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1. Introduction

The memristor was initially proposed by Chua in 1971 based on the symmetry assumption of fundamental
circuit theory [1], and its validity was later confirmed through real physical experiments by researchers at HP [2],
demonstrating that memristors exhibit memory functionality, nanoscale dimensions, and lower power consumption
compared to basic electronic component: resistor. Leveraging these advantages, researchers have used memristors
to simulate the weights of neural networks (MNNs), which was done by resistors in the past, to model synaptic
activities in neurons [3—-6], thereby offering a promising alternative to traditional neural network architectures.

In 1988, Kosko introduced a significant advancement by extending single-layer unidirectional associative
memory neural networks into a two-layer bidirectional architecture, now widely recognized as bidirectional
associative memory (BAM) neural networks [7]. Owing to their practical utility in associative memory and pattern
recognition, the dynamic behaviors of BAM neural networks have garnered extensive research attention [8—11].
In [9], the authors considered the stability of the single-inertial BAM neural networks with time-varying delays and
external inputs by employing matrix measures and Halanay inequalities. [10] established sufficient criteria for the
global exponential stability of both periodic discrete-time and continuous-time BAM neural network via using an
extended recombination theory. Furthermore, in [1 1], exponential synchronization of the BAM neural networks
with impulsive effects was investigated by leveraging linear matrix inequality (LMI).

It is noteworthy that the aforementioned studies mainly address the stability or synchronization of BAM neural
networks over an infinite time horizon. However, to enhance the performance of systems in practical applications, it
is imperative that the solutions of the considered systems converge to the equilibrium point at an optimal rate. This
necessity has spurred significant advancements in the theory of finite-time (FNT) stability for neural networks over the
past two decades, as evidenced by notable contributions in [12—14]. Nevertheless, a critical limitation of FNT stability
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lies in its dependence on the system’s initial conditions for determining the settling time (ST), and correctly obtaining
the initial value of system is often a challenging task to in some real-world scenarios. To overcome this issue,
Polyakov introduced a fixed-time (FXT) stability concept in [15], which eliminates the reliance of ST on initial
states of system. Owing to its vast potential for engineering applications, this theory has attracted considerable
interest [16—19]. For instance, in [17], the FXT convergence and synchronization of memristive neural networks
with impulsive effects were explored by developing novel FXT stability theory. In [18], the authors addressed the
fixed and preassigned-time stabilization of delayed memristive neural network by employing the incomplete beta
function and inequality technique. Under the framework of differential inclusions theory, [19] studied the FXT
stabilization of discontinuous inertial networks with mixed time delays by introducing a new FXT stability lemma
with more relaxed conditions for the time-delayed Filippov discontinuous systems.

It is important to mention that, however, most of the existing studies on FXT stabilization or synchronization
of MB-NNs have primarily focused on specific types of networks without considering the effects of stochastic
noise. As discussed in [20], random noise frequently influences dynamical behaviours of systems in both natural
and societal contexts. For example, systems predominantly governed by stochastic disturbances find extensive
applications across diverse domains, such as mechanical system infrastructure, smart grid architecture and cyber-
physical systems [21,22]. Consequently, researchers have increasingly investigated the synchronization behavior of
neural networks under stochastic influences, leading to significant advancements in complete, lag, projective, and
finite-time synchronization for both delayed and non-delayed stochastic neural networks. In [23], a non-periodic
event-triggered control method was employed to achieve mean square synchronization for neural networks with
coexisting stochastic disturbances and time delays. In [24], the asymptotic behavior of stochastic Cohen-Grossberg
neural networks with mixed time delays was analyzed through the application of stochastic functional differential
equations. Ref. [25] first introduced the concept, FXT stability in probability by employing bounded function
classes. This innovation represents a significant breakthrough in the stability analysis of stochastic systems.[26]
investigated the finite/FXT synchronization of complex networks under stochastic disturbances. Nevertheless, in the
existing research outcomes, results concerning FXT stability and synchronization of memristor-based bidirectional
associative memory neural networks (MB-BAM-NNs) under the presence of stochastic disturbances are relatively
scarce. Therefore, we need to conduct further research to establish a unified theoretical framework for ISS to
estimate more accurate ST.

Since the vast majority of chaotic nonlinear systems hardly achieve spontaneous synchronization in practical
operation, introducing a simple and easily implementable controller is a necessary solution, particularly under
limited-cost requirements. Currently, a variety of methods have been developed for synchronization control of
various nonlinear systems, including continuous and discontinuous control techniques such as linear feedback
control [27], adaptive control [13], and power-law control [28], switching control [29] and intermittent control [30].
Among these, adaptive control is particularly notable due to its inherent robustness and dynamic adjustment
capability under varying update rules. This approach is especially effective for strongly nonlinear systems with
discontinuous right-hand sides [31-34]. For instance, in [32], adaptive control was employed to address the
exponential synchronization of memristive BAM neural networks with mixed delays. Similarly, [33] combined
the M-matrix method, stochastic analysis, and adaptive control to investigate both asymptotic and exponential
synchronization in stochastic neutral-type neural networks subject to Markovian switching. In [35], the FXT
synchronization of semi-Markovian switching discontinuous complex-valued dynamical networks with hybrid
couplings and time-varying delays was considered via designing a type of complex adaptive controller that
includes seven terms. Further, by introducing simpler adaptive controller, [36] studied the FXT synchronization of
delayed neural networks with discontinuous activation functions. However, analysing the FXT synchronization of
chaotic system via introducing a simple an effective adaptive controller within shorter ST while maintaining the
synchronization performance of system is still an interesting topic.

In light of the aforementioned challenges and advancements, this paper delves into the problem of FXT
synchronization of MB-BAM-NNs with stochastic disturbances and time-varying delays. The main highlights
of this work are as follows. (1) For the first time, the FXT synchronization problem of MB-BAM-NNs with
random perturbations and time-varying delays is under the framework of Filippov set-valued theory. (2) Two novel
controllers are proposed to achieve the FXT synchronization of the considered system. First one is state feedback
controller which can simplify the controller introduced in [16,17,37,38]. Second one is adaptive controller that
automatically adjust control gains via a novel adaptive update law and is more efficient compared to the controllers
used in [39,40]. (3) Some easily checkable criteria for FXT synchronization in probability are introduced and the
upper bound of the ST is estimated more accusatively.

The rest of this article is organized as follows. Section 2 presents the MB-BAM-NNs model and the basic
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definitions and lemmas. Main FXT synchronization results are provided in Section 3. Section 4 offers a numerical
example to verify the feasibility of the previous results. Finally, Section 5 presents the conclusions of the paper.

Notation 1. Throughout this paper R and R stand for the set of all real numbers and set of all positive
real numbers, respectively. The set of all n dimensional real vectors is denoted by R", N' = {1,2,...,n},

£ {1,2,...,m}, ¢o[—a, a] denotes the convex closure formed —a into a, sign(-) stands for the sign function
and E(-) represents mathematical expectation.

2. Problem Description and Preliminaries

In this paper, we consider the following MB-BAM-NNs with stochastic perturbations:

dai(s) =( - aiai(s +Zaw () (s (5)+ 3 b)) f (g (s— 7(5))) + I ) ds
j=1
+ ali(xi(s))dwl(s) ) "
dy;(s) =~ 8w (s +Zcﬂ 0y (5))gs(a () + Y gy (5))gu(ar (= o(5))+ ) s
+ Uzj(yj(S))dW(S),

where i € N, j € M, x;(s) and y,(s) respectively stand for the states of ith neuron in z-layer and jth neuron
in y-layer neuron at time s; «;, 5; > 0 represents the self-inhibition rates; a;;(x;(s)), bi;(x:(s)), ¢;i(y;(s)) and
d;;(y;(s)) represents the memristor-based connection weights, f;(-) and g;(-) denote the neuronal activation
functions; 7(s) and ¢(s) are time-varying delays satisfying 0 < 7(s) < 7 and 0 < «(s) < ¢, I; and I; are
the external inputs; o1; € R™ and g2; € R™ denote noise intensity functions; w; = (w11, w12, .. 7culn)T
and wy = (wa1,ws2,...,wam)’ are Brownian motions defined on the complete probability space (2, F,P)
that E{dw?(s)} = E{dw3(s)} = ds. According to the switching property of memristor [12], the following
discontinuous connection wights can be introduced for system (1)

i \ Ui = a';kj’ |$Z(S)‘ < 1"" - . { b:]’ |37z(3)‘ < 11‘7
a;j(zi(s)) { ail, |z:(s)| > s, bij(zi(s)) = b, o) > T
() = { 5] < 1 d { i, [y ()| < T,
cilus(s) = { A (o) > T, s ={ ol

wherei € N,j € M;aj;, aff, bj;, b, ¢y, c;f, diy, diy, 7T and _l are known scalar. Since the connection weights

in MB-BAM-NNs have discontinuities, the solutions in this paper are in Filippov’s framework [12].
In this paper, assume system (1) be the drive system, then its response system is given by

dz;(s) :( —a;Zi(s) + Z aij(Zi(s)) £ (y;(s)) + Z bij(z:(s)) f(y;(s — 7(s)) + i
n ui(s)>ds o0 (24(s))duon (5),
m 2
dy;(s) = ( Biy;(s +chz ;())gi(Zi(s)) +Zdﬁ(z7j(8))gi(isi(s —us))) + I
+0;(5) ) ds + 02 (7 ()da ),

where u;(s) are v;(s) are the controllers to be designed.

~ Forsimplicity, we present the following notations a;; = max{|a;;|, |a;; I}, a aj;=max{aj;, a;’}, a lj—mm{a”, aiit,
bij = max{|b};|, |b**\}, = max{b”,bfj*} bw = min{bj;, sz} cﬂ—max{|cﬂ|, [Egh cﬂ =max{c};, cif },
cji = mln{cﬂ, cit}, dji = max{| AN d = max{d};, d;; } and d; = = min{d},;, d}; }.
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Then it is not difficult to obtain that

i |lzi(s)] < i, bijs lzi(s)| < s,
colaij(zi(s))] = | lafj, aj7],  |zi(s)| = T, olbsj(wi(s))] = € b5, 057, |zi(s)] = Ts,
a;’, |z (s)| > ;. bit, |z;(s)] > ;.
i ly;(s)| < s, ly; (s)] < Ty,
oleji(y; ()] = < el eifls lyi(s)l =Ty, @oldji(y;(s)] =  [d5; di), lyi () =T,
i lyi(s)] = dii, ly; () =T,

Then, according to the stochastic differential inclusion theory [41,42], we can transform the discontinuous
BAM neural networks (1) to the following inclusion form

dx;(s) ( a;xi(s Zco ai;(zi(9))]f;(y;(s ZCO ij (2i(8))]fi (v (s — 7(5)))
) ds + o1;(z;(s))dwi (s),

n
dy]( ( B_]y_] +ZC C]’L y] gz xz +ZCO ji y] gz xz(s - L(S)))
=1

+Ij)ds + 025 (y;(s))dwa(s),

according to the theory of differential inclusion theory and convex analysis method [5,41,42], there exist functions
a(s) € colaij(wi(s))], b(s) € colbi;(wi(s))], é(s) € €o[c;ji(yi(s))], and d(s) € €o[d;i(yi(s))] such that

dri(s) =( — oui(s) +Zau ()f 055 Z 9)f(03(s = () + 1 ) ds

+ o14(wi(s ))dwl( )s

n n (3)
dyy(8) = (= Bi5(5) + D ()9 @) + D dia()gi s = o(s))) + I ) s
+ 025 (y;(s))dwa(s).
Similarly, we can obtain
dzi(s) =( - cui(s Zam )15 (s Zé )f5(@5(s — () + L
+ ui(s)>ds + 01i(Zi(8))dwn (),
4)
dys(s) =( = Bi3s(s) + Zcﬂ $)9i(@(s Z $)gi(@i(s = () + I
0 (5) ) ds + 02 (3 () deoa(s),
where a(s) € olas; (#:(s))], b(s) € @lbi; (@4(s))], &(s) € @lesi(5i(s))] and d(s) € coldi (Fi(s))]-
By defining synchronization errors as e;(s) = Z;(s) — x;(s) and z;(s) = g;(s) —y;(s) (i € N,j € M), we
can obtain the error stochastic MB-BAM-NNSs as
(%)

de;(s) E( — a;ei(s) +eo[Fj(s)] + ui(s))ds + 71i(ei(s))dw (),
z5() €( = By25() + ICH()] + 15 () )ds + 7 (25 (5) ().

where G1;(e;(s))dwi(s) = 01:(Zi(s))dwi(s) — ori(i(s))dwi(s), 52;(z;(s))dwa(s) = 02;(F;(s)) x
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dwa(s) — 02 (y;(s))dwa(s),
ol Fj(s)] = Z (co(ai;(Ti(5))) (G (s)) — co(aij(xi(s))) fi(y;(s))

j=1

+20(bi; (%:())) f3(55 (s = 7(5))) — To(bij(wi(s))) [ (y; (s — 7(s)))),

Or, equivalently

de;(s) :( — aiei(s) + Fy(s) + ui(s))ds + a1i(es(s))dwi (s),

(6)
dz;(s) =( = Byz3(s) + Gils) + v;(5) ) ds + 02 (25(s)da ),

where

Fi(s) = (ai5(5)f5(55(5)) = aij(5).f5(y5()) + big ()£ (5 (s = 7(5))) = big ()£ (s (s = 7(5)))),

i(s = (5))) = dji(s)gi(zi(s — 1(s))))-
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Assumption 1. [36] The activation function f;(-) and g;(-) are bounded Lipschitz continuous functions. That is,

for¥vy, vy € R and vy # s, there exist constants f’;, Zf and positive real constants M;, N; such that

—f
|fi(n) = fi(we)| < Ljn — o, |f5(1)] < Mj,
9i(11) — gi(v2)| S L1 — val,  |gi(11)| < ;.

Assumption 2. [43] The noise intensity functions 1;(-) and G2 (-) satisfy the uniform Lipschitz continuity condition.
That is, there exist two positive real numbers p1; and 0o such that

trace[a1i(ei(s)a1i(ei(s)] < o1i€2(s),

trace[ga; (2 (5)72;(2(s)] < 02527 (s).
Consider an n-dimensional stochastic differential equation
da(s) = &(x(s))ds + 6(x(s))dw(s), ©)

where 2(0) = x¢, w is the scalar standard Brownian motion, {(z) : R™ — R™ is a continuous nonlinear function,
and §(z) : R™ — R™*" is the noise intensity function, with £(0) = 0 and §(0) = 0.

Definition 1. [44] The zero solution x = 0 of system (7) is said to be globally FXT stable in probability, if the

following statements are satisfied for all the initial states xo € R™.

(1) Finite-time attractiveness in probability: for any initial value xo(#£ 0) € R", the first hitting time is finite
almost surely, that is Pro{T(xo,w) < oo} = 1.

(2) Stability in probability: for every pair of ( € (0,1) and 1 > 0, there exists a 6 = §(¢,n) > 0 such that
Prof|x(s,s0)| <n, Vs > so} > 1—( forall |eg] < 6.

(3) Mathematical expectation of ST function T'(xq,w) is independent on the initial state xo of (7) and its upper
bound is bounded by a positive constant T. That is, E(T (zo,w)) < T for all zog € R™.

Let V(z(s)) € C?(R"™, R, ) is a real-valued Lyapunov function, then stochastic differential can be given by
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Ito’s lemma as
dV(x(s)) = LV (x(s))dt + Vi (x(s))d(s)dw(s),

where LV (z(s)) = Vi (2(s), 5)&(s) + strace(67 (s)Vya(2(s), 5)0(s)).
Lemma 1. [45] Suppose V(x(s)) : R™ — R is a C-regular function and the following differential inequality

holds true
LV (x(s)) < MV (x(s)) — MaVP(x(s)) — \3V9(z(s)), x(s) € R™\{0},

then the zero equilibrium of the system (7) is FXT stable and its ST can be estimated as E[T(xo,w)]| < Timax With

1 A (AT

Tha = st 0 (1- 2 (2) ). M <0,

2 _ s A\ _

A Thax = Gogng (o csc1(7'7r), A1 =0, ®
max — -7

3 _ mesce(rm) A A

Tmax_ 2 (p—q) (A3—2>\1) I(TQ7T71*T>
A

s () 1 (3 1-77). 0<h <minr )

where)\2>0,)\3>(),p>1,0<q<1,7':]13%g,fy:/\2+)\37)\1,

Especially when p + q = 2, the ST can be more accurately estimated as T (xo,w) < Tmax, Where

i =25p (g + arctan (%)) ;=223 < A1 < 2/ A2,

p
Tnax =  Thax = =13 A= -2V, e
() Jp—— VNG VT A < =2V,

max = prD)v=p " M=V’

where p = 4\ Ao — )\%.

Lemma 2. [38] Letw; > 0,6 >1,0< k< 1,7 €N, then

N N

N N
Doz N w) Yo = (Y w)"
i=1 i=1

=1 i=1

Lemma 3. [5] If the Assumption 1 hold, then for any x,y € R"™, i € N and j € M, the following inequalities
hold:

aij fily; — x| + Mjlaj; — ajfl,

bjiGily: — il + Nilbs; — b3
3. Main Results

In this section, we will analyse the FXT synchronization of MB-BAM-NNs with stochastic disturbances and
time delays by introducing two types of controllers. First, we will introduce a following a state feedback controller

wi(s) = —kisign(ei(s)) — sign(ei(s)) (kailes ()P + D kaile; (s — (),

j=1

! (10)
v;(s) = —ri;sign(z;(s)) — sign(z;(s))(rz;lz; (s)[P* + Z 73;|zi(s — 1(s))]).

where ky;, ko;, k3i, T15, 725, T35 > Oand p; > 1.
Furthermore, for the convenience of analysis, we introduce the following notations

1 3 1 . lopy
At =max{—a; + = > (@i fj +a;if;) + S0}, M2 =min{n > ky},
; 2 £ 2 5
J_
1 1
. o . 1-pg
Aol = m;n{—ﬂj + = Z(Cjigi + cijgj) + *ng}, Aoy = m}n{m 2 ’I“gj},
J 2 p 2 J
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Aty = min{ky; — > (Myjlag; — ajy| + Ma;|by; — b3},

Jj=1
n

A2z = m?X{le = (Nuilel, — il + Nagldy, — diz])},
i=1
)\1 = 2max{)\11, )\21}, )\2 = 2min{)\12, )\22}, )\3 = 2min{)\13, )\23}.

Theorem 1. Suppose that Assumptions 1 and 2 hold true and the control gains ks; and rs3; of the controller (10)
satisfy the following inequality

D biifi <ksi, Y djigi <rs; and Ay < min{)g, A}, (11)
j=1 i=1

then the drive-response networks (1) and (2) can be FXT synchronization via controller (10) and with the ST T\, ax,
where T, is defined in Lemma 1.

Proof. Construct the following Lyapunov function
V(s) = Vi(s) + Va(s),

in which

Vi) = 3 D0 H9), Tals) = 5 D0 o)

For V4 (s), from the definition of differential operator LV (s), we can obtain

LVi(s) = Z ei(s)( — a;e;(s) — kysign(e;(s)) — kaisign(e;(s))]e;(s)[P
i=1

n

~ zslgn ei(s)les(s = () + 3 ei()F(s)

i=1
+ 5 Ztrace(c‘rﬂ(s, e;(8))a1i(s,e:(s))). (12)
i=1
Based on Assumption 1 and Lemma 3, one has
Z (@ Fyles ()] + Muglaly = aif | + big Fyleg(s = m(s))] + Mo b3, = b7 1) (13)

Based on Assumption 2, one gets

l\JM—\

%Ztrace(&ﬂ(s, e;(8))a1i(s,ei(s Z (14)
i=1 i=1

Furthermore, it can be easily obtain that

DX le)agfiles () < 53> (i fy +a5ifi) € (s). (15)
i=1 j=1

i=1 j=1

N)M—l
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Based on Lemma 1 and substituting (13)—(15) into (12), one has

LVi(s <Z(—ae )+ eils) (@i Fyles(5)] + By Fyleats — 7(5))]

j=1

+ Myjlaj; — ajf| + Mo |bj; — bif |) — kuilei(s)| — kailes(s)[P*
—ksi Y lei(s >||ej<sfr<s>>|) +13 s
j=1 i=1

<i(*ai+li(az f +a1fl)+ 1911) szZ‘e |p1+1
B =1 2 j=1 74 ! 2

=3 (ki = SO at, — |+ Mo, = b7 D) les(s)

i=1 j=1
p1fl 1

S2)\11V1(5) - 2A12‘/1 2 (S) - 2A13‘/12 (5) (16)

Similarly, for V5(s), we obtain

£V2 Z<_’Bj J +ZZJ Cngz‘Zz )|+N11|C — **‘

+djigilz(s — o(s))] + Naldj; — d57]) — 725125 ()|

m

1
—r1;5(8)]2;(s) T3JZ|ZJ Mz S_L(Sm) +§ZQ2J’ZJQ‘(S)
j=1
Z ( Z(nggz + nggj) + 92]) (7‘11
i=1 i:1 =1
- Z (Nuilej = €521+ Naildyy = di21)) 125 (5)] = 7 Z J25(s)1 !
pitl 1
§2)\21‘/2(8) — 2)\22‘/2 2 (8) — 2)\23‘/22 (S) (17)
Combining Equations (16) and (17), then
LV (5) < MV (s) — A V72 (s) — A3V E(s). (18)
Letp = pl“, q = 3, in view of the condition A\; < min{Az, A3} in (11), we obtain from Lemma 1 that the
drive-response MB-BAM- NNs (1) and (2) can achieve FXT synchronization in probability with the ST T},,, where
Tinax is defined in (8). O

Corollary 1. Assume that Assumptions 1-2, and znequalzty (11) hold true. If p1 = 1.5 and A1 < \/A2A3, then
systems (1) and (2) can be FXT synchronization with the ST Tmax, where Tmax is defined (9).

When the time delays in systems (1) and (2) are removed, then it is reduced to the following form

dai(s) =~ auwils) + Zam 2i(9))F5(05()) + 1 ) ds + o1i(s, 2i(5)) deor (5),
19)
dy; () =( = Bui(s) + Zcﬂ i (9))9:(:(5)) + I ) ds + 72, (s, ;(s) deoa(s).
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Accordingly, the corresponding response system can be given as
dzi(s) = (= amils) + Y ai; (@:(5)) 3 (55 (5)) + wi(s) + 1) ds
j=1
+ 015 (Sa Z; (S))dwl (S)a

) (20)
iy (5) =( = B35() + D e3u(0;(5))9a(:(s)) + () + 1, ) ds

+ 02; (S, gj (3))dw2(3)

For this case,we can introduce the following simplified controller

Uz(S) = —51,'Sig1’1(61‘(5)) — sign(ei(s))521|ei(s)|p1,
vj(s) = —mu sign(z;(s)) — sign(z;(s))n2;]z; (s)[".

Corollary 2. Under the Assumptions 1-2 and conditions A\; < min{\a, 5\3} the systems (19) and (20) driven
by above controller can achieve FXT synchronization with a ST Tynax, where A3 = 2min{ 13, Aoz}, A3 =
min; {k1; — > 7, (Myjlaj; —aif|)} and Apz = max;{ri;(s) — >2i (Nuilch; — ¢57])}-

It should be emphasized that in the presence of noise, delays and other uncertainties, traditional linear feedback
controllers with a control gains hardly adapt to environmental changes. Thus, the required control gain is often
much higher than what is needed in practice. In contrast, the adaptive feedback control architecture can effectively
avoid high-gain control issues and adjust its structure or parameters. Especially, this approach remains effective for
system parameter uncertainties. Therefore, we replace the state feedback controller (10) by using the following
adaptive controller.

u;(s) = — sign(e;(s))(mai(s) + mailei(s)[”* + Zm3z‘|€j(5 —71(s)D)s 1)
v;(s) = — sign(z;(s))(l1;(s) + l25|2; (s)["> + Z lsj]zi(s — ¢(s))]), (22)

and the adaptive updating law 7i21;(s), [1;(s) satisfies

mii(s) =milei(s)| — maisign(mai(s) — d14)[mai(s) — d1a|P? — msisign(mai(s) — ¢1i),
I1j(s) =712 (s)] — Lasign(ly;(s) — 1;) |11 (s) — 15]P> — Issign(la;(s) — 1),
where po > 1, ma;, Mm3;, Mai, Msi, lgj, lgj, l4j, l5j, m;, T; are positive constants, ¢1; and 1, 1s defined in

Theorem 2.
In order to facilitate the subsequent calculation, we also introduce the following notations.

3 < < < < < < - 1-po
)\2 = 2min{/\12, /\22}, /\3 = 2min{)\13, )\21}, )\13 = n% min{mgi,m4i/7ri 2 : },
3

— 1 - -p 1-py - 1
)\12 = ql miin{l, 1/71'1-2}7 )\22 = mlTQ I%ln{lzj,l4]/7_1'] 2 ’ }, A21 = (j2 mjm{l, 1/7_'['].2},

m
Q1 = mlin{ql,mm}, @1 = miin{ﬁf?u - Z(Mljw;‘kj —a;; |+ Ma;|b; — b7 )}
=1
n
G2 = mjin{%, lsj}, @2 = mjin{sﬁlj - Z(N1i|c}’} —cii |+ Nogldj; — d57|) )
i—1

Theorem 2. Suppose that Assumptions 1 and 2 hold true and the control gains ms; and l3; of the adaptive
controllers (21) and (22) satisfy the following inequalities

bij fi < msi, djigs < lsj, ¢1; > Z(Mlj|a>{j —a; ;| + Maj|b;; — b)), (23)

Jj=1
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A < min{dg, Az}, @1 > Z (Nuilel; — €7 | + Noglds; — di7)). (24)
=1

Then the drive-response networks (1) and (2) can achieve FXT synchronization via adaptive controller (21)
and (22) with the ST Tynax, where Ty, is defined in Lemma 1.

Proof. Construct the following Lyapunov function

in which
1 n ) 1
Va(s) = 5 2 (26 + —(musls) = 010)?),
Vo) = 3 20 (0 + 2 (s(5) = o0,

Then, by the Ités formula, we calculate stochastic operator LV5(s) of V3(s) along the trajectories of the system
(7) as

£V (s) = 3 ex(s) (= oves(s) + F(s) = mus(s)signes(s)

— mgisign(ei( |p2 meSlgH ez )|eJ (S - T(S))‘)
> %<mh< ) = 60) (males(s)] — mussign(ma(s) — 6l — o4

— my;sign(mq,(s) — ¢1)) + % Ztrace(&ﬂ-(s, ei(s))a1:(s,e;(s)))

“-

©
Il
-

<

(= aet(s) + Y eils) @i Files () + bigFyles (s = 7(s))]
j=1
o+ Mygla; — a3y |+ Mag by = b7 1) = mai(s)lex (s)] — mailea(s) P>+

- stziez )lles(s = 7(s))) > ((mas(s) = drless)| -

mai(s) — duilP* T — 77;5” 1i(s) — o1 ) Z i€}

2

SZ (_ %Z az]f] +a]1fz) + Qh) mQZZ‘e |P2+1
j=1

i=1

My,
—X

i

=" (61 = D (Mslal; — aiy | + Maslb; — b)) leis)|
j=1

i=1

_ Msi (3) — .| — M4 | p2+1 25
. ;Wlu(s) b1l Z Ima; — d1s P27 (25)

=1
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According to Lemma 2, one has

n
m
- Z<QI|62 |m1Z ¢12|> Z (m21|6 |p2+1 + 7_‘_41 | — ¢1i|p2+1)

i 241 1 1
/\122< z|mh( )*¢1i|2) *>\13Z( \mlz( )*92511'\2)5
<— lezngl (5) — 273V (s). (26)
Similarly, £V}(s) can be estimated as
LVi(s) = i ( — Bz (s) + ZZJ )(€jigil 2i(5)| + djigilzi(s — u(5))]
j=1
+ Nuile; — &7l + Nagldj; — d57[) = 1 (s)|25 ()] = Lglzs(s) P2
- Zl?n\zj Mzi(s =« ) Zm: ( lij(s) — 1))z (s)| — 145 ll1j — 142
j=1

l
21 |11]( — P15 ) 2921 Zj

= 1 ls;
<> (-Bi+5 Zcﬂgz+cng>+292g) 20-3 E IO
7=1 j=1
=" (o1 = SNk = € Nald, = 37D Iz ()
j:l i=1
_ Z ‘llg s01J|172+1 2, Z |2;(s |P2+1 (27)
Jj= 1 J=1

According to Lemma 3, one has

m 5 m . l4 X
Z galz (5)] + 11, () = p1il) =D (lajlz () + —lhy = eyl 1)

j=1 5 j=1 T4

- n 1 1 - m 1 p2+1
<=1 Y (F(s) + ;ﬂlj(s) — )7 = A2 > (27(s) + —lls(s) — o152
j=1 j=1 J
_ 1 +
S — 2)\21V4 ( ) — 2)\22‘/21 (S) (28)

By introducing the above inequalities (25)—(28) and by the definition of A\; defined in Theorem 1, we obtain

LV () =LV3(s) + LVi(5) < MV (s) — AV 2 (s) — AsVE (s). (29)

Denoting p = £ 2;‘ L and q= % then from the inequality (27) we know that A\; < min{j\g, 5\3}. Therefore,
based on Lemma 1, we know that the drive-response MB-BAM-NNSs (1) and (2) can achieve FXT synchronization

in probability with the ST T7,.x, where Ti,.x is defined (8). O

Corollary 3. Assume that Assumptions 1-2, and inequality (23) and (24) hold true. If py = 1.5 and A1 < \/ Aa)a,
then systems (1) and (2) can be FXT synchronization with the ST Ty,.x via adaptive controller (21) and (22), where
Tnax is defined (9).

For the adaptive synchronization of systems (21) and (22), a simplified linear adaptive controller can be
employed as follows

u;(s) = — ma;(s)sign(ei(s)) — majsign(e;(s))lei(s)[",
pj(s) = — w1 (s)sign(z;(s)) — lassign(z;(s))[2;(s)[">.
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Corollary 4. Suppose that Assumptions 1 and 2 hold true and the tunable control parameters in adaptive con-
troller (21) and (22) satisfy \1 < min{\a, A3}, ¢2; > Z;"':l(Mlﬂafj — afﬂ), w1 < min{fia, iz}, w25 >
Z?=1(Nli‘c;i — ¢j;l). Then systems (21) and (22) driven by above controller will achieve FXT synchroniza-
tion with a ST Tiax, where §y and Gy in the definitions of Ao, A3 are defined as ¢ = min{G1, ms; }, 1 =
ming{¢2; — 37, Mijlaj; — ajf[}, Go = ming{go, ls;} and G2 = min;{ps; — 37| Nuilej; — ¢}

Remark 1. It is noteworthy that the two controllers we have designed, denoted as u;(s) and v;(s), are not only
dependent on the current state of the i-th and j-th neurons, but also take into account the historical states of
other neurons. This aligns with the actual conditions within neural systems, where synaptic transmission can
be considered a stochastic process induced by the release of neurotransmitters and other probabilistic effects,
thus introducing delays during the transmission and reception phases. This design approach not only mirrors the
operational mechanisms of biological neural systems more closely but also enhances the controller’s performance
and robustness by accounting for the interactions between neurons and the effects of time delays.

Remark 2. In practical applications, the design of a simple and efficient control strategy for achieving synchroniza-
tion across multiple systems is of utmost importance. To ensure FXT synchronization, previous works [16,17,37,38]
have proposed controllers that incorporate a linear term ke;(s) along with three or four additional nonlinear
terms . In contrast, the controller introduced in this paper significantly simplifies the controllers introduced in
[16, 17,37, 38] by eliminating the linear term, thereby reducing complexity while maintaining robustness and
performance. Furthermore, when there is no delay in the original systems (1) and (2), the controller designed in
Corollary 2 is equally applicable to the framework established in Theorem 1 [46,47], thereby broadening its scope
of application.

4. Numerical Simulations

In this section, we will provide two numerical examples to verify the feasibility of FXT synchronization
obtained in the above sections.
Example 1. For i, j = 2, consider the following MB-BAM-NNs with stochastic effects

2

2
i (s) :( — aiwi(s) + Y aij(i(s)) £ (i () + D bij(wi(s)) £5(y; (s — 7(5)))
j=1

Jj=1

—+ Il)ds + O—li(sv T (S))d&]l (5)’ (30)

() =( = Biwa(s) + iy (5))g1 () + 3 sl (9))gi sl — ()

+ fj)ds + 02;(s,y;(s))dwa(s).

The memristor-based connection weights are given as

mm) ={ 1 POy o) ={ Ty ) Son
o) ={ o™ S0 mee={o o
e ={ Ty n0iSen  mee={op OIS0
)= oy ol sos,  tmeen={ 15 20508
o) ={ 7 mOSen esmer={2 S0
ame)={ Ty pises  emee={05 RO
woe)={ 53 pies  aswen={ 59 OIS0
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0.4, [y2(s)] <05, -2, ly2(s)| < 0.5,
d = d =
21(y2(5)) { 03,  |ya(s)| > 0.5, 22(y2(5)) 14, |ya(s)] = 0.5.
Choose the activation function f;(u) = tanh(u), gi(u) = 7““‘;'“_1', T(s) = 70‘36;3, u(s) = 70.56;5,

I, = fj = 0, w1(s),ws(s) is a real valued Brown motion, and g; = g2 = 0.1. Figure 1 shows the MATLAB
simulations of system (30) with initial conditions 2:(0) = (0.45, —0.8), y(0) = (—0.12, 0.25).
The corresponding slave system is described as

2

2
zi(s) :( — aiZi(s) + Y ai(Ti(s)) £5(75() + > bij (@) £5(0;(s — 7(5))) + I
j=1

Jj=1

n ui(s))ds + ovi(5, 75(8))dwn (5),

(31
2 2
Ui(s) =( = B (s) + D i ()9 (@i(9)) + Y dji(5(9))9i(Ti(s — u(9))) + I
i=1 j=1
+05(s) ) ds + a5 (s, 5 (5))dws(s).
After simple calculation, we can be obtain a; = 1.5, af; = 1.5, aj; = 1.2, @12 =2, aj, = —1.2, a], =

—2, a9 = 0.95, af; = 0.9, ay; = —0.95, Gz = 0.8, ag, = 0.8, ay, = 0.6, byy = 1, b, = —0.8, by, =
—1, bz = 1.5, bfy = 1.5, b, = 0.7, bay = 0.8, by; = 0.8, by; = 0.6, by = 1.3, b, = —1.2, by, =
~13, enu=1,¢,=1,¢; =1, @12 =12, ¢} =06, cjy = —1.2, & = 1.5, cf; = —1.1, ¢5; =
—1.5, oo = 1.8, cf, = 1.8, ¢ = 1.2. dyy = 1.5, df} = —1.3, dj; = —1.5, dy2 = 1.6, d, = 0.8, dj;, =
1.6, dy = 0.4, df; = 04, dy; = 0.3, dao = 2, dj, = —1.4, d;, = —2. First, we simulate the FXT
synchronization of the systems (30) and (31) under the controller (10). Choosing f] =g =10 =29, ax =
2.27 51 = 2.45, 62 = 3.25, kli = 2.9, T = 2.3, k‘gi = 1, kgi = 2.9, T = 2.3, To; = 1, r3; = 3.2 and
pP1 = 1.7. ThI'Ollgh calculation, )\11 = )\21 = 0175, )\12 = )\22 = mlHZ{Q% kgl} = 07846, )\13 = maxi{kh-—
51 (Myylaj; —aiy | — Moy |bj; = b7 1)} = 0.55, Aag = max; {ri(s) = 31—y (Nuilef; — 55| = Naaldj; — 57 )} =
0.6. According to Theorem 1, the master-slave systems (30) and (31) are synchronized with ST T} = 4.1237.
Figure 2 shows the FXT synchronization in probability of the systems (30) and (31) under the feedback controller (10).

In addition, to validate the ST estimate given by Corollary 1, take p; = 1.5, the remaining parameters remain
unchanged, then we get A12 = Ag2 = 0.8409. The corresponding numerical simulations is given in Figure 3, which
confirms the theoretical results on the ST estimations given in this paper.

2 T T T T T 1.5

1k

0.5

S or

0.6 04 0z 0 0z 04 06 “o6 04 oz 0 0z 0 06
Figure 1. Chaos attractor of the system (30).

Example 2. Consider the same system (30) and (31) with the adaptive controller (21) and (22), choosing me; =
1, ms; — 2.9, lgj = 1, l3j = 3.2, T, = ﬁj = 08, my; — 09, ms; — 1, l4j = 09, l6]‘ = 1 and P2 = 1.6 the
other parameters can be chosen as the same as Example 1. Through simple calculation, then the inequalities (23)
and (24) in Theorem 2 are also satisfied. According to Theorem 2, the systems (30) and (31) are FXT synchronized
with ST Ty = 7.6173. Figure 4 shows the probabilistic FXT synchronization of the systems (30) and (31) under the
adaptive controller (21) and (22). Furthermore, to verify corollary 3, we select the parameter p1 = 1.5 and the rest
of the parameters are unchanged. After calculation \15 = \oo = 0.7333, the corresponding numerical simulations
is provided Figure 5. Figure 6 shows the time evolution of adaptive control gains m1;(s) and l1;(s).
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Figure 2. Synchronization error trajectories with state-feedback control (p; = 1.7).
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Figure 3. Synchronization error trajectories with state-feedback control (p; = 1.5).
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Figure 4. Synchronization error trajectories with adaptive feedback control (p2 = 1.6).
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Figure 5. Synchronization error trajectories with adaptive feedback control (p2 = 1.5).
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Figure 6. The evolution of the adaptive control gains m1;(s) and l1;(s) in Example 2.

5. Conclusions

In this study, FXT synchronization of stochastic MB-BAM-NNSs has been investigated under the frameworks
of stochastic differential inclusions theory. By introducing delayed state feedback controller and an adaptive
controller, some sufficient criteria have been derived to ensure the FXT synchronization in probability of considered
stochastic MB-BAM-NNSs. Furthermore, the upper bounds of the ST have been precisely estimated, offering a
clear understanding of the system’s convergence behavior. Also, the feasibility of introduced FXT synchronization
scheme is validated via two numerical examples. For future work, we aim to explore FXT synchronization of
stochastic MB-BAM-NNs on time scales would unify continuous and discrete-time analyses, while investigating
how time-scale calculus influences synchronization criteria and settling time estimation could provide new insights
into convergence dynamics across temporal domains.
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