in feedstock and operating conditions. Consequently, model selection
should balance available experimental data, computational stability, and the accuracy required for process design.

Dimensionality and tolerance also influence model choice. When 3D spatial precision is critical—such as in
additive manufacturing—a Type 3 framework becomes indispensable. For transient or lower-dimensional processes
(e.g., injection molding), Types 1 and 2 remain the most efficient compromise between stability and accuracy.
Type 4 is best reserved for nano- or micro-scale applications (e.g., electro-spinning, fibrillation) where chain-scale
physics dominate and continuum approximations fail.

We suggest a practical four-step guideline for choosing the appropriate FIC type and summarize the recom-
mendations for common polymer processes in Table 11.

(i) The first consideration is throughput and data availability. When material data are scarce or uncertain,
Types 1 and 2 minimize the need for extensive calibration and remain practical for industrial or educational
simulations. (ii) The second step is assessing scope and resources: in one-dimensional or simplified transient
studies, higher types may be unnecessary. (iii) Third, select a rheological model consistent with the simulation
scope. Generalized Newtonian models pair naturally with Types 1-2, whereas complex viscoelastic models justify
adopting Type 3. (iv) Finally, the available numerical expertise and tools matter. Type 3 implementation requires
advanced handling of viscoelastic transport, conformation tensors, and stabilization. Even with modern solvers such
as OpenFOAM, COMSOL, or STAR-CCMH+, reliable execution remains a challenge, and most current studies still
prioritize the rheology model over the FIC kinetics themselves.

Types 1 through 3 integrate directly with CFD transport and remain the standard choice for applied simulations
because they yield the complete flow fields (U, p, T, €). Type 4 achieves higher crystallization fidelity at small
scales but lacks the coupling necessary for large-scale flow prediction.
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Table 10. Applied research with Simulation in FIC that we studied. Nicholson and Rutledge [167] provide a similar table focusing on quantitative enhanced nucleation models. Thus, we skip that.

Study 1 Year Type Process Material Rheo v Rheo Crystallization FIC Momentum Terms 2 Energy Terms 3 Additional Equation
Hsiung [44] 1991 1 M ppp* & = Arrhenius + n(~)2 Equation (9) ting COIT. .7 cp. AH, 7
Chen [109] 2008 1 SB PP Artificial Neural Network (ANN) training on their experimental data - -
Zhao [174,175] 2013 1 SB PP - Arrhenious + Equation (21) Equation (9) Equation (26) drag, g AH,h Equation (26)
Konaganti [38] 2016 1 Die swell HDPE - Suspension, K-BKZ Equation (18) Ziabicki Equation (21) p.n cp, AH,n K-BKZ from [176]
Kanai [107] 2017 1 SB PP N 3ns(T) -neex;(GK ') Quiescent diagram Gk factor drag, g cp, h Ziabicki
Grice [177] 2018 1 MB PP solid with low G'girchhotf Avrami Equation (18) - air momentum - blower design
Liu [178] 2020 1 3D print no limit ‘UM + Equation ([15]) Instantaneous - .M cp, AH Voller [179]
Hohnemann [180] 2023 1 SB+MB PP, ... - f(De, X\, p) water-like - drag, n cp Nanoval Tech.
Haas [116] 1969 2 Observe PE, PB-1 Experiment - ATy, o 72 - - Entropy
Tsayev [45,118] 1995-2004 2 ™ iPp Cross WLF - Equation (9) é :9()"}7/_ ;Y—wa)jﬂ(—l - n 8 FIC layer and t; ,,
Guo [117] 2002 2 Observe PET, PP - - Equation (9) ATy, 72 - - AS
Kim [118] 2005 2 M iPP UM +n = const. exp(const/T) HL + Equation (9) AT elevate p.M cp, AH ,n n(T,~)
Zhou [66] 2010 2 M PET WLF - HL K = f(dissipation) P, Mg cp, AH,n CFD
Zhengetal. [81] 2010 2 Observe iPP Generalized Newtonian, FENE, + suspension Equation (9), N ¢+ % = f(G) - - spherulitic, suspension
Rong [121] 2012 2 pipe flow iPP FENE-P - Equation (9) Nf = const.N11 n - Stress history
Derakhshandeh [38,77,82]  2012-2016 2 Observe PE, PP, HDPE Suspension, K-BKZ UM Equation (9) Tanner and Qi p,n AH,n Strain threshold

Doufas [133,135] 1999-2001 3 MS, FM no limit > 3D Gieskus + XPP Doufas Equation (32) Doufas Equation (33) drag, surf, g, n cpAH,n, h Tamorph T Tcrystal
Acierno [124] 2002 3 Observe iPP DE - AGq + AGprc Marrucci AG - -

Kohler [136,137] 2005-2007 3 MS PLA, PET 3D Gieskus + XPP Doufas Equation (32) Doufas Equation 33 drag, surf, g, n cp, AH,n, h -
Dhadwal [139] 2011 3 MS no limit 2D Gieskus + DE Doufas Equation (32) Doufas Equation (33) drag, surf, g, n cpAH,n, h Doufas
Ziabicki [119] 2007 3 MS PET - Arrhenius Equation (9) Equation (26) n cp Equation (26)

Spina [80,140,141,181] 2013-2016 3 M iPP Cross-WLF + Arrhenius Equation (35) Equation (30) + Monte Carlo p.n.g cp, AH,n Transient, 2-phase

Roozemond [157] 2015 3 Pipe flow iPP - XPP Parallel Avrami Table 7 p,n cp, AH,n 3 morphologies

Pourdeyhimi [146-148,152] 2016-2024 3 MS, SB PET, PEO UM + Arrhenius + A Equation (36) Ziabicki p,drag, g, n cpsn h Deposition
Peters [61,94,155,156]  2019-2024 3 IM, Spinning several XPP & 3Z + Wigireet = WiRouse Schneider Equation (14) Peters Equation (38) p.M.0 cp, AH,n, @ ting o< 1
Speranza [182,183] 2020-2024 3 M PP WLF Schneider Equation (14) Peters Equation (38) p. M T fibrillar N
Koyama [168] 2002 4 Observe PE - MD MD MD - - -
Nicholson [166,167,184] ~ 2016-2019 4  shear & uniaxial  n-n-alkane DE, Atepts ARouse C, Py, AG Forced strain - LAMMPS
Li[17,24,111] 2006-2024 4 biaxial PE UFIC: G in Equation (23) with MD T—ifn = Aﬁﬁ - w POLYdisperse, uFIC, & PolySTRAND [29]
Battocchio [185] 2017 4 SB - 3D vibrating solid DE multi-bead drag ‘Work bending
Khomami [88,89,186,187]  2020-2023 4 uni & biaxial PE DE, Arepts ARouse D, Py, AG Forced strain - NEMD, X derived
Gangal [188] 2024 4 biaxial PE DE, Arept> ARouse C, Py, AG Forced strain - NEMD, ends
Hussain [189] 2025 4 uniaxial HDPE DE, Arept> ARouse Equation (39) Forced strain - NEMD, ends

! Only one author’s names are listed in this short table. 2 We use 7: viscous forces, g: gravity, surf: surface tension, and p: pressure field. 3> We use cp: conductive heat transfer, h:

and n: viscous dissipation. 4 poly (p-phenylene sulfide). 3 They used dimensionless parameters.

convective heat transfer, A H: latent heat of fusion,
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Table 11. Recommendations for simulation types applicable to common polymer processes. “Availability” reflects
literature coverage, and the final column indicates the additional difficulty of obtaining reliable consts for blends.

Process No. D Complexity ' Availability Suggestion Blend *
Melt blowing (MB) 2-3D Severe Scarce 1&2 1
Injection molding (IM) 2-3D°3 Complex Moderate 1&2 1
Extrusion 2-3D Moderate Moderate 1-3 1&2
Blow molding (BM) 2-3D Complex Rare 1&2 1
Melt spinning (MS) 1-2D Moderate Moderate 1-3 1&2
Spunbonding (SB) 1-2D Complex Scarce 1&2 1
Film casting 1-2D Moderate Moderate 1-3 1&2
Thermoforming 2-3D Moderate Moderate 1&2 1
Rotational molding 1-2D Moderate Moderate 1-3 1&2
Compression molding 2-3D Moderate Moderate 1-2 1
Calendering 1-2D Moderate Moderate 1-3 1
Pultrusion 2-3D Complex Moderate 1-3 1&2
Reactive extrusion 1-2D Complex Rare 1& 1
Hot-melt adhesive 1-2D Complex Rare 1&4 1&4
3D printing 1-3D Complex Moderate 3&4 3&4
Electro-spinning 1-2D Complex Moderate 2-4 2&4
Fiber-in-Fiber 1-2D Severe Scarce case-specific (1 & 4) 1&4

! Complexity of the base transport equations before adding an FIC model. > Approximate density of applicable FIC models in the literature.
3 Suggested type(s) for a pure throughput with known melt data. 4 Increased difficulty when experimental con.st data are unavailable for blends.
5 «9_3D” indicates that 2D, 2.5D, and 3D are all used in published studies.

For future work, the heavy dependence of G, N , and AT, on material and process parameters limits the
incentive to derive universal forms. Instead, current trends increasingly focus on nucleating agents [76] and multi-
phase or fiber-in-fiber structures. Our own recent contributions [171,172,190] show that the simpler formulations
of Types 1-2 often suffice for design and analysis when combined with measured calibration. The addition of
dispersed phases introduces further variables and continues to inspire active research on additive engineering in
polymeric melts (e.g., [191-196]).
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