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1. Introduction

Network networks (NNs) have exerted profound impacts in a range of areas, including industry, healthcare,
and transportation, and the research on NNs has long been a prominent subject in the control domain over the past
several decades [1—4]. In some practical models, diffusion phenomena will occur from time to time. Reaction-
diffusion neural networks (RDNNs) can well describe this phenomenon through partial differential equations
with reaction-diffusion terms. In recent years, researchers have achieved many fruitful results in the study of
RDNNSs [5-7]. For instance, the synchronization problem of RDNNs with random time-varying delays based on
distributed measurements or boundary measurements has been studied in [5]. In [6], the unified control problem of
synchronization for complex-valued interconnected NNs with Markovian jump parameters and nonlinear coupling
protocols has been explored. In [7], the problem of data confusion caused by large transmission delays in semi-
Markov RDNNs under the time-space sampled-data control strategy with multiple event-triggered protocols and
multi-asynchronous mechanisms has been studied.

Markov processes can effectively describe the dynamic switching processes of systems [8—11]. When
encountering unforeseen environmental disturbances or random failures of network components, the topological
structure of network systems usually undergoes dynamic adjustments over time. In recent years, an increasing
number of scholars have focused on the research of MJRDNNSs. For instance, ref. [12] has focused on MJIRDNNs
and multiple disturbances, and a composite disturbance rejection control strategy based on a disturbance observer
has been proposed. A synchronization control method for MJRDNNs based on a dynamic-memory event-triggered
protocol has been studied in [13]. In [14], the input-to-state exponentially mean-square stability of stochastic
MIJRDNNSs with parameter uncertainties and exogenous disturbances has been studied.
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Actuator faults are a critical concern in control systems, when faults occur, such as partial failure or complete
outage, the intended control objectives may not be achieved [15—17]. Therefore, addressing actuator faults and
ensuring the robustness of control systems in their presence is of great practical significance, and numerous scholars
have also conducted research on this topic. Specifically, in [18], the problem of asynchronous control for fuzzy
hidden Markov jump systems with actuator faults has been researched. The study in [19] has investigated the
stochastic finite-time boundedness and H ., performance of continuous-time semi-Markov jump systems with
actuator faults. The problem of adaptive fault-tolerant compensation control for Markov jump systems with
simultaneous additive and multiplicative actuator faults based on a fuzzy logic system has been examined in [20].

Due to the large number of network nodes and mode transitions in MJRDNNSs, the burden on network commu-
nication will also be intensified. The introduction of an event-triggered mechanism can well reduce communication
pressure, decrease communication bandwidth, and save communication resources. The event-triggered mecha-
nism sets an event-triggered function to prevent unnecessary information from being transmitted [21]. Over the
past decades, scholars have conducted research on different time-triggered mechanisms and achieved excellent
results [22-27]. In [22], a dynamic variable has been introduced to make the threshold for event triggering change
over time. Compared with the general event-triggered mechanism, the dynamic event-triggered mechanism has
fewer triggering times, which is more conducive to saving network resources.

Based on the aforementioned, it is meaningful to study MJRDNNs with actuator faults under the event-
triggered mechanism. However, existing results rarely involve this aspect. To fill this gap, this paper investigates
the H, control of MJRDNNs with actuator faults based on a dynamic event-triggered mechanism. The main
contributions of this paper are summarized as follows:

(1) Different from the existing works [17, 18], this paper focuses on the H,, performance of MJRDNNs with
actuator faults under an event-triggered mechanism. The MJRDNNS in this paper are more suitable for
complex models, which takes the multi-dimensional space, actuator faults into consideration. There are also a
few works investigated the H, performance at triggering instants, which is the focus of this paper.

(2) By introducing an internal dynamic variable expressed by a differential equation, the triggering threshold
becomes more flexible and greatly reduces the number of triggering instants in event triggering. In addition,
this paper adopts a discrete sampling-based event-triggered approach, which effectively avoids the Zeno
phenomenon. Moreover, by utilizing the upper and lower bounds of actuator faults, the expected performance
indices are achieved without knowing the specific fault data.

(3) Through the construction of a L-K functional, several sufficient conditions ensuring the stability are obtained,
and the H,, performance for MJRDNNSs is also derived. Subsequently, by matrix computations, these
conditions are converted into a solvable convex optimization problem.

Notations : Throughout the paper, the p-dimensional Euclidean space is denoted by RP, the p x g-dimensional
real matrices is represented by RP*9, |E represents the expectation. For any matrix W, W T represents the transpose
of W, diag{W,- - -, W;} stands for a block diagonal matrix, where W1, - - -, W, denote its diagonal elements
respectively. Similarly, col{-} denotes a column vector. Let £5(H ) denotes a Hilbert space composed of square-
integrable functions (1, t), where 9 € H C R™, H'(H) denotes the Sobolev space of absolutely continuous scalar

function (¥, t), the function ¢(¥, ) has absolutely continuous agg; ) and 2 51;92 4 ¢ Lo(H), |Is(9,1)]|, is defined

as ([ <(9,8)T<(9,1)) Y249, T, n represents the set of positive integers {1,--- ,n}.
2. Problem Formulation and Preliminaries
System Description
The structure for the control problem of MJRDNNSs with a dynamic event-triggered mechanism is shown in

Figure 1. Consider the following MJRDNNSs described by

ds(0,t) 0%¢(0,t)
ot DZ 8192 = Ars(9:1)

+ Bth(g( ’ )) + OTtuF(197t) + FrtW(ﬁ,f),
Z(ﬁvt) = Gmg(ﬁat)a

ey

where 9 = (¥y,--- ,Um) " € H C R™ represents the space variables; ¢(9,t) = (1(9,1), -+ ,6,(0,)) T € R™ is the
neuron state vector with n nodes, in which ¢, (¥, t) denotes the kth neuron at time ¢ and in space ¢, k € 1,n;
fs(@,1) = (f(c1(9,1)),---, f(su(9,1))) T € R™ stands for the neuron activation function; uf (,t) € RP1,
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w(¥,t) € RP2, and z(¥,t) € RP? represent the control input with actuator faults, external disturbance and control
output respectively; D, A,,, By,, Cy,, and F,, are known real matrices, in which Dy = diag{dys,-- ,dps} € R™*"
represents the the transmission diffusion coeffiient; A, = diag{a1,, -+ ,anr, } € R™"; By, = [bpgr, ], je17 € R
denotes the connection weight matrix; C,,, € R"*P1  F, € R"*P2 and G,, € R"*P3. For all k¥ € 1, n, consider
the variables w(¥,t), disr,, and ag,,; it holds that w(¥,t) € L3[0,00), disr, > 0, and ag,, > 0. r(¢) is Markov
process which takes values in A" = 1, N, the transition probability is given by

P(r(t+€) = ilr(t) = j) = {mje+o(e), i # J, N

1+ Kije+o(e),i =7,

where € is the sojourn-time satisfying ¢ > 0 and lim._,q @ = 0. k;; represents the transition rate satisfying
Kij = — Zi]\il,#i ki;j < 0. For simplicity, let r(t) = i.
plant
fs(8.0) o(8.1)

3 B F.
. _+l Le;(s,r) i
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Figure 1. Structural block diagram of the system.

Typically, the following assumptions are made regarding the activation function f(-).

Assumption 1. For any k € 1,n and scalars o, 3 € R, there holds

0< Jr(a) — fr(B)
gy B

where fi(-) is the activation function satisfying f1.(0) = 0, 0y is a positive constant satisfying 0, > 0.

< bk, (€)

Assumption 2. For MJRDNNS s (1), it satisfies the Dirichlet boundary conditions and initial conditions at t = 0
as follows
¢(0,t) =0, (9,t)€[0,00) x OH

4
c(0,8) = o(9), t=0,ccH @

in which OH represents the boundary of space H, p(9) is the continuous function of ¥ and takes bounded
vector values.

Remark 1. Dirichlet boundary conditions have quite a few advantages. On one hand, they can set clear and
fixed values for the solution on the boundary, which is particularly useful for problems that require determining
specific states or behaviors at the boundary. On the other hand, mathematical processing is simpler and more
straightforward because it only involves the function itself without having to consider its derivatives. Moreover, it is
well-suited for classic problems such as heat conduction and fluid mechanics, in which accurate boundary values
can often be obtained through experiments or theoretical derivations.
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On the other hand, the actuator faults inevitably happen in the practical control systems. In this paper, u" (¥, t)
is used to denote the control signal from the actuator with actuator faults as follows:

uf (9,t) = su (¥, t), 5)
where 6 = diag{d,--- ,J,, }, we assume that the condition holds for é, k € 1, p; as follows:
0<68, <6 <ép <1 (6)

Remark 2. The actuator fault function is a mathematical model that describes the relationship between actuator
Sfaults, input signals, and output responses, and can quantify the fault severity. Based on the aforementioned model,
i, has upper and lower bounds &}, and § r» Where 0y, represents the actuator of the ith node. When §,;, = 0 =1, and
the actuator is free from faults; when 0 < &, < 8 < 61 < 1, the actuator suffers a partial fault; when §;, = 0}, = 0,
the actuator experiences a complete fault.

For simplicity, let § = diag{dy,--- ,0,,}, 6 = diag{d,,--- 8, }. & = S%é, and 6, = %é. It easily
yield that
00 <0 < 0p. D

The event-triggered mechanism is excellent for maintaining communication bandwidth and conserving
communication resources. In this paper, {¢,,{|t,,, € R} represents transmitted instants, ¢ is the constant period, t,,
represents the mth transmission. (49, t,,£) denotes the latest transmitted measurement, (99, ¢,,£ + s€) denotes the
current sampled data, and the following dynamic event-triggered mechanism is adopted:

b 1§ = tm&+ inf {s¢[n(9,1)+e(o6T (@, tm&)Qs(d, tmd)

—em (9,8)Q2em(9,1)) < 0},

(®)

in which ¢ € [0,1), € > 0, e, (0, t) = diag{e,, 1(9,t), -+, emn(V,t)}, where e, (9,t) = (9, tm) —
(0, tm€ + 58,k =1,--- ,n. Qq, Q9 are positive matrices which need to be solved, u(1,t) > 0 denotes the
dynamic variable that holds

:U‘(ﬁ7 t) = /\:u(ﬁv t) + agT (tmE)ng(ﬂa tmf)

9
— e (0, ) Qe (9, 1). ©)

The delay between sample instant and controller state is 7, interval [t,, + 7, tm41§ + 71, ,] can be
divided into U?_ Y (s, m), where Y (s,m) = [tmé + 8§+ Te, 45 tm1& + (s + 1)E+ 74,40,  Withs =1,-++ ¢
and ¢ = tyyq1 — ty, — 1. Defining o, =t — t,,§ — s§ fort € [tm& + 74, , 1€ + 4,04 £ Y the transmitted
state can be expressed as

§('l9, tmf) = C(197 t— ,Yt) + em(ﬁv t)a (10)

wheret € T.

Remark 3. For continuous networked systems, it is difficult to measure the system states at every moment. This
not only imposes extremely high requirements on components but also causes significant communication pressure,
leading to the waste of a large amount of communication resources. By designing an event-triggered function, the
event-triggered mechanism stops transmitting data with minor changes, thereby greatly reducing communication
pressure. The dynamic event-triggered mechanism adopted in this paper introduces an internal dynamic variable
into the original event-triggered function, making the threshold for event triggering more flexible.

Remark 4. The Zeno phenomenon is a necessary topic of discussion in event-triggered mechanisms; it refers to the
occurrence of an infinite number of triggers within a finite time period. To avoid the Zeno phenomenon, this paper
adopts an event-triggered mechanism in the form of discrete sampling. Since there exists a minimum lower bound
for its sampling interval, the Zeno phenomenon will not occur:

Lemma 1. (See [26]) The following relation holds
J@0,t) =1, 0< 7, <9 < (bma1 — tm)€ + Teeys

and there exists a constant vy that satisfies yar > ;.
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Based on the analysis mentioned above, the dynamic event-triggered controller is chosen as follows:
u(v,t) = Kis(9, t8), (11)

which can be written as
u(9,t) = Ki(s(9,t — ) + em(9,1)). (12)

Substituting (5) and (12) into system (1), the system can be rewritten as follows

6§(19at) _ o 82@(197t) )
o D g A

+ Bif(s(9,1)) + Fiw(d, ) (13)
+ Cid Ki(s(9,t — ) + em(¥, 1)),
z2(9,t) = Gy s(9, 1),

in whicht € 1.

Lemma 2. (See [9]) For any matrices U,V € RP*? | there exist matrix W with appropriate dimensions, such that
the following inequality holds
U'V+ViU<U " wlu+VvVIwv.

Lemma 3. (See [12])For the given space H, and the state ¢(1,t) is defined in system (13), where <(0,t) =
V(01,9 t) € CHH) and s(9,t)|s,, = 0, C*(H) represents the continuous function on the space H, Oy is

the bound of H, there holds
0%5(0,t) w2 9
R < — 14
/ s(0,t) R dy < 4h§/ ¢(¥,t)°dd, (14)

where |94 < hs (s =1,2,...,m).
For convenience, let ||z||, = ([,; #"z) Y ®@9, where = € R™. Then, one has the following definition:

Definition 1. (See [13]) The system (13) with w(1,t) = 0 is said to be stochastically stable for the initial condition
and the boundary condition which has been defined in (4), if the following inequality holds

=
: 2
th_rgo{/o E||§(19,t)|2dt} < 0. (15)

Definition 2. (See [12]) For any w(¥,t) € L3]0,00), two scalars B > 0, t* > 0, the MJIRDNNs (13) is said
to be H, with ( index, if system (13) is stochastically stable and the following inequality under the zero initial
condition holds:

.
E{/Hdﬁﬂ@—ﬁﬂwﬁﬂﬁﬁ}SO (16)
0

3. Mian Results

In this section, the stochastic admissibility and H., performance of system (13) will be considered.

Theorem 1. Given parameters 3,0y, 05, o, t*, if there exist positive definite symmetric matrices P;, R, S, 1, and
Qo such that the following condition holds

—

_ [El 222[} <0, (17)

(1]

where

=1 PCiK; PCiK,
Ei=| % —-S+o 0 , Z9=[G;i 0 0],
* * o)y — s
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[I]

PD +D]P)+ PA; + Al P+ PB;

N
X B:P1+Lb+R+Z/€”PJ,
j=1
L, = diag{#,,--- ,0,}.

The MJRDNNs (13) is said to be stochastically stable and satisfies the H, performance with (3 index.

Proof. Consider the following L-K functional

V(9,t) = / (9, ) Pis(,8) + (var — )6 (0,1 — )

. . (18)

X S¢(19,t—y)dd+ / / ¢ T (9, t)Re(09, t)dtdo.
H Jt—m

The infinitesimal operator £ corresponding to the L-K functional is introduced by
LV (9,1) = hm {E{V (t+e€),0,t+¢€)
|r(t) = iv 197 t} - V(Za 193 t)}7

it can be obtained that

LV(9,1) = /2< (9,1)P, [D 232%2 D~ ae(0.1)

+ CidKi(s(9,t—v) +em (9, 1)+ B f(s(9,t))
N
+ Fw(d, t)} +6T(0,0) Y ki P, t)dd (19)

j=1

—|—/ sT(9,t)Re(0,t)dv —/ (0, — )
H H
X Sg('ﬂ,t — ’}/t)d’ﬂ

According to Lemma 1, there holds

/ ﬂtPDZ 8192

m (20)
Z o 9,8)(P,Ds + DI P,) (9, )do.

By using Lemma 2, the following inequality can be obtained

T(ﬂ HPBif(s(9,1)) an
< (0, )PiB; B} Pic(0,1) + £ T (<(9,1)) f(s(9, 1)),
since the activation function satisfying Assumption 1, set a = ¢(14,¢), § = 0, one has

fk(g(ﬁvt))gekv kila ) TV (22)

thus
S 0) F(s(0,1) < <" (9, 8)Lys (0, 1), (23)

in which Lb = diag{@l, s ,Qn}
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Substituting (20), (21) and (23) into (19), there holds

/ (9,t)(P;A; + A} P; + PiB;B; P; + L,

/ (9,t)(PiDs + D] P))c(0,t)dv

+R+ZH” )126(9,1) 4+ (9, 1) P;Cy0K;

(24)
X <(197t — %) + 26T (0, 8) P;Ci6 Kiem (9, 1)
+ 26T (9, 1) Fyw (9, 1) —¢ T (9, t—;) S (9, t—;)
= A0, 1) + 66 T (9,1 = 7)) s (9, = )
+2§ (19 t— %)(5916,71(19 t)+€ (19 t)(éQl_QQ)
X e (9, t)dd,
when w(v,t) = 0, it can be obtained that
LV (d,1) < / €1 (0,156 (9, 1)dv, (25)
H

where & (0,t) = col{c(9,t) <(J,t—v) en(d,t)}. Integrate both sides of (25) from O to ¢* and then take the

expectation of the result, one has
t* )
Anin(E0E] [ 160,030t
0

E{ / ,cvw,ﬂdt}
—AmmenE{ / ||<<q9,t>|§dt},

in which —\,,,5,,(Z1) denotes the smallest eigenvalue of matrix =;. By using Dynkin’s formula, it can be obtained
that

IN

(26)

IN

E{V (0, 1)} — E{V(8,0)} < —A]E{/Ot ||§(19,t)|§dt}, 27

-
lim E{/ |<(19,t)||§}dt < 0. (28)
t* =00 0

The stochastical stability of system (13) can be proved.
Next, the H, performance with the /3 index of system (13) will be proved. Construct the following function

Then, we can obtain that

T =LV (9,1) + ||2(0,8)||5 — B2||w(®.t)]]5- (29)

By system (13), there holds ||z(¢, t) ||2 = [ <" (9,6)G{ G; <(9,t)dV. Then, by using Schur complement,
one has

7< [ 0.0z, (30)
H

where & (9, 1) = col{c(,t) <(F,t—) em (9, t) w(¥, )}
By using the similar way to (25), there holds

-
IE{/ jdt} < 0. 3D
0

Under the zero initial condition, it can be shown that

E{/O 12(9, )15 — 52||w(19»t)||§dt} < -E{V(")}, (32)
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due to V (9, t) > 0, one can obtain that

.
E{/ 12(9,1)|3 —ﬂ“‘llw(ﬁ,t)lidt} <0, (33)
0

the H,, performance with the $-index of system (13) can be obtained. The proof is completed. O

Theorem 1 has given the sufficient condition to prove the stochastic stability and the H, performance with
the 5 index of MJRDNNSs (13). The following theorem converts these conditions into a linear matrix inequality
problem solvable by MATLAB.

Theorem 2. Given parameters (3,0;,6;,0,T, if there exist positive define symmetric matrices V;, R, S, S~21, QQ
such that the following condition holds

A {Al As

. AJ <0, (34)

where

A11 CZ(SWZ Cl(SWl F; Viv/ Ly

* —g—l—aﬁl O'ﬁl 0 0
A1 = *k % O'Ql — QQ 0 0 )
* * * 7621 0
* * * * —I
Ay =[Ay 0 0 0 0],
A4 == diag{_V17 7_‘/1'—17_‘/i+15"' ’_VM}7

m 2
™
Ap=-) oz (ViDs + D]V;) + AV + VAl + BB/
s=1 S

+§+Hii‘/;lu
Aoy = col{\/kit V1, -+, \/Ri(i—1)Vis /Fi(it1) Vi s VEinVi}s
R=V,'RV;, S=V,'SV;, Q1 =V,"0V;, & =V, V.

the controller gain is expressed as K; = WZ-Vfl, where V; = P;l. Then, the system (13) is stochastically stable
and the H . performance of system (13) with 3 index can be achieved.

Proof. By schur complement, (34) can be rewritten as

x =S+ o 0

A= 7 <0, 35
* * O’Ql—QQ 0 ( )
* * * —-B%I
where -
m 2
—_ T
A= ViDs+ DIV + A,V + VA + B;B.
1 ; 4h%< +D/V;) + AV + ViA] + BB,

N
+R+ViLVi + > kiVj.
i=1

Set ¢ = diag{V;, V;, V;, I}, pre- and post multiplying (17) with ¢ T and ¢, we can obtain that (35) holds. The
proof is complement. O
4. Simulation

Consider the MJRDNN s as follows:
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ds(9,1) M 9%(9,1)
ot s kz_l om3 io(,1)

+ CiaKi<§(79; t— ’Yt) + em(ﬁ’ t))

(36)

Z(’lgv t) = Gig(,ﬂv t)y

in which

D, = diag{0.01, 0.2},

Ay = diag{1.3,1.1}, A, = diag{0.2,0.9},

04 0 0.5 0
Bl{o 0.4]’ BQ{O 1}’

C=[15 09", Cy=[14 08,
F=[012 012]", F=[01 01],
G1=[03 02], G2=[05 0.1].

The other system parameters are defined as follows: § = d1 6, +d2dp, where dy +da = 1, §, = diag{0.4, 0.2},
dp = diag{0.6,0.8}, dy = 0.5, dy = 0.5. L, = diag{1.8,1.6},9 € H = {-0.5 < ¥ < 0.5}, 0 = 0.3, A = 0.01,
fi(s(9,t)) = tanh(s(9,t)), the initial conditions ¢ () = (0.4cos(279),0.6cos(2mm)) T, the external disturbance
w = 0.6cos(m)/(1 + t2), the transition rate of MJRDNNS is given by

—45 45
H_{3.6 —3.6}’

and the change of models is shown in Figure 2b. Using the LMI Toolbox in MATLAB, the controller gain and
matrices related to the event-triggered mechanism can be obtained, where

Ki =[-02181 —0.0006], K= [-1.1028 —0.0399],

6.3587 —0.1765} {7.4634 0.0993]
) 2 = )

Q =
! —0.1765 0.6138 0.0993 0.7225

and the H, performance index is 5 = 0.7769.

By using the solved results to conduct simulation verification on system (36), it can be observed that system (36)
is a MJRDNN:Ss in one-dimensional space with two nodes and two modes. Figure 3a,b respectively show the state
trajectories of the two nodes without control input in space H. Figure 3c,d respectively show the state trajectories of
the two nodes under control input.
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Figure 2. (a) The evolution of states with ¢ = 0.1; (b) Modal changes in the Markov process.
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To better observe the state transition, ¢ = 0.1 is selected, and the diagram of its plane variation is shown in
Figure 2a.

€1(1M)
5

§1(1H)

(08

(c) )
Figure 3. (a) The evolution of ¢; (¢, ¢) in 0-10 s (open-loop); (b) The evolution of ¢2 (¥, t) in 0-10 s (open-loop);
(c) The evolution of ¢1 (¢, ¢) in 0-10 s (close-loop); (d) The evolution of ¢ (¥, ¢) in 0~10 s (close-loop).

Figure 4a,b respectively represent the triggering instants under the dynamic event-triggered mechanism and
the static event-triggered mechanism.
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Figure 4. (a) Triggering instants of dynamic event-triggered mechanism; (b) Triggering instants of static event-
triggered mechanism.

Obviously, the dynamic event-triggered mechanism has fewer triggering instances and can save more commu-
nication resources. From the perspective of system states, the system tends to be stable at around 2 s, and continuous
triggering is not required. Therefore, the dynamic event-triggered mechanism is more suitable for system modeling.
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5. Conclusions

This paper has investigated the H, control of MJIRDNNs with actuator faults under a dynamic event-triggered
mechanism. Due to the presence of a large number of nodes and modal transitions in MJRDNNS, actuator
faults and an event-triggered mechanism have been introduced in this paper for model establishment to improve
system performance. To avoid the Zeno phenomenon, a discrete dynamic event-triggered mechanism has been
designed in this paper, along with a corresponding controller. Subsequently, by constructing an integral-type L-K
functional, sufficient conditions for the system to meet the performance indices have been proposed, which have
been transformed into an LMI problem using matrix techniques. Finally, the effectiveness of the results has been
verified through a numerical example. However, in practical systems, event triggering imposes extremely high
requirements on components such as controllers and observers. In the future, we will focus on the stability and
synchronization issues of reaction-diffusion systems under hybrid control methods.
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