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1. Introduction

Because of the weakness of the gravitational interaction, the Universe is “transparent” to gravitational waves
(GW5s) throughout its evolution. Indeed, particles with weaker interactions decouple from thermal equilibrium
at correspondingly higher energy scales: supposing a weak interaction cross section for gravitons of the type
o ~ G?T? where G is the Newton constant, providing an interaction rate I'(T') = o nv ~ G*T® where n is the
particle’s number density at thermal equilibrium n ~ T3, and v = 1 (we work with units h = ¢ = kg = 1),
the condition for thermal equilibrium in the early Universe reads I'(T")/H (T) ~ G*T? /(T? /Mp,) ~ (T /Mp,)?,
where H (T') is the Hubble factor and Mp; the reduced Plank mass [1]. This shows that gravitons are decoupled at
temperatures smaller than the Planck scale. Therefore, GW emission processes in the early Universe form a fossil
radiation, similarly to the Cosmic Microwave Background (CMB), but whose detection has the potential to bring
direct information from stages of the Universe’s evolution to which we have no access through electromagnetic
radiation, photons getting out of thermal equilibrium at the much lower temperature Tye. ~ 0.26 eV [2]. For
example, such a fossil GW radiation could be generated in the phase of thermal evolution of the Universe comprised
between the end of Inflation and Big Bang Nucleosynthesis (BBN). The detection of such a signal might constitute a
direct observational probe of processes like reheating after Inflation, spontaneous symmetry breakings, baryogenesis,
the production of dark matter.

GW signals from the early Universe have therefore an amazing discovery potential in cosmology, comparable
to the one of the CMB sixty years ago, but linked to higher energies. This naturally raises the question of whether
they can be used as a new probe of high energy physics, complementary to particle colliders. The answer depends
both on the capabilities of the available GW observatories, and on the characteristics of the potential GW sources.
As we will show, current GW observatories are serendipitously well suited to probe most interesting energy scales
in the early Universe, provided that appropriate sources exist with the right features (see e.g. [3—5]), and that the
challenges related to the detection of the signal can be properly addressed (see e.g. [6—13]).

This review article is based on a seminar given at the Higgs pairs workshop 2025, and focusses on the generation
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of GWs from first-order phase transitions (PTs), possibly occurring in the early Universe. PTs are a compelling GW
source, with diverse consequences and relevant connections with high energy physics. After a description of the
general properties of the GW signal in Section 2, mainly based on [3], in Section 3 we briefly overview possible GW
sources linked to PTs, as well as some of the proposed beyond-Standard-Model (BSM) scenarios realising them. In
Section 4 we focus on first-order PTs. In Section 4.1 we briefly review some of the main GW generation processes
operating at first-order PTs, as well as the features of the GW signal: this section is based on [14]. In Section 4.2 we
discuss in particular the case of the Electroweak (EW) symmetry breaking, testable by LISA, and review the results
on the detectability of this signal obtained in the last work of the LISA Cosmology Working Group on this topic,
Ref. [15]. This work also assessed the capabilities of LISA to constrain two particular scenarios of first-order PTs
that are particulary compelling: we review these results in Section 4.3. We conclude in Section 5. The background
metric of the Universe is the Friedmann Lemaitre Robertson Walker (FLRW) metric ds? = —dt? + a?(t)dx;dz’
and GWs are inserted at first-order in cosmological perturbation theory.

2. Motivation: Characterisation and Detection of Stochastic GW Backgrounds

Let us consider a GW generating process operating during the radiation dominated, thermal equilibrium phase
in the early Universe, at a temperature 7}, and over a short time interval, typically less than one Hubble time H (7}) .
It is natural to assume that this process has a characteristic length scale that is bounded, by causality, by the Hubble
length: ¢, < H(T,)~!. This length scale corresponds to an angular size on the sky today ©, = /, Jda . <
H(T,)"'/da. ., where d4 . is the angular diameter distance [2]. For example, the angular scale corresponding to
the Hubble scale at the epoch of photon decoupling Tyec >~ 0.26 €V is Ogec = H (Tuec) ™' /d 4 dec == 0.9 deg, as
measured by the first peak of the CMB angular power spectrum [2]. As motivated in the introduction, interesting
GW generation processes typically operate at higher energy scales, i.e. earlier times, than photon decoupling:
therefore, the angular scales corresponding to their correlation scales are typically much smaller. For example, a
GW signal produced by a process operating at the EW energy scale would be correlated on the sky today on an
angular scale ©, (T, ~ 100 GeV) ~ 10712 deg; if produced at the QCD energy scale, it would be correlated on
O, (T, ~ 100 MeV) ~ 10~? deg [3]. These angular scales are way smaller than the typical angular resolution of
GW detectors on the sky, which is A© ~ (fL)~! with f the sensitivity frequency and L the detector baseline: for
example, for LISA it is about 10 deg (see e.g. [16]). Consequently, GW detectors measure the GW signal from
the superposition of many uncorrelated regions on the sky, and thereby can only access its statistical properties.
Therefore, from the point of view of GW detectors, the signal coming from sources operating in the early Universe
takes the form of a stochastic GW background (SGWB), and the tensor metric perturbation h;;(x, t) must be treated
as a random variable.

The latter is in general assumed to be statistically homogeneous and isotropic (because of the symmetries of
the FLRW Universe), unpolarised (if the generation process does not violate parity) and Gaussian (because of the
central limit theorem). The most immediate way to characterise the present-day signal is therefore through its power
spectral density Sy, (f),

(o (£ OB (9,)) = = 8(f — 9) 5 (k — &) b,y S (f) (1)

87

where h,.(f, k) are the coefficients in the plane wave expansion h;; (x, t) = fj;o df [ dk h.(f, k)el; (k) e2mif (t—kx)
and we sum over the polarisations » = +, x. The bracket (...) in Equation (1) denotes the ensemble average over
the random variable, which can be substituted with volume (or time, from the point of view of the detector) average
under the ergodic hypothesis, as customary in cosmology. We consider the present-day signal as a superposition of
plane waves, since the source active in the early Universe has long ceased. In the cosmological context, rather than
Sr(f), one often uses Qaw (f), the power spectrum of the GW energy density per logarithmic frequency interval,

normalised by the critical energy density of the Universe today p.:

@
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The spectral shape of Qcw (f) depends on the properties of the GW source. In the case under analysis of a GW
source operating over a short time interval during the radiation dominated era and characterised by the length scale
L., the GW signal has a characteristic frequency f, ~ 1/¢,. The fractional GW energy density power spectrum
Qaw (f) typically peaks at this frequency, redshifted to today:
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f = f*a(T*) 165 x 1070 (g(T*)) s T, 3
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where we have expressed fj in terms of the dimensionless ratio £, H, < 1, a(T) is the scale factor and Ty ~ 2.7 K
is the temperature of the Universe today, and g(7) denotes the number of relativistic degrees of freedom at
temperature 7T},. Equation (3) connects the present-day characteristic frequency of a GW signal fj, with the epoch
in the early Universe during which the sourcing process was active, parametrized by 7T. It thus also provides a way
to associate each GW observatory - defined by its operational frequency range - with the minimal energy scale in
the early Universe to which it is sensitive.

Let us first consider the currently operating network of Earth-based interferometers LIGO, Virgo and KAGRA
(LVK) [17-19]. Their frequency range of detection spans 1 Hz < f < 1000 Hz. Setting ¢, H, = O(1), Equation (3)
therefore selects the temperature range 105 GeV < T, < 1019 GeV. Interestingly, this range corresponds to the
energy scale of the Peccei-Quinn PT [20-25] in “post-inflationary”” models, within which, the axion decay constant
F, is bounded by 10778 GeV < F, < 1019711 GeV [26-37]. While the detection of a SGWB of cosmological
origin by the LVK networks is unlikely, as it will most probably be masked by the astrophysical foreground from
stellar mass black hole binaries [38,39], the situation might be entirely different for the planned 3rd generation
of Earth-based GW detectors, Einstein Telescope (ET) [40] and the Cosmic Explorer (CE) [41]. These should be
operative around the middle of the 2030s, with an expected factor of 20 improvement in sensitivity [42], and the
level of foreground from astrophysical sources is expected to be much smaller [43—47]. This opens up the exciting
possibility of probing the cosmological U(1)pq PT, and thereby exploring a possible solution of the CP problem,
with GW detectors [14,48,49].

Moving to lower frequencies, the GW detector that is expected to be first operative is the space-based
interferometer LISA, planned for launch around 2035 [50]. LISA will be composed of a triangular configuration
of three spacecraft on an heliocentric orbit with 2.5 million km arms, and will be sensitive to the lower frequency
range 107°Hz < f < 0.1Hz [7]. Again setting £, H, = O(1), Equation (3) selects for LISA the temperature
range 10 GeV < T, < 10° GeV. Therefore, LISA offers the possibility to probe the EW energy scale and
beyond [51-53]: in particular, as we will show, LISA could probe BSM scenarios in which the EWPT becomes of
first-order, possibly in a complementary way to particle colliders [15]. That is, if the SGWB from the early Universe
is higher than the numerous foregrounds of astrophysical origin that are expected in the LISA band, both of galactic
and extra-galactic nature [54-61].

In the range of yet lower frequencies 107° Hz < f < 1077 Hz lies the first observational evidence so far of
the existence of a SGWB permeating the Universe. Indeed, in 2024, Pulsar Timing Arrays (PTAs) have announced
the presence in their datasets of a common red noise that follows the expected response of pulsars to GWs, the
Hellings-Downs correlation [62—65]. This correlation allows to ascribe, with confidence ranging from about
30 to about 4.50 depending on the PTA collaboration, the observed red noise to a proper GW signal. The
current data will be combined within the International PTAs, and this analysis is expected to turn the evidence
into a discovery [66]. An extremely precise characterisation of the SGWB is then expected with the advent of
the Square Kilometer Array Observatory [67,68]. The most immediate explanation for this signal consists in the
superposition of the GW emission from a population of inspiralling supermassive black hole binaries [69, 70].
However, cosmological sources operating in the early Universe are for the moment not excluded: rather, some
of them could explain the detection equally well, if not better [69,71-73]. Within this scenario, applying again
Equation (3) with £, H, = O(1), the selected energy scale for PTAs would correspond to 10 MeV < T, < 1GeV:
therefore, PTAs are ideally suited to probe the QCD energy scale. The PTA signal could then be due to GW sources
operating in connection with the QCD PT, offering the possibility to probe the conditions under which it actually
took place in the early Universe [74—78].

The aforementioned GWs observatories happen to be ideally suited to probe key energy scales in the early
Universe. It is imperative to exploit this serendipitous coincidence, given its transformative scientific potential.
Moreover, the outlook is particularly promising, as the observational landscape is expected to expand significantly.
Additional frequency bands are likely to be explored in the future as new detector concepts mature. For instance,
the deci-Hz window could become accessible within the next few decades through proposals based on both
laser [79,80] and atom interferometry [81—-85], or by measuring Moon’s vibrations [86,87]. Lower frequencies
than PTAs may also be probed via extremely precise astrometric measurements [88—94]. Most intriguing from
the perspective of high-energy physics, however, are detector concepts operating in the MHz-GHz range, which
would enable exploration of even more extreme energy scales, potentially reaching those associated with Grand
Unification and with reheating after Inflation [95-99].
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However, being in the right frequency range alone does not guarantee detection: signals must also lie
sufficiently above the observatories’ sensitivity limit. This means, that the GW source operating in the early
Universe must be sufficiently ‘strong’. A rough estimate of the scaling of the SGWB signal amplitude with the
characteristics of the source can be obtained from the following simple argument [3]. As before, we assume that
the source is operating over a short time interval, and denote its characteristic size /.. GW are sourced by tensor
anisotropic stresses 11;;, that is, the transverse traceless component of the energy momentum tensor of the source.
The GW wave equation reads hr +3H }.Lr + k2h, = 16w G I1,., from which one can estimate the GW amplitude
scaling as h ~ 16w G I1 £2. For this order of magnitude estimate we neglect indices and identify the time evolution
of the source with is characteristic length-scale /., i.e. we assume a relativistic source. This is indeed a good
assumption, as we will see later on. The GW energy density therefore becomes (see the first equality in Equation (2))
P ~ h?/(32nG) ~ 87GTI? (2. Normalising to the total energy density in the Universe at the time of GW
production pf,, = 3H2/(87G), one has piy /pl: ~ (H.ly)? (TI1/p,,)?, leading to the GW parameter today
(c.f. Equation (2))

m\2
Qaw ~ Qrad (HoL)" ( - ) @)
Ptot
where Qyaq = p2,.q/pc == 2.47 - 1075 is the radiation energy density parameter today [100], and we have used the
fact that GWs scale as radiation with the evolution of the Universe. The amplitude of the GW signal scales like
the square of the source characteristic size normalised by the Hubble scale, and with the square of the amount of
anisotropic stresses available to source the GWs, normalised to the energy density in the Universe at the source time.
It is important to stress that Equation (4) was obtained under highly simplified assumptions and is not intended
to represent the full SGWB signal. Most notably, it does not contain the frequency dependence of the spectrum.
Nevertheless, it provides a useful proxy for general considerations. Comparing for example with the sensitivity
of LISA Qgw ~ 101! [7], we see that only sources which involve a sizeable fraction of the total energy density
in the Universe, and have sizes comparable to the Hubble scale, are strong enough to produce detectable signals:
(H.l)(T1/ ptot )« = 1073, In the next section we describe a class of sources for which these conditions can be met.

3. Gravitational Waves from Phase Transitions in the Early Universe

PTs are one of the phenomena occurring in the early Universe with the richest phenomenology in terms of GW
production. Many processes connected to PTs naturally lead to tensor anisotropic stresses and thereby to GWs. We
can distinguish two broad classes of GW sources: first-order PTs (for reviews, see e.g. [5,14,101,102]) and PT
producing topological defects (for reviews, see e.g. [14,103—-105]).

e First-order PTs: in this case, the anisotropic stresses arise from the out of equilibrium processes linked to the
first-order PT. In particular, the PT proceeds through the nucleation of bubbles where the field undergoing the PT,
typically a scalar field (e.g. the Higss field), has settled to the true vacuum. Towards the end of the PT, bubbles
collide in order to convert the entire Universe to the broken phase. The collisions of the broken phase bubbles
breaks the spherical symmetry of the scalar field spatial gradients, and can produce anisotropic stress of the form
I;; ~ [0;¢00;¢]"", where T'T stands for the transverse and traceless projection [106—112]. Since the scalar field
is in general coupled to the particles of the surrounding early Universe plasma, the latter is set into motion by
the bubble expansion [113—117]. Bulk fluid motion develops in the form of sound waves [118-122] or kinetic
turbulence [123-131], leading to anisotropic stresses in the form II;; ~ [v*(p + p)v;v;]TT, where p and p are the
energy density and pressure of the fluid, and ~y the Lorentz factor (relativistic motion is typically favourable to large
GW production). Finally, large-scale electromagnetic fields can be induced along with the bubble dynamics and/or
the bulk fluid motion, that naturally possess anisotropic stress: II;; ~ [—E; E; — BiBj}TT [132—-136]. These can
be due, for example, to electromagnetic currents generated by particle separation at the bubble walls [137-139],
and can get then amplified up to equipartition with the kinetic turbulence energy. Another important source
of GWs in first-order PTs can arise if the vacuum energy gets released into particle production rather than
bubble walls dynamics [140, 141]. The anisotropic stresses sourcing GWs are then those associated to the out
of equilibrium particle distribution function [142, 143].

*  Topological defects: in this case, the topological defects are directly the cause of the tensor anisotropic
stresses sourcing the GWs [144—147]. Topological defects may form when a symmetry is spontaneously
broken, and their nature depends on the topology of the vacuum submanifold [103—-105, 148]: for example, if it
is disconnected, domain walls may form, or if it contains loops which cannot be shrunk to a point, cosmic
strings may form. These are the two cases most studied in the literature. The properties of the defects are
determined by the action of the theory: of particular importance are for example their stability, the energy
per unit length/surface, their interactions. Both cosmic strings and domain walls form a network in the
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Universe that produces all types of metric perturbations [144, 149], among which also tensor perturbations,
i.e. GWs [150]. In the case of local strings-arising e.g. from the spontaneous breaking of a local U (1)
symmetry [103, 104], the closed loops are the strongest source of GWs, as opposed to the infinitely long
strings extending outside the Hubble scale [151-153]. Global strings, on the other hand, mainly decay via
particle production [154—163]. Both cosmic strings and domain walls networks evolve reaching a scaling
regime. However, while the energy density in the cosmic strings network always remains a constant fraction of
the Universe energy density, the decay of domain walls is instead very slow [103,164]. One must therefore
introduce an annihilation mechanism in the domain walls model, acting before the domain walls network
comes to dominate the Universe expansion: for example, a small explicit breaking of the discrete symmetry
inherent to the domain walls [165, 166]. This means that domain walls are in general a short-lived source, and
their GW signal follows the prescription of Equation (4); while cosmic strings source GW throughout the
Universe evolution, and therefore their GW signal does not satisfy the scaling of Equation (4).

A general condition that must always be satisfied, both in the case of GW production by first-order PTs and
by topological defects, is that the homogeneity and isotropy of the Universe observed at large scale by the CMB
must be maintained. In the first case, the anisotropic stresses can reach an important fraction of the Universe energy
density, but in general this occurs at small scales, and over a short amount of time, with respect to the Hubble length/time.
CMB limits are then safe. In the second case, the metric perturbations induced at large scales by the string or domain
wall network must satisfy CMB constraints [167,168]. Given the weakness of the gravitational interaction, the sourced
SGWB is always far below the upper bounds on the radiation energy density derived by the CMB or BBN [3].

The PTs known in the context of the Standard Model (SM) do not lead to any appreciable GW production.
Both the EWPT and the QCD PT are predicted to be cross-overs [169—175], and no other PT leading to topological
defects is expected within the SM. GWs are indeed produced by the SM plasma in thermal equilibrium [176], but
their amplitude is too small to be of observational relevance, given the capabilities of proposed GW detectors so
far [96]. Consequently, observational evidence of the presence of first-order PTs and/or topological defects in the
early Universe constitutes a significant test of new physics. Several scenarios have been explored, that could provide
this observational evidence in the form of GWs, sometimes even with other, very relevant, associated signatures,
such as the presence of dark matter candidates, baryogenesis, and solutions to the hierarchy problem:

*  EW sector extensions: one of the most notable example of such scenarios are BSM extension of the EW sector.
Despite the absence of observational indication of new physics near the EW energy scale, many scenarios
leading to a first-order EWPT remain viable. They mainly rely on extending the SM with light scalars, that
can alter the Higgs potential producing a barrier either at tree level or perturbatively. One can for example
directly add a gauge singlet scalar field coupling at tree level to the SM Higgs field, possibly endowed with a
Zo symmetry that could make it stable and thereby contribute a Dark matter candidate [177-197]. In the latter
case, the PT can proceed in two steps [180, 181]. Another scenario leading to a first-order EWPT proposes
to extend the SM Higgs sector with scalar EW multiplets, as for example in the model featuring two Higgs
doublets [198-210], or with a triplet [211-215]. Going beyond minimal extensions, albeit constrained, SUSY
models provide a UV-complete theory that predicts new light particles which effect could be to change the
order of the EWPT, such as for example in singlet/multiplet extensions of the MSSM [216-221].

*  Effective approach: a different approach, adapted to the case in which the new physics influencing the EWPT
is at higher energy than the EW scale, is to represent the heavy new physics by effective higher dimensional
operators [222-226]. This allows to study the impact of heavy BSM extensions without worrying about a
specific theory. The Higgs potential is modified by adding new terms of higher power of the Higgs field,
suppressed by the scale of the new physics. Whether this approach can correctly capture the EWPT features in
complete theories depends on the model, however, it is clear that by adding those operators the EWPT can
become strongly first-order [227-231].

*  New symmetries: moving away from the EW symmetry breaking, a minimal extension of the SM via a local
U(1) p—1, symmetry is also very interesting, since it can possibly explain the neutrino masses, provide dark
matter candidates in the form of right-handed neutrinos, explain the baryon asymmetry of the Universe via
leptogenesis and lead to detectable GWs since the PT of the U (1) 5 1, symmetry breaking in the early Universe
tends to be strongly first-order due to the classical conformal invariance [232-238].

*  Conformal models: going beyond the scenarios of weakly coupled theories with polynomial potentials,
there are models featuring strong dynamics such as warped extra-dimensions [239-249] and composite Higgs
models [223,224,250-253]. In both cases, the confinement PT associated with the spontaneous breaking of
the conformal invariance is strongly first-order, and in composite Higgs scenario it can be naturally linked to
the EW one.
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. Dark sectors: strong first-order PTs can arise in the context of dark sectors, which motivate the existence
of dark matter (eluding any observation other than based on its gravitational interaction) within a more
complete theory. Dark sectors only interact with the SM through a portal, and feature all possible kinds of
new interactions and symmetries: they can therefore very naturally host strong first-order PTs [254-267].
Particularly interesting are models in which the first-order PT is required for other phenomenological reasons,
such as producing the baryon asymmetry, stabilising the dark matter candidate or providing the right relic
abundance [258,264,265,268-270].

*  QCD and heavy axions: proposed long ago to solve the strong CP problem, the Peccei Quinn model is a well
motivated BSM model with concrete applications [20-25]. The axion, arising as a pseudo-Nambu-Goldstone
boson from the breaking of the U (1) pg symmetry, can be a stable dark matter candidate; furthermore, this
model can lead to a variety of GW sources. Indeed, the spontaneous breaking of the U (1) pg symmetry can
be realised via a strong first-order PT, directly sourcing GWs [14,24,25,35,48,271,272]. Furthermore, this
model also features the formation of topological defects, including global cosmic strings from the U(1) pg
symmetry breaking (which mostly decay via emission of axions) but also of domain walls, produced when the
U (1) pq is broken to a discrete symmetry [49,273], which are particularly interesting for GW production
in the context of heavy axion models [274-288]. To avoid domain wall domination, an explicit breaking
of the discrete symmetry is needed, introducing a vacuum non-degeneracy that makes the domain wall
annihilate [273,289]. This is one of the few models in which topological defects can lead to a detectable GW
signal other than those in which the defects are generated by the spontaneous breaking of higher symmetry
patterns connected to Grand Unified Theories.

* QCD PT: it is also important to mention that, although the QCDPT is also predicted to be a cross-over,
this result has been obtained from lattice simulations run at zero baryon and charge chemical potentials, as
appropriate within the SM. However, the actual conditions in which the PT took place in the early Universe
might be different, for example the lepton asymmetry in the Universe is much less constrained than the baryon
one, and could be large, which might lead to a change in the order of the QCDPT [290-293].

A still open question, subject of interesting ongoing research, is to which level perturbative treatments of the
finite temperature potential in first-order PTs can be considered accurate, given that in many scenarios the barrier is
not present at tree level, but induced by radiative and/or finite-temperature corrections. A promising direction is to
implement dimensional reduction, a resummation technique based on matching to a three-dimensional effective
field theory, allowing non-perturbative treatments of the PT in the associated four-dimensional theory and thereby
improved precision of the finite temperature dynamics [5, 189,294-304].

The brief and necessarily incomplete overview of GW-producing scenarios given above already illustrates
their remarkable diversity. It is important to emphasise, however, that in many cases the resulting GW signal,
despite arising from highly non-trivial processes, exhibits too few distinctive features to unambiguously discriminate
between the different underlying scenarios. This is because the signal typically depends only on the gross properties
of the tensor anisotropic stresses that source it, such as their typical time and length scales, rather than on the details
of the high-energy physics scenarios producing them. In the following, we aim at illustrating this point with a
concrete example, focusing in particular on GWs generated during first-order PTs.

4. Focus on First-Order Phase Transitions

In the previous section, we have provided a very concise summary of some of the best motivated BSM scenarios
that can lead to sizeable GW signals, because they involve first-order PTs and/or the formation of topological
defects. Given the variety of models, the question naturally arises whether it is possible to distinguish, from the
detection of the GW signal, one scenario from the other. In the following we present the results of [15], in which an
attempt is made to answer this question specifically for the case of a first-order PT occurring at the EW energy scale,
considering its observability by the LISA interferometer.

4.1. Gravitational Wave Sources Operating at a First-Order Phase Transition

A first-order PT, in particular if related to the EW symmetry breaking, must complete within one Hubble
time, so that the entire Universe settles in the new vacuum of the theory. Furthermore, as explained in Section 3,
the anisotropic stresses are connected to the collision of bubbles: the GW source therefore has a well defined
associated length scale, the size of the bubbles at collision, which is smaller than the Hubble scale at the PT time
H_'. Therefore it seems plausible that a first-order PT, as a GW source, fulfils the criteria of applicability of
Equation (4). Let us start working from this hypothesis.

The characteristic size of the GW source in this case is given by £, ~ v,,/3, where v,, denotes the bubble
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wall velocity, and 3 is the transition rate parameter, which can be evaluated directly from the action S(t) [305-308].
Within the assumption of exponential nucleation, the probability of tunnelling per unit volume and time can be
written as T'(t) = I'(t,) exp[(B(t — t.)], with B = £5(¢) }t* , where ¢, denotes a reference time, which in this
case should be chosen around the time of bubble percolation (for more detail, see the discussion on 7T}, later in this
section) [309-311]. The inverse timescale /3 can be used as a proxy for the inverse duration of the PT (for more
detail, see e.g. [14]).

The bubble wall velocity, also entering in £, ~ v,,/[3, is notoriously difficult to estimate. This quantity links
the microscopic scales of the problem - it depends on the effective potential, i.e. the pressure difference in the two
phases, and on the interaction of the particles with the bubble wall, i.e. with the field undergoing the PT - to the
macroscopic scales of the problem, i.e. the bubble size, and the collective plasma dynamics at this size. Indeed, the
fluid profile around the wall depends on the bubble wall velocity. In the case of thermal PTs, it is often assumed that
the bubble quickly reaches a steady state, characterised by a constant wall velocity given by the balance between the
driving force (the pressure difference in the two phases) and the friction force (due to the interaction of the wall
with the particles in the surrounding plasma) [114,122,312-315]. One then solves the fluid equations of motion
imposing conservation of energy and momentum across the bubble discontinuity, and finds the fluid velocity and
enthalpy profiles surrounding the bubble [114] (implemented e.g. in the tool CosmoGW [316], see also [317]). It
is possible to adopt a phenomenological description introducing a macroscopic friction parameter, in principle
covering several particle theory models. However, it is very challenging to properly model the bubble wall velocity
given the variety of possible BSM scenarios and its high model dependence [117,190,318-331]. Therefore, v,, is
mostly assumed as an input in studies of the GW signal, despite the fact that the signal does depend quite strongly
on its actual value.

As presented in Section 2, the characteristic size of the GW source /.. determines the characteristic frequency
of the SGWB f,, which in turns connects to the frequency of the signal today fj through the temperature 7,
representing the epoch in the early Universe during which the GW source was active, see Equation (3). Note that
Equation (3) assumes that the Universe was in thermal equilibrium and in the radiation dominated phase. This
means, that the PT must already have completed, or be about to complete, at 7. Since the GW sourcing is due to
the collision of the bubbles, and therefore takes place towards the end of the phase transition (in the case bulk fluid
motion, even after the PT completion, as we will see), this assumption is reasonable. One option is then to associate
to T} the percolation temperature, i.e. the ambient temperature when a connected group of bubbles spans the entire
universe [5,332]. Another option, particularly adapted to the case of exponential nucleation, is to associate 7’ to the
time ¢, at which the fractional volume in the metastable phase has reached P(t,) = 1/e, so that roughly 63% of
the Universe is converted to the broken phase [311]. The two times are close, since P(tperc) =0.711[5,332]. In
the absence of substantial supercooling, the radiation component dominates the Universe’s evolution throughout
the PT, which, furthermore, must occur within one Hubble time: the percolation temperature is then close to both
the critical and the nucleation temperatures, and the conversion between time and temperature can be performed
using Friedmann’s equation for a radiation dominated Universe. Conversely, in the case of substantial supercooling,
the Universe is dominated by the vacuum energy for a short period of time: the critical, nucleation and percolation
temperatures may substantially differ, and it is therefore important to distinguish them and to identify 7, as close to
the latter. Since, during the short inflationary phase, the volume is rapidly expanding, one further needs to ensure
that the fractional volume which is still in the false vacuum is decreasing at percolation time, so that the PT can
complete [309,332]. Moreover, thermal equilibrium must be re-established via a reheating process: the
easiest option is then to postulate that the latter is instantaneous, such that the Hubble rate during the vacuum
dominated phase (and in particular at percolation) is the same as the Hubble rate in the thermal phase following the
PT, H, [14,116,331,333]. Within this setting, T, can be unambiguously identified.

The other important term in Equation (4) is the anisotropic stress energy fraction II/p}, ;. One usually defines
the GW source energy fraction K = pg/pf.,, where p, denotes the energy density of the GW sourcing process, and
Pio denotes the total energy density in the Universe at the PT time, assumed to be radiation to derive Equation (4).
When the anisotropic stresses are due to the colliding bubble walls, p, is the gradient energy in the scalar field,
which we denote p,,. When the anisotropic stresses are due to the bulk fluid motion caused by the coupling between
the bubble wall and the surrounding plasma, ps is the kinetic energy of the bulk fluid motion, which we denote
pv- The PT is a dynamical process in which the free energy of the system, given by the effective potential at finite
temperature, is transformed mainly into thermal energy (with no associated anisotropic stress), and in small part into
gradient energy of the bubble walls and kinetic energy of the fluid. In the following, we always make the assumption
that the equation of state of the system can be described by the the bag equation of state, and that the sound speed
of the fluid is constant and fixed to 1/+/3. Then, the relative importance of the potential to the thermal energy is
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given by the parameter o = AV /[w%g(T)T:/30], where AV; denotes the potential difference at zero temperature
between the symmetric and broken phases. « is interpreted as a measure of the PT strength. The efficiency with
which the potential energy is transformed into gradient energy of the bubble walls or kinetic energy of the fluid
is given by the efficiency parameters k, , = p,,/AVp, so that the GW source energy fraction can be written as
K = (kg + kv)a/(1 4 «). The efficiency parameters are in general calculated using for p,, ,, the gradient/kinetic
energy density of a single bubble [ 14].

The parameter o governs which process, among the scalar field gradients or the bulk fluid motion, dominates
the GW production:

o Ifthe PT is strong, o 2 O(1) and the vacuum energy is equal or larger than the relativistic fluid energy: the PT
entails some amount of supercooling, possibly a short inflationary phase. Bubbles are assumed to accelerate
until the speed of light, and the dominant GW source is bubble collisions. The anisotropic stresses in the scalar
field energy momentum tensor are due to the breaking of the spherical symmetry connected to the bubble
collisions [106—112,115-117].

e Ifthe PTis weak, o < O(1072) the potential energy is subdominant, and the GW production is dominated by
the fluid motion. Since the PT is weak, so are the velocity/enthalpy perturbations in the fluid generated by the
expanding bubble walls: the system is characterised by the development of sound waves, which surround the
bubbles [118-122]. The superposition of sound waves following bubble collision leads to the breaking of the
spherical symmetry and the presence of anisotropic stresses in the fluid energy momentum tensor. Remarkably,
sound waves remain in the fluid for long after the bubble walls are collided. They therefore continue sourcing
GWs for many Hubble times, an important qualitative difference with respect to bubble collision.

»  If the phase transition is of moderate strength, o ~ O(0.1) — O(1), the GW production is still dominated
by fluid motion, however, the velocity/enthalpy perturbations in the fluid can be high, leading to non-linear
compressional and vortical turbulence, possibly of the magnetohydrodynamic (MHD) type, i.e. accompanied
by magnetic fields. The chaotic superposition of fluid velocity typical of turbulence then leads to non-zero
anisotropic stresses in the fluid energy momentum tensor [76, 123—131]. As well as sound waves, turbulence
also continues to source GWs for many Hubble times, after the bubbles are gone.

Note that the GW source energy fraction K as defined in the literature and above, differs from the
anisotropic stress energy fraction I/ pf .. It is indeed very difficult to estimate what fraction of the gradient
energy in the scalar field, or of the bulk kinetic energy, is in the form of anisotropic stresses, efficient in sourcing
GWs. The reasons are multiple. For example, in the case of anisotropic stresses from bubble collisions, they
depend on the particular realisation of the collision process. Although analytical estimates exists [111,112,330],
the best way to tackle this is through numerical simulations of the bubble nucleation process, possibly capturing
also the microscopic scale corresponding to the bubble wall, in order to study the scalar field dynamics at and after
bubble collisions [108—110,115,117,334,335]. If the anisotropic stresses are sourced by bulk fluid motion, the
latter sources GW for long after the bubbles have collided, so the memory of the actual collision realisation is erased.
However, the difficulty still stands in the fact that the bulk fluid motion can become highly non linear, especially in
the case of moderately strong PTs. Again, analytical estimates exists [76,122—125,127,129,131,336-340], but it is
imperative to validate them with numerical simulations of the fluid dynamics [119-121,128,130,341-350].

Therefore, in general, numerical simulations are necessary to properly model the GW signal, because of
the intrinsic randomness of the process, of the complicated fluid shells profiles surrounding the bubbles, of the
non-linear fluid dynamics. At this stage, we can rewrite Equation (4) in a more realistic way:

QGW(f) ~ Qrad QGrW K2 ]:(H*e*> S(f) (5)

The above equation still does not capture all the complexity of the SGWB signal, but conveys some more information
than Equation (4). First of all, to follow conventions, we have rewritten II/p},, = Qaw K2, where Qaw
parametrises the efficiency with which the energy fraction K is converted into anisotropic stresses actually sourcing
the GWs. This parameter must in general be determined via numerical simulations (for more detail, see e.g. [344]
and references therein). Second, we have inserted the generic function F(H.£.) to express the fact that the scaling
as (H. *E*)Q can be modified in the case of bulk fluid motion, since this kind of process, contrary to bubble collisions,
can source GWs for a time longer than a Hubble time, deviating from the conditions under which Equation (4)
was derived. At last, we have reinserted the frequency dependence in Qgw (f) (c.f. Equation (1)), the normalised
SGWB power spectrum S( f). For more detail on the scaling and properties of the SGWB signal, see e.g. [14].
Numerical simulations allow to predict the SGWB from the different sources operating during a first-order
PT in detail. In particular, they allow to link the PT strength to the actual energy available in the GW source,
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that is to provide estimates of the efficiency parameters k., and in turns of K. As previously mentioned, the
efficiency parameters are in general evaluated from the single bubble solution: numerical simulations allow to check
whether this is a good assumption. This is still very much work in progress, but discrepancies with the analytical
single-bubble solution are often found [120,342—344]. Furthermore, numerical simulations provide insight on
which sources, among bubble collision, sound waves and turbulence, dominate the GW production, and how they
are connected among each other. They also predict the signal amplitude and its spectral shape S(f). Each source
produces power spectra with different features, such as different peaks and slopes, and it is necessary to be able to
link these features to the actual GW source and to the PT parameters, for a correct interpretation of the signal. In this
respect, complementing numerical results with analytical understanding is of great help. Detailed predictions of the
SGWB signals are still much work in progress. Several numerical codes exist that tackle the problem with different
approaches: for example, numerical simulations performed with the SCOTTS code [119-121,131,341] include the
scalar field dynamics and the relativistic fluid motion, but not the expansion of the Universe neither the magnetic
field; numerical simulations performed with the Pencil code [128, 130,345-347,351] include the expansion of the
Universe and the magnetic field, but no scalar field; Higgsless simulations [342-344] are the least computationally
expensive, but rely on steady state solutions for the bubble expansion. Constant progress is being made by the
community in refining SGWB predictions, in particular in the most relevant case of strong first-order PTs.

In the following, we do not discuss the detailed form of the SGWB spectral shape S(f). The precise
determination of S(f) depends on the specific GW sourcing mechanism: bubble collision, sound waves, (MHD)
turbulence. Much like the scaling of the signal with the PT parameters, this remains an active area of research,
combining input from analytical approaches and numerical simulations. Reviews of this topic have been attempted,
for example, in the analyses of the LISA Cosmology Working Group [15,52, 53], where expressions for S(f)
are proposed that capture the main qualitative features of the frequency dependence for the various GW sources.
However, providing an unified description that encompasses all possible dependencies and variations of S(f) across
different sourcing scenarios remains extremely challenging [14]. This review is based on the results of Ref. [15],
which are obtained adopting state-of-the-art proposals for the signal spectral shape.

4.2. Detecting Signals from a First-Order EWPT at LISA

The GW signal is determined by the dynamics of the PT and of the surrounding plasma, and can in principle
be computed in the context of specific PT models. In practice, however, this evaluation involves many complex
steps, and it is subject to significant uncertainties. Nevertheless, it is still worthwhile to investigate the question of
signal detectability using the information currently available, acknowledging that the resulting predictions inevitably
carry intrinsic uncertainties.

Within state of the art SGWB signal modelling, the following parameters enter in the GW signal (a table
summarising the key parameters can be found in Appendix A):

e T, the energy scale of the PT (to be identified with the temperature around percolation, see discussion in
Section 4); « the PT strength; 8/H., the inverse PT duration, normalised to the Hubble rate at the PT
time. These parameters can be determined directly by the effective potential, and can be subject to large
uncertainty when related to a specific model, e.g. due to the accuracy of perturbative treatments, or in the
case of important supercooling.

* vy, the bubble wall velocity. This parameter depends on the finite-temperature effective potential and the
interaction of the scalar field with the particles in the theory, and determines the fluid profile around the wall.
Is has been calculated only in some specific models, and is in general fixed to a constant value, often arbitrary,
possibly introducing inaccuracy in the GW signal prediction.

* K, the GW source energy fraction. This parameter is determined by the bubble expansion dynamics and the
bubble interaction with the surrounding fluid. In most cases, it is evaluated from the efficiency factors x,
and «, under the assumption that the bubble wall settles to a steady state and adopting the fits of Ref. [114].
This introduces some inaccuracy in estimating the GW signal, because the effect of collisions and possibly
non-linearities developing in the fluid dynamics can significantly alter K with respect to the single bubble solution.

* ¢, the fraction of kinetic energy in bulk motion that is converted to MHD turbulence. This parameter is inserted
to represent the fact that, if the PT is strong, non-linearities in the bulk fluid develop, likely leading to the
onset of turbulence and possibly to the amplification of magnetic fields. Accurately simulating PTs of adequate
strength to follow the formation and evolution of (MHD) turbulence, and thus to reliably predict the resulting GW
signal, remains extremely challenging. Although rapid progress is being made in the development of numerical
codes (see the simulations performed in [121] and in particular the approach developed in [343,344]), current
simulations are still unable to robustly determine the fraction of energy transferred into (MHD) turbulence as a
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function of the PT properties, such as its strength. Consequently, the actual value of ¢ and its dependence on
the other PT parameters are not yet known, and € must be treated as a free parameter.

Figure 1, taken from [14], shows the reach of several GW observatories in the two-dimensional parameter
space T, and 3/ H.,, considering the SGWB generated by a strong first-order PT with « > 1. In this simple case,
the dominant GW source is bubble collisions, so that x,, ~ 1, and therefore K = k, /(1 + o) ~ 1. Furthermore,
the bubbles expansion can accelerate to the speed of light v,, ~ 1, and there is no bulk motion, neither in the form
of sound waves nor turbulence, therefore e = 0. In [14], detectability is assessed in terms of the signal-to-noise
ratio (SNR), the colour shading in Figure 1. Two SNR contours are shown for each GW observatory: the dashed
one has been produced accounting only for the instrumental noise, while the dotted one takes into account also
the extra noise due to astrophysical foregrounds. Specifically, for the future Earth-based interferometers Einstein
Telescope and Cosmic Explorer, the foregrounds are due to the mergers of compact binaries, mainly stellar mass
black holes and neutron stars (note that the currently operating interferometers LIGO, Virgo, KAGRA are not yet
sensitive enough to detect any astrophysical foreground). For LISA, the main foregrounds are due to the in-spiral
of compact binaries (stellar mass black holes, neutron stars and white dwarfs) both within the Milky Way and
extra-galactic. In particular, the galactic foreground dominates the LISA noise curve in the frequency range nearby
the mHz. For PTAs, accounting for the capability of the future radio telescope Square Kilometre Array Observatory,
the foreground, from the point of view of cosmological signal detection, is given by the in-spiral of super-massive
black hole binaries. A detailed description of the foregrounds and references can be found in [14]. From Figure 1 it
is clear that the presence of foregrounds can significantly affect the sensitivity of GW observatories to a possible
cosmological signal. Nevertheless, presently operating devices have already started delving into the parameter space:
the gray regions show both the exclusion region from the non-observation of the SGWB from a strong first-order PT
by the LVK network [352], and the parameters space region that could account for the NANOGrav 15-years data, if
the SGWB is interpreted as arising from a first-order PT [73]. Incidentally, the temperature ranges inferred, for
each GW observatory, from the intersections of the SNR curves with the 5/H, = 1 axis, reflect the energy scales at
which each detector can probe GW sources, as discussed in Section 2.

From Figure 1, one sees that at least part of the strong first-order PT parameter space lies within the reach
of current and future GW observatories. However, detectability of the signal does not by itself guarantee that the
underlying parameters can be reconstructed from the measurement. Within the caveats and uncertainties discussed
above, most of the parameters entering the SGWB signal are known, once a PT model is specified and complemented
by numerical simulations of the plasma dynamics. Therefore, extracting these parameters from an observation
would be extremely valuable, as it would enable to identify the physical origin of the GW signal from its detection.

Ref. [15] investigated the parameter-reconstruction capabilities of LISA and found that, for sufficiently strong
signals, the underlying parameters can in principle be inferred. However, the resulting uncertainties are often
large, owing to the strong degeneracies in the way these parameters affect the SGWB. These degeneracies can be
appreciated in the example provided in Figure 2, where the dependence of the SGWB from sound waves and MHD
turbulence on the parameters listed above is shown. For example, K enters in the SGWB amplitude; however,
(H.L,) also strongly affects the amplitude, making it difficult to disentangle the effect of the two parameters (note
that, in Figures 2 and 4, the parameter /. is denoted R, since these figures are taken from Ref. [15] and therefore
follow the notation convention used in that analysis). Furthermore, (H.¢.) determines the SGWB peak frequency;
however, T does as well, introducing another source of degeneracy.

To partially alleviate these degeneracies, Ref. [15] proposes an alternative parametrisation of the SGWB signal
in terms of features of its spectral shape, rather than in terms of the thermodynamic PT parameters discussed above.
In this approach, the SGWB from bubble collisions, which has the form of a broken power law, is characterised by
the frequency of its spectral peak, f; and by the value of the SGWB amplitude at the peak, {2,. The SGWBs from
sound waves and MHD turbulence, which instead follow double broken power laws, are parametrised by the two
break frequencies (f1, f2) (with one corresponding to the spectral maximum) and by the amplitude at the second
break, (2. These quantities are referred to as “geometric parameters”, in contrast to the thermodynamic parameters
of the PT described above. Reconstruction in terms of geometric parameters is significantly more tractable, and
the degeneracies can be largely removed when the signal is sufficiently strong. Ref. [15] forecasts the regions of
geometric parameter space that LISA will be able to measure with better than 10% precision. While the geometric
parameters do not directly encode the physical properties of the PT, they are extremely useful for reconstructing
the SGWB from LISA data; once measured, they can subsequently be translated back into constraints on the
thermodynamic PT parameters, as shown in Figures 3 and 4. Unfortunately, the translation to the thermodynamic
parameters brings back the degeneracies.
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Figure 1. Taken from [14]. This figure shows the maximum signal to noise ratio (colour shading) among four GW
observatories (PTAs with the SKA, LISA, Einstein Telescope and Cosmic Explorer) of the SGWB generated by
a strong first-order PT in the parameter space given by the PT temperature T and the inverse PT duration, 3/ H..
The dashed lines show the SNR=5 curves for each detector, evaluated based on the detector noise only, without
accounting for the presence of astrophysical foregrounds. The dotted lines show instead the SNR contours of the
astrophysical foregrounds relevant in each detector’s frequency range. More detail on the population of astrophysical
sources taken into account for each detector is given in the main text. Within the region delineated by the dotted
contours, the SNR of the cosmological signal exceeds the one of the foregrounds, and the former should therefore be
readily detectable. Within the region bounded by the dashed contours, detection may still be achievable, depending
on the detailed spectral shape of the cosmological signal. In the case of Einstein Telescope and Cosmic Explorer,
the foregrounds lie below the detectors’ noise, while for LISA the Galactic foreground component is higher than
the detector noise, hence the reduction in accessible parameter space due to the foreground is larger (c.f. [14] for
more detail). For PTA, there is no dotted curve as the foreground corresponds to the SGWB that has been detected,
and one should refer to the gray contour instead. Indeed, the gray contours denote the 95% confidence exclusion
region from LVK non-detection of a SGWB [352], and the 95% confidence region if the PTA NANOGrav signal is
interpreted as originating from a strong first-order PT [73]. The temperature intervals inferred from the intersection
of the SNR curves of the different observatories with the 3/H. = 1 axis correspond to those discussed in Section 2,
representing the energy scales in the early Universe at which each observatory can probe GW sources.
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Figure 2. Taken from [15]: SGWB power spectra from sound waves (dashed, coloured lines), MHD turbulence
(dotted, coloured lines), and total, given by the sum of the two (solid, coloured lines), as a function of frequency.
The black line in each panel shows the SGWB for the benchmark values of the parameters K = 0.08, H..¢, = 0.25
( the notation of [15] is such that R, = {.), v, = 1 (the notation is such that &, = v,,), T = 500 GeV, € = 0.5.
In each panel one parameter is varied around the benchmark value, while the others are kept fixed. The value of the
varying parameter can be inferred from the colour shading of the horizontal bar. The gray dashed line appearing in
each panel shows the forecasted noise curve of the LISA instrument.
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The parameter reconstruction analysis of Ref. [15] is performed on simulated data produced by the SGWBinner
code [353,354], in the three orthogonal Time Delay Interferometry channels (A,E,T), assuming stationarity and
Gaussianity for all data components, which include: (i) the noise of the LISA instrument, simulated starting from a
noise model with two free parameters (A, P) where A represents the test mass acceleration noise and P represents
the optical metrology noise (the instrument noise at fiducial values for (A, P) is shown by the gray dashed line in
Figure 2); (ii) two astrophysical foregrounds, the one from in-spiralling binaries in the Milky Way (mainly white
dwarf binaries), and the one from extra-galactic, in-spiralling stellar mass black hole binaries: both are simulated
starting from simple template-based predictions; (iii) finally, the SGWB signal, simulated starting from three bench-
mark spectral shapes describing the signal due to, respectively, bubble collision, sound waves and MHD turbulence,
and depending on the above listed thermodynamic parameters. The reconstruction is performed using Markov
Chain Monte Carlo sampling of the likelihood by the SGWBinner code, using Cobaya [355], which implements the
nested sampler Polychord [356,357] and analyses the samples with GetDist [358]. The sampled parameters are
the noise parameters (A, P), with fiducial values A = 3, P = 15; the amplitudes of the galactic and extra-galactic
foregrounds (qa1, QExs ), With fiducial values log;(h?Qga) = —7.84 and log;o(h?QEx;) = —12.38; and the
SGWB parameters that vary depending on the case at hand. Information on the priors can be found in [15].
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Figure 3. Taken from [15]: Template-based reconstruction of the thermodynamic parameters of a SGWB from
bubble collisions at a strong first-order PT, together with the noise and foregrounds parameters. The posteriors of
the direct sampling in terms of the thermodynamic parameters are shown in blue. The background red contours
are reconstructed from a sample in terms of the geometric parameters of the broken power law, translated to
thermodynamic parameters. The green contours are obtained from a Fisher analysis in terms of the geometric
parameters, also translated to the thermodynamic parameters. The inset shows the injected noise, foregrounds and
signal (dashed lines according to the legend), and their the reconstruction (shaded areas around the dashed lines).
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In Figures 3 and 4 we show two examples of reconstruction of the thermodynamic parameters taken from [15].
Figure 3 shows the case of a strong first-order PT, for which the thermodynamic parameters are (K, T, 3/H.).
The input values for the latter have been fixed to K = 1, T, = 200 GeV and 3/H, = 500. While the parameters of
the instrument noise and the foreground amplitudes are reconstructed relatively well, strong degeneracies appear
in the signal parameters. Nevertheless, a detection is made, in the sense that K = 0 is not compatible at more
than 95%. Figure 4 shows the case of a SGWB due to both sound waves and MHD turbulence, for which the two
parameters v,, and € add to those of the previous case. The input values are log;, K = —1.1, log,o(¢+ H.) = —0.6,
log,y(T%/GeV) = 2.7, v,, = 1, € = 1. Large parameter degeneracies are still present, but the reconstruction
performs better than in the bubbles collision case. This is because the SGWB spectrum is richer in features such
as spectral breaks and different slopes (cf. Figure 2), which help to break some of the degeneracy. Naturally,
this improvement make sense within the idealized, template-based framework of Ref. [15]; in a more realistic
data-analysis setting, reconstructing a more complex spectral shape is generally more challenging.
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Figure 4. Taken from [15]: Template-based reconstruction of the thermodynamic parameters of a SGWB from
sound waves and MHD turbulence at a moderately strong first-order PT, together with the noise and foreground
parameters ( note that the notation of [15] is such that R, = ¢, and &, = v,,). The posteriors of the direct sampling
in terms of the thermodynamic parameters are shown in blue. The background red contours are reconstructed from a
sample in terms of the geometric parameters of the double broken power law, and translated to the thermodynamic
parameters. The green contours are obtained from a Fisher analysis in terms of the geometric parameters, also
translated to the thermodynamic parameters. The inset shows the injected noise, foregrounds and signal (according
to the legend), and their the reconstruction (shaded areas around the lines).

The results of [15] indicate that, under the conditions considered, it is in principle possible to infer the
thermodynamic parameters from a SGWB detection by LISA, albeit with significant degeneracies. This conclusion
is based on a template-based reconstruction applied to simulated data that include the SGWB signal, the instrumental
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noise, and two examples of astrophysical foregrounds. It should be emphasized, however, that the simulated data
are generated using the same templates for the noise, foregrounds, and SGWB that are adopted in the reconstruction.
This implicitly assumes the absence of theoretical and experimental uncertainties in both the signal and noise
modelling. Furthermore, in a realistic search for a SGWB in LISA data, one must contend with the intrinsic
degeneracy between the signal and the instrumental noise, both of which are stochastic. Unlike ground-based
interferometer networks, which can cross-correlate data streams from noise-independent detectors, and unlike PTAs,
which use the Hellings-Downs angular correlation as a characteristic signature of GWs, LISA has no equivalent,
unambiguous discriminator to separate a SGWB from the stationary Gaussian component of its instrumental noise.
In practice, one must therefore rely on a noise model. However, it is overly optimistic to assume that a pre-flight
validated noise model can be applied straightforwardly in a full data-analysis pipeline. On real data, one would first
run analysis pipelines designed to jointly estimate both the noise and the SGWB signal [8—11]. Given the large
variety of proposed SGWB sources, each predicting spectra with distinct features, such procedures should ideally
search for a SGWB without assuming any specific template (e.g. as in [353,354]). Instead, they would attempt to
infer the spectral shapes of both the SGWB and the noise directly from the measured data. Once a detection has
been established through such a template-blind analysis - hopefully providing preliminary information about the
spectral shape of the signal - one could then proceed to apply the template-based reconstruction approach used in
Ref. [15] (see also [12,13,359-361]). At that stage, however, the analysis of real data will be further complicated
by residual contamination arising from the imperfect subtraction of other GW sources in the data stream.

4.3. Connection with Two Particle Physics Scenarios

In the previous section, we highlighted the degeneracies that arise when reconstructing the thermodynamic
parameters from a SGWB detection at LISA, even under the somewhat idealised working conditions of Ref. [15].
Ideally, one would even like to go a step further, and translate the reconstructed thermodynamic parameters into
constraints on the parameter space of specific BSM scenarios predicting a first-order PT. However, mapping a
given set of thermodynamic parameters onto the corresponding BSM model parameters is itself a highly non-linear
procedure and comes with its own intrinsic degeneracies (for a through discussion and references, see [15]). These
are further compounded by the degeneracies present in the reconstruction from LISA data, implying that, in general,
it will not be possible to unambiguously identify the BSM model responsible for the first-order PT solely from the
GW signal.

Nevertheless, it remains possible to constrain a specific BSM model once it is assumed. The fundamental
parameters of the model can be mapped, in a separate step, onto the corresponding set of thermodynamic and/or
geometric parameters. For each such set, one can then predict the SGWB signal. After the SGWB has been
measured and the thermodynamic and/or geometric parameters have been reconstructed - together with their
posterior distributions - these posteriors can be translated into the corresponding region in the parameter space of
the BSM model. The LISA measurement can then be placed within a broader view of the model’s parameter space
and compared with the regions accessible to current and future particle-physics experiments.

This strategy was implemented in Ref. [15] for two illustrative scenarios: the Standard Model extended by a
real singlet with a Z, symmetry, and the Standard Model extended by a U (1) 5, gauge symmetry (see Section 3).
These models are particularly suited as illustrative scenarios, for two reasons: they can give rise to a first-order PT
with high SGWBs in the LISA frequency band, and they are characterised by few fundamental parameters. The
strategy proceeds in three steps:

(1) The first step consists in predicting the GW signal within the given BSM model: one scans the allowed region
in the fundamental parameter space of the model and associates to it the thermodynamic and/or geometric
parameters of the signal. This procedure non trivial to implement: for detail, see [15].

(2) The second step is to simulate the LISA measurement and infer the posteriors on the geometric parameters.
The latter are used in this step, rather than the thermodynamic ones, because they reduce the degeneracy in the
reconstruction procedure. For this step, in practice one chooses one or more benchmark points for which the
SGWRB is sufficiently high in LISA.

(3) In the third step, the LISA measurement via the reconstruction of the geometric parameters can be translated
into constraints on the fundamental parameter space of the BSM model, and possibly compared to pre-existing
constraints or future forecasts from complementary particle physics experiments.

The results of this procedure for the Z, extension of the SM, obtained in [15], are reported in Figure 5.
The model is characterised by three parameters: m the singlet mass, \j s the portal coupling between the Higgs
and the singlet, and A, the quartic coupling of the singlet. The strength of the PT is determined essentially by
Ans Which, however, cannot be too large, to remain within the perturbative regime. This in turns means that m
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cannot be too large either: in [15], the window 65 GeV < m, < 125 GeV is chosen. The upper panel of Figure 5
shows the geometric parameters ( f2, {2) of the SGWB generated by sound waves from the first-order PT (double
broken power law), obtained by scanning the (mg, A ) parameter space, for three fixed values of A,. To perform
step 2, out of the parameter space, one particular benchmark point is chosen, featuring a SGWB high enough
to be detected by LISA: in the case at hand, this corresponds to h?Qy = 107! and f» = 0.4 mHz, while the
first spectral break is given by the bubble wall velocity, here set to v,, = 1, and the sound speed, here set to
cs = 1/\V/3: fi/fa =~ 0.4|vy — cs|/max(vy, cs) [15]. The outcome of the LISA parameter inference on this
particular benchmark is shown in the lower left panel of Figure 5. Finally, the lower rigth panel of Figure 5 shows
the posterior contours obtained from the LISA measurement translated back in the (ms, Aps) parameter space,
again for three values of \s: LISA can help discriminating the model parameter space, in the region that will not be
probed by future colliders. This shows the complementary power of LISA in probing this particular scenario.
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(a) Step 1: Geometric parameters ( f2,22) of the GW signal from sound waves, obtained by scanning the singlet
parameter space given by the singlet mass and coupling with the Higgs (ms, Ams), for three fixed values of the
quartic coupling As. The colour bar denotes the SNR in LISA of the sound waves SGWB corresponding to each
(f2,Q2) point. The red ellipse on top of each plot comes from the LISA measurement of the chosen benchmark
point (see panel (b)).
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(c) Step 3: The posterior contours from the LISA
£ measurement (c.f. panel (b)) shown as constraints
o) o) b8 AP lon) ol 0e) on the fundamental parameter space of the model
. (ms, Ams), for the three chosen values of the quartic
(b) Step 2: Simulated LISA measurement of . . . .
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. shaded region is excluded by Higgs invisible decay.
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f2/ f1, see main text).
Figure 5. All panels taken from [15]: LISA constraints on the SM extended with a Z> gauge singlet.
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It is important to mention that this scenario in its simplest implementation analysed in [15] suffers from
observational and theoretical challenges, linked to the overproduction of dark matter and the presence of domain
walls: the latter in particular are formed in the first step of the PT, and despite being annihilated at the second step
when the Z, symmetry is restored, they would act as seeds for the bubble formation, altering the PT dynamics and
the prediction of the GW signal [362].

The same strategy has been performed in [15] also for the case of the SM extended via the U(1)5_ 1, gauge
symmetry. Within this scenario the first-order PT is strong, and therefore the relevant contribution to the SGWB
is given by bubbles collision, characterised by a broken power law with the two geometric parameters ( f5, 2s).
Two different benchmark points have been chosen in [15] for step 2: (f, = 5mHz, h2Q, = 4 x 10712), and
(f» = 0.2Hz, h2Q, = 6 x 10719). In Figure 6 we reproduce the results of step 3 in the reconstruction procedure:
as expected, it appears that different measurements at LISA lead to different constraints on the model parameter
space, here provided by the boson mass m 2, and the gauge coupling gp_y..

In particular, the second benchmark point leads to a stronger degeneracy in the reconstruction of the fundamen-
tal parameters of the model, despite being characterised by a higher signal amplitude /22, than the first benchmark
point. This is because the peak of the signal is in the high-frequency region, where the LISA sensitivity is worst
(c.f. plots and discussion in [15]).
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Figure 6. Taken from [15]: LISA constraints on the parameters of the SM extended with the U (1) p—r, gauge
symmetry, i.e. the gauge coupling gg—r, and the boson mass m-, for two separate benchmark points for the
parameters of the SGWB sourced by bubble collisions ( f5, ), as given in the plots” upper labels.
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5. Conclusions

GWs produced in the early Universe behave as a fossil radiation: a stochastic background that can carry
valuable information about high-energy physics at energy scales far beyond the reach of both cosmological probes
(such as the CMB and BBN) and current particle collider experiments. Crucially, the frequency ranges of sensitivity
of present and upcoming GW detectors can be associated with the energy scales of various cosmological PTs. For
instance, ground-based interferometers are sensitive to energies around the Peccei—Quinn transition, LISA to the
EW transition and above, and PTAs to the QCD transition.

However, detectability requires the signal amplitude to be sufficiently large. This typically demands that the
PT be first-order and/or produce topological defects, which generate the anisotropic stresses sourcing GWs. A
variety of BSM scenarios exist, in which the otherwise continuous transitions taking place within the SM become
first-order, or in which additional symmetry-breakings occurring mainly at higher energy scales generate strong GW
signals. We have provided a concise overview of several representative models of this type.

It would be extremely valuable to probe this diverse phenomenology through GW observations. We have
explored this prospect in more detail focussing on the specific case of a first-order PT. We emphasized that making
precise predictions for the resulting SGWB spectrum is challenging, owing to the inherently complex and highly
non-linear dynamics involved, together with the large freedom available in model building and parameter choices. In
general, numerical simulations are required for robust predictions and for validating analytical estimates of the signal.

In addition to the difficulty of forecasting the SGWB spectrum within a given framework, one faces the further
challenge of extracting the relevant physical parameters from a potential detection. Following Ref. [15], we have
focused on the case of a SGWB induced by a first-order PT and detectable by LISA. In such case, the SGWB
spectrum typically exhibits fewer distinct features than the thermodynamic parameters that control it, leading to
strong degeneracies in parameter reconstruction. To mitigate this issue, Ref. [15] proposes parametrising the GW
signal using geometric parameters characterizing its shape, which allows for a more robust parameter reconstruction
from the observed signal. However, the degeneracies re-emerge when one attempts to translate the geometric parameters
back into the thermodynamic ones - an essential step in connecting a measured signal to the physics of the PT.

Ideally, one would like a LISA detection to identify which specific BSM model, among the many capable
of producing a first-order PT, is responsible for a given SGWB signal. However, strong degeneracies exist also
between the thermodynamic parameters of the PT and those of the underlying BSM model, making such a direct
inference extremely challenging. Nevertheless, a detection - or even a non-detection - can still be used to constrain
specific models, once chosen beforehand.

To do so, one must first scan the parameter space of the fundamental parameters in the chosen BSM scenario
and compute the associated SGWB signal for each parameter point. The expected LISA sensitivity is then applied to
simulate a detection (or exclusion), allowing one to infer confidence regions in the geometric and/or thermodynamic
parameters of the first-order PT. These confidence regions can subsequently be mapped back onto the corresponding
regions in the BSM model parameter space.

We presented the results of Ref. [15], where this procedure was carried out for two well-motivated BSM
scenarios featuring a first-order PT. While the analysis relies on somewhat idealized assumptions and should
therefore be viewed mainly as a proof of principle, it nevertheless demonstrates that LISA can provide constraints
that are complementary to those expected from future particle colliders.

In conclusion, the detection of SGWBs originating from BSM processes at high energies in the early Universe
holds transformative scientific potential. However, substantial progress is still required to fully realise this potential.
Focusing in particular on first-order PTs, preparedness for a possible detection would ideally rely on a unified
and broadly accepted theoretical framework. Achieving this goal requires progress toward consensus on several
key aspects, most notably on the predicted SGWB spectra and their parameter dependencies, as well as on robust
methods to connect thermodynamic parameters to the underlying high energy PT models. Establishing such
a framework would ensure that the link to the fundamental theory can be reconstructed at best in a consistent,
transparent, and reusable manner, facilitating community-wide adoption. This approach offers the most effective
strategy for mitigating the intrinsic limitation that GW signals typically exhibit too few distinctive features to
unambiguously discriminate among the different underlying scenarios.
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Appendix A. Summary Table of the Key Parameters

Table Al. Summary table of the key parameters.

Parameter Meaning
, characteristic length scale of the GW sourcing process (i.e. bubble size in the case of a
. (R.) i
first-orde PT)
T. temperature of the early Universe when the GW sourcing process was operating
T/ p: anisotropic stresses available to source the GWs, normalised to the energy density in the
Prot Universe at the source time
Vw (&w) bubble wall velocity
154 PT rate parameter
ts reference time corresponding to 7%
K = ps/pios GW source energy fraction
Pe gradient energy in the scalar field
Po kinetic energy of the bulk fluid motion

efficiency parameters (efficiency with which the potential energy is transformed into

Ko = Pon/AVo gradient energy of the bubble walls or kinetic energy of the fluid)

a = AVy/[rg(T.) T} /30] strength of the PT (fraction of the potential to thermal energy)

Qaw efficiency with which the GW source energy fraction K is converted to GWs

S(f) normalised SGWB spectral shape

€ fraction of kinetic energy in bulk motion that is converted to (MHD) turbulence

For tg}:}ometric parameters of the broken power law template: frequency of, and amplitude at,

e spectral peak
Fio far Qo geometric parameters of the double broken power law template: frequencies of the two
breaks and amplitude at the second break

A, P parameters of the LISA noise: amplitudes of the acceleration and test mass noises

h2Qaqa amplitude of the Galactic foreground in LISA

h2 Qe amplitude of the extra-Galactic foreground in LISA

ms singlet mass in the Zy extension of the SM

Ahs portal coupling between the Higgs and the singlet

As quartic coupling of the singlet

my boson mass in the SM extended by U (1) 5— 1, gauge symmetry

gB-L boson gauge coupling
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